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Recent studies have demonstrated that measures of tripartite entanglement can probe data characterizing
topologically ordered phases to which bipartite entanglement is insensitive. Motivated by these observations, we
compute the reflected entropy and logarithmic negativity, a mixed-state entanglement measure, in tripartitions
of bosonic topological orders using the anyon diagrammatic formalism. We consider tripartitions in which three
subregions meet at trijunctions and tetrajunctions. In the former case, we find a contribution to the negativity that
distinguishes between Abelian and non-Abelian order while in the latter, we find a distinct universal contribution
to the reflected entropy. Finally, we demonstrate that the negativity and reflected entropy are sensitive to the
F symbols for configurations in which we insert an anyon trimer, for which the Markov gap, defined as the
difference between the reflected entropy and mutual information, is also found to be nonvanishing.
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I. INTRODUCTION

Tools from quantum information have become a mainstay
in probing the properties of quantum phases of matter. Indeed,
understanding the patterns of entanglement of a many-body
system allows for detecting phases that are otherwise im-
perceptible to local probes, prime examples of which are
provided by topologically ordered systems. In this endeavor,
a central role has been played by the entanglement entropy.
Given the ground state of a two-dimensional gapped Hamil-
tonian, |ψ〉, and a bipartition of space into a region A and
its complement, one may form the reduced density matrix
ρA = Tr[ρ], where ρ = |ψ〉 〈ψ |, and compute the entangle-
ment entropy as SA = −Tr(ρA ln ρA), which obeys an area law

SA = αL − γ + · · · , (1.1)

where α is a nonuniversal constant, L the length of the en-
tanglement cut, and γ = lnD the topological entanglement
entropy (TEE) [1,2], a universal quantity, which is nonzero in
topologically ordered systems and where D is the total quan-
tum dimension, a number characterizing the anyon content of
the phase.

While the entanglement entropy thus serves as a probe
of topological order, it is limited in that it is only a good
entanglement measure for pure states and of bipartite entan-
glement. Moreover, the TEE is incapable of distinguishing
Abelian from non-Abelian order, by virtue of the fact that
multiple topological orders can have the same total quan-
tum dimension—for instance, both the toric code and Ising
order have D = 2. It is thus natural to ask whether other
entanglement measures, capable of detecting multipartite en-
tanglement, can be computed and extract additional data
defining a topological order. Indeed, recent studies have
shown that entanglement patterns of tripartitions of topolog-
ical phases, like those in Fig. 1, can do precisely this. Two
key quantities studied in this context are the entanglement
negativity [3–7] and reflected entropy [8].

While we defer a detailed definition, the negativity pro-
vides a good measure of bipartite entanglement in a mixed
state. In particular, the negativity has been studied extensively
in topologically ordered phases of matter [9–15], previously
finding use, for instance, in characterizing topological order
at finite temperature [13] and distinguishing Abelian and
non-Abelian order [11]. The reflected entropy, originally in-
troduced in the context of holography, has served as a probe
of tripartite entanglement [16,17]. Indeed, the Markov gap,
defined as the difference between the reflected entropy and
mutual information has been shown to detect beyond GHZ-
state like entanglement [18]. Moreover, for a tripartition of the
form of Fig. 1(a), the Markov gap has been conjectured to be
quantized, in the thermodynamic limit and after an appropriate
minimization procedure, in topological phases to (c+/3) ln 2,
where c+ is the “minimal central charge” [19]. On the basis
of this latter conjecture, the vanishing of the Markov gap thus
serves as a signal for topological phases with gappable edges
[20].

The computation of these tripartite correlation measures
is a challenging task, although significant progress has al-
ready been made. The reflected entropy was computed in
Chern-Simons theories using both boundary state and surgery
methods in Ref. [25] for tripartitions, but not those involving
trijunctions, like that of Fig. 1(a). The authors of Ref. [26]
investigated the negativity and Markov gap employing the
boundary-state approach in the tripartition of Fig. 1(a), lever-
aging techniques from string field theory, focusing on chiral,
nonfractionalized states (the extension to generic chiral topo-
logical orders is studied in Ref. [27]). Reference [19] instead
demonstrated the vanishing of the Markov gap in string-net
states.

The goal of the present paper is to extend the computation
of negativity and reflected entropy for a tripartition to generic
(bosonic) topological orders, within the anyon diagrammatic
approach of Ref. [28]. As we shall review, the underlying
strategy is to represent the ground state (or excited state, in
the presence of anyons) in terms of an anyon diagram, for
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FIG. 1. (a) Tripartition in which regions A, B, and C meet at two
trijunctions. (b) Tripartition in which regions A, B, and C meet at two
tetrajunctions. (c) Same tripartion as (a) in which we have inserted a
trimer of anyons, a, b, and c.

which the desired entanglement quantities may be computed.
This formalism provides a useful heuristic picture of entangle-
ment in a topological phase as arising from anyon-antianyon
pairs condensed at the entanglement cut, with the topologi-
cal contributions to entanglement quantities coming from the
nonlocal constraint that the net anyon charge in a subregion
is fixed. In particular, we apply the proposal of Ref. [29] for
an implementation of the partial transpose in anyon diagrams
to define the negativity and a simple diagrammatic implemen-
tation of the canonical purification to compute the reflected
entropy.

Leveraging this approach, we characterize the entangle-
ment structure of generic topological orders by investigating
the partitions depicted in Fig. 1. The main results we obtain
are as follows. First, in the tripartition of Fig. 1(a), in which all
three regions A, B, and C meet at trijunctions, we find that the
Markov gap indeed vanishes for nonchiral topological orders
(as we will discuss, the diagrammatic approach cannot be used
to extract the Markov gap of chiral orders). Interestingly, we
find that the negativity for a tripartition possesses a universal
contribution that is sensitive to whether the underlying phase
is non-Abelian. While a similar behavior was observed for
superpositions of degenerate ground states of Chern-Simons
theories on a torus [11], we emphasize that we here find this
to be true for the unique ground state on a sphere. As a com-
parison, we also compute the reflected entropy and negativity
in a tripartition in which A, B, and C meet at tetrajunctions,
as shown in Fig. 1(b). Here we find that the negativity and
Markov gap both vanish.

Finally, we compute the negativity and reflected entropy
for a tripartition in which each region supports a single anyon,
as shown in Fig. 1(c). We find that both quantities depend in
a complicated way on the F symbols. While we are unable to
simplify the expressions for these quantities, we demonstrate
with some examples that the Markov gap is nonvanishing

TABLE I. Summary of main results for the entanglement, as
measured by the topological contributions to the negativity Etop,
reflected entropy SR,top, and the Markov gap h in the three setups
presented in Fig. 1.

(a) Trijunction (b) Tetrajunction (c) Trimer

Etop − lnD + 1
2 ln
∑

a
d3

a
D2 0 Eq. (6.10)

SR,top − lnD
∑

a
d2

a
D2 ln da

D Eq. (6.15)
h = 0 = 0 >0

when all three anyons are non-Abelian, indicating a nontriv-
ial tripartite entanglement structure. Lastly, we remark that
while the diagrammatic computation we employ very closely
mirrors the computation of entanglement in the string-net
formalism [2] as noted in Ref. [28], our approach requires an
appropriate definition of partial transpose and canoncial pu-
rification in the diagrammatic formalism and our computation
of the negativity and Markov gap in the presence of excitations
goes beyond previous studies. We summarize these results in
Table I. The balance of this paper is structured as follows. In
Sec. II, we review the entanglement quantities of interest and
their computation in the anyonic diagrammatic formalism.
In Sec. III we review the computation of the entanglement
entropy following Ref. [28], and confirm that this formalism
yields the expected expressions for the negativity and reflected
entropy for a bipartition. In Sec. IV we move to the focus
of this paper and compute the negativity and Markov gap
for the tripartition in Fig. 1(a). In Secs. V and VI, we repeat
this analysis for the partitions in Figs. 1(b) and 1(c). Finally,
in Sec. VII, we discuss our results and conclude. The Ap-
pendices contain reviews of anyon diagrams and additional
computational details.

II. ENTANGLEMENT IN ANYON MODELS

As explained in the Introduction, we employ a diagram-
matic formalism to compute the entanglement quantities of
interest. We review the basics of anyon models and their dia-
grammatic representation in Appendix A. The key point is that
a density matrix describing a set of anyons in fixed positions
can be represented by a branching tree diagram. Operations
such as the partial trace and partial transpose have analogues
in the constrained Hilbert spaces describing these anyon states
and allow for defining analogues of entanglement quantities,
as we review in the following subsections. We note that when
computing the entanglement of topological phases, rather than
just of anyons within a topological phase, we will need to
consider anyons on punctured manifolds of nonzero genus.
We review the additional rules governing such diagrams in
Appendix III A.

A. Entanglement entropy

As noted in the Introduction, given a density matrix ρ, the
entanglement entropy of region A is defined by

SA = −Tr(ρA ln ρA),

where ρA = Tr[ρ] is the reduced density matrix for region A.
We can also define the entanglement entropy as the α → 1
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limit of the Rényi entropies,

S(α)
A = − 1

1 − α
ln Tr
[
ρα

A

]
.

The corresponding quantities for anyon models are defined
in a completely analogous manner, replacing the trace with
the quantum trace defined in Appendix A. We then define the
anyonic Rényi and entanglement entropies as, respectively,

S̃(α)
A = − 1

1 − α
ln T̃r
[̃
ρα

A

]
(2.1)

and

S̃A = −T̃r(̃ρA ln ρ̃A) = lim
α→1

S̃(α)
A . (2.2)

As an example, let us consider the pure state describing a
superposition of pairs of anyons and anti-anyons fusing to the
vacuum,

. (2.3)

The density matrix is given by

. (2.4)

Suppose we take the left and right leaves of the diagram
to correspond to regions A and B, respectively. The reduced
density matrix is then

. (2.5)

Taking the αth power of this density matrix, we find the αth

Rényi entropy to be

S̃(α)
A = 1

1 − α
ln
∑

a

(
d1+α

a

D2α

)
. (2.6)

The replica limit α → 1 yields the entanglement entropy,

S̃A = −
∑

a

d2
a

D2
ln

da

D2
. (2.7)

We recall that if the net topological charge of ρ̃A is trivial,
as in this example, then the quantum trace coincides with
the usual trace. In particular, in the cases we consider, the
anyonic entanglement defined above will likewise coincide
with the usual entanglement entropy, and so we will often
drop the tildes. Finally, we note that we will also be interested
in the mutual information, defined as a linear combination of
entanglement entropies,

Ĩ (A : B) = S̃A + S̃B − S̃AB. (2.8)

B. Negativity

Let us first review the definition of the (bosonic) partial
transpose and logarithmic negativity in unconstrained Hilbert

spaces. The logarithmic negativity is given by the logarithm
of the trace norm of the density matrix partially transposed on
subsystem A,

E (A : B) = ln
∣∣∣∣ρTA

AB

∣∣∣∣
1, (2.9)

where we recall that the trace norm is defined as∥∥ρTA
AB

∥∥
1 = Tr

√
ρ

TA
AB

(
ρ

TA
AB

)†
. (2.10)

For a density matrix

ρ =
∑
i jkl

ρi jkl

∣∣e(i)
A e( j)

B

〉〈
e(k)

A e(l )
B

∣∣, (2.11)

the partial transpose is simply defined as

ρTA =
∑
i jkl

ρi jkl

∣∣e(k)
A e( j)

B

〉〈
e(i)

A e(l )
B

∣∣. (2.12)

As the square root may not be straightforward to compute, we
can instead employ a replica trick to compute the negativity
[30,31],

E (A : B) = lim
ne→1

ln Tr
(
ρ

TA
AB

)ne
, (2.13)

where the analytic computation is done from values ne ∈ 2Z.
The negativity, as its name would suggest, measures the num-
ber of negative eigenvalues of ρTA . A necessary condition for
separability is that ρTA has only positive eigenvalues and hence
that the negativity vanishes. For that reason, the negativity
serves as a good bipartite entanglement measure for mixed
states, unlike the entanglement entropy.

Extending the partial transpose to anyonic systems is a
nontrivial task. We may write a general density matrix as
ρ̃ ∈ V A1...AnB1...Bn

A′
1...A

′
nB′

1...B
′
n

=∑a1...an,b1...bn
a′

1...a
′
nb′

1...b
′
n

V a1...an,b1...bn

a′
1...a

′
n,b

′
1...b

′
n

,

, (2.14)

where the capital anyon charges denote direct sums over all
anyon charges and the box collects all internal lines and
vertices. We employ the definition of the anyonic partial trans-
pose introduced in Ref. [29], in which the authors proposed to
implement the partial transpose in the following way:

. (2.15)

That is, we bend the output (input) legs of anyons in region A
into output (input) legs. Note that the ordering of the anyon
charges in region A are reversed. Additionally, there is an
ambiguity in how the top and bottom lines are braided and
this definition of the partial transpose is, in general, neither
trace nor Hermiticity preserving. These caveats are, neverthe-
less, immaterial in the computation of the negativity, which
depends only on the singular values of ρ̃TA and hence the
eigenvalues of the manifestly Hermitian operator

√
ρ̃TA (̃ρTA )†.

045104-3



RAMANJIT SOHAL AND SHINSEI RYU PHYSICAL REVIEW B 108, 045104 (2023)

In particular, when implementing the replica trick, we will
instead have to compute

E (A : B) = lim
ne→1

ln Tr
(̃
ρ

TA
AB

(̃
ρ

TA
AB

)†)ne/2
. (2.16)

We refer the reader to Ref. [29] for proofs that the negativity
defined with this partial transpose yields a consistent entan-
glement measure.

As an example, let us compute the negativity of Eq. (2.3).
The partially transposed density matrix is given by

, (2.17)

where κa is the Frobenius-Schur indicator for a, which sat-
isfies |κa| = 1 and arises from “straightening” out the charge
line via an A move (see Appendix A). Note that this operator
is indeed not Hermitian. We compute

. (2.18)

This operator is diagonal, and so we can directly read off the
singular values. We thus find the negativity to be

E = ln
∑
a,a′

(dada′ )3/2

D2
= 2 ln

∑
a

d3/2
a

D . (2.19)

Comparing with Eq. (2.6), we see that the negativity is pre-
cisely equal to the α = 1/2 Rényi entropy, as expected for a
pure state.

