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We study how bias and tunneling asymmetries affect nonlinear current through a quantum dot with N discrete
levels in the Fermi liquid regime, using an exact low-energy expansion of the current derived up to terms of
order V? with respect to the bias voltage. The expansion coefficients are described in terms of the phase shift, the
linear susceptibilities, and the three-body correlation functions, defined with respect to the equilibrium ground
state of the Anderson impurity model. In particular, the three-body correlations play an essential role in the order
V3 term, and their coupling to the nonlinear current depends crucially on the bias and tunnel asymmetries. The
number of independent components of the three-body correlation functions increases with N the internal degrees
of the quantum dots, and it gives a variety in the low-energy transport. We calculate the correlation functions
over a wide range of electron fillings of the Anderson impurity model with the SU(N) internal symmetry, using
the numerical renormalization group. We find that the order V* nonlinear current through the SU(N) Kondo
state, which occurs at electron fillings of 1 and N — 1 for strong Coulomb interactions, significantly varies with
the three-body contributions as tunnel asymmetries increase. Furthermore, in the valence fluctuation regime
toward the empty or fully occupied impurity state, a sharp peak emerges in the coefficient of V* current in
the case at which bias and tunneling asymmetries cooperatively enhance the charge transfer from one of the
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I. INTRODUCTION

The ground state and low-lying excited states of quantum-
impurity systems [1,2] such as dilute magnetic alloys and
quantum dots can be described as a local Fermi liquid [3-7], in
which localized electrons with discrete energies are strongly
coupled to conductions electrons in host metals or electrodes.
These low-energy states continuously evolve as the occu-
pation number of the discretized states varies, and various
interesting phenomena such as the Kondo effects and the
valence fluctuations occur, depending on electron fillings and
the configurations [8—10].

After early observations of the Kondo effect in quantum
dots [11-17], universal Fermi-liquid behaviors were explored
through highly sensitive measurements [18-23] and precise
calculations [24-27]. Furthermore, various kinds of inter-
nal degrees of freedom bring an interesting variety to the
Kondo effects in quantum dots, such as the one with the
SU(4) symmetry that can be realized in multiorbital dots and
in carbon-nanotube (CNT) dots [28—44]. External magnetic
fields also induce interesting crossover phenomena, such as
the one between the SU(4) and SU(2) Kondo states observed
in a CNT quantum dot [45—48].

Recent development in the Fermi-liquid theory also reveals
that the three-body correlations of electrons passing through
the quantum dot play an essential role in the next-leading
order terms of the transport coefficients [49-53] when the
system does not have both electron-hole and time-reversal
symmetries. This is because, in addition to the well-studied
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damping of order w?, T2, and (eV)?, quasiparticles of the
local Fermi liquid capture the energy shift of the same
quadratic order which is induced by the three-body cor-
relations at low but finite frequencies w, temperatures 7T,
and bias voltages eV. The three-body contributions have
also been confirmed experimentally in magnetoconductance
and nonlinear thermocurrent spectroscopy measurements very
recently [54,55].

Here we focus on the effects of bias and tunneling asym-
metries on the nonlinear current / at low energies. Specifically,
we examine the bias asymmetry that can be described by the
parameter (uz + ur)/2 — Ep, with up and pg the chemical
potentials of the source (L) and drain (R) electrodes, applied
such that eV = u; — ug, and Er the Fermi level at thermal
equilibrium eV = 0. The other one, tunneling asymmetry,
occurs through the difference between the tunnel couplings
I'; and Ty for the source and drain electrodes, respectively. In
the previous paper, we demonstrated how these asymmetries
affect the transport through a quantum dot described by a
spin-1/2 Anderson impurity model with no orbital degrees
of freedom [56] and showed that the three-body correlations
give significant contributions to the order (eV)? nonlinear
current in the valence fluctuation regime, using the numerical
renormalization group (NRG) approach.

The purpose of this paper is to clarify how the con-
junction of these asymmetries and the internal degrees of
freedom, which increases the independent components of the
three-body correlation functions, affects low-energy transport
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in the Fermi-liquid regime. The low-bias expansion of the
conductance up to terms order (eV)* can be described by the
Fermi-liquid theory with the three-body correlations, which
at zero temperature 7 = 0 takes the following form for a
quantum dot with N discrete levels which include the spin
components,

N
:goZ[Sinz&, +c§,%2, eV —cg,%f, eVy+---]. (.1
o=I

Here go = %4FLFR/(FL + )2, which depends on tunnel-
ing asymmetries. We present the exact formulas for the
coefficients c%,z 3, and c$ 2, of the multilevel Anderson impurity
model which are applicable to arbitrary impurity electron fill-
ings and arbitrary level structures €, . These coefficients are
determined by the phase shift §, and the other renormalized
parameters, including the three-body correlation functions,
and depend crucially on the bias and tunneling asymmetries.
We show that, for N > 3, the three-body correlations between
electrons in three different levels also couple to order (eV)?
nonlinear current as well as the other components when there
are some extents of bias and/or tunneling asymmetries. Our
formula includes the previous results of the other group as
some special limiting cases: cVZU derived by Aligia for the

Anderson model [57,58] and ci,) derived by Mora et al. for
the SU(N) Kondo model [40].

We also calculate c£,2 )G and c(3) for the SU(N) symmetric
quantum dots with N =4 and 6 using the NRG in a wide
range of electron fillings, varying the parameter correspond-
ing to the gate voltage. There emerge (N — 1) different Kondo
states in the SU(N) symmetric case, which can be classified
according to the occupation number (ng) =1,2,..., N — 1.
We find that large Coulomb interaction suppresses charge
fluctuations throughout the region of 1 < (n;) SN — 1, and
it makes the coefficients c(z) and c§,3 ) less sensitive to the bias
asymmetry, whereas the tunnehng asymmetry affects these
coefficients. In particular, in the SU(N) Kondo states at elec-
tron fillings of (ny) >~ 1 and N — 1 for N > 3, the three-body
contributions become sensitive to tunnel asymmetries, and it
significantly varies the behavior of the order (¢V)* nonlinear
current.

In contrast, in the valence fluctuation regime toward the
empty or fully occupied impurity state, i.e.,at0 < (ny) < 1or
N — 1 < (ng) < N, both the bias and tunneling asymmetries
affect the nonlinear transport. We find that, in these
regions, a sharp peak emerges in the coefficient c‘(f 3,, in
the case at which the bias and tunneling asymn{etries
cooperatively enhance the charge transfer from one of the
electrodes.

This paper is organized as follows. In Sec. II, we describe
an outline of the microscopic Fermi-liquid theory for the mul-
tilevel Anderson model and derive the low-energy asymptotic
form of the differential conductance. Section III shows the
NRG results of quasiparticle parameters for SU(4) and SU(6)
quantum dots. In Secs. IV and V, we show the NRG results for

the coefficients c(z) and cf} ()T respectively. Summary is given
in Sec. VL.

II. FORMULATION

We consider a quantum dot with N-level coupled to two
noninteracting leads by using the Anderson Hamiltonian:

H=Hd+H-+HT, 2.1)
Hy = Zedanda + = Z oy (2.2)
a;éa
Ho= ) Z / deecl,pce,y, 2.3)
v=L,Ro=1
Hr =), Zvv W od, +di ¥, ) (24)
v=L,R o=1
D
Yoo = / de \/Ecevon 2.5)
—-D

Hered] foro = 1,2, ..., N creates an impurity electron with
energy €, , N, = dgda, and U is the Coulomb interaction
between electrons in the quantum dot. ¢, creates an electron
with energy € in the lead on the left or right (v = L, R), and it
is normalized as {c.,,, C E vor} = 8(€ — €')8,,855. The linear
combination of the conduction electron , , couples to the
dot via the tunneling matrix element v,. It determines the res-
onance width of the impurity level A ="y + g, with "), =
7 p.v2 the tunnel energy scale due to the lead v, and p, =
1/(2D) the density of state of the conduction band with a half-
width D. We set kg = 1 throughout this paper and consider the
parameter region where the half bandwidth D is much greater

than the other energy scales, D > max(U, A, |¢,; |, T, |eV]).

A. Fermi-liquid parameters

We describe here the definition of the correlation functions
that play an essential role in the microscopic Fermi-liquid
theory.