C. Reflected entropy

The final correlation measure we consider is the reflected
entropy, defined as follows. Given a bipartite density matrix
ρAB defined on the Hilbert space HA ⊗ HB, we can construct
its canonical purification |√ρAB〉〉 on the doubled Hilbert
space (HA ⊗ HA∗ ) ⊗ (HB ⊗ HB∗ ). As a purification, this state
satisfies TrA∗B∗ [|√ρAB〉〉〈〈√ρAB|] = ρAB. Explicitly, if ρAB =∑

n pn|n〉〈n| is written in a diagonal form, we have simply
|√ρAB〉〉 =∑n

√
pn|n〉|n〉∗, where we take the CPT conju-

gate of the second ket. The reflected entropy is then defined
as the entanglement entropy of region A ∪ A∗,

SR(A : B) = SAA∗ , (2.20)

computed in the state |√ρAB〉〉. We note that the canonical
purification is not unique, as one may always act on the
purifying space by a unitary operator U ; the state (1AB ⊗
UA∗UB∗ )|√ρAB〉〉 is an equally good purification, where 1AB

is the identity on AB, and UA∗,B∗ are unitaries acting on A∗
and B∗, respectively. Such unitary rotations, naturally, do not
affect the reflected entropy.

In general, the canonical purification may not be straight-
forward to obtain. However, we can compute the reflected
entropy via a double replica trick, with one replica accounting
for the square root in the purification and the other the von
Neumann limit. Setting α ∈ 2Z+, we compute ρ

α/2
AB to find

|ρα/2
AB 〉〉, the canonical purification of ρα

AB. We then trace out

HB ⊗ HB∗ to find ρ
(α)
AA∗ , from which we compute the Rényi

reflected entropy by analytically continuing α to unity,

S(β )
R (A : B) = 1

1 − β
lim
α→1

ln
Tr
(
ρ

(α)
AA∗
)β(

Trρα
AB

)β . (2.21)

The reflected entropy is then obtained by taking β → 1.
We are primarily interested in computing a quantity known

as the Markov gap, defined as

h(A : B) = SR(A : B) − I (A : B). (2.22)

The Markov gap provides a rare example of a computable
quantity that distinguishes different patterns of tripartite en-
tanglement. In particular, it was shown in Ref. [18] that
h(A : B) vanishes for GHZ-like states and is nonzero for W
states. Motivated by this, the reflected entropy has been stud-
ied in, for instance, the context of many-body quenches and
boundary/interface conformal field theories [32–36]. More-
over, in Ref. [19], it was conjectured that for a topologically
ordered ground state |ψ〉, the Markov gap computed in the
tripartition of Fig. 1(a) is sensitive to the central charge of
the corresponding edge CFT. Specifically, if we consider the
family of states U |ψ〉, where U is a unitary operator acting
locally near the trijunctions where regions A, B, and C meet in
Fig. 1(a), then we may consider the optimized quantity

h(A : B)IR = min
U

h(A : B), (2.23)

where h(A : B) is computed in the state U |ψ〉. The optimiza-
tion over U has the effect of removing spurious short-range
entanglement near the trijunctions. It was argued in Ref. [19]
that this optimized quantity satisfies

h(A : B)IR = c+
3

ln 2 + O(e−l/ξ ), (2.24)

where ξ is the correlation length, l a length scale for the
perimeters of the subregions, and c+ is the “minimal” central
charge of the edge theory. This is the total central charge after
gapping out as many edge modes as possible. Indeed, certain
topological orders, despite having a vanishing chiral central
charge, have a topological obstruction to gapping out all edge
modes [37,38]. As we will be performing our computations
deep in the topological phase, that is, in the zero-correlation
length limit, we expect the optimization to be unnecessary and
hence hIR = h.

In order to compute the reflected entropy in the diagram-
matic formalism, we propose a straightforward implementa-
tion of the canonical purification. As an illustration, let us first
consider the following simple example of a diagonal mixed
density matrix:

. (2.25)

045104-4



ENTANGLEMENT IN TRIPARTITIONS OF TOPOLOGICAL … PHYSICAL REVIEW B 108, 045104 (2023)

We define its canonical purification to be

.
(2.26)

We have simply dragged the input legs into a new output
Hilbert space. Note that we did not take the square root of
the normalization factors, which enforce isotopy invariance of
the diagram in order to ensure the correct normalization with
respect to the quantum trace of the purified state. Indeed, one
may readily check that T̃rA∗B∗ [|√ρ̃〉〉〈〈√ρ̃|] = ρ̃. Importantly,
it is evident that in this implementation of the canonical pu-
rification the original Hilbert space and the purifying Hilbert
space do not have a tensor product factorization. Indeed, the
purification is not constructed by simply flipping bras into
kets. This is necessitated by the fact that the net anyon charge
of the purified state must be trivial to ensure that it is truly a
pure state with respect to the quantum trace [39].

For more complicated density matrices, we will need to
employ the replica trick to construct their canonical purifica-
tions and compute the reflected entropy. For a general density
matrix,

(2.27)

in order to carry out the first step of the replica trick, we raise
the density matrix to the power α/2 with α ∈ 2Z and then
apply the operator-state map to obtain a state in the splitting

space V
Ā′

n...Ā
′
1;A1...AN

0

. (2.28)

Note that, as in the definition of the partial transpose,
the anyon charges originally in the input space have
their ordering reversed and are conjugated. Using the fact
that ρ̃† = ρ̃ for any density matrix, one may check that
T̃rA∗B∗ [|̃ρα/2〉〉〈〈̃ρα/2|] = ρ̃α . As such, we claim that this map-
ping provides, in the limit α → 1, a sensible definition of the
canonical purification in the anyon diagrammatic formalism.
From here, the computation of the reflected entropy proceeds
as usual—we trace out B ∪ B∗ to obtain ρ̃

(α)
AA∗ . The computa-

tion of the anyonic versions of the Rényi and von Neumann
reflected entropies is then simply done using the prescription
for the entanglement entropy provided above.

To illustrate the diagrammatic computation of the reflected
entropy, let us carry it out for the state given in Eq. (2.3). The
first step of the replica trick is trivial, since |ψ〉〉 is a pure state
and thus ρ̃α = ρ̃ for all α ∈ Z. The canonical purification of
ρ̃α/2 is given by

. (2.29)

Here, we were able to remove the bends in the a anyon line
at the expense of a factor of its Frobenius-Schur indicator κa.
We remind ourselves that, in the above diagram, the anyons
a and a′ (a and a′) belong to regions A and A∗ (B and B∗),
respectively. Hence,

.

(2.30)

Since the α → 1 limit is trivial, the βth Rényi reflected en-
tropy is readily found to be

S(β )
R = 1

1 − β
ln
∑
a,a′

(dada′ )1+β

D4β
, (2.31)

which is simply twice the Rényi entanglement entropy,
Eq. (2.6). We thus can trivially take the von Neumann limit
β → 1 to obtain

SR = −2
∑

a

d2
a

D2
ln

da

D2
, (2.32)

which is twice the von Neumann entropy, as is expected for a
pure state.

III. DIAGRAMMATIC APPROACH TO ENTANGLEMENT

Having introduced the entanglement quantities of interest
and their implementation in the anyon diagrammatic formal-
ism, we proceed to their computation for generic (bosonic)
topological orders, employing the methodology of Ref. [28].
The main technical points to be addressed are how to represent
the ground state of a topological phase in terms of an anyon
diagram and how to incorporate the entanglement cuts in this
representation. Both issues require first understanding how to
define anyon diagrams on manifolds of nonzero genus, and
so we turn first to understanding this before discussing the
diagrammatic computation of entanglement.

A. Anyon diagrams on nonzero genus manifolds

Anyon diagrams defined on manifolds of nonzero genus
were first discussed in Refs. [41,42]. Here we review this for-
malism following the conventions of Ref. [28]. When dealing
with topological phases on punctured manifolds with non-
contractible cycles, we can have anyon lines that end at the
punctures or wrap around these cycles. As a minimal example,
let us consider a punctured torus. There are two bases in which
to express states of anyons on such a manifold: the inside and
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outside bases,

, (3.1)

respectively, in which the anyon lines exist, as their names
suggest, inside or outside the manifold and are permitted to
wind around only one of the two cycles of the torus. We can
change between these bases using a modular-S transformation
[43]

. (3.2)

In diagrammatic notation, we denote a noncontractible cycle
with a circled cross. Thus, the Hilbert space for, say, a punc-
tured torus is spanned by

. (3.3)

Here, a wraps around the noncontractible cycle while c exits
at the puncture. We enclose anyon charges wrapping around
noncontractible cycles with parentheses. Note that we must
specify whether this is in the inside or outside basis; in all of
our subsequent computations, we will work primarily in the
inside basis.

In order to be able to evaluate inner products and traces
of diagrams involving anyons winding around noncontractible
cycles, we make use of the fact that nonzero genus sur-
faces can be constructed via surgery from punctured spheres.
As an example, consider the state on the torus with an
anyon a winding around a noncontractible cycle in the inside
basis,

(3.4)

We can construct a torus by taking a sphere with two punc-
tures (i.e., a cylinder) and gluing the two punctures together.
Here, we reverse this process and cut open the torus to obtain
a sphere with two punctures. We thus also cut the anyon loop,
yielding a tree diagram of the anyon pair of a and ā with trivial
net charge; explicitly, we define the “cut” diagram as

(3.5)

Note that we have inserted a factor of 1/
√

da to ensure the cut
diagram is properly normalized. For more general diagrams,
we must insert a factor of d−1/4

a for each new open a line
to obtain the properly normalized cut state on the punctured

sphere. We then define the inner product

(3.6)

We obtain the expected orthonormality of these basis states on
the torus.

The same principle applies for computing inner products
and traces in more complicated diagrams. We simply cut open
each anyon loop encircling a contractible cycle, inserting a
normalization factor of d−1/4

a for each a line that is cut (equiv-
alently, a factor of d−1/2

a for each new pair of a leafs in the
cut diagram). By mapping the anyon diagram on a manifold
of nonzero genus to a punctured sphere, we can then apply the
standard anyon diagrammatic rules reviewed in Appendix A.

B. Constructing the ground-state anyon diagram

We now proceed to compute these entanglement quanti-
ties for a bulk topological phase. The main technical points
to be addressed are how to represent the ground state of a
topological phase in terms of an anyon diagram and how to
incorporate the entanglement cuts in this representation. To
this end, we employ the method of Ref. [28], which is a gener-
alization of the argument of Kitaev and Preskill [1]. While the
latter computed a specific linear combination of entanglement
entropies in order extract only the TEE, the approach of the
former allows for extracting the area-law piece of the entan-
glement entropy. Let us consider a topological phase C on a
closed manifold. For concreteness, we consider a bipartition
of the sphere into regions A and A, as in Fig. 2(a), though
the extension to tripartitions in subsequent sections follows
straightforwardly.

(1) First, we introduce a second sphere, which is occupied
by the time reversed conjugate C of C, as shown in Fig. 2(b).

(2) Next, we adiabatically deform the two spheres to in-
troduce n wormholes connecting them along the entanglement
cut, as shown in Fig. 2(c), forming a manifold of genus n − 1.
To form a wormhole, we effectively cut open a small hole on
each sphere, yielding chiral edge states. These edges can be
gapped out through a local tunneling interaction, gluing the
spheres together. As a result of the adiabatic nature of this
process, each wormhole has trivial anyon flux threading it;
these trivial fluxes describe the state in the outside basis.

(3) Locally, each wormhole throat has the topology of a
punctured torus, with a trivial anyon charge threading the
wormhole and at the puncture. We can then apply a change
of basis, namely a modular S transformation, to each of these
vacuum lines to obtain ω0 loops circling each wormhole, as
shown in Fig. 2(d). This yields an anyon diagram in the inside
basis describing the ground state.

Explicitly, an ω0 loop is defined as (see Appendix A)

(3.7)

Note that this evaluates to unity, if the loop does not enclose
a noncontractible cycle. In the third step above, the modular
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FIG. 2. (a) Bipartition of the sphere, occupied by the topological
phase C into a single connected region A and its complement. (b) In-
troduction of a second sphere with the same bipartition and occupied
by the time-reversed conjugate C. (c) Zoom in of region A, after
introducing n = 3 wormholes connecting the two manifolds. The
arrows labeled 0 indicate a trivial anyon flux passing through each
wormhole. (d) The same configuration, after applying a modular S
transformation to pass to the inside basis, such that the state is given
by ω0 loops encircling each wormhole. (e) Region A after cutting
along the entanglement cut.

transformation changing to the inside basis yields

|(0); 0〉out =
∑

x

S0x|(x); 0〉in =
∑

x

dx

D |(x); 0〉in, (3.8)

which is simply an ω0 loop encircling the wormhole throat, up
to a factor of D.

The introduction of the second sphere and the connecting
wormholes is ultimately a theoretical trick used to express the
ground state in terms of an anyon diagram, as we will spell out
shortly. Since the process of creating the wormholes can be as-
sumed to be adiabatic, the entanglement of state in connected
sphere system should match that of the state in the original,
unconnected sphere system. For entanglement cuts involving
sharp corners, such as for the tripartitions we consider, this
procedure of introducing wormholes may also be understood
as a particular choice of regularization of the entanglement
cut. The main distinction from the Kitaev-Preskill computa-
tion is the introduction of a large number n of wormholes
along the entanglement cut. The number n amounts to a mea-
sure of the length of the entanglement cut and hence allows for

extracting the area law. Indeed, in the limit n → ∞, we will
find that all entanglement quantities have a term proportional
to n, which we identify as the area law, and an n-independent
term, which we identify as the topological contribution.

Through an abuse of notation, we let A denote the union of
A on the original sphere and its copy on the second sphere. In
order to compute the desired entanglement quantities, we will
in addition need to either trace out or apply a partial transpose
to subregion A. To do so, we physically cut the final genus
n − 1 manifold along the entanglement cut, such that A and
its complement form spheres with n punctures [see Fig. 2(e)].
Following Ref. [28] (see also Refs. [41,42]), we can apply the
same cutting procedure to the anyon diagram via the following
steps:

(1) We first apply a sequence of F moves such that there
is a single anyon charge line threading each of the punctures
of region A.

(2) We then cut open the state along each charge line
threading the punctures. This splits the diagram into two
pieces, one describing region A and the other region B. Fol-
lowing the prescription above, each cut charge line requires
multiplying the state by a factor d−1/2

a , where da is the quan-
tum dimension of the cut anyon line, to maintain the proper
normalization. These new open “boundary anyon” lines label
the topological charge of each puncture.

The upshot of this procedure is an anyon diagram repre-
senting the ground state, which is given by a sum of anyon
operators, which are tensor products of operators acting on
A and its complement Ā. Practically speaking, this allows us
to apply the partial trace and partial transpose operations to
each subregion, despite the lack of a tensor product factor-
ization between A and A. Although there are no anyon lines
connecting A and A in the cut diagram, the nontrivial entan-
glement between the two regions is encoded in the fact that
the boundary anyon at each puncture of A must equal the con-
jugate of the boundary anyon at the corresponding puncture
of A.

An important caveat to this procedure is that we have
really constructed an anyon diagram representing the ground
state of the doubled topological phase C × C. As such, the
entanglement entropy, for instance, we compute in the ground
state will be double that of the original phase of interest C.

In the following subsection we work through this abstract
procedure explicitly for the simple case of a bipartition of a
topological order. This serves as a warm up for the balance
of the present paper, in which we employ this diagrammatic
procedure to compute the entanglement quantities of interest
for a tripartition.

C. Review of bipartite entanglement

In this section we compute entanglement quantities for a
simple bipartition. We first briefly review the construction
of the diagrammatic representation of the ground state. We
then review the computation of the entanglement entropy and
confirm that the proposed diagrammatic formulations of the
negativity and reflected entropy yield the expected results.

As depicted in Fig. 2, following the general prescrip-
tion detailed above, we begin by introducing a time-reversed
copy of the system and insert n wormholes connecting the
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entanglement cuts on the boundaries, yielding a manifold of
genus n − 1. In the outside basis, there is a trivial anyon
charge threading each wormhole. We can then locally apply
modular S-transformations to change to the inside basis, in
which the state is described by anyon lines circling the worm-
holes. Explicitly, the resulting state is a product of ω0 loops
circling the wormholes,

. (3.9)

The small circles encircled by ω0 loops correspond to the
wormhole throats. The Dn−1 prefactor is included to ensure
the state is properly normalized (the exponent is n − 1 rather
than n, as inserting n wormholes between two spheres results
in a genus n − 1 manifold). The dashed line indicates the
entanglement cut; the region enclosed by the cut corresponds
to subregion A. This diagram amounts to a bird’s-eye view of
Fig. 2(c), which has n = 3.

Our goal now is to manipulate the diagram such that a
single anyon line threads each component of the boundary
of A, namely each portion of the dashed line connecting two
wormhole throats. We begin by first deforming the entangle-
ment cut, such that the ω0 loops are all placed on a single line,

. (3.10)

Next, we make use of the handle-slide property of the ω0 loops
[see Eq. (A37)], which allows us to move any given anyon line
through a contractible cycle that is encircled by an ω0 loop.
In particular, we can expand the leftmost ω0 loop, passing it
through the others, until it encloses nothing (recall that we
are working on the sphere). An ω0 loop enclosing nothing
evaluates to unity, leaving us with

. (3.11)

Using the definition of the ω0 loops, we have

, (3.12)

where �e = (e1, . . . , en−1) and we have used the shorthand
d�e = de1 · · · den−1 .

FIG. 3. A view from the top down of the anyon diagram de-
scribing the ground state after applying F moves and simplifying,
as depicted in Eq. (3.14).

Next, by applying resolutions of identity [see Eq. (A22)] to
neighboring e j lines, we obtain

. (3.13)

Note that we have also relabeled e1 
→ b1 and ēn−1 
→ bn such
that �b = (b1, . . . , bn) and �e = (e2, . . . , en−2). The upshot of
these manipulations is that the state is now in a form such that
a single anyon line, one of the b j , threads each component of
the boundary between A and B, as desired. For now, we have
suppressed the fusion vertex labels to limit clutter. Finally, we
can “straighten” out the diagram into a tree-like form

(3.14)

Straightening out the anyon lines requires applying a series
of “bending”, or A moves. The A moves applied to vertices
on the bottom of the hexagons are the Hermitian conjugates
of those applied to the vertices on the top of the hexagons.
As the A symbols are unitary matrices, they cancel out in the
final expression, yielding the tree diagram as presented. For
the sake of clarity, we present the resulting anyon diagram on
top of the original bipartition in Fig. 3 for n = 10.

045104-8



ENTANGLEMENT IN TRIPARTITIONS OF TOPOLOGICAL … PHYSICAL REVIEW B 108, 045104 (2023)

1. Entanglement entropy

Now, to compute the entanglement entropy, we must first
construct the reduced density matrix for A. Following the
prescription described above, we first cut the diagram along
the entanglement cut,

.

(3.15)

Here and in what follows, a “cut” label on a ket or density
matrix will indicate that the corresponding diagram has been
cut along the the relevant entanglement cut. Recall that, for
each new open a line in the cut diagram, we must introduce
a factor of d−1/4

a to maintain the correct normalization. Let
us also pause here to highlight the physical meaning of this
diagram. The b j anyons are the boundary charges; that is to
say, the anyon charge of the jth puncture on the boundary
between A and B. The above diagram indicates that if a charge
b j exits the jth puncture from region A then, by conservation
of topological charge, the conjugate charge bj must exit the
jth puncture from region B. Moreover, the diagram tells us
that the net fusion channel of the b j anyons is trivial. This
reflects the physical requirement that there is a vanishing net
anyon charge in each of regions A and B.

From here, we may write out the full density matrix,

(3.16)

and trace out B using Eq. (A26) to obtain the reduced density
matrix for A,

(3.17)

Note that the partial trace introduces a factor
√

d�b and sets
b j = b′

j and e j = e′
j for all j. As a result, the density matrix is

now diagonal in this basis. Here we have restored the fusion
vertex labels μ j with j ∈ {2, . . . , n − 1}. For instance, we
have that e2 splits into b1 and b2 at μ2, e3 splits into e2 and b3

at μ3, and so on. In order to evaluate the Rényi entropies, we
evaluate the powers of the reduced density matrix. Multipli-

cation of anyon diagrams is accomplished simply by stacking
them. In particular, using Eq. (A19), one readily finds

(3.18)

On evaluating the quantum trace, we find

Tr(̃ρA)α =
∑
�b,�e,�μ

(
d�b

D2n−2

)α

=
∑

�b
N0

b1...bn

(
d�b

D2n−2

)α

. (3.19)

In the second equality, we made use of the fact that the sum
over �μ yields the fusion multiplicity of all the �b anyons fusing
to the identity (for instance,

∑
μ2

= Ne2
b1b2

) and we have used
the shorthand notation

N0
b1...bn

= Ne2
b1b2

Ne3
e2b3

. . . N0
b̄n,bn

. (3.20)

We then find the α-Rényi entropy to be

S(α)
A = 1

1 − α
ln

⎡⎣∑
�b

N0
b1...bn

(
d�b

D2n−2

)α

⎤⎦. (3.21)

Taking the replica limit α → 1, the entanglement entropy is
then given by

SA = −
∑

�b
N0

b1...bn
ln

[
d�b

D2n−2

]
. (3.22)

Via repeated application of Eq. (A3), we have that∑
�b,�e

Ne2
b1b2

Ne3
e2b3

. . . N0
b̄n,bn

db1 . . . dbn = D2(n−1). (3.23)

Hence, the entanglement entropy reduces to

SA = −n
∑

b

d2
b

D2
ln

(
db

D2

)
− 2 lnD. (3.24)

The first term corresponds to the area law, as the length of the
boundary is proportional to n, the number of punctures on the
boundary between A and B. The second term is the expected
topological entanglement entropy. As explained above, this
expression actually gives the entanglement entropy of C × C.
To obtain the entanglement entropy for just C, we need only
divide this expression by two. We note that, in the area-law
term, the argument of the sum is interpreted in Ref. [28] as the
entropy of a single “boundary anyon”. Indeed, the first term
is a multiple of the entanglement entropy for superposition of
anyon-antianyon pairs in Eq. (2.3). This leads to the appealing
interpretation of the entanglement entropy as arising from the
entanglement between anyon-antianyon pairs forming a con-
densate at the entanglement cut; the topological entanglement
entropy arises from the global constraint that the net fusion
channel of the anyons within a subregion must be trivial.
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The expression (3.21) for the Rényi entropy does not make
manifest the area law and topological contributions. Follow-
ing Ref. [28], we can massage this expression to make these
contributions more explicit. First, we introduce the matrix

[Kα]ee′ ≡
∑

b

Ne′
ebdα

b . (3.25)

It is clear that Kα is symmetric and has all real entries and
is thus diagonalizable. Moreover, all its entries are strictly
positive. Thus, by the Perron-Frobenius theorem, Kα has a
unique eigenvector whose entries can be chosen to be all real
and positive and whose corresponding eigenvalue is larger in
magnitude than all other eigenvalues. We write

[Kα]ee′ =
∑

μ

κα,μ[vα,μ]e[vα,μ]∗e′ , (3.26)

where we take μ = 0 to correspond to the above mentioned
unique eigenvector. Now, we see that [vα]e = de/D is a nor-
malized eigenvector with all real entries and, as such, is the
unique μ = 0 eigenvector with eigenvalue

κα,0 =
∑

e

d1+α
e . (3.27)

We then have∑
�b,�e

Ne2
b1b2

Ne3
e2b3

. . . N0
b̄n,bn

dα
b1

. . . dα
bn

= [Kn
α

]
00. (3.28)

Plugging this back into the expression for the Rényi entropy,
we find

S(α)
A = 1

1 − α
ln

[[
Kn

α

]
00

(
1

D2n−2

)α
]
. (3.29)

Using the diagonal form of Kα , we have that[
Kn

α

]
00 = κn

α,0

D2
+
∑
μ �=0

κn
α,μ[vα,μ]0[vα,μ]∗0 ≡ κn

α,0

D2
eF (n,0,Kα )

(3.30)

where we have made use of the explicit form of the μ = 0
eigenvector and defined

F (n, c, Kα ) ≡ ln

⎛⎝1 + D2

dc

∑
μ �=0

(
κα,μ

κα,0

)n

[vα,μ]c[vα,μ]∗0

⎞⎠.

(3.31)

Since κα,0 is the largest eigenvalue, we have that
F (n, c, Kα ) → 0 in the thermodynamic limit in which we
take the number of wormholes n → ∞. We thus find

S(α)
A = n

1 − α
ln

κα,0

D2α
− lnD2. (3.32)

The first term is the area-law term and the second the topolog-
ical contribution.

2. Negativity

Next, we employ the proposed anyonic partial transpose
of Ref. [29] to compute the negativity. We first note that the
density matrix, after performing the cut along the entangling

surface, has the form of a sum of tensor products between two
anyonic operators,

ρ̃cut =
∑
�b,�e,�μ

�b′,�e′,�μ′

1

D2n−2
ρ̃

(�b,�e,�μ,�b′,�e′,�μ′ )
A ⊗ ρ̃

(�b,�e,�μ,�b′,�e′,�μ′ )
B , (3.33)

where ρ̃A and ρ̃B act only on regions A and B and we have
schematically represented their dependence on the anyons and
fusion vertices in their superscripts. Hence, taking the partial

transpose amounts to taking the full transpose of ρ̃
(�b,�e,�μ,�b′,�e′,�μ′ )
A .

Explicitly,

. (3.34)

Note that, in ρ̃TA , the bra of A is labeled by b̄ charges whereas
the bra of B is labeled by b̄′ charges and vice versa for the
kets. As noted above, ρ̃TA

cut need not be Hermitian, and so when
applying the replica trick, rather than computing (̃ρTA )ne for
ne ∈ 2Z, we compute (̃ρTA (̃ρTA )†)ne/2. We have

ρ̃
TA
cut

(̃
ρ

TA
cut

)† =
∑
�b,�e,�μ

�b′,�e′,�μ′

1

D2n−2

(̃
ρT

A

(̃
ρT

A

)†)⊗ (̃ρBρ̃
†
B), (3.35)

where we have suppressed the superscripts on ρ̃
(�b,�e,�μ,�b′,�e′,�μ′ )
A,B

(note that these do not represent the reduced density matrices
for A and B). Explicitly,

. (3.36)

Note that the b j anyon lines now lie on top of the b′
j lines, as

the Hermitian conjugate does not affect the ordering of lines
appearing in braids. As such, when computing ρ̃TA (̃ρTA )†, we
can apply Eq. (A26) without having to apply any braiding
operations in evaluating the A part of the diagram while we
again use Eq. (A19) in evaluating the B part of the diagram.

045104-10



ENTANGLEMENT IN TRIPARTITIONS OF TOPOLOGICAL … PHYSICAL REVIEW B 108, 045104 (2023)

Additionally, the A moves cancel. Ultimately, we find

.

(3.37)

We see that this operator is now a tensor product of operators
in the A and B subregions, each of which is diagonal in this
basis. Indeed, since this operator is diagonal, by stacking
diagrams, we may readily evaluate for ne ∈ 2Z,

Tr
[(̃

ρ
TA
cut

(̃
ρ

TA
cut

)†)ne/2] = ∑
�b,�e,�μ

�b′,�e′,�μ′

(
d�bd�b′

D4n−4

)ne/2

, (3.38)

where we have restored the fusion vertex labels. Analytically
continuing ne → 1, we thus find for the logarithmic negativity,

E (A : B) = 2 ln

⎛⎝∑
�b,�e,�μ

√
d�b

Dn−1

⎞⎠. (3.39)

Comparing with the results of the previous section, we see
that the logarithmic negativity is precisely the α = 1/2 Rényi
entropy, as expected for a pure state. Explicitly, in the limit
n → ∞

E (A : B) = 2n ln
κ1/2,0

D − lnD2. (3.40)

We again find the area-law term and a universal topological
contribution expected for the phase C × C. Dividing this ex-
pression by two yields the corresponding negativity for just C.
This provides a nontrivial check that the proposal of Ref. [29]
indeed provides a consistent extension of the partial transpose
to anyonic systems.

3. Reflected entropy

Finally, let us compute the reflected entropy, using our
proposal for the canonical purification. Proceeding with the
double replica trick, we first note that ρ̃α/2 = ρ̃ for α ∈ 2Z,
since ρ̃ describes a pure state. We can thus directly construct

the canonical purification as

.