The occupation number and the linear susceptibilities of
the impurity level can be derived from the free energy:

aQ
(Nae) = , Q= —Tlog[Tre P, (2.6)
aéd(,
92Q B
Xog = ————— = / dt (6nys (t)dngs), (2.7)
0€450€45 0

where dng, = ng, — (n4s) and (- --) represents an equilib-
rium average, with 8 = 1/T the inverse temperature.
In addition to linear susceptibilities, the nonlinear ones

Xﬂ,m also play an important role away from half filling:

X[3] — 839 — 8XO'IO’2
010203 36d0186d0236d03 86d¢73
B B
—/ dTl/ A (T 8140, (T1) 8140, (T2) S114)-
0 0
(2.8)
Here T, is the imaginary-time ordering operator. This

. . . CB
correlation function has the permutation symmetry: x! =
xB o =B = xB = . We will use hereafter the

ground-state values for (n4s), Xoo and x[’} . and thus the
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occupation number can be deduced from the phase shift d,

through the Friedel sum rule: (n4,) T—_)O> 8y /7 [6].
The retarded Green’s function also plays a central role in
the microscopic description of the Fermi-liquid transport:

qwazqfwmﬂwwhmﬁy@mw (2.9)
0

A, (w) = —% Im G, (w). (2.10)
represents a nonequilibrium steady-state average taken with
the statistical density matrix, which is constructed at finite bias
voltages eV and temperatures 7, using the Keldysh formalism
[59,60].

The phase shift §, is related to the value of the Green’s
function at the equilibrium ground state 7 =¢V =0 as
G’ (0) = —|G" (0)|e. It also determines the behavior of the
equilibrium spectral function p, (@) = A, (®)|;_,,_, in the
low-frequency limit. At the Fermi level w =0, it takes
the form

sin? 8,
TA

Furthermore, the first derivative of p,, (w) is related to the
diagonal susceptibility xs, as

Pio = 04y (0) = @.11)

r apda(w) _ &

Pisc = -

sin 28, .
o |0

2.12)

This is a result of a series of exact Fermi-liquid relations,
obtained by Yamada-Yosida (see Appendix A).

B. Low-energy expansion of nonlinear current

Nonlinear current through quantum dots can be calculated
using a Landauer-type formula [59,60]:

I — e 4FLFR
~ h(TL+Tg)
N o0
X Z/ dolfp(@) — fr@)TAAs (@).  (2.13)
o=1Y"X
Here f,(w) = [#@~*) 4 1]7! is the Fermi distribution func-

tion for the conduction band on v = L, R. The chemical
potential of the left and right leads are driven from the Fermi
energy at equilibrium Er = 0 by the gate voltage: yu; = oy eV
and up = —ag eV, with a7 and ok the parameters which sat-
isfy oy +ag = 1,1.e., up — g = eV. Asymmetries in tunnel
couplings and that in bias voltages can be described, respec-
tively, by the following parameters:

'y —Tg

= = 2.14

Yaif T, +Tx ( )
UL + KR

Qg = —— = 0 — Q. (2.15)
ML — MR

In this work, we have derived the explicit expressions of the
coefficients c( ) and c‘(f ) for the first two nonlinear-response
terms of dI/dV in Eq. (1.1), using the exact low-energy
asymptotic form of the spectral function A,(w) of quan-
tum dots embedded in asymmetric junctions obtained up to
terms of order w?, (eV)?, and T2. The derivation is given in

Appendix B. Specifically, we will use Eqs. (B5) and (B6) to
clarify the roles of the tunnel and bias asymmetries, which
enter through the parameters y,; and gy, in the nonlinear
Fermi-liquid transport.

1. d1/dV of an SU(N) dot with tunnel and bias asymmetries

In this paper, we consider the SU(N) symmetric case, at
which the impurity level has the N-fold degeneracy: €, =€,
for o =1,2,...,N. For convenience, we use a shifted im-
purity energy level, defined by £, =€, + (N — 1)U/2 in the
following. Note that the system additionally has an electron-
hole symmetry at &, = 0.

The linear susceptibilities have two independent com-
ponents in the SU(N) symmetric case, i.e., the diagonal
component x,, and the off-diagonal one x,, for o # o’.
These two parameters determine the essential properties of
quasiparticles:

T = ! , R= I—X(m/.

4XUO' XO'O

Here T* is a characteristic energy scale of the SU(N) Fermi

liquid, for instance, the T -linear specific heat of impurity elec-

trons is scaled in the form C;,,, = NI—’EZT /T*. The Wilson ratio

R corresponds to a dimensionless residual interaction between

quasiparticles [61]: We will use the following rescaled Wilson
ratio K which is bounded in the range 0 < K < 1,

= (N-DR-1).

(2.16)

2.17)

The differential conductance for SU(N) symmetric quan-
tum dots can be expressed in the following form, scaling the
bias voltage eV by T*,

d[ @ eV 3 eV
dV_NgO|:Sm 8+CV)T* C‘(,) T _|_... ,
(2.18)
62 4FLFR 6‘2 B
805;m=g(1—7/dif)- (2.19)

The dimensionless coefficients C‘(/z) and C‘(,s), can be deduced
from the general formulas given in Egs. (B5) and (B6), taking
into account the SU(N) symmetry:

o — T 2
V_4%m—m Vair K15sin 26. (2.20)

For N = 2, this reproduces the previous result obtained by
Aligia for the spin-1/2 Anderson model [57,58]. C‘(, ) consists
of a linear combination of gy, and y,;, and it identically
vanishes C‘(,z) — 0 when both the tunnel couplings and the
bias voltages are symmetrical og;; = ¥, = 0. The magnitude
is determined also by K and sin 28 which can be related to
the derivative of the spectral function o/, given in Eq. (2.12):
sin28/T* = 4Ap),. Furthermore, C‘(,Q) is an odd function of
&,. Note that C(z) depends on the Coulomb interaction only
through the real part of the self-energy.

In contrast, C glven in the following depends on both
the real part that determines the high-order energy shifts and
imaginary part that destroy phase coherence [62,63], specif-
ically on the order w? and (eV)? terms. The exact formula
of the coefficient C( ) for order (eV)? nonlinear current is
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composed of two parts: Wy and ®y, which represent the
two-body contribution and three-body one, respectively,

2
T
G = =Wy + 6y), 2.21)
64
Wy = —cos 25[1 + 3ag — 6(ctd + gig Vi) K

5 3(N —2) ~
+ {— + 3o + 60 Vi + ——— Vi } K2:|,

N _ N _ 1 dif
(2.22)
_ 2 2 ~
Oy = [1+ 3a;|O1 + 3[1 + 3org + 4oty Ve ] On
+ 6[gic + 20 Vi + Ve ] O (2.23)

Cy) depends on the asymmetry parameters through the
quadratic terms, i.e., o gy and v Effects of
the three-body corrections enter through the dimensionless
parameters:

26 1
0, = 12 Xooo (2.24)
2 XM
~ sin 26 )(M -
On=W-1) , (2.25)
jT XO'U'
~ N—-1)(N-=-2 28 "
On = ¢ X ) sin XU" o, (2.26)
2 27 x2,

for o # o’ # ¢” # o. In particular, Om represents the corre-
lation between three different levels which appears for N > 3.
This component @m will give no contribution to C( ) through
Eq. (2.23) if there is no tunnel or bias asymmetry [44 64]: Wy

and Oy take the following form at oty = ¥, =0,

LS 227)
N-1) ’

oy o=V =0
Wy VT o528 (1

o=V, =0 ~
Oy VT @ + 30y, (2.28)

When both the chemical potentials and the tunnel cou-
plings are inverted such that (org, Vgie) — (—gie» —Vgir)» the
coefficients C‘(,z) and C‘(,” exhibit odd and even properties,
respectively: C‘(,z) — —C‘(,z) and C‘(,3 ) C‘(,3) as shown in Ap-
pendix B. These formulas of C‘(,Z) and C‘(f) of the Anderson
model for arbitrary level structures €, are consistent, in the
limit of strong interaction U — oo, with the corresponding
formulas for the SU(N) Kondo model obtained by Mora
et al. [40] at integer-filling points (ng) =1,2,...,N — 1,
withng =) ngo.

III. NRG RESULTS FOR FERMI-LIQUID PARAMETERS

In this section, we summarize the basic properties of
quasiparticles in the SU(4) and SU(6) symmetric cases.
Specifically, we have calculated the Fermi-liquid parameters
8, Xoo'» and X(lfal,a,, with the NRG approach, dividing N
channels into N/2 pairs, and using the SU(2) spin and U(1)
charge symmetries for each pair, i.e., totally ]_[N/ 2 [SUQ2)®
U(1)]x symmetries. The discretization parameter A and the
number of low-lying energy states Ny, are chosen such

(a) U/ﬂA ]

k!
o
o
T
|
sin26

&q/U

FIG. 1. Fermi-liquid parameters of an SU(4) dot are plotted
as a function of §d/U for U/(xA)=1/3, 2/3, 5/3, 10/3, 5.0:
(a) (ng), (b) sin®&, (c) rescaled Wilson ratio K= (N—-1)(R-
1), (d) renormalized factor z, (e) Tx/T*, and (f) sin2§. Here T is
defined as the value of 7* = 1/(4x,, ) at half filling £, = 0.

that (A, Nyunc) = (6, 10000) for N =4, and (20, 30000)
for N = 6 [44]. The phase shift and renormalized parameters
have been deduced from the energy flow of NRG [48,65-68].

A. SU(4) Fermi-liquid properties
1. Two-body correlation functions of an SU(4) dot

The Fermi-liquid parameters of an SU(4) quantum dot,
which can be deduced from the phase shift and the linear
susceptibilities, are shown in Fig. 1 as a function of &, for
several different values of U/(r A) = 1/3,2/3,5/3,10/3, 5.
For large U/(mw A) 2 2.0, the occupation number in Fig. 1(a)
shows a Coulomb-staircase behavior with the plateaus of inte-
ger height (n;) ~ 1.0,2.0, 3.0 and the steps at§, ~ —U, 0, U:
The structure becomes clearer for stronger interactions. Fig-
ure 1(b) shows sin? 8 corresponding to the linear term of the
differential conductance in Eq. (1.1). For strong interactions
U/(zw A) Z 2.0, the Kondo ridges which reflect the step struc-
ture of the occupation number of the values (n;) ~1,2,3
evolve at &; >~ U, 0, —U, respectively, as U increases.

Figure 1(c) shows the rescaled Wilson ratio K=
(N—=1)(R—1). It has a wide plateau that reaches the
strong-coupling limit value K ~ 1 in the region —1.5U <
£, S 1.5U, for large interactions U/(mwA) 2 3.0. This is
caused by the fact that charge fluctuations are suppressed
in this region and it makes the charge susceptibility vanish:
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3 body correlation

&V

FIG. 2. Three-body correlation functions of an SU(4) dot plotted
vs §,/U for U/m A =1/3,2/3,5/3,10/3, 5.0: (a) O, (b) i:)”, and
(c) Op. (d) Comparison of ®;, —Oy;, and Oy at a large interaction
U/(x A) = 5.0. It indicates that @) ~ —(:511 ~ g)m over a wide range
of -U <¢§, SU.

Xe X Xog + (N —1Dx,,» — 0. The shallow dips of K at
&, ~ £0.5U is caused by the charge fluctuations at the steps
of the Coulomb staircase structure of (n,).

Correspondingly, the renormalization factor z in Fig. 1(d)
exhibits a broad valley structure at —1.5U <&, < 1.5U,
which becomes deeper as U increases. It has a clear local
minimum for U/(mA) 2 2.0 at £, ~ 0 and +U, where (ny)
takes integer values: It also has a local maximum at inter-
mediate valence states in between the two adjacent minima.
Figure 1(e) shows the gate voltage &, dependence of the
inverse of the characteristic energy scale, 1/7*, scaled by
Tx that is defined as the value of T* at the elelctron-hole
symmetric point £, = 0. It shows an oscillatory behavior for
strong interactions U/(w A) 2 3.0, reflecting the dependence
of zon &,. In particular, 1/7* reaches a local maximum at the
integer-filling points where the SU(4) Kondo effect occurs.

Some of the two-body correlation functions contribute to
the low-energy transport through the derivative of the impurity
density of state: p; = (x,,/A)sin2§ given in Eq. (2.12). For
instance, the coefficient C‘(,2) is proportional to p/,. Figure 1(f)
shows sin 24. It is an odd function of £, and vanishes at§, = 0
where the phase shift takes the value § = 7 /2. For strong in-
teractions U /(;r A) 2 3.0, it has a wide maximum (minimum)
at £, ~ U (=U), where the 1/4-filling (3/4-filling) SU(4)
Kondo occurs.

2. Three-body correlation functions of an SU(4) dot

We next consider the three-body correlations between elec-
trons passing through an SU(4) symmetric dot. Figure 2 shows
®1, O, and Oy as a function of &;/U for several differ-
ent values of U. These dimensionless three-body correlation
functions vanish in the electron-hole symmetric case &, = 0.
For strong interactions U /(w A) 2 3.0, a plateau of the width
U emerges at £, ~ 0 and £U, i.e., at integer filling points
(ng) ~ 1, 2, 3. The plateau structure evolves further as

interaction U increases. Specifically, the correlation function
between three different levels Oy appears for SU(N) quantum
dots with N > 3 and contributes to the nonlinear conductance
when there are some asymmetries in the tunnel couplings or
the bias voltages.

A comparison of the three independent components ©y,
—Oq, and Oy is made in Fig. 2(d) for a large interaction
U/(rA) =5.0. It shows that these three components ap-
proach each other very closely over a wide range of gate
voltages —1.5U < &, S 1.5U,

@1 ~ _®Il ~ ®Ill- (31)
This is caused by the fact that the derivatives of the two
independent components of linear susceptibilities, | "3(6‘;" | and
|3X /

52 |, become much smaller than an inverse of the character-
d

istic energy scale (T*)~2 in a wide range of electron fillings
1 < (n;) SN — 1,in addition to the suppression of the charge
fluctuations x, >~ 0, mentioned above (see Appendix C) [44].

B. SU(6) Fermi-liquid properties
1. Two-body correlation functions for an SU(6) dot

We next summarize the low-energy Fermi-liquid properties
of SU(6) quantum dots. The phase shift and the renormalized
parameters that can be deduced from the two-body correla-
tions are plotted as a function of the gate voltage &,/U in
Fig. 3 for several different values of U/(wr A) = 2/5, 1.0, 2.0,
5.0, i.e., from weak to strong interactions. The behaviors of
these parameters are similar to those of the SU(4) quantum
dots. However, the number of different SU() Kondo states
occurring at integer fillings increases with N, i.e., (n;) =1,
2, ..., N—1. It takes place at §, >~ 0.0, +U, .., ﬂ:#U,
and gives an interesting variety in low-energy transport. As N
increases, quantum fluctuations caused by the Coulomb inter-
action U is suppressed, and in particular, the mean-field theory
becomes exact in the large N limit of the finite-U Anderson
impurity model [69]. Hence for larger N, electron-correlation
effects reveal stronger interactions U.

In Fig. 3(a), we can see that the Coulomb staircase behavior
of the occupation number (n;) emerges for a large interac-
tion U/(mw A) = 5.0, which has steps at §, >~ 0.0, £U, £2U
for SU(6) quantum dots. The transmission probability sin® §,
shown in Fig. 3(b), reaches the unitary limit value sin® § = 1.0
at half filling £, = 0. We can see that the plateau structure
develops as U increases, and it becomes visible at a strong
interaction U /(7 A) = 5.0. _

Figure 3(c) shows that the rescaled Wilson ratio K for N =
6 has a wide flat peak at —(N — DU/2 < & S (N —1DU/2,
the height of which increases with U. In particular, it ap-
proaches saturation value K >~ 1 at U/(r A) = 5.0 due to the
suppression of charge fluctuations, as mentioned.

The renormalization factor z for SU(6) quantum dots,
shown in Fig. 3(d), exhibits a broad valley structure similar
to the one for the SU(4) symmetric case. The valley becomes
deeper as U increases, and the local minima emerge at the
integer-filling points, reflecting the electron correlations due
to the SU(6) Kondo effects. Figure 3(e) shows that the inverse
of the characteristic energy 1/7*, which is scaled by the
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FIG. 3. Fermi-liquid parameters of an SU(6) dot are plot-
ted as a function of &,/U for U/(mA)=2/5, 1.0, 2.0, 5.0.
(a) (ng), (b) sin®&, (c) rescaled Wilson ratio K= (N—-1)R -
1), (d) renormalized factor z, (e) Tx/T*, and (f) sin2§. Here Tk is
defined as the value of T* = 1/(4x,,) at half filling §, = 0.

value Ty defined at half filling &, = 0. It has peaks situated
at &, ~ 0, £U, £2U for a strong interaction U/(wr A) = 5.0,
although the ones at +2U are still developing. These peaks
correspond to the SU(6) Kondo temperature at each of the
integer-filling points.

Figure 3(f) shows sin 2§ for N = 6, which is proportional
to the derivative of the density of states p; = (x,,/A)sin 26,
and determines the magnitude of the coefficient C‘(,Z) of the
nonlinear current, as mentioned. This factor sin 28 is an odd
function of &,, and at a strong interaction U/(w A) = 5.0 it
takes a broad peak (dip) at § = 7w /4 (3w /4) corresponding to
the half-integer filling (n;) = 1.5 (4.5) where charge fluctua-
tions are not fully suppressed.