(3.41)

Here we have used a shorthand notation for the density matrix
to represent the purification, in order to reduce clutter. The
boxes with arrows exiting from the top and entering from the
bottom represent the “ket” and “bra” parts, respectively, of
the A and B regions of the diagram and are labeled by the
internal anyon lines and fusion vertex labels. Forming the
density matrix |̃ρα/2〉〉〈〈̃ρα/2| and tracing out B and B∗, we
find

. (3.42)

Here, tracing out BB∗ had the effect of setting the anyon
charges in the ket of A (�b and �e) to those in the bra and
likewise for the A∗ part of the diagram. The partial trace also
introduced a factor of

√
d�bd�b′ . Proceeding with the second

replica trick, we must compute the βth power of the above
expression. Again, using Eqs. (A18) and (A26), we find on
restoring the vertex labels,

Tr
[(

ρ
(α)
AA∗
)β] = ∑

�b,�e,�μ
�b′,�e′,�μ′

(
d�bd�b′

D4n−4

)β

=
⎛⎝∑

�b,�e,�μ

(
d�b

D2n−2

)β

⎞⎠2

.

(3.43)

We thus immediately find the Rényi reflected entropies to be
equal to twice the Rényi entanglement entropies and hence
the von Neumann reflected entropy matches twice the entan-
glement entropy,

SR = 2SAA∗ . (3.44)
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FIG. 4. (a) Setup for the tripartition calculation, viewed from the
top down, where the white circles indicate the wormholes connecting
the sphere occupied by C with the other sphere occupied by the time-
reversed conjugate C. There is one wormhole on each trijunction, n
wormholes on the boundary between A and B and m wormholes on
each of the boundaries of A and B with C (the complement of AB).
(b) Top-down view of the anyon diagram (4.6) with m = 4 and n = 2.

This is as expected for a pure state and provides a check on
our construction of the canonical purification.

IV. TRIJUNCTION

Having recovered the bipartite entanglement structure of a
topological phase, we now move to the subject of the present
paper, namely tripartitions. Let us first consider a sphere par-
titioned into three regions A, B, and C, as shown in Fig. 4(a),
where we display only a portion of the sphere, which locally
looks flat. This particular configuration of the regions A, B,
and C is motivated by Ref. [19], which conjectured that the
Markov gap in such a configuration is given by c+

3 ln 2, where
c+ is the “minimal” central charge of the corresponding edge
theory, as noted above. As we have already emphasized, since
the diagrammatic approach actually yields the ground state of
a nonchiral, product theory C × C, we expect the Markov gap
to vanish. Indeed, we will find this to be the case, providing
a verification of the above conjecture, complementary to the
string-net computation of Ref. [19]. Surprisingly, we will find
a contribution to the negativity, which distinguishes between
Abelian and non-Abelian topological orders, and whose pres-
ence can be motivated by comparison to the earlier results of
Ref. [11].

As before, we begin by introducing a time reversed copy
of the topological phase on a second manifold and nucleat-
ing a large number of wormholes N = 2m + n + 2, with one
centered at each trijunction, 2m additional wormholes along
the boundary of AB and n wormholes along the boundary
between AB, as depicted in Fig. 4(a) by the white circles.
Note that it is important to insert wormholes at the trijunctions
to ensure that, after cutting along the entanglement cut, each
puncture connects exactly two of the subregions. The total
number of wormholes on the boundary of C is then 2m + 2
while the total number on the boundary of A (and likewise B)
is m + n + 2. Hence, after cutting along the entanglement cut,
regions A and B become topologically equivalent to spheres
with m + n + 2 punctures while C is equivalent to a sphere
with 2m + 2 punctures.

Once again, a trivial flux threads each wormhole, and so the
application of modular S transformations as change of bases at

each wormhole yields an ω0 loop encircling each. This allows
us to express the ground state in terms of ω0 loops in the inside
basis as

. (4.1)

The configuration of ω0 loops corresponds to the wormhole
insertions of Fig. 4(a). For convenience, we deform the sub-
regions and entanglement cuts to arrange the wormholes into
two horizontal lines,

. (4.2)

In this expression, the positions of the wormholes are such that
all the wormholes, of which there are a number 2m + 2, on the
boundary of AB with C lie along a single horizontal line and
the wormholes along the boundary between A and B, of which
there are n, lie along a second horizontal line. Additionally,
as in the bipartite case, we used the handle-slide property to
remove an ω0 loop located at one of the trijunctions—this
particular choice simplifies the diagrammatic manipulations.
Next, making use of the definition of the ω0 loops, we write

.

(4.3)

Here the �e (�c) anyons circle around wormholes lying on the
boundary between AB and C (A and B). There are therefore
2m + 2 e j anyon loops and n c j anyon loops. Compared with
the bipartite computation, the only new ingredients are the �c
loops around the wormholes along the A/B boundary.

We can apply the same sequence of manipulations as in
the construction of the bipartite ground state of the preceding
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section to the line of �e loops on the AB/C boundary, yielding

(4.4)

As before, we used resolutions of identity to join the �e anyon
loops, leading to the introduction of the bj anyon lines, with
j ∈ {1, . . . , 2m + 2}, which thread the connected components
of the boundary between AB and C (i.e., the segments between
the wormholes). Note that we have relabeled e1, e2m+1 
→
b1, b2m+2.

Next, we manipulate the �c loops. Using the handle-slide
property, we pass the em+1 line past all the �c loops (which are
still ω0 loops) to bring them within the region bounded by the
bm+1 and bm+2 anyon lines for convenience. Now, focusing
on the part of the diagram containing the �c loops, we insert
resolutions of identity to join the �c loops together,

(4.5)

In the first equality, we inserted resolutions of identity to
combine adjacent �c loops. This gives rise to the d j anyons,
such that c j and c j+1 fuse at vertex ν j into d j , which
thread the connected components of the boundary between
A and B. These manipulations also result in the factor√

d �d/(dc2 . . . dcn−1

√
dc1 dcn ) (only a single resolution of identity

involving each of the c1 and cn loops appears, while two such
moves are applied to all the other �c loops). In the second
equality, we applied a series of A moves to bend the diagram
into a tree-like form.

Finally, we apply another resolution of identity to combine
the c1 line and em+1 line, which both thread a single boundary
component on the boundary between A and B, into a single
d0 anyon line. This gives rise to a factor of

√
d0/dc1 dem+1 and

yields

.(4.6)

Note that we have relabeled c̄n 
→ dn for convenience. With
these manipulations there is now only a single anyon charge
line threading each connected component of each boundary.
In Fig. 4, we overlay the anyon diagram for m = 4 and n = 2
on top of the tripartition with the original topology of each
subregion for clarity. In order to compute ρ̃AB, we cut the
diagram along all the entanglement cuts, leading to the state
in Fig. 5(a), and then trace out the C part of the diagram using
Eq. (A26). The resulting ρ̃AB is given in Fig. 5(b). Here we
have restored the fusion vertex labels. Note that, as a result of
the trace over C, both the bras and kets have �b anyons (i.e.,
they are diagonal in the �b indices) while the bras have �c and �d
anyons and the kets have �c′ and �d ′.

Let us unpack this expression and remind ourselves of
the notation. Once again, the �b charges are the anyon lines
threading the components of the boundary between AB and C.
The �e charges connect the �b lines and the �μ label the fusion
vertices for these lines. For instance, e2 splits into b1 and b2

at μ2, e3 splits into e2 and b3 at μ3 and so on up to μ2m,
at which point b̄2m+2 splits into b2m+1 and e2m. Recall that
we have b j for j ∈ {1, . . . , 2m + 2}, e j for j ∈ {2, . . . , 2m},
and μ j for j ∈ {2, . . . , 2m + 1}. We note further that the
charges and vertices �bA = (b1, . . . , bm+1), �eA = (e2, . . . , em),
�μA = (μ2, . . . , μm+1) appear only in the A subregion,
while the charges and vertices �bB = (bm+2, . . . , b2m+2), �eB =
(em+2, . . . , e2m+2), �μB = (μm+2, . . . , μ2m+1) appear only in
the B subregion. The em+1 charge, however, appears in both
A and B.

Next, the �d charges label the anyon lines threading the
components of the boundary between A and B. The �c charges
connect the �d lines and the �ν label the fusion vertices for these
lines. Explicitly, c1 fuses with d1 at ν1 into c2, c2 fuses with
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FIG. 5. (a) State for the tripartition of Fig. 4 after cutting along the entanglement cuts. (b) Cut reduced density matrix for region AB.

d2 at ν2 into c3, and so on up to νn−1 where cn−1 fuses with
dn−1 into d̄n. Altogether, we have c j for j ∈ {1, . . . , n − 1}, dj

for j ∈ {0, . . . , n}, and ν j for j ∈ {0, . . . , n − 1}. The same is
true for the primed versions of these charges (i.e., �c′, �d ′, and
�ν ′). Focusing on the d0 charge line, we observe from Eq. (4.6)
that em+1 fuses with c̄1 into d0, which then splits into c̄1 and
em+1. Both of these vertices are indexed by the same label,
ν0. The same statements hold mutatis mutandi for the primed
version of the charge d ′

0 and fusion vertex ν ′
0. Here we pause

to note that, upon inspection of these manipulations, the anyon
em+1 resides precisely at one of the trijunctions, as shown in
Fig. 4(b) for m = 5. It is this anyon which will play a role
in the novel contributions to the entanglement quantities of
interest in this trijunction configuration.

In order to simplify manipulations involving this density
matrix, we will use the following shorthand:

.

(4.7)

Here, the boxes with arrows exiting from the top and entering
from the bottom represent the “ket” and “bra” parts, respec-
tively, of the A and B regions of the diagram and are labeled
by the internal anyon lines and fusion vertex labels. We denote
the external anyon lines with the collective labels �bA,B (as
defined above) and �d . In this notation we have, for instance,
the inner product,

.

(4.8)

In the following computations, when we need to make use of
the explicit fusion tree structure of the anyons, we may refer
back to Fig. 5. With the reduced density matrix for the ground
state in hand, we can proceed to compute the entanglement
quantities of interest.

A. Mutual information

We begin with the mutual information. Here, we can sim-
ply use the results for the bipartite entanglement above and
the fact that SA = SB to find the known result,

I (A : B) = −2(n + 1)
∑

b

d2
b

D2
ln(db/D2) − lnD2. (4.9)
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We see that the area-law term of the mutual information is
only sensitive to the length of the entanglement cut between
A and B, as expected, while the only subleading correction
comes from the topological entanglement entropy. We again
emphasize that this quantity is strictly the mutual information
for the phase C × C and is twice that for just C.

B. Reflected entropy

We now move on to compute the reflected entropy for
the tripartition. Since ρ̃AB is not a diagonal matrix, we must
employ the replica trick to compute |√ρAB〉〉. Making use of
Eq. (A19) and employing the relation

∑
�c′, �d ′ �ν ′

d �d ′ =
∑
�c′, �d ′

Nēm+1

d̄ ′
0c′

1
N

c′
1

d ′
1c′

2
N

c′
2

d ′
2c′

3
. . . N

c′
n−1

d ′
n−1d ′

n
d �d ′ = dem+1D2n, (4.10)

where we can read off this structure of fusion coefficients from Fig. 5, we find for ρ̃AB raised to a power α ∈ 2Z,

Following our prescription, we obtain the canonical purification by simply dragging the anyon lines in the input space into the
output space,

. (4.11)

We then construct the density matrix |̃ρα/2
cut 〉〉〈〈̃ρα/2

cut | and trace out BB∗ using Eq. (A26), to obtain

. (4.12)

Note the index structure of the anyon diagram—it is now diagonal in the �d and �d ′ labels, while the ket part of the diagram
involves unprimed �bA charges and the bra primed �b′

A charges. Here we have also defined

Bα =
∑

�μB,�bB,�eB

dα
�bB

, (4.13)
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and we recall that the “A” and “B” subscripts denote charges/vertices, which belong to the A and B subregions, respectively. We
now apply the second replica trick. We first compute for β ∈ Z,

(4.14)

where we have defined

Aα =
∑

�μA,�bA,�eA

dα
�bA

. (4.15)

We thus find, on taking the quantum trace,

Tr
[
ρ

(α)
AA∗
]β =

∑
�c, �d,�ν

�c′, �d ′,�ν ′
em+1

[
AαBα

d2
em+1

D4N−4

( D4n

D4N−4

) α
2 −1

d �d d �d ′

]β

.

(4.16)

To compute the reflected entropy, we take the limit m → 1. In
this limit, we have

B1 =
∑

bm+2...b2m+2
em+2...e2m

Nem+2

em+1bm+2
. . . Nb̄2m+2

e2mb2m+1
dbm+2 . . . db2m+2

= dem+1D2m, (4.17)

and

A1 =
∑

b1...bm+1
e2...em

Ne2
b1b2

. . . Nem+1

embm+1
db1 . . . dbm+1

= dem+1D2m. (4.18)

Recalling that the �bA,B anyons are those connecting regions
A and B, respectively, with region C, we see that A1 and
B1 effectively count the number of anyon configurations on
the boundaries of A and B with C allowed by fusion, and
hence contribute to the area-law entanglement between AB
and C. Summing over the vertex labels �ν and �ν ′ yields fusion
multiplicity factors Nem+1

�d and Nem+1

�d ′ , respectively. Altogether,
recalling that N = 2m + n + 2, we obtain

lim
α→1

Tr
[
ρ

(α)
AA∗
]β =

∑
�c, �d,em+1

�c′, �d ′

Nēm+1

�d Nēm+1

�d ′

(
d �d d �d ′

D4n+2

)β

, (4.19)

where we have used the shorthand

Nēm+1

�d = Nēm+1

d̄0d1...dn
= Ncn−1

dn−1dn
Ncn−2

dn−2dn−1
. . . Nēm+1

c1d̄0
. (4.20)

Note that the factor of D2m arising from A1B1 has canceled
out. In particular, no contribution from the �b anyons remains,
and hence the Rényi reflected entropies do not have an area-
law contribution from the entanglement between AB and C.

Finally, on taking the von Neumann limit β → 1, we find
for the reflected entropy,

SR(A : B) = −
∑
�c, �d
�c′, �d ′
em+1

Nēm+1

�d Nēm+1

�d ′

(
d �d d �d ′

D4n+2

)
ln

(
d �d d �d ′

D4n+2

)
.

(4.21)

Summing over the fusion multiplicities, we obtain

SR(A : B) = −(2n + 2)
∑

a

d2
a

D2
ln

da

D2
− lnD2

= I (A : B) (4.22)

and hence the Markov gap vanishes. This constitutes a positive
check on the conjecture of Ref. [19] since, as noted above, the
minimal central charge in the doubled system C × C vanishes.

C. Negativity

We now proceed to a computation of the negativity for the
tripartition for which, to our knowledge, no prediction exists
in the literature. Applying the partial transpose on region A,
we obtain

.