2. Three-body correlation functions of an SU(6) dot

Figure 4 shows three-body correlations between electrons
passing through an SU(6) quantum dot, calculated as a func-
tion of &, for several values of interactions U/m A = 2/5, 1.0,
2.0, 5.0. These dimensionless correlation functions ©y, (:)n,
and Oy vanish at half filling £, = 0, and away from half
filling, they are enhanced as U increases. We can see that for a
strong interaction U/(w A) = 5.0 there emerges either a wide
peak, a wide dip, or a plateau at§,; ~ +U, +2U, i.e., at integer
filling points. The component between three different levels
O also contributes to the order (¢V)? term of nonlinear

0, T T T T
® g
- d 1
.5 _osl 19 @ 4
T ]
R
5 {
%. U=57A -0y
8 151 o, N=6 ]
_2|||||||||||||m [P IR I A |
- S S R
&a/VU éa/V

FIG. 4. Three-body correlation functions of an SU(6) dot plot-
ted vs &;/U for U/mA =2/5, 1.0, 2.0, 5.0: (a) Oy, (b) (:)H, and
(c) ém. (d) Comparison of @y, —@H, and ém at a large interaction
U/(x A) = 5.0. Itindicates that ®; ~ —én ~ @)m over a wide range
of -(N—-1)/2U S& S(N—1)/2forN =6.

current through an SU(6) quantum dot when there are some
asymmetries in the tunnel couplings or the bias voltages. _
In Fig. 4(d) the three independent components @, —®y,
and Oy are compared in a strong interaction case U/(7 A) =
5.0. It shows that these three components approach each other
very closely ®; >~ —@y >~ Oy over a wide range of the gate
voltage —(N — DU/2 < &; < (N — 1)U/2 with N = 6. This
is due to the fact that the diagonal component x5~ domi-
nates the three-body correlation, and the derivatives | "g(e"d" | and

I%| become much smaller than (7*)~2 in a wide range of
electron fillings 1 < (n,) <N — 1 (see Appendix C) [44].

IV. ORDER (¢V )2 NONLINEAR CURRENT
FOR SU(4) AND SU(6) CASES

The coefficient C\), defined in Eqgs. (2.18) and (2.20),
emerges when the tunnel coupling or the bias voltage
is not symmetric. Its magnitude is determined by the
Wilson ratio K and the derivative of the density of states:
0 = (Xpe/A)sin28.

In this section, we first of all describe behavior of C‘(,z)
in some limiting cases and then discuss the NRG results to
show how the coefficient evolves with the tunnel and bias
asymmetries.

A. Behavior of C\” in some limiting cases

We have seen in Figs. 1 and 3 that the Wilson ratio reaches
the saturation value K >~ 1 over a wide range of gate volt-
ages —(N — DU/2 <&, S (N —1)U/2 for large U, where
the quantum dot is partially filled 1 < (n;) <N — 1. This is
caused by the fact that the charge fluctuations are significantly
suppressed in this region, as mentioned. In the limit of strong
interactions, C\(,z) becomes independent of the bias asymmetry
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FIG. 5. Effects of tunnel asymmetry y,;; on order (eV )* nonlin-
ear current: C‘(,Z) /Var given by Eq. (4.3) for symmetrical bias voltages
agr = 0.0 is plotted vs &,/U, varying interactions from weak to
strong. (a) For SU(4) quantum dots with U/(wr A) =1/3,2/3,5/3,
10/3, 5.0. (b) For SU(6) quantum dots with U/(wA) =2/5, 1.0,
2.0,5.0.

Ugif+

K—1 4 .
cP = — 7 Var Sin23, (4.1)
In contrast, in the limit of |§,| — oo where (ng) ap-
proaches 0 or N, the Wilson ratio approaches the noninter-
acting value K — 0, and C‘(/Z) becomes independent of tunnel
asymmetry yqir:
C‘(/Q) K—0

% O dif sin 26. (42)

B. Effects of tunnel asymmetry p;i¢ # 0 on C‘(,Z) for symmetric
bias voltages ogir = 0

We first of all consider effects of tunneling asymmetries
Ygie ON C‘(,z), taking bias voltages to be symmetric agir = 0:
ir=0
C‘(,2) it

—% vair K sin28. 4.3)

In this case, Cf,z) is proportional to y,;; and is determined by

K and sin 26. Figure 5 shows C‘(,z) / Vg as a function of &, /U
for symmetric bias voltages oy, = 0.0. We have examined
the behaviors from weak to strong interactions: (a) for SU(4)
quantum dots with U/(wA) = 1/3, 2/3,5/3, 10/3, 5.0, and
(b) for SU(6) quantum dots with U /(w A) = 2/5, 1.0, 2.0, 5.0.

As U increases, a wide peak and a wide dip of C‘(/Z) evolve
at&, ~ U/4 and —U /4, where the occupation number reaches
the value of (n;) >~ N/4 and 3N/4, respectively. It corre-
sponds to phase shifts of § >~ 7 /4 and 37 /4, at which sin 28
takes an extreme value as seen in Figs. 1(f) and 3(f). The
peak and dip structures also reflect the fact that the Wilson
ratio is almost saturated K >~ 1.0 in a wider range of |£,| <
(N — 1)U/2 for large U in Figs. 1(c) and 3(c). The Kondo
effect of an integer filling occurs at the flat peak and the flat
dip for N = 4 quantum dots. In contrast, for N = 6, it is an
intermediate valence state that occurs at the peak and dip, and
thus the structures become round rather than flat since charge
fluctuations remain active.

Outside the correlated region, the absolute value of C‘(,2)
decreases as U increases for both N = 4 and 6 in Figs. 5(a)
and 5(b), respectively. In particular, at |£,| > (N — 1)U/2, it
vanishes asymptotically C‘(,z) — 0 as the occupation number
approaches (n;) — Oor N.

LA RS A A Al ) A A R R

(b)

| Y P PO Y 1Y P PO FOY IPY 1P P PP |
-3-2-10 1 2 3
&V &V

FIG. 6. Effects of bias-voltage asymmetry o on order (eV )
nonlinear current: C‘(,z) /o given by Eq. (4.4) for symmetric junc-
tions with y, = 0.0 is plotted vs &,/U, varying interactions from
weak to strong. (a) For SU(4) quantum dots with U/(7A) = 1/3,
2/3,5/3, 10/3, 5.0. (b) For SU(6) quantum dots with U/(7A) =
2/5,1.0,2.0, 5.0.

C. Effects of bias asymmetry ag;r 7 0 on C‘(,z) for symmetric
tunnel junctions yg;¢ = 0

We next consider the effects of bias asymmetries o;; on
C‘(,z), setting tunnel junctions to be symmetric ygis = 0. In this
case, C‘(/z) becomes proportional to o, as

Ydi =0
C‘(/2) dif

% agir(1 — K) sin 25 (4.4)
The ratio C‘(,z) /oy Tor this case is plotted vs &,/U in Fig. 6.
We have also examined from weak to strong interactions for
symmetric tunnel couplings y4; = 0.0: (a) For SU(4) quan-
tum dots with U /(w A) = 1/3,2/3,5/3, 10/3, 5.0 and (b) for
SU(6) quantum dots with U/(wr A) = 2/5, 1.0, 2.0, 5.0.

At |¢,] S (N — 1)U/2, where the localized levels of quan-
tum dots are partially filled 1 < (ng) <N — 1, the factor 1 —
K in Eq. (4.4) becomes very small as U increases since the
Wilson ratio approaches the saturation value K — 1.0. There-
fore, C‘(,z) almost vanishes in this region for strong interactions
U/(m A) Z 3.0. However, weak oscillatory behavior survives
até, /U ~*(N—-1-2m)/2form=1,...,N/2 —1,and it
is caused by charge fluctuations in the intermediate valence
states between two adjacent integer filling points.

In contrast outside the correlated region, at |§,] > (N —
1)U/2, the rescaled Wilson ratio decreases and it eventually
vanishes in the limit of |§,| — oo as shown in Figs. 1(c) and
3(c), so that 1 — K — 1.0in Eq. (4.4). Therefore, the behav-
ior of C\(,z) in this region is mainly determined by the other
factor sin 2. The localized levels of quantum dots become
almost empty or fully occupied in the limit of |§,| — oo.
Correspondingly, at the crossover region |§,| ~ (N —1)U/2,
the phase shift takes the value around § >~ 7 /N at§, >~ (N —
DHU/2, and § ~x(N —1)/N at §, ~ —(N — 1)U/2. Thus,
the peak height, or the dip depth, of C‘(,z) decreases as N in-
creases: The amplitude becomes larger for the SU(4) quantum
dots than the SU(6) in Fig. 6.

For weak interactions, effects of bias asymmetries g
appear in the whole region of &, particularly C‘(,z) takes finite
values in the region of |§,| ~ (N — 1)U/2.

D. C? under both asymmetries oy, # 0 and y,; # 0

We next consider the behavior of C‘(,z) in the presence of
both asymmetries, i.e., ag; 7 0 and g 7 0. We have seen
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FIG. 7. C‘(,z) for a junction with large tunnel asymmetry y; =
0.8 is plotted vs &,/U, varying bias-voltage asymmetries, as ogif =
—1.0 (o), —0.5 (%), 0.0 (M), 0.5 (O)), and 1.0 (A). (Left panels) For
SU(4) quantum dots and (right panels) for SU(6) ones, with (top
panels) a strong interaction U /(s A) = 5.0 and with (bottom panels)
weak interactions U/(w A) = 1/3 for SU@4) and U/(wr A) = 2/5 for
SU(6).

above that in the strongly correlated region at [£,| < (N — 1)
U/2 for large U, the coefficient C\(,z) is given by Eq. (4.1)
and it becomes almost independent of bias asymmetries o,
since the Wilson ratio approaches K ~ 1.0. Conversely, C‘(,z)
is given by Eq. (4.2), which does not depend on tunnel asym-
metries v, for small U or outside the correlated region as
K ~ 0.0. These prog)erties provide the key to clarify overall
characteristics of C in a wide parameter range.

1. Effects of bias asymmetry oy 7 0 on C‘(,z) at large tunnel
asymmetry yg. () > I'y)

The coefficient C‘(,z) for a large fixed tunnel asymmetry
Yair = 0.8 is plotted vs &, in Fig. 7 varying bias asymmetries,
agi¢ = 0.0, £0.5, £1.0. The upper panels describe the behav-
ior for a strong interaction U/(r A) = 5.0, and the lower ones
describe that for weak interactions, i.e., U/(wrA) = 1/3 for
SU@) and U/(w A) = 2/5 for SU(6).

The results in Figs. 7(a) and 7(b) show that the coefficient
C‘(,z) becomes almost independent of bias asymmetries in the
strong-coupling region |£,| < (N — 1)U/2 for large U since
the Wilson ratio approaches the saturated value K~10.In
this region, C‘(,z) is proportional to y,;; and shows the same
behavior as that in Figs. 5(a) and 5(b). For N > 4, C‘(,z) has a
peak and a dip which correspond to the points sin 26 ~ £1.0
inside the correlated region, and thus the coefficient takes the
value C(z) >~ £(m /4)yy; at the extreme points. This kind of
extreme points in the correlated region do not take place for
SU(2) quantum dots since, for N = 2, the phase shift takes the
values § = 7 /4 and 37 /4 in the valence fluctuation regime,
instead of the Kondo regime [56]. Around the extreme points,
C‘(,z) takes a typical flat structure of the Kondo state for N =
4, while it takes a round structure typical to the intermediate
valence state for N = 6, as mentioned above.

c®

c®

U/rA=1/3 ]
g4t =1.0
1 Lewbenbinde bbbl
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U/nA=2/5 ]
g =10

—0.5¢

FIG. 8. C‘(,2> for a large bias-voltage asymmetry oy, = 1.0 is
plotted vs &,, varying tunnel asymmetries, as y;; = —0.8 (o), —0.5
(x), —0.2 (¢), 0.0 (W), 0.2 (V), 0.5 (0), and 0.8 (A). (Left panels)
For SU(4) quantum dots and (right panels) for SU(6) ones, with
(top panels) a strong interaction U/(wr A) = 5.0 and (bottom panels)
weak interactions U /(7 A) = 1/3 for SU4) and U/(wr A) = 2/5 for
SU(6).

The coefficient C\(,Z) has an additional zero point other
than the one at £, = 0 in the case a4y, > 0, at which bias
and tunneling asymmetries cooperatively enhance the charge
transfer from one of the electrodes, and the Wilson ratio satis-
fies the following condition:

R = & gif

“.5)
Qe + Vair

It represents the condition that the first and second terms
in Eq. (2.20) cancel each other out. It takes place valence
fluctuation regime |&,| 2 (N — 1)U/2 in Fig. 7. Conversely,
effects of tunnel and bias asymmetries become constructive
for ag;;vgir < 0.0. The behavior at |§,] > (N — 1)U/2 is de-
termined by the factor o sin 245.

2. Effects of tunnel asymmetry y,;; # 0 on C‘(,Z) at large bias
asymmetry oy, = 1

We next consider the effects of tunnel asymmetry y;; on
C‘(/Z) at large bias asymmetry oy = 1.0, which describes the
situation that the right lead is grounded. Figure 8 shows the
result of C‘(,z), plotted as a function &, varying tunnel asym-
metries, as vy, = 0.0, £0.2, £0.5, £0.8: (top panels) for a
strong U/(wr A) = 5.0 and (bottom panels) for weak interac-
tions with (left panels) U/(w A) = 1/3 for SU(4) quantum
dots and (right panels) U/(w A) = 2/5 for SU(6) ones.

In the strong-coupling limit region |&;] < (N — 1)U/2, the
results in Figs. 8(a) and 8(b) show almost the same behavior as
that for symmetric bias voltage oy, = 0.0 given in Figs. 5(a)
and 5(b), respectively, except for the ones for Yair = = 0.0. This
is because the Wilson ratio reaches saturated K ~ 1.0 and C(z)
becomes independent of o, as shown in Eq. (4.1).

In the valence fluctuation region |&;] >~ (N — 1)U/2, C‘(,z)
has an extra zero point other than the one at §;, = 0 in the case
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at which o,y > 0, mentioned above at Eq. (4.5). As the
impurity level deviates further away from the electron-hole
symmetric point, i.e., at |£;] 2 (N — 1)U/2, the coefficient
C‘(/Z) becomes less sensitive to y,;; and its behavior is described
by Eq. (4.2) as the Wilson ratio approaches K >~ 0.0. We also
see in Fig. 8(c) that C‘(,Z) does not have an extra zero point
for SU(4) symmetric quantum dots with a weak interaction.
This is because the Wilson ratio in this case takes values in
the range K < 0.54 as shown in Fig. 1(c) which does not
satisfy the condition Eq. (4.5) as o/ (0tgis + Vgie) = 0.56 for
age = 1.0 and y,;; = 0.8. Nevertheless, extra zero points will
emerge even in this situation if tunnel asymmetries are slightly
larger, i.e., ¥, 2 0.85. An example is shown in Fig. 8(d) for
SU(6) quantum dots: C;/ ) has an extra zero point clearly for
Vair = 0.8, whereas it does not for y;,; < 0.5. In this case, the
Wilson ratio is bounded in the range of K < 0.72 as shown
in Fig. 3(c), and thus the condition Eq. (4.5) is satisfied for
var = 0.8 at which oy /(orge + Vgie) = 0.56, whereas it is
not, for instance, for y ;; = 0.2 as oy /(@gis + Vi) = 0.83.

V. ORDER (eV)* NONLINEAR CURRENT
FOR SU(4) AND SU(6) CASES

The coefficient C‘(,‘” of the order (eV )? term of the nonlinear
conductance, defined in Egs. (2.21)—(2.23) has a quadratic de-
pendence on the bias and tunnel asymmetries of the form, o2,
Qgi¢ Vgis» and ydzif. In particular, the order ydzif term, which is
absent in the SU(2) case [70], emerges for multilevel quantum
dots with N > 3 and plays an important role in the Kondo
states with no elelctron-hole symmetry. In this section, we
describe some limiting cases of C‘(,3) and then discuss the NRG
results for SU(4) and SU(6) quantum dots.

A. Behavior of C‘(,3) in some limiting cases

The two-body and three-body parts of C‘(,S) defined in
Egs. (2.21)-(2.23) take the following values in the strong-
coupling case where the Wilson ratio reaches the saturated
value K — 1.0 and the three-body correlations functions
show the properties ®1 >~ —Op ~ Oy shown in Figs. 1-4,

5 3(N=-2) ,

K—1
W —cos28|1 ¢ (5.1
y ——> —cos |:+N—1+ N1 lef] (5.1

©1~—By=0ny
S —N

Oy —2[1 - 3yg] O (5.2)

Our result in this limit is consistent with the corresponding
result for the SU(V) Kondo model, given in Egs. (22) and
(32) of Ref. [40]. Note that their notation and our one in
the strong-interaction limit correspond to each other such that
a,/(nTy) & X,o and a, /(T TZ) & —5 x5 .