(4.23)

Note that now the bra of A has primed charges �d ′ and �c′ while
the ket has the unprimed charges; the opposite is true of the B
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part of the diagram. Proceeding with the replica trick, we find
for an even power ne ∈ 2Z,

.

(4.24)

Note that the matrix is now diagonal—for instance, in the A
part of the diagram, both the bra and ket involve �d ′ anyons,
whereas in ρ

TA
AB, the bra contained �d ′ anyons and the ket �d

anyons. Taking the trace then yields

Tr
[(̃

ρ
TA
AB

)
cut

(̃
ρ

TA
AB

)†
cut

] ne
2 =

∑
�b,�e,�μ
�c, �d,�ν

�c′, �d ′,�ν ′

(
d2

�b d �d d �d ′

D4N−4d2
em+1

)ne/2

. (4.25)

Analytically continuing ne → 1, we find

E (A : B) = ln

⎡⎢⎣∑
�b,�e,�μ

d�b
D2N−2dem+1

⎛⎝∑
�c, �d,�ν

√
d �d

⎞⎠2
⎤⎥⎦. (4.26)

Now, we note that∑
�bA,�eA,�μA
�bB,�eB,�μB

d�b = A1B1 = D4md2
em+1

, (4.27)

using the notation introduced in the computation of the re-
flected entropy. So, recalling that N = 2m + n + 2, we obtain

E (A : B) = ln

⎡⎢⎣∑
em+1

dem+1

D2(n+1)

⎛⎝∑
�c, �d,�ν

√
d �d

⎞⎠2
⎤⎥⎦. (4.28)

Observe that all dependence on the boundary of AB with
C—namely, the number of boundary components 2m + 2,
the boundary charges �b and e j for j �= m + 1—has dropped
out. All that remains are the dependence on the length of the
boundary between A and B (i.e., n + 1 boundary components),
the anyon charges contained entirely in AB (�c, �d , f ) and the
charge line em+1, which appears at one of the trijunctions. In
order to evaluate the term in the parentheses, we follow the
trick reviewed in Sec. III C to evaluate the Rényi entropies. In
terms of the K matrix defined in Eq. (3.25), we have∑

�c, �d,�ν
dα

�d =
∑
�c, �d

Nem+1

�d dα
�d = [Kn+1

α

]
em+10. (4.29)

Plugging this back into the expression for the negativity, we
find

E (A : B) = ln

⎡⎣∑
em+1

dem+1

D2(n+1)

([
Kn+1

1/2

]
em+10

)2⎤⎦. (4.30)

Using the diagonal form of Kα and that [vα,0]e = de/D, we
have that[

Kn+1
α

]
em+10 = κn+1

α,0

dem+1

D2
eF (n+1,em+1,α). (4.31)

Once again, F (n + 1, em+1, α) → 0 in the thermodynamic
limit in which we take the number of wormholes n → ∞. We
thus find in this limit,

E (A : B) = 2(n + 1) ln

(
κα,0

D

)
− lnD2 + ln

⎛⎝∑
em+1

d3
em+1

D2

⎞⎠.

(4.32)

As usual, we should identify this expression as the negativity
for the topological order C × C. Dividing by two yields the
negativity for just C,

E (A : B) = (n + 1) ln

(
κα,0

D

)
− lnD + 1

2
ln

⎛⎝∑
em+1

d3
em+1

D2

⎞⎠.

(4.33)

This constitutes one of the main results of this paper. The first
term is an area-law piece, which is proportional to the length
of the boundary between A and B, as expected. The second
term takes the usual form of the topological logarithmic neg-
ativity [11]. The last term, however, appears to be a novel
contribution. It is worth noting that the em+1 anyon which
appears in this expression appears precisely at the trijunc-
tion in the above diagrams, as indicated in Fig. 4(b), which
suggests that this additional contribution should be associated
with correlations arising from the trijunctions. We should be
careful to note, however, that in our computation, we elim-
inated the ω0 loop at one of the trijunctions. This obscures
the fact that we should interpret this additional contribution
as being nonlocal and associated with both trijunctions. Addi-
tionally, we see that this quantity vanishes for purely Abelian
topological order. We thus find that the negativity computed in
this tripartite configuration allows for distinguishing Abelian
and non-Abelian topological order.

V. TETRAJUNCTION

In the preceding section, we confirmed the vanishing of the
Markov gap and identified a new contribution to the negativity
for a particular tripartition of a topological order in which
the three regions A, B, C meet at a trijunction. In this sec-
tion, we consider a tripartition in which A, B, and C meet at
tetrajunctions, as illustrated in Fig. 6(a). Here, we do not have
expectations a priori for the Markov gap nor the negativity; in
particular, we would like to see whether the new contribution
to the negativity found in the preceding section persists in this
distinct tripartitioning.

As usual, we double the system and insert wormholes
along the entanglement cut, including wormholes at each
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(a) (b)

FIG. 6. (a) Wormhole configuration for the tetrajunction calcula-
tion, viewed from the top down. We insert a total of N = 2m + 2n +
2 wormholes, with m + n wormholes on the boundary of A and C
(likewise for B with 1 exchanged with 2) and a wormhole at each
junction. (b) Top-down view of the anyon diagram with some anyon
charge lines labeled, after performing the manipulations in the main
text such that single anyon charge threads each connected component
of each boundary.

tetrajunction, as illustrated in Fig. 6(a). In total, we insert
N = 2m + 2n + 2 wormholes, with m + n wormholes on the
boundary of A and C (likewise for B) and a wormhole at each
tetrajunction. After performing modular S transformations at
each wormhole, the ground-state anyon diagram takes the
form

(5.1)

Here, we have deformed the entanglement cuts such that the
wormholes lie along three lines. As in the tripartite computa-
tion, we also used the handle-slide property to eliminate one
of the ω0 loops, in this case, the loop centered at one of the
tetrajunctions. Making use of the definition of the ω0 loops,

(5.2)

Here �e, �c, and �f label the anyons circulating around the
wormholes on the exterior boundary of A ∪ B with C, the
interior boundary of A with C, and the interior boundary of
B with C, respectively. From here, we can again apply the
same set of manipulations as in the bipartition computation
to the row of �e loops to put it in a tree-like form. Then, as
in the trijunction computation, we move the em+1 anyon line
past the �c and �f loops using the handle-slide property and then
apply resolutions of identity to join everything together into a

single diagram. The resulting diagram is given by

.

(5.3)

In Fig. 6, we overlay this diagram on top of the partitioned
subregions with their original topology for clarity. Cutting
along the entanglement cuts yields the diagram in Fig. 7(a).
On tracing out C, we obtain the ρ̃AB given in Fig. 7(b).

Let us briefly unpack this expression, where we have
restored the fusion vertex labels. The b anyons are those
threading the “outer” boundary of A ∪ B with C while the
d and g anyons are those threading the inner boundaries
between A and B, respectively, with C. As in the trijunc-
tion computation, the �e charges connect the �b lines and
the �μ label the fusion vertices for these lines. For in-
stance, e2 splits into b1 and b2 at μ2, e3 splits into e2

and b3 at μ3 and so on up to μ2m, at which point b̄2m+2

splits into b2m+1 and e2m. Once again, we have b j for j ∈
{1, . . . , 2m + 2}, e j for j ∈ {2, . . . , 2m + 1}, and μ j for j ∈
{2, . . . , 2m + 1}. We note further that the charges and ver-
tices �bB = (bm+2, . . . , b2m+2), �eB = (em+2, . . . , e2m+2), �μB =
(μm+2, . . . , μ2m+1) appear only in the B subregion, while the
charges and vertices �bA = (b1, . . . , bm+1), �eA = (e2, . . . , em),
�μA = (μ2, . . . , μm+1) appear only in the A subregion. The
em+1 charge, however, once again appears in both A and B
subregions.

Next, the �d charges label the anyon lines threading the
components of the “inner” boundary between A and C. The �c
charges connect the �d lines and the �ν label the fusion vertices
for these lines. Explicitly, c1 splits at ν1 into d1 and c2, c2

splits at ν2 into d2 and c3, and so on up to νn−1 where cn−1

splits into dn−1 and cn. We have c j for j ∈ {1, . . . , n − 1}, dj

for j ∈ {0, . . . , n}, and ν j for j ∈ {0, . . . , n − 1}. Likewise,
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FIG. 7. (a) State for the tripartition of Fig. 6 after cutting along the entanglement cuts. (b) Cut reduced density matrix for region AB.

the anyon charges and fusion vertices �f , �g, and �σ play the
same roles as �d , �c, and �ν but on the “inner” boundary between
B and C.

As in the trijunction computations, in order to simplify the
following diagrams, we use the following shorthand for the
above density matrix,

.

(5.4)

Again, the boxes are labeled by the internal anyon charges and
fusion labels and the boxes with arrows exiting from the top
and entering from the bottom correspond, respectively, to the
ket and bra of the A and B parts of the anyon diagram. Before
proceeding to computing the desired entanglement quantities,
we first note that, in contrast to the reduced density matrix
for the trijunction setup, this matrix is diagonal. This is a
consequence of the fact that every anyon line that exits region
A or B necessarily passes into region C. Hence, tracing out C
sets the indices labeling the bras in ρ̃AB equal to the indices
labeling the kets.

A. Mutual information

First, we consider the mutual information. Using the bipar-
tite entanglement computation, we may immediately conclude

SA = −(m + n + 2)
∑

b

d2
b

D2
ln

db

D2
− lnD2, (5.5)

SB = −(m + n + 2)
∑

b

d2
b

D2
ln

db

D2
− lnD2, (5.6)

since, for instance, the boundary of A has m + n + 2 con-
nected components. On the other hand, we cannot directly
read off the entanglement entropy of AB. It is straightforward
to find using Eq. (A18),

Tr
[
(̃ρAB)αcut

] = ∑
�b,�c, �f
�e, �d,�g
�μ,�ν,�σ

(
d�bd �d d�g

d2
em+1

D2N−2

)α

, (5.7)

and so taking the von Neumann limit,

SAB = −
∑
�b,�e,�μ
�c, �d,�ν
�f ,�g,�σ

(
d�bd �d d�g

d2
em+1

D2N−2

)
ln

(
d�bd �d d�g

d2
em+1

D2N−2

)
. (5.8)

Now, summing over fusion multiplicities, we find that∑
�c, �d,�ν

d �d =
∑
�c, �d

Nd0
em+1c1

Nc2
c1d1

. . . Ndn
cn−1dn−1

d �d = D2ndem+1 , (5.9)
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∑
�f ,�g,�σ

d�g =
∑
�f , �d

Ng0

em+1 f1
N f2

f1g1
. . . Ngn

fn−1gn−1
d�g = D2ndem+1 , (5.10)

and ∑
�b,�e,�μ

d�b =
∑
�b,�e

Ne2
b1b2

Ne3
e2b3

. . . Nem+1

embm+1

× Nem+2

em+1bm+2
. . . Nb2m+2

e2mb2m+1
d�b

= D4md2
em+1

. (5.11)

Each of these summations correspond, respectively, to the
area-law contributions to the entanglement entropy from the
inner boundary between A and C, the inner boundary between
B and C, and the outer boundary between A ∪ B and C. Alto-
gether, we find

SAB = −N
∑

b

d2
b

D2
ln

db

D2
− lnD2. (5.12)

We thus find that the mutual information

I (A : B) = −
∑

b

d2
b

D2
ln

d2
b

D2
(5.13)

does not vanish. We note, as usual, that the above expression
is for the doubled phase C × C. Dividing by two, we obtain

I (A : B) = −
∑

b

d2
b

D2
ln

db

D (5.14)

as the mutual information for this tripartition in the phase C.

B. Reflected entropy

Next, we proceed to compute the reflected entropy and the
Markov gap. Proceeding with the first part of the replica trick,
it is straightforward to find for the canonical purification,

(5.15)

Following steps analogous to those in the preceding triparti-
tion computation, we trace out BB∗ and then apply the second

replica trick, computing,

Tr
[
ρ

(α)
AA∗
]β =

∑
em+1

(
BαAα

(d2
em+1D2N−2)α

)β

, (5.16)

where we have defined

Aα =
∑

�bA �d,�μA
�eA�c,�ν

(d�bB
d �d )α (5.17)

and

Bα =
∑

�bB,�eB,�μB

�g, �f ,�σ

(d�bB
d�g)α. (5.18)

In the replica limit α → 1, we have that

A1 = B1 = d2
em+1D2m+2n. (5.19)

Recalling that the �bA and �d (�g and �b) anyons are those piercing
the boundary between regions A (B) and C, we see that A1 and
B1 contribute to the area-law terms for regions A and B in the
entanglement entropy, respectively. Taking the von Neumann
limit β → 1, we finally obtain

SR = −
∑

b

d2
b

D2
ln

d2
b

D2
= I (A : B), (5.20)

and so the Markov gap again vanishes. In particular, the re-
flected entropy receives the same universal contribution from
the tetrajunctions as does the mutual information.

C. Negativity

Finally, we consider the negativity. Taking the partial trans-
pose, we may compute

(5.21)

Noting that the anyon diagram is diagonal in anyon and vertex
labels, one may compute

lim
ne→1

Tr
[(̃

ρ
TA
AB

)
cut

(̃
ρ

TA
AB

)†
cut

] ne
2 = Tr[̃ρAB] = 1 (5.22)

and hence the negativity vanishes. Ultimately, one can trace
this back to the fact noted above that any anyon line con-
necting A with B necessarily passes through C. Heuristically
speaking, one may understand this aspect of the anyon dia-
gram as implying that A is not entangled with B.

045104-20



ENTANGLEMENT IN TRIPARTITIONS OF TOPOLOGICAL … PHYSICAL REVIEW B 108, 045104 (2023)

FIG. 8. (a) Tripartition of the sphere into A, B, and C, with a
trimer of anyons, a, b, and c fusing to the identity, each localized
in one of the three regions. (b) Zoom in of the sphere, after intro-
ducing a copy of the time-reversed conjugate topological phase on
another sphere. (c) View from the top of the tripartition, after the
wormhole insertion. We insert one wormhole at each trijunction and
n wormholes along the A/B boundary.