In the limit of |§,| — oo, the occupation number reaches
(ng) — 0 or N, and the correlation functions take the nonin-
teracting values, and thus

W S (14 302). (5.3)

Oy~ 2(1 4 302,), (5.4)
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FIG. 9. Coefficient C‘(f ) is plotted vs &,/U for the case where
both tunnel couplings and bias voltages are symmetric, Y. =
0.0 and ay; = 0.0. Upper panels show the total value of C; =
(7r2/64)(Wy, + @y ) together with the two-body Wy, and three-body
®y components (a) for SU(4) and (b) for SU(6) quantum dots
choosing a large interaction U/(wr A) = 5.0. Bottom panels show
U dependence of C‘(f): ©U/(mA)=1/3,2/3,5/3,10/3, 5.0 for
SU@4) and (d) U/(w A) = 2/5, 1.0, 2.0,5.0 for SU(6).

Note that in this limit, the three-body correlations are given
by ® — -2, @H — 0, and @HI — 0 (see Appendix B in
Ref. [70]).

B. C‘(,S) for symmetric tunnel coupling and symmetric bias
voltage pg, = oy = 0

We describe here previous results obtained for symmetric
tunnel coupling and bias voltage y,; = a4 = 0 [53] in or-
der to clarify how the breaking of these symmetries affects
the ¢

Figures 9(a) and 9(b) show that C‘(,”, Wy, and @y for
agir = Ygir = 0.0 as functions of the gate voltage &, for strong
interaction U/(wrA) = 5.0 for SU4) and SU(6) quantum
dots. In the strong-coupling limit region |§;| < (N — 2)U/2,
C‘(,3) takes plateau structures of the height (64/7{2)C‘(,3) i~
2.67 for SU(4) and 2.0 for SU(6). In particular, the plateau
at half filling, ie., at §, =0, is caused by the two-body
correlation Wy. In contrast, the plateau around the Kondo
state with the fillings of (n,) >~ 1.0 and N —1, i.e., cor-
responding to the one electron and one hole occupancies,
are caused by the three-body correlation ©,,. Specifically,
among three independent components defined in Egs. (2.24)—
(2.26), O determines the peak structure of ®y since Oy =~
—20 owing to the property ®; >~ —@y in the strongly
correlated region. In the limit of |§,] — oo outside the
plateau, the coefficient approaches the noninteracting value
(64/72)CY — =3, Wy — —1.0, and ©y — —2.0, given by
Eqgs. (5.3)-(5.5).

In Figs. 9(c) and 9(d), C” for oy = 5 = 0.0 is plotted
as a function of &;, varying interaction strengths [Fig. 9(c)]
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U/(mrA)=1/3,2/3,5/3,10/3, 5.0 for SU(4) and [Fig. 9(d)]
U/(mrA)=12/5,1.0,2.0,5.0 for SU(6). The plateau structure
and the peak at the edge of the plateau of C‘(,S) as shown
above appear as U increases in the strong-coupling limit
Eal S (N =2)U/2.

C. Effects of tunnel asymmetries y ;. # 0 on C‘(,” for symmetric
bias voltages oy, = 0

We next consider the effect of tunnel asymmetry on cy,
setting bias voltages to be symmetric a g = 0. In this case,
among the three types of quadratic terms o, oYy and
ydzif in Eqgs. (2.21)—(2.23), the only ydzif term remains finite and
contributes to C‘(,S):

o= 5 3(N -2 ~
WVLO> —cos28|:1—|—{ + ( )y2 }Kz},

N -1 N—1 “d4f
(5.6)

Oy =, O +30; +6 Vi Om. 5.7
The yj; term emerges for N > 3. In particular, it couples to
(:jm, the three-body correlation between electrons in three dif-
ferent levels which does not contribute to C\(,3) for symmetric
tunnel couplings.

In the strongly correlated region for large U, the three-body
part of C‘(,” takes a simplified form ®y o 1 — 3y, which
does not depend on a4, as shown in Eq. (5.2). Therefore,
®y decreases as tunnel asymmetry which enters through
ydzif increases, and vanishes ®y >~ 0.0 at y = =1/ V3 (>
40.577). In particular, Oy has a wide plateau at the fillings
(n;,) =1 and N — 1 for large U in Figs. 2(b) and 4(b), the
contribution of the three-body correlations ®y becomes sig-
nificant at these fillings.

The NRG results of C‘(,S), Wy, and ®y, for the bias symmet-
ric case agir = 0.0 are plotted vs &, in the top, upper-middle,
and lower-middle panels of Fig. 10, for (left panels) SU(4)
and (right panels) SU(6) quantum dots, choosing interaction
strength to be U/(wr A) = 5.0. Specifically, Figs. 10(a)-10(f)
are obtained, varying tunnel asymmetries, as ygir = 0.0, 0.2,
0.5, 0.58, and 0.8. The plateau of C’ emerging at |4 < U/2
is due to the half-filling Kondo state (n;) >~ N/2. The height
of this plateau increases with y,;; and approaches the upper
bound (64/72)CS) — 4 +2/(N — 1) in the limit y2; — 1.
This structure is determined by the two-body part Wy, as the
three-body part ®y vanishes around the elelctron-hole sym-
metric point §;, = 0.

We see that the plateau structure of C‘(,3) at the Kondo states
away from half filling depend sensitively on tunnel asymme-
try. The positive plateau emerging at |§,| >~ (N — 2)U/2 are
due to the Kondo state of the filling (n;) ~ 1 and N — 1.
It disappears as y,; increases, and a negative dip develops
for y2; > 1/3. This behavior of C‘(/3 ) reflects the evolution of
the three-body part ®y, which is determined by Eq. (5.2) in
the strongly correlated region. Therefore, if C\(,3> is measured
varying tunneling asymmetries y,;, then the three-body cor-
relation function ®y and (:jm can experimentally be deduced,
using Egs. (5.2) and (5.7).
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FIG. 10. Effects of tunnel asymmetry y,; on order (V) non-
linear current: (top panels) C‘(,3) and the components (upper middle
panels) Wy, and (lower middle panels) ®y defined in Egs. (5.6)
and (5.7) for symmetrical bias voltages oy, = 0.0 are plotted vs
&,/U, varying tunnel asymmetries, as for yg = 0.0 (W), 0.2 (V),
0.5 (), 0.58 (x), 0.8 (A). Interaction strength is chosen to be
U/(rA)=5.0 for (a)—(f): (left panels) for SU(4) quantum dots
and (right panels) for SU(6) quantum dots. (Bottom panels) U de-
pendence of C%, calculated for a fixed large tunnel asymmetry
Var = 0.8, () U/(wA) =1/3 (M), 2/3 (), 5/3 (0), 10/3 (1), 5.0
(x) for SU4) and (h) U/(wA) =2/5 (B), 1.0 (), 2.0 (0), 5.0 (A)
for SU(6).

In the limit of |§,] — oo, the coefficients approach the
noninteracting value: Wy — —1, ©® — —2, and (64/7?)
C‘(,3 ) — —3 for symmetric bias age = 0.

Figures 10(g) and 10(h) compare C‘(f) for several different
interaction strengths: [Fig. 10(g)] U/(wA) =1/3, 2/3,5/3,
10/3, 5.0 for SU(4) and [Fig. 10(h)]U/(wr A) = 2/5, 1.0, 2.0,
5.0 for SU(6), choosing a large tunnel asymmetry y,;; = 0.8.
The dip structure due to the Kondo state at the filling (n,;) = 1
and N — 1 becomes clear as U increases, as well as the plateau
due to the half-filling Kondo state.
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FIG. 11. Behavior of C‘(f) for two different tunnel couplings, (top
panels) y; = 0.0 and (bottom panels) y, = 0.8, is plotted as a
function of £,, varying bias asymmetries o = —1.0 (o), —0.8 (o),
—0.5 (x), —0.2 (¢), 0.0 (W), 0.2 (v), 0.5 (O), 0.8 (A), and 1.0 (A).
Interaction strength is fixed at U/(w A) = 5.0 for both (left panels)
SU(4) and (right panels) SU(6) quantum dots.

D. C‘(,S) under asymmetric bias voltages ogi¢ 7# 0

The coefficient C‘(,3 ) depends on the bias and tunnel asym-
metries through the terms of order (xﬁif, Qgis Vgis» and ydzif, in
Egs. (2.22) and (2.23). We have discussed in the role of the
Y& term of the tunnel asymmetry, setting the bias voltages
to be symmetric oy, = 0. In this section, we examine the
contributions of the other two terms, aﬁif and oy Vi -

1. Effects of bias asymmetry at small yg = 0 and large
Yair = 0.8 tunnel asymmetries

In Fig. 11, the coefficient C‘(,3) is plotted vs &, for (left
panels) SU(4) and (right panels) SU(6) quantum dots varying
bias asymmetries o = 0.0, £0.2, £0.5, +0.8, and £1.0.
Specifically, two different tunnel couplings are examined. One
(top panels) is the symmetric coupling y,;; = 0.0, at which the
role of the a; term can be clarified. The other one (bottom
panels) is a large asymmetric coupling y4; = 0.8, for which
all the quadratic terms, aﬁif, Qgir Vais» and ydzif, contribute to
cP.