VI. TRIJUNCTION WITH ANYON INSERTIONS

While we found the Markov gap in a topologically ordered
ground state to vanish in the two tripartitions considered, it
is still possible that is nonzero in excited states. To that end,
we proceed to compute the Markov gap for the tripartition of
Sec. IV, in the presence of an anyon trimer. One might expect
that the tripartite correlations inherent in an anyon trimer may
lead to new contributions to these entanglement quantities.
Indeed, while we are unable to derive a simple expressions, we
find an interesting dependence of the negativity and reflected
entropy on the F symbols. In particular, when each anyon
in the trimer is non-Abelian, we find the Markov gap to be
nonvanishing. We compare this result with that for a single
trimer, ignoring the topological liquid background, for which
the reflected entropy takes a simple closed form expression.

We consider a tripartition of a topological phase on a
sphere into regions A, B, and C, and insert three anyons, a, b,
and c into each region, respectively, such that they fuse to the
identity, as illustrated in Fig. 8(a). While we will ultimately
restrict to multiplicity-free theories to obtain simplified ex-
pressions, we need to keep track of the fusion multiplicities
at each vertex in order to carry our computation through. As
usual, to construct the ground-state anyon diagram, we intro-

duce a second sphere with the conjugate topological phase,
as indicated in Fig. 8(b). Note that we do not include any
anyon insertions on this additional sphere. This means, in
particular, that the contribution of the anyon insertions to the
entanglement quantities we compute will not be doubled. We
then adiabatically insert wormholes between the two spheres
along the entanglement cuts.

Now, in our tripartition computation in the absence of
anyons, we found that the negativity and Rényi reflected en-
tropy are insensitive to the length of the boundary between
AB and C—in particular, the computation is unaffected if we
do not insert any wormholes (besides those at the trijunctions)
along this boundary. Thus, in order to separate the area law
and the subleading topological contributions, it is sufficient
check the scaling of the negativity and reflected entropy with
the number of wormholes along only the boundary between
A and B. With this in mind, we insert N = n + 2 wormholes,
with one wormhole at each trijunction and n wormholes along
the boundary between A and B, as depicted in Fig. 8(c).

Diagrammatically, we write the normalized state as

. (6.1)

This corresponds to the bird’s eye view of Fig. 8(c). The
fusion vertex of the anyons a, b, and c is labeled by δ. Since
we have not inserted wormholes on the AB/C boundary, the
diagram—aside from the trimer insertion—reduces to that of
the bipartite case. In particular, it is important to note that the
ω0 loops are located above the inserted anyon trimer, which
we have taken to reside on the inner sphere, as depicted in
Fig. 8(b). As such, we can manipulate the ω0 loops exactly in
the same fashion as in the bipartite computation to obtain

(6.2)

where bj with j = 1, . . . , N and e j with j = 2, . . . , N − 2.
We now combine the a and c lines via resolutions of identity
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with the main part of the diagram, yielding

. (6.3)

In doing so, we first renamed b1, bN → e1, eN−1 and then named the fusion product of a and e1 (c and eN−1) as b1 (bN ). So, we
now have e j with j ∈ {1, . . . , N − 1}.

We can now cut along the boundaries between A, B, and C, yielding

(6.4)

Here we have restored the vertex labels μ j , where j runs from j = 1 to j = N . At the vertex μ1, b1 splits into a and e1, while at
vertex μN , bN splits into ēN−1 and c. At every other vertex μ j , b j fuses with e j−1 to yield e j . On tracing out C we obtain the cut
reduced density matrix

Note that, henceforth, �b = (b1, . . . , bN−1), �e = (e1, . . . , eN−2), and �μ = (μ1, . . . , μN−1). We will sum over bN , eN−1, and μN

separately. Note, in particular, that the above density matrix is diagonal in these indices as a consequence of the trace over C. By
fusing the a and c lines with the main part of the diagram, we have introduced an internal loop in the B part of the diagram. In
order to evaluate matrix products and traces of ρ̃AB, we must apply a basis change to rid ourselves of this loop. Focusing on the
“ket” part of the diagram, we first apply an F move to bring the a line past the b2 line,

. (6.5)
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By repeatedly applying F moves of this form, we can bring the a line down the diagram, until it yields an inner product, which
can then be evaluated, yielding a factor of

√
dadc/db. Explicitly, combining these F moves, we find

.

(6.6)

As a consequence of these basis changes, we have a new set of charges l j and vertices ν j such that at ν1, b1 and b2 fuse into l1, at
ν2, l1 and b3, fuse into l2, and so on, until νN−1, where lN−1 and bN fuse into b̄. These basis changes also required the introduction
of the vertex labels μ̃ j in the intermediate steps, which appear in the F symbols but not in the final anyon diagram.

Applying the same manipulations to the “bra” part of the diagram, we obtain

where we have defined

L �μ,�ν;�μ′,�ν ′

�e,�l,�b;�e′,�l ′,�b′ =
∑

μN , �̃μ, �̃μ′

[
F b1b2

ae2

]
(e1μ1μ2 )
(l1ν1μ̃2 )

N−3∏
i=1

[
F libi+2

aei+2

]
(ei+1μ̃i+1μi+2 )
(li+1νi+1μ̃i+2 )

[
F lN−2bN

ac

]
(eN−1μ̃N−1μN )

(b νN−1δ)

× [F b′
1b′

2
ae′

2

]∗
(e′

1μ
′
1μ

′
2 )

(l ′1ν
′
1μ̃

′
2 )

N−3∏
i=1

[
F

l ′i b
′
i+2

ae′
i+2

]∗
(e′

i+1μ̃
′
i+1μ

′
i+2 )

(l ′i+1ν
′
i+1μ̃

′
i+2 )

[
F

l ′N−2bN
ac

]∗
(eN−1μ̃

′
N−1μN )

(b ν ′
N−1δ)

. (6.7)

With the cut reduced density matrix in hand, we can proceed to compute the desired entanglement quantities. We note that,
unfortunately, the above string of F symbols does not readily simplify.

A. Mutual information

We first start with the mutual information. It is known
that the presence of an anyon c contributes ln dc to the en-
tanglement entropy. Indeed, we can simply use the results of
Ref. [28] to conclude that

I (A : B) = −2(n + 1)
∑

b

d2
b

D2
ln

(
db

D2

)

− lnD2 + ln

(
dadb

dc

)
. (6.8)

As usual, the first term is the area law, the second the topo-
logical entanglement entropy, and the last the contribution
from the anyon insertions. As an aside, we note that the last
term is related, in a perhaps trivial way, to the F symbol
[F ab

ab ]1,(cμμ) = √
dc/dadb (no sum on μ).

B. Negativity

Computation of the negativity via the replica trick is a
tedious process due to the string of F symbols, and so we
relegate the details to Appendix B 1. In particular, we are
unable to find a simple expression for the replica limit for

arbitrary topological orders. However, we can take this limit
for categories with no fusion multiplicity (i.e., Na

bc ∈ {0, 1}).
For such multiplicity-free theories, we find the negativity to
be

E (A : B) = 2(n + 1) ln(κ1/2,0/D) − lnD2

+ ln

⎡⎢⎣ ∑
bN eN−1

dbN

dbD2

⎛⎝∑
lN−2

dlN−2

∣∣[F lN−2bN
ac

]
eN−1b

∣∣⎞⎠2
⎤⎥⎦.

(6.9)

As usual, the first term is the area-law term, the second the
topological negativity, and the third term combines the con-
tribution from the trijunction and the anyon insertions; note
that it depends on a, b, and c, as well as bN , eN−1, and
lN−2, the latter three of which are the anyons residing at one
of the trijunctions in the anyon diagram. Unfortunately, this
last term does not appear to take a particularly symmetric
form. It is interesting, however, that this contribution depends
explicitly on the magnitude of the F symbols, which are in
fact topological invariants related to the absolute values of the
braiding matrix [44]. To our knowledge, such a dependence
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of an entanglement quantity on this piece of topological data
has not been identified previously. We remark, however, that
it is possible that this contribution, with its particular combi-
nation of sums over quantum dimensions and F symbols may
have a simpler form which could perhaps depend only on the
quantum dimensions.

Once again, we must note that this expression really gives
the negativity for the phase C × C. In order to extract the
negativity for just C in the presence of the anyons a, b, and
c, we must subtract off the negativity in the absence of an
anyon trimer [Eq. (4.33)]. We thus obtain the main result of
this section,

E (A : B) = (n + 1) ln(κ1/2,0/D) − lnD − 1

2
ln

[∑
e

d3
e

D2

]

+ ln

⎡⎢⎣ ∑
bN eN−1

dbN

dbD2

⎛⎝∑
lN−2

dlN−2

∣∣[F lN−2bN
ac

]
eN−1b

∣∣⎞⎠2
⎤⎥⎦.

(6.10)

This is a rather cumbersome expression. However, we can still
build some intuition by checking some limiting cases. First, if
either one of a or b is the vacuum, one finds that the negativity
reduces to Eq. (4.33). On the other hand, if c is the vacuum,
and so a = b, then we find the negativity becomes

E (A : B) = (n + 1) ln

(
κα,0

D

)
− ln

D
da

+ 1

2
ln

⎛⎝∑
em+1

d3
em+1

D2

⎞⎠.

(6.11)
These special cases reflect the fact that the negativity only
detects entanglement between A and B, in contrast to the
mutual information (6.8), which additionally is sensitive to the
entanglement between AB and C, as manifested by the ln dc

contribution from the anyon c in region C. More generally, we
note that the anyonic contribution to the negativity depends
only on the absolute values of the F symbols. If the underlying
topological order is Abelian, then the F symbols are purely
phases and hence the negativity reduces to that in the absence
of any anyons, Eq. (4.33).

SU (2)k examples

To build some additional intuition for the above expression,
let us focus on the examples of the SU (2)k topological orders,
whose anyons correspond to the spin- j representations of
SU (2) for j = 0, . . . , k/2 and obey the fusion rules

j1 × j2 =
min( j1+ j2,k− j1− j2 )∑

j=| j1− j2|
j. (6.12)

Explicit expressions for the F symbols may be found in, for
instance, Ref. [45]. We note that the anyons in these categories
are always self-conjugate and all are non-Abelian, save for
j = 0 and j = k/2, which are Abelian. Evaluating Eq. (6.10)
for k = 2, 3, 4 with different combinations of a, b and c, we
make the following observations:

(i) If either a or b is Abelian, then the contribution to the
negativity from the anyon insertions vanishes.

(ii) If c is Abelian, then the contribution to the negativity
reduces to ln da = ln db [note that for SU (2)k , the fusion of a
and b can only yield an Abelian anyon if a = b̄, in which case
ln da = ln db].

(iii) In the case where a, b, and c are all non-Abelian, then
the additional contribution is ln A, where A is less than the
quantum dimensions da,b,c of either a, b, or c.

The above observations seem reasonable given our un-
derstanding of the negativity as a measure of bipartite
entanglement between A and B and are in line with the special
cases discussed above. In particular, when either a or b is
Abelian, they cannot be entangled with one another, as a
consequence of the lack of an internal degeneracy for Abelian
anyons. Likewise, when c is Abelian, a and b can only be en-
tangled with one another, and so the negativity reduces to that
of the usual bipartite case. Finally, when all of a, b, and c are
non-Abelian, then a and b are entangled with c. By monogamy
of entanglement, the entanglement between a and b must then
be less than maximal, consistent with our observations. It is
interesting that these physically sensible results for the en-
tanglement are encoded in the somewhat obscure expression
(4.33), in which the F symbols appear in a nontrivial way. The
fact that they do appear, however, is perhaps not surprising,
given that they encode information about the fusion structure
of a system of three anyons. While we cannot extract each
individual component of the F symbols from this expression,
our result at least suggests that entanglement measures may
provide a way for extracting additional data of topological
orders from a single excited state beyond simply the quantum
dimensions.

C. Reflected entropy

The computation of the reflected entropy is likewise a te-
dious one, and so we relegate the details to the Appendix B 2.
Unfortunately, even if we restrict ourselves to multiplicity-
free theories, we are unable to take the von Neumann replica
limit. As such, we can only quote here the Rényi reflected
entropies,

S(β )
R (A : B) = 2(n + 1)

1 − β
ln

(
κβ,0

D2β

)
− lnD2 + 1

1 − β

× ln

⎛⎝ ∑
lN−2l ′N−2

(dlN−2 dl ′N−2
)1−β

dβ
c D2

Tr
[
C̃β

lN−2l ′N−2

]⎞⎠
(6.13)

where the matrix C̃lN−2l ′N−2
has matrix elements,[

C̃lN−2l ′N−2

]
bN ,b′′

N
=
√

dbN d ′′
bN

∑
e′′

N−1

de′′
N−1

[
F

ae′′
N−1bN

b

]
lN−2c

× [F ae′′
N−1b′′

N

b

]∗
lN−2c

[
F

ae′′
N−1bN

b

]∗
l ′N−2c

× [F ae′′
N−1b′′

N

b

]
l ′N−2c

. (6.14)

The first two terms correspond to the usual area-law and topo-
logical contributions. As usual, in order to obtain the reflected
entropy for just C, we must divide these contributions by two.
The final contribution arises from the anyon insertions. We
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(a) (b) (c)

FIG. 9. Difference between the topological contributions to the Rényi reflected entropy and mutual information (indicated by the blue dots)
for a tripartition in the presence of three anyons a, b, and c in SU (2)k for (a) k = 3, (b) k = 4, and (c) k = 5. The orange lines indicate the
expected value of the Markov gap based on the reflected entropy for an isolated trimer, as given by Eq. (6.22).

were unable to find a closed form expression for the βth power
of the matrix C̃, which prevents us from analytically contin-
uing β → 1. Nevertheless, we see that this new contribution
depends in a nontrivial way on the F symbols, similar to but
distinct from the contribution we found for the negativity. In
particular, we have for the Markov gap,

SR(A : B) − I (A : B)

= lim
β→1

1

1 − β
ln

⎛⎝ ∑
lN−2,l ′N−2

(
dlN−2 dl ′N−2

)1−β

dβ
c D2

Tr
[
C̃β

lN−2l ′N−2

]⎞⎠
− ln

(
dadb

dc

)
. (6.15)

While we cannot evaluate this expression in general, we can
build some intuition by again considering SU (2)k theories.

SU (2)k examples

Evaluating Eq. (6.15) for k = 2, 3, 4 for several different
choices of a, b, and c, we find that if at least one of a,
b, and c is Abelian, then Eq. (6.15) vanishes for all β > 1
(and hence, by analytically continuing, for β = 1 as well)
and thus the topological contributions to the reflect entropy
and mutual information are the same. On the other hand, if
all of a, b, and c are non-Abelian, then Eq. (6.15) is strictly
positive for all β > 1, implying that, continuing to β = 1,
the Markov gap is also strictly positive. We plot the Rényi
Markov gap for several such examples in Fig. 9. We thus
appear to find that Abelian anyons do not contribute to the
entanglement as measured by the reflected entropy, as is the
case for the mutual information. In the case where we have a
pair of non-Abelian anyons, the reflected entropy and mutual
information match, as such a configuration should presumably
only yield additional bipartite entanglement. The positivity of
the Markov gap in the case with three non-Abelian anyons
suggests that that the reflected entropy is detecting additional
tripartite correlations beyond that picked up by the mutual
information.

Heuristically, one might expect the trimer insertion to con-
tribute to tripartite entanglement, by virtue of the fact that the

set of three anyons a, b, and c are constrained to have a net
trivial fusion channel. In contrast, the ground-state anyon dia-
grams we have constructed are such that each component (i.e.,
each region between two adjacent wormhole throats) of the
entanglement cut is effectively described by a superposition of
anyon-antianyon Bell pairs fusing to the vacuum, as described
in Sec. III C. More precisely, the ground states describable
with the diagrammatic method appear to correspond to sums
of triangle states (SOTS). As described in Ref. [18], for a
tripartition of a Hilbert space H = HA ⊗ HB ⊗ HC , a state
|ψ〉 is a SOTS if we can further decompose each sub-Hilbert
space as Hα =⊕ j Hα

j
L
⊗ H

α
j
R
, such that we may write

|ψ〉 =
∑

j

√
p j |ψ j〉Aj

RB j
L
|ψ j〉B j

RC j
L
|ψ j〉C j

RAj
L
,

where
∑

j p j = 1 and |ψ j〉α j
Rβ

j
L

has support in H
α

j
R
⊗ H

β
j
L
.

It was shown in Ref. [18] that the Markov gap vanishes if
and only if the state is a SOTS. The pairwise entanglement
via anyon-antianyon pairs between subregions manifest in
Figs. 4(b) and 6(b) matches this structure and is consistent
with the vanishing of the Markov gap. We note that the
SOTS of general string-net states, which provide microscopic
realizations of the nonchiral states describable via the dia-
grammatic formalism, was already demonstrated in Ref. [19].

D. Comparison with a single trimer

Given the complicated expressions for the negativity and
reflected entropy in the preceding sections, one may ask
whether one can explicitly separate the contributions from
the bulk and the trimer to these quantities. To that end, we
consider the entanglement structure of an anyon trimer in
isolation and compare with the preceding results. We begin
with a normalized state for a trimer of anyons a, b, and c
fusing to the identity,

. (6.16)
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For the sake of simplicity, we restrict to multiplicity-free
theories from the outset, and so we drop vertex labels in this
and the following diagrams. Let us first compute the reflected
entropy and negativity between anyons a and b. We find for
the reduced density matrix for AB,

. (6.17)

The canonical purification is simply given by

.
(6.18)

Note that the anyon c connects, and hence indicates entangle-
ment between, AB and A∗B∗, containing anyons a, b and ā, b̄,
respectively. In order to compute the reflected entropy, we will
need to change to a basis with a definite anyon charge passing
instead between AA∗ and BB∗; this is accomplished via an F
move,

.

(6.19)

In this new basis, the anyon f captures the entanglement
between AA∗ and BB∗. On tracing out BB∗, comprising the
anyons b and b̄, and keeping careful track of bending moves,
we find

(6.20)

We note that this particularly simple form and the cancellation
of A and B symbols arising from bending moves arises as a
consequence of our assumption of a multiplicity-free theory.
Now, using the replica trick, one readily computes

Tr
[̃
ρ

β
AA∗
] =∑

f

∣∣[F ab
ab

]
f c

∣∣2β
d1−β

f . (6.21)

Taking the von Neumann limit, we ultimately obtain for the
reflected entropy,

SR = −
∑

f

∣∣[F ab
ab

]
f c

∣∣2 ln
(∣∣[F ab

ab ] f c

∣∣2/d f
)

= −
∑

f

[∣∣[F ab
ab

]
f c

∣∣2 ln
(∣∣[F ab

ab

]
f c

∣∣2)− ∣∣[F ab
ab

]
f c

∣∣2 ln d f
]
.

(6.22)

By unitarity of the F symbols, |[F ab
ab ] f c|2 is a probability

distribution in f . The reflected entropy comprises two pieces.
The first term is a Shannon entropy associated with the super-
position of f anyons while the second term is the topological
contribution to the entropy from each f anyon. This compu-
tation provides a heuristic understanding for the manner in
which the reflected entropy captures tripartite correlations. As
noted above, we see from Eq. (6.19) that the entanglement
between a and b is captured by the superposition of anyons f .
This superposition is not arbitrary, however, with each contri-
bution being weighted by [F ab

ab ] f c, which retains knowledge of
the fact that a and b are constrained to fuse to c. We note that
the mutual information may be expressed similarly,

I = ln
dadb

dc
= −
∑

f

δ1, f ln
(∣∣[F ab

ab

]
f c

∣∣2/δ1, f
)
, (6.23)

where we used the fact that [F ab
ab ] f c = √

dadb/dc and δ1, f

is the Kronecker delta. Interestingly, the mutual information
takes the form of a relative entropy between the probability
distributions p f = δ1, f and Ff = |[F ab

ab ] f c|2.
We compare these results with those obtained for the

Markov gap in the bulk computation in Fig. 9 for the SU (2)k

examples discussed above. We see that the Rényi reflected
entropies of the bulk computation extrapolate fairly well to
Eq. (6.22) in the von Neumann limit β → 1. This suggests
that we can safely identify the trimer contribution to the
reflected entropy in the bulk computation as being given by
Eq. (6.22).

While we can compute the negativity for this trimer as
well, it does not match the expression from the bulk com-
putation in Eq. (6.10). This, however, is not too surprising.
In the computation of the reflected entropy for the isolated
trimer, we note that the canonically purified density matrix,
by construction, has a net trivial anyon charge. This implies
that the quantum trace of it (and its powers) is equal to the
standard trace. In turn, this means the anyonic entanglement
of this state is equal to the usual entanglement entropy. This
leads us to claim that the total reflected entropy of the bulk
tripartition with the trimer insertion can safely be expressed
as the sum of the reflected entropies of the ground state and of
the trimer, separately. In contrast, the anyonic partial transpose
of ρ̃AB has a net nonzero anyon charge, and so the quantum
trace of it (and its powers) is not equal to the usual trace. This
suggests that the anyonic negativity of the isolated trimer is
not the same as the contribution of the trimer to the usual
negativity. Put differently, the anyonic transpose of the anyon
diagram describing the bulk topological liquid with the trimer
insertion must be equivalent to the bosonic transpose, as the
diagram ultimately describes a bosonic system. In contrast,
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the anyonic transpose of the trimer need not match the bosonic
transpose, and so the trimer contribution to the negativity need
not be the same in the two cases.

VII. DISCUSSION

In this paper, we have employed an anyon diagrammatic
approach, developed in Ref. [28], to compute the negativity,
reflected entropy, and Markov gap for tripartitions of topo-
logically ordered phases, both in the absence and presence
of anyon insertions. We found that for the two tripartitions
considered, involving either trijunctions or tetrajunctions of
the three regions, the Markov gap always vanished. This is
a consequence of the fact that the diagrammatic approach is
only capable of computing the entanglement in topological
phases of the form C × C, for which the minimal central
charge necessarily vanishes. On the other hand, we found
an interesting contribution to the negativity, which is only
nonvanishing for non-Abelian orders, in the trijunction setup,
while we found that the mutual information (and hence re-
flected entropy) have vanishing area-law terms but a novel
constant contribution for the tetrajunction setup. Finally, we
found that the Markov gap is nonvanishing upon the insertion
of a non-Abelian anyon trimer and depends, as does the nega-
tivity, in a nontrivial way on the F symbols. Looking forward,
there are several avenues for further exploration.

An advantage of this diagrammatic approach is that it al-
lows for simple computations of entanglement quantities for
arbitrary multipartitions. However, it is not able to capture
contributions like the central charge, which lies beyond the
purely topological data captured by a modular tensor category,
and is expected to appear in the Markov gap for chiral topo-
logical orders. It is thus an important problem to develop more
general techniques that allow for computing the reflected
entropy, negativity, and other quantities for generic (chiral)
topological phases; this constitutes the subject of forthcoming
paper [27].

As we noted in the main text, we cannot rule out that the
dependence of the negativity and reflected entropy on the F
symbols in the presence of an anyon trimer is a trivial one,
in that some simplifications may reduce these expressions to
simple functions of the quantum dimensions. Nevertheless, it
has been shown recently that modular tensor categories are
not uniquely defined by their modular data [46–48], and so
this raises the question whether it is possible to find an en-
tanglement measure, multipartition, and anyon configuration,
which allows for accessing beyond modular data.

Finally, it would interesting to better understand the phys-
ical implications of a nonvanishing Markov gap in anyonic
systems. In the situations considered here, where we investi-
gated a topological phase whose constituent, local degrees of
freedom are bosonic, the Markov gap distinguishes between
W-state and GHZ-state like correlations [18]. For pure states
of three qubits, it is known that W-states and GHZ-states
constitute the two unique patterns of three-party entanglement
[49]. It would be interesting to understand if the same holds
for three anyon systems, or if there are more classes of three-
party entanglement, and if the Markov gap can distinguish
them.

Note added. We became aware of the related work
Ref. [50], which investigates the negativity and a comple-
mentary mixed-state entanglement quantity, the realignment
negativity, using a surgery approach. Subsequently, the related
Ref. [51] appeared, with a scheme to distinguish Abelian and
non-Abelian orders.

ACKNOWLEDGMENTS

We thank Jonah Kudler-Flam, Yuya Kusuki, and Yuhan
Liu for collaboration on related projects. S.R. thanks Hassan
Shapourian for discussions. This work is supported by the Na-
tional Science Foundation under Award No. DMR-2001181,
a Simons Investigator Grant from the Simons Foundation
(Award No. 566116), and the Gordon and Betty Moore Foun-
dation through Grant No. GBMF8685 toward the Princeton
theory program. This work was performed in part at Aspen
Center for Physics, which is supported by National Science
Foundation Grant No. PHY-1607611.

APPENDIX A: REVIEW OF ANYON MODELS

In this Appendix, we provide a brief review of modular
tensor category and the diagrammatic formalism for describ-
ing systems of anyons on a sphere, following Refs. [28,45,52].
The basic objects of an anyon model C are anyons, labeled as
{a, b, c, . . . }, which are defined to obey an associate, commu-
tative fusion algebra,

a × b =
∑

c

Nc
abc. (A1)

Here Nc
ab is the fusion multiplicity, indicating the number

of ways that a and b can fuse to yield c. For a given a,
if
∑

c Nc
ab > 1 for some b, we say that a is non-Abelian;

otherwise, a is Abelian. We require that there exists a unique
trivial or vacuum charge, denoted by 0, which satisfies Nc

a0 =
δac for all a and c. Each anyon a must also have a conjugate
or anti-anyon ā such that N0

aā �= 0.
The quantum dimension da of anyon a is defined to be

the largest eigenvalue of the multiplicity matrix Na, with
matrix elements [Na]bc = Nc

ab. Non-Abelian (Abelian) anyons
have da > 1 (da = 1); heuristically speaking, the quantum
dimension thus provides a measure of the nonlocal degeneracy
provided by each anyon. We define the total quantum dimen-
sion of C as

D =
√∑

a

d2
a . (A2)

We have, in particular, the relation

dadb =
∑

c

Nc
ab, (A3)

which relates the quantum dimensions of two anyons a and b
with those of all their fusion channels.

1. Basis and fusion

The above fusion structure implies that the Hilbert space
of a system of anyons is constrained and hence does not
factorize. The states in this space are most easily represented
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in a diagrammatic representation as follows. We define the
splitting space V ab

c as the space of two anyons a and b with
total anyon charge c. States in this space are represented as

, (A4)

where the vertex label μ = 1, . . . , Nc
ab enumerates the ways c

can split into a and b. The fusion space V c
ab is defined as the

dual space of V ab
c and is spanned by states

(A5)

We can then construct the Hilbert space of three anyons a, b,
and c with total charge d as V abc

d
∼=⊕e V ab

e ⊗ V ec
d , which is

spanned by the basis of states

. (A6)

We can equivalently construct this space as V abc
d

∼=⊕ f V bc
f ⊗

V a f
d with basis

.

(A7)

These constructions are isomorphic, and the associated bases
of states are related by an F move,

,

(A8)

where (for a unitary modular tensor category) the F abc
d are

unitary matrices known as the F symbols and must sat-
isfy a consistency equation known as the pentagon equation.
The space of states with n anyons is then constructed it-
eratively as V �a

c ≡ V a1...an
d

∼=⊕�b V a1a2
b2

⊗ V b2a3
b3

⊗ · · · ⊗ V bn−1an
c

and is spanned by the states

, (A9)

where the intermediate anyons �b and vertices �μ are permitted
by fusion. Here we have used the shorthand notation �b =

(b2, . . . , bn−1) and further defined

d�a = da1 . . . dan =
∑

c

Nc
a1...an

dc. (A10)

There exists an isomorphism between the splitting and
fusion spaces. This allows us to “bend” the anyon worldlines
via A moves and B moves,

, (A11)

, (A12)

where the A and B symbols are unitary matrices defined in
terms of the F symbols as

[
Aab

c

]
μν

=
√

dadb

dc
κ

∗
a

[
F āab

b

]∗
1,(c,μ,ν ), (A13)

[
Bab

c

]
μν

=
√

dadb

dc

[
F aab̄

b

]∗
(c,μ,ν ),1, (A14)

where κa is the Frobenius-Schur indicator of a. Making use
of these bends, one can define an F move for a diagram with
two legs pointing up and down,

, (A15)

where

[
F ab

cd

]
(eμν)( f αβ ) =

√
ded f

dadd

[
F ceb

f

]∗
(eμα)( f νβ ) (A16)

is also a unitary matrix.

2. Inner products and traces

Inner products of states in fusion and splitting spaces
are evaluated diagrammatically by simply stacking the cor-
responding diagrams. Explicitly, the orthonormality condition

〈a′, b′; c′, μ′|a, b; c, μ〉 = δaa′δbb′δcc′δμμ′1c (A17)

becomes

.
(A18)
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In particular, for a space of multiple anyons fusing to the
identity, we have that

, (A19)

which is obtained through repeated application of Eq. (A18).
We make repeated use of this relation in our computations.
Note that, although we have considered anyon states in the
canonical basis (i.e., all lines branch off a single “stem”), the
same relation holds for inner products of multiple anyon states
in any other basis in a tree-like form. This follows by applying
F moves to the bra and ket in the above relation and making
use of unitarity of the F symbols.