As a large interaction U/(w A) = 5.0 is chosen for each
of the panels, the coefficient C‘(,3 ) does not depend on bias
asymmetry ag; in the region of |£,| < (N — 1)U/2, and it
takes the values determined by ydzif with Egs. (5.1) and (5.2).

In contrast, the coefficient C‘(,S) varies with oy in the
valence fluctuation regime |&,| = (N — 1)U/2. It approaches
the asymptotic value which is given by Eq. (5.5) in the limit
of |§,| — oo. Since the effect of the bias asymmetry in the
tunnel symmetric case y; = 0.0 is determined by the terms
of ozdzif, the results shown in Figs. 11(a) and 11(b) do not vary
with the sign of the parameter ;.

In Figs. 11(c) and 11(d), the coefficient C‘(,S) has a sharp
peak in the valence fluctuation region at §;, >~ £(N — 1)U/2,
which grows as bias asymmetry o, increases. This is caused
by the cross term with a positive sign a gy > 0: We will

examine the contributions of this term to the peak structures
more precisely in the following.
2. Effects of tunnel asymmetry yg; # 0on C‘(,a) at large bias
asymmetry oy, = 1

The bias and tunnel asymmetries affect the coefficient
C through thus quadratic terms o, @Yy and Y2 in
Egs. (2.21)—(2.23). In order to clarify the contribution of
the cross term, we set the bias asymmetry to be the upper-
bound value o = 1, which describes the situation where the
bias asymmetry is maximized by grounding the right leads.
Therefore, in this case Wy and ®y can be expressed in the
following form:

agir=1 ~
Wy —— —cos28 |:4 —6(1 + yg)K

3N +2 3(N -2 ~
+{ + 6 yge + g)’z }K2:|,

N—-1 N—1 "4
(5.8)
=1 1+ Ve L+ vge |
Oy —— 4|0 +6| ——— |O + 6 5 Om
(5.9)

Here the cross term o vgir appears as linear order terms with
respect to ;.

Our discussion here is based on Fig. 12, in which the NRG
results of C‘(,3) for SU(4) quantum dots and those for SU(6)
quantum dots are presented in the left and right panels, respec-
tively. Top panels of Fig. 12 show C‘(,3) as a function of the gate
voltage &,, varying tunneling asymmetries y,; = 0.0, 0.2,
+0.5, +0.8, for a strong interaction strength U/(w A) = 5.0.
The upper middle panels show Cc?, Wy, and ©y for large
positive tunnel asymmetries y; = 0.8, and correspondingly
lower middle panels show the ones for large negative tunnel
asymmetries y,; = —0.8. Bottom panels of Fig. 12 show the
results, calculated for several interaction strengths U/(m A) =
1/3,2/3,5/3,10/3, 5.0 for SU(4) and U/(wr A) = 2/5, 1.0,
2.0, 5.0 for SU(6), taking asymmetric tunnel coupling to be
Vair = 0.8.

In the strongly correlated region [£,| < (N — 1)U/2 for
large U, the result of C‘(,3) in Figs. 12(a) and 12(b) almost
does not depend on whether oy, = 1, and the behavior in this
region is determined essentially by the ydzif term in Eqgs. (5.1)
and (5.2). The cross term o ¥, becomes important at [£,] 2
(N — 1)U /2, outside the correlated region.

In particular, C‘(,S) takes a sharp peak near &; ~ (N — 1)
U/2 in the valence fluctuation regime for large positive v,
ie., ageVge > 0 at which bias and tunneling asymmetries
cooperatively enhance the charge transfer from one of the
electrodes. The results of Wy and ®y, plotted for y,, = 0.8
in Figs. 12(c)-12(d), show the sharp peak structure is mainly
due to the three-body part ®y and two-body part has a small
constructive peak at the same position. In contrast, for tun-
nel asymmetry in the opposite direction y;; = —0.8, each of
the two components, Wy, and ®y, does not have a peak in
Figs. 12(e) and 12(f).
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FIG. 12. Behavior of C‘(,3) at large bias asymmetry oy, =1 is
plotted vs &, for (left panels) SU(4) and (right panels) SU(6) quantum
dots. Top panels: Tunnel asymmetry is varied as y; = —0.8 (o),
—0.5 (x), —=0.2 (¢), 0.0 (W), 0.2 (V), 0.5 (O), and 0.8 (A). In
addition, two-body part W, (OJ) and three-body part ®y (o) are
plotted together with C‘(f) (A) for two large opposite tunnel asym-
metries: (upper middle panels) ygir = 0.8, and (lower middle panels)
vait = —0.8. Interaction strength is chosen to be U/(w A) = 5.0 in
(a)—(f). Bottom panels show the U dependence of C‘(f) for ygir = 0.8:
(@U/(rA)=1/3,2/3,5/3,10/3,5.0for SU4)and (h) U/(mr A) =
2/5, 1.0, 2.0, 5.0 for SU(6).

We consider more precisely the peak that emerged in
the three-body part ®y, taking the limit of yy ; — 1 in
Eq. (5.9) [71],

agir=1, Vair—

| ~ -
Oy 4(01 4+ 6O + 6 Orp). (5.10)

Note that each of the three-body correlation functions of the
SU(N) symmetric quantum dots has a definite sign: ®; < 0,
®p > 0, and Oy < 0, as shown in Figs. 2 and 4. Specifically,
in the valence fluctuation regime, the positive contribution
of 60y in Eq. (5.10) becomes greater than the negative
contribution of ®; + 6 Oy, and the difference between these
components yields a sharp peak of ®y at |§,| 2 (N — U/2.

The height increase measured from the base value of ®y,
which can be defined at the Kondo state in the close vicinity
of the valence fluctuation region, increases with N. Note that
in the Kondo state, the three-body correlation functions have
a property O >~ —Oy >~ Opy, and Oy in this limit ygr — 1
takes a negative value ®y — 40 < 0. In the opposite limit
of the tunnel asymmetries y;; — —1, the cross term is nega-
tive oty Vg < 0. Therefore, the three-body contribution also
becomes negative ®y — 407 < 0, and C‘(,3) monotonically
decreases at |§,] 2 (N — 1)U/2.

We also examine how the peak structure evolves with U in
Figs. 12(g) and 12(h). The results show that the dip structure
in the SU(NV) Kondo regime near |§,| ~ (N — 1)U/2 and the
sharp peak structure in the valence fluctuation regime |§,| 2
(N — 1)U/2 clearer as interaction U increases.

VI. CONCLUSION

We have derived the exact low-bias expansion formula
of the differential conductance dI/dV through a multilevel
Anderson impurity up to terms of order (eV )%, without as-
suming symmetries in tunnel couplings or bias voltages. It
is applicable to a wide class of quantum dots with arbitrary
energy level €, . The expansion coefficients are expressed in
terms of the phase shift §,, linear susceptibilities x, ., and
three-body correlation functions x(?d] defined with respect
to the equilibrium ground state.

The tunnel and bias asymmetries enter the transport co-
efficients through the parameters yg, = (I't — I'r)/(I'r +
I'r) and a4 = (ur + g — 2Er)/(pr — 1g). In contrast to
the linear conductance which depends only on the tunnel
asymmetry through the prefactor g, = % AT TR/(T'L + Tr)?%,
the nonlinear terms cg,% ()T and cg Z,, given in Eqgs. (B5S) and
(B6), depend on both asymmetries. The y,; dependence
enters additionally through the self-energy corrections due to
the Coulomb interactions, and the «;; dependence arises also
through a shift of bias window. In particular, cg,zl emerges
when tunnel couplings and/or bias voltages are asﬂlmmetrical
and is given by a linear combination of y;; and o ;.

We have explored the behaviors of these coefficients of
SU(N) quantum dots of N =4 and 6 with the NRG in a
wide range of parameter space, the varying gate voltage &,
and interaction U as well as y,; and og;. In particular, for
large U, transport exhibits quite different behaviors depending
on electron fillings, especially in the two regions: One is the
strongly correlated region 1 S (n,) SN — 1, and the other
is the valence fluctuation region in which 0 < (n,) <1 or
N —1 < (n,) < N. The coefficient C” of the first nonlinear
term of d1/dV for SU(N) quantum dots becomes almost inde-
pendent of bias asymmetries in the strongly correlated region
as charge fluctuation is suppressed in this region. Conversely,
it becomes less sensitive to tunnel asymmetries in the valence
fluctuation region since interaction effects are suppressed as
the filling approaches (n;) — 0 or N.

The three-body correlation functions contribute to the or-
der (eV)? nonlinear term of dI/dV, especially in the SU(N)
Kondo regime other than the half-filled one occurring in
electron-hole asymmetric cases and also in the valence fluc-
tuation region. The coefficient C\(,3) of the order (eV)? term

P
o’
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shows the quadratic oj;, oy vy and yg; dependencies on
the bias and tunnel asymmetries.

In particular, the yd%f term, which is absent in the SU(2)
case, emerges for multilevel quantum dots with N > 3, and it
couples to a three-body correlatlon between electrons occupy-
ing three different local levels Xw o foro#o' #£o" #o.
We have found that, as lef increases, the structure of SU(N)
Kondo plateaus of C(B) at (n;) ~ 1 and N — 1 fillings vary
significantly from the one for symmetric junctions with y . =
agr = 0. It suggests that the tunnel asymmetries could be used
as a sensitive probe for observing three-body correlations in
the SU(N) Kondo states.

The cross term o ;¥ plays an important role, especially
in the valence fluctuation region. It yields a sharp peak of
C( ) when QgirVair > 0, i.e., in the case at which the tunnel-
ing and bias asymmetries cooperatively enhance the charge
transfer from one of the electrodes. This is caused by a con-
structive enhancement of the three-independent components
of the three-body correlation function of SU(N) quantum
dots: xB3)_, xP ., and xP], . Our results indicate that these
three-independent components can separately be deduced if
C‘(/S) is measured varying tunneling asymmetries y,;; and bias
asymmetries o ;¢
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APPENDIX A: FERMI-LIQUID RELATIONS

The retarded Green’s function defined in Eq. (2.9) can be
expressed in the form
1
0 — €4s +iA— T (®)

G, () = (A1)
Specifically, the ground-state properties and the lead-
ing Fermi-liquid corrections are determined by the low-
frequency behavior of the equilibrium self-energy X, (@) =
2 (w)ly_,y—p» Or the Green’s function:

(A0 R —"— (A2)
w—€, +il;
Here the renormalized parameters are defined by
?da =2, [eda + Zé‘qyo‘(O)] = ZG cot 807
~ 1 Xl ()
Aa EZUAa —=1- o (A3)
Z Jw w0

J

ImX! () =
o' (#0)

_Ep_ Z Xm |:(w oteV)2

(max,

FIG. 13. Correlation functions emerging on the right-hand side
of Egs. (C1) and (C2) are plotted vs &;/U for N = 4. [(a) and (b)]
the diagonal component (7 A)? () (TA)* = BX”” (@) (A (N —

D= BX”” . Panel (b) represents an enlarged view of (a) In each of these
panels interaction strength is chosentobe U /(7 A) = 1/3,2/3,5/3,
10/3,5.0.

X{nro'

Furthermore, the renormalization factor z, and the derivative

of X, ,(0) with respect to the impurity level €4, are related

to each other through the Ward identity [4,7]:

1 _ ED ()
— = Xoor  Xoo! = Soor + —2—.  (A4)
Zg' 86da

Note that X,, corresponds to an enhancement factor for
the linear susceptibilities defined in Eq. (2.7), i.e., Yoo =
—0(nys) /€40 = pdgiaa’ atT = 0.

Recently, the Ward identity for the order w? real part of the
self-energy has also been obtained, as [50-53]

92 322r +(0) oo
ZReZ (@) =-—2 = Moo (a5)
dw 00 8ed0 de,,

This identity shows that the w? real part is determined by the
intralevel component of the three-body correlation function
x B! . Physically, this term of the self-energy induces higher-
order energy shifts for single-quasiparticle excitations.

APPENDIX B: DERIVATION OF ¢, AND ¢},

(2)

We describe here the derivation of the coefficients ¢ and

CS 3, which appeared in Eq. (1.1). The low-energy asymptotic

form of the retarded self-energy X/ (w) for multiorbital An-
derson impurity model was derived up to terms of order w?,
T2, and (eV)? in previous work [53,64],

3r.Tr

T+ TP ®B1)

@VF+wnTF}+~~,
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o 11 aXO'G" 3FLFR 2 2
Re Xl (@) = X1, (0= Y FowraeV + (1= Fop)wr+ - — [ (V) + (xT)
o'(Fa) 6 pio ) 0€40 | ('L +Tg)
LY ) ooy oo+ DD 8X"" oX(eV) + (B2)
2 Bedg
’(?ﬁff) ’(7’50’)0’”(#0’)

Here « is a parameter defined in a way such that w eV = (I'y, up, + g tr)/(I'L + 'g), and thus

o'y — agl'r

1
T, + I = E(adif + Vair)- (B3)

The spectral function can be deduced exactly up to terms of order w?, T2, and (¢V )? from the above results of X ! (@) using
Eq. (Al):

1
T AA, (@) = sin® 8, + 7 sin 28, |: Xoo @ + Z Xoo’ z(adif + vair) eV :|
o/(#0)

1 sin 26,
+ 7T2|: c0s 28, <X30 + 5 Z X§0/> — TX(E’]U :| w?

o'(#0)

1 sin 268,
+ n2|: cos 284 Z (xm,xw/ - 5)(30,) — Z xB :|(Oldif + yuir) w eV
o'(F0) o'(£0)

sin 26, 3
+ — Z |: — c0s 28, Xa(r - T}(E},g, i| |: Z(l + 2ogi vair + Oégif)(EV)z + (JTT)21|
o'(F0)

2 .

il sin 26 3
+ ? Z Z |: CcOS ZSGXUG’XU(T” — o o X(B,‘],g,,i| Z(delf + zadifydif + Ol(%if) (6‘V)2 4o (B4)
o/(#0) 0" (F#0,07)

Substituting this low- energy asymptotic form into the the Landauer-type formula in Eq. (2.13), we obtain the exact expression
for the coefficients cg and c(3 ) for the differential conductance at T = 0 defined in Eq. (1.1):

ngz(), = 7 8in 24, |:Oldif Xoo + (it + Vi) Z )(M/j|, (B5)
o'(#0)

2
T
chy = T |: —cos 25, { (14 30d) xoo + (5 = 37k Z Xy + 6t (it + Vair) Xoo Z Xoo'
o'(F0) o'(Z0)

sin 28
+ (it + Vair) Z Z XUJ’XUU”} + B {(1 + 3agy) xbu, + 6t (it + V) Z X
o' (#0) 0" (£0) o'(#0)

(1=var) D xbe +3Gar+va) D Y xfi«” (B6)

o'(#0) o'(#0) 0" (#0)

Note that c( ) is proportional to the derivative of the density of state as sin25, = Ap/,_/xso from Eq. (2.12). The coefficients

c‘(/2 ()7 and c$ ; have odd and even inversion-symmetrical properties, respectlvely Namely, if the left and right leads are inverted

together with their tunnel couplings and chemical potentials, the sign of c changes while Cv) does not:

2)

v @i Vair) = CV(T( Agirs —Vair)» (B7)
3

Cgf,zr(“dif’ Yait) = Cv,o(_adif’ —Yait)- (B3)

APPENDIX C: BEHAVIOR OF THREE-BODY CORRELATION FUNCTIONS FOR LARGE U

In the SU(N) symmetric case, the two different off-diagonal components XM o, and X[SU] , of the three-body cor-

relation functions for o # o' # o” # o can be expressed as a linear combination of the diagonal one x[3! and the
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derivative of the linear susceptibilities [44]:

8 oo
N =Dy, = x84 oo (1)
aEd
(N —D(N =2) Bl _ B _ Yoo + N —10xo0
2 oo’ = Xogo ™ T 2 e,
(C2)

Figure 13 compares the components emerging on the right-
hand side for N =4, ie., xB | e apd (N — 1)%,

Xooo> deq

varying interaction strength U. We can see that the di-
agonal component |x!3! | becomes much larger than the

derivative terms | aaxe”’” |and (N — 1) | a;‘gj |, for strong interac-

tions U/(mw A) 2 2.0, over a wide parameter range, —(N — 1)
U/2 S &, S (N —1)U/2. Therefore, x!3! dominates on the
right-hand side of Eq. (C1) and also on Eq. (C2), and thus
the corresponding dimensionless parameters show the prop-
erty © >~ —0Oy >~ Oy described in Eq. (3.1) for the strong
interaction region. We have confirmed that the same behavior

occurs in the SU(6) symmetric case.
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