In general, diagrams with only closed loops correspond to
complex numbers while diagrams with open lines correspond
either to states or operators. With that said, the space of opera-
tors V

a′
1...a

′
n

a1...an =⊕V c
a1...an

⊗ V
a′

1...a
′
n

c acting on anyons a1, . . . , an

is spanned by

(A20)

In particular, a resolution of the identity acting on a pair of
anyons,

1ab =
∑
c,μ

|a, b; c, μ〉〈a, b; c, μ| (A21)

is provided by

. (A22)

Next, we come to the trace. As usual, we have that

Tr[|�a′, �b′; �μ′, c〉〈�a, �b; �μ, c|] = δaa′δbb′δcc′δμμ′ . (A23)

In the diagrammatic formalism, we define the quantum trace,
T̃r, as the operation in which we contract all the output legs
of an operator with the corresponding input legs. Denoting a

generic operator X ∈ V a1...an

a′
1...a

′
n

as

(A24)

we define the trace operation as

(A25)

Diagrams in which two legs with distinct anyons are con-
tracted evaluate to zero. The spherical property ensures that
contracting all the legs to the right is equivalent to contracting
all the legs to the left. Similarly, for an operator acting on
multiple anyons (with net zero charge),

. (A26)

Again, this relation is employed frequently in our calculations
and holds when the operator on the left-hand side is expressed
in other bases, aside from the canonical basis. The quantum
trace and regular trace are in general not equivalent but are
instead related as

TrX =
∑

c

1

dc
T̃rXc (A27)

T̃rX =
∑

c

dcTrXc (A28)

where Xc is the projection of operator X to the c fusion
channel.

The partial trace is defined similarly and is obtained by
contracting a subset of lines located at either the left or
right edge of the diagram. Explicitly, suppose we have an
operator X ∈ V a1...an;b1...bm

a′
1...a

′
n;b′

1...b
′
m

and we wish to trace out region
B, corresponding to the anyons bi. This operation is defined
diagrammatically as

(A29)

The partial trace vanishes unless bi = b′
i. If the anyons to be

traced out are in th middle of the diagram, they must first be
moved to the left or right edges of the diagram via braiding
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operations. Again, the quantum and regular partial traces are
not equivalent, but rather are related as

TrBX =
∑
c, f

d f

dc
[T̃rXc] f (A30)

T̃rBX =
∑

c

dc

d f
[TrXc] f . (A31)

In the case where the initial net fusion channel c and the net
fusion channel after taking the partial trace are both trivial,
the two traces end up being equivalent. This will always be
the case in the situations considered in the main text.

3. Braiding

Thus far we have only specified the fusion structure of
our anyon model. We can also braid anyons, a process im-
plemented by the braid operator, The braiding operator is
represented diagrammatically as

, (A32)

where the braiding matrices Rab
c are unitary matrices, which

satisfy a set of consistency relations known as the hexagon
equations. From the braiding matrix, we may define the mod-
ular S matrix as

Sab = T̃r[RabRba]. (A33)

The S matrix is unitary and contains the quantum dimensions
of the anyons,

S0a = da

D . (A34)

Using the S matrix we may define the ωa loop, which appears
frequently in the calculations of the main text and is defined
as

(A35)

It acts a projector on all charges threading the loop,

(A36)

Finally, we make note of the following important relation
satisfied by ω0 loops encircling noncontractible cycles, known
as the handle-slide property:

(A37)

which can be checked by using resolutions of identity to move
the a charge line from one side to the other. This says that

we can pass a charge line through a contractible cycle, if that
cycle is enclosed by an ω0 loop.

APPENDIX B: COMPUTATIONAL DETAILS

In this Appendix, we collect the intermediate steps in-
volved in the computation of the negativity and reflected
entropy in the case of the tripartition with anyon insertions,
discussed in Sec. VI. As in our other computations, we use a
shorthand for the anyon diagrams for the density matrix,

.

(B1)

We recall �b = (b1, . . . , bN−1), �l = (l1, . . . , lN−2,
�μ = (μ2, . . . , μN−1), �ν = (ν1, . . . , νN−1), and �̃μ =
(μ̃2, . . . , μ̃N−1).

1. Negativity calculation details

The partially transposed density matrix is given by

.

(B2)
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In order to perform the replica trick, we first compute

, (B3)

where we have made use of the fact (L �μ,�ν;�μ′,�ν ′

�l,�e,�b;�l ′,�e′,�b′ )
∗ =

L �μ′,�ν ′;�μ,�ν
�l ′,�e′,�b′;�l,�e,�b. Note that while the density matrix is diagonal in

the external anyon charge labels �b, bN , and eN−1, it is not
diagonal in the internal charge lines �e and �l . For convenience,
we define

H �μ′,�ν;�μ′′ �ν ′′′

�e′,�l;�e′′,�l ′′′ ≡
∑
�e,�μ
�l ′,�ν ′

L �μ,�ν;�μ′,�ν ′

�e,�l,�b;�e′,�l ′,�b′L
�μ′′,�ν ′;�μ,�ν ′′′

�e′′,�l ′,�b′;�e,�l ′′,�b. (B4)

To reduce clutter, we have left the dependence of H on
�b, �b′, eN−1, μN and bN implicit. Now, using unitarity of the
F symbols to evaluate sums such as∑

e1,μ1,μ2

[
F b1b2

ae2

]
(e1μ1μ2 )
(l1ν1μ̃2 )

[
F b1b2

ae2

]∗
(e1μ1μ2 )
(l ′′′1 ν ′′′

1 μ̃′′′
2 )

= δl1,l ′′′1
δν1,ν

′′′
1
δμ̃2,μ̃

′′′
2

(B5)

we find

H �μ′,�ν;�μ′′ �ν ′′′

�e′,�l;�e′′,�l ′′′ =
∑

μN ,μ′
N

[
OμN ,μ′

N

]
�e′ �μ′;�e′′ �μ′′

[
JμN ,μ′

N

]
�l�ν;�l ′′′ �ν ′′′ (B6)

where we have defined[
OμN ,μ′

N

]
�e′ �μ′;�e′′ �μ′′ =

∑
�l ′ �ν ′

∑
�̃μ′

[
F

b′
1b′

2
ae′

2

]∗
(e′

1μ
′
1μ

′
2 )

(l ′1ν
′
1μ̃

′
2 )

N−3∏
i=1

[
F

l ′i b
′
i+2

ae′
i+2

]∗
(e′

i+1μ̃
′
i+1μ

′
i+2 )

(l ′i+1ν
′
i+1μ̃

′
i+2 )

[
F

l ′N−2bN
ac

]∗
(eN−1μ̃

′
N−1μN )

(b ν ′
N−1δ)

×
∑
�̃μ′′

[
F

b′
1b′

2
ae′′

2

]
(e′′

1μ
′′
1μ

′′
2 )

(l ′1ν
′
1μ̃

′′
2 )

N−3∏
i=1

[
F

l ′i b
′
i+2

ae′′
i+2

]
(e′′

i+1μ̃
′′
i+1μ

′′
i+2 )

(l ′i+1ν
′
i+1μ̃

′′
i+2 )

[
F

l ′N−2bN
ac

]
(eN−1μ̃

′′
N−1μ

′
N )

(b ν ′
N−1δ)

, (B7)

and [
JμN ,μ′

N

]
�l�ν;�l ′′′ �ν ′′′ =

∑
μ̃N−1

[
F lN−2bN

ac

]
(eN−1μ̃N−1μN )

(b νN−1δ)

[
F lN−2bN

ac

]∗
(eN−1μ̃N−1μ

′
N )

(b ν ′′′
N−1δ)

N−2∏
i=1

δli,l ′′′i
δνi,ν

′′′
i
. (B8)

We have left the dependence of O and J on �b, �b′, eN−1 and bN implicit. Note that the matrix JμN ,μ′
N

depends only on anyon
charges and fusion vertices at the trijunction. Proceeding with the replica trick, one finds for ne ∈ 2Z,

Tr
[(̃

ρ
TA
AB

(̃
ρ

TA
AB

)†)ne/2] = ∑
�b�b′

bN eN−1

(
d2

bN
d�bd�b′

d2
bD4N−4

)ne/2∑
�e′,�μ′
�l,�ν

[Hne/2]�μ′,�ν;�μ′ �ν
�e′,�l;�e′,�l . (B9)

Defining the matrix ElN−2l ′N−2 with elements

E
lN−2l ′N−2

νN−1μ̃
′
N−1;ν ′

N−1μ̃
′′
N−1

=
∑

μ
(1)
N μ

(2)
N

ν ′
N−2μ̃N−1

[
F lN−2bN

ac

]
(eN−1μ̃N−1μ

(1)
N )

(b νN−1δ)

[
F

l ′N−2bN
ac

]∗
(eN−1μ̃

′
N−1μ

(1)
N )

(b ν ′
N−1δ)

[
F

l ′N−2bN
ac

]
(eN−1μ̃

′′
N−1μ

(2)
N )

(b ν ′
N−1δ)

[
F lN−2bN

ac

]∗
(eN−1μ̃N−1μ

(2)
N )

(b νN−1δ)

, (B10)

one finds, after a series of algebraic manipulations employing the unitarity of the F symbols, that∑
�e′,�μ′
�l,�ν

[Hne/2]�μ′,�ν;�μ′ �ν
�e′,�l;�e′,�l =

∑
l1,...,lN−2
ν1,...,νN−2

∑
l ′1,...,l

′
N−2

ν ′
1,...,ν

′
N−2

Tr
[(

ElN−2,l ′N−2

)ne/2]
. (B11)

Altogether,

Tr
[(̃

ρ
TA
AB

(̃
ρ

TA
AB

)†)ne/2] = ∑
bN eN−1

(
d2

bN

d2
bD4N−4

)ne/2 ∑
�b

l1,...,lN−2
ν1,...,νN−2

∑
�b′

l ′1,...,l
′
N−2

ν ′
1,...,ν

′
N−2

(d�bd ′
�b)ne/2Tr[(ElN−2,l ′N−2 )ne/2]. (B12)
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Now, in order to extract the area-law term, we use the defini-
tion (3.25) to write∑

�b
l1,...,lN−2
ν1,...,νN−2

dne/2
�b = [KN−1

ne/2

]
0lN−2

, (B13)

where we have used Nb0
0b1

= δb0,b1 . Again, as in the computa-
tion of the negativity in the absence of anyons, we may use
the diagonal form of Kne/2, to write[

KN−1
ne/2

]
0lN−1

= κN−1
ne/2,0

dlN−2

D2
eF (N−1,lN−2,ne/2). (B14)

In the thermodynamic limit N = n + 2 → ∞, we have that
F (N − 1, lN−2, ne/2) → 0, and so

Tr
[(̃

ρ
TA
AB

(̃
ρ

TA
AB

)†)ne/2]→ ∑
bN ,eN−1

lN−2,l ′N−2

(
d2

bN

d2
bD4N−4

)ne/2

κ2N−2
ne/2,0

× dlN−2 dl ′N−2

D4
Tr[(ElN−2,l ′N−2 )ne/2].

(B15)

It is not clear how to take the replica limit ne → 1, as it is not
immediately apparent what the square root of the matrix E is.
However, if we assume a multiplicity free theory, E reduces

to a scalar,

ElN−2l ′N−2 = ∣∣[F lN−2bN
ac

]
eN−1b

∣∣2∣∣[F l ′N−2bN
ac

]
eN−1b

∣∣2. (B16)

Taking the replica limit ne → 1, we find for the negativity in
the thermodynamic limit,

E (A : B) = 2(n + 1) ln(κ1/2,0/D) − lnD2

+ ln

⎡⎢⎣ ∑
bN eN−1

dbN

dbD2

⎛⎝∑
lN−2

dlN−2

∣∣[F lN−2bN
ac

]
eN−1b

∣∣⎞⎠2
⎤⎥⎦,

(B17)

recalling that the total number of wormholes N = n + 2. We
thus arrive at Eq. (6.10) of the main text.

2. Reflected entropy calculation details

We perform the double replica trick to compute the re-
flected entropy. After performing some tedious algebra using
the unitarity of the F symbols, one finds,∑

�b′ �e′ �μ′�l ′ �ν ′

L �μ,�ν;�μ′,�ν ′

�l,�e,�b;�l ′,�e′,�b′d�b′L �μ′,�ν ′;�μ′′,�ν ′′

�l ′,�e′,�b′;�l ′′,�e′′,�b′′

= D2N−4 dbdeN−1

dc
L �μ,�ν;�μ′′,�ν ′′

�l,�e,�b;�l ′′,�e′′,�b′ . (B18)

Making use of this, we find for α ∈ 2Z,

.

(B19)

Taking the canonical purification and tracing out BB∗, we obtain

(B20)

where T�b�b′;α is a matrix with elements[
T�b�b′;α

]
�e�e′eN−1;�e′′ �e′′′e′′

N−1
=
∑
�l�ν�l ′ �ν ′
bN

[
LbN eN−1

]�μ,�ν;�μ′,�ν ′

�l,�e,�b;�l ′,�e′,�b′
([

LbN e′′
N−1

]�μ′′,�ν;�μ′′′,�ν ′

�l,�e′′,�b;�l ′,�e′′′,�b′
)∗

dα
bN

(
deN−1 de′′

N−1

) α
2 −1

. (B21)
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We then find

Tr
[
ρ

(α)
AA∗
]β =

∑
�b�b′

⎛⎝ d�bd�b′(
dbD2N−2Dα−2

)2
d

α
2 −1

c

⎞⎠β

Tr
[
T β

�b�b′;α

]
. (B22)

Defining

C
νN−1ν

′
N−1ν

′′
N−1ν

′′′
N−1

bN b′′
N lN−2l ′N−2

=
∑
e′′

N−1

dα−2
e′′

N−1

∑
μN μ′′

N

∑
μ̃N−1μ̃

′′
N−1

[
F lN−2bN

ac

]∗
(e′′

N−1μ̃N−1μN )
(b νN−1δ)

[
F lN−2b′′

N
ac

]
(e′′

N−1μ̃N−1μ
′′
N )

(b ν ′′
N−1δ)

× [F l ′N−2bN
ac

]
(e′′

N−1μ̃
′′
N−1μN )

(b ν ′
N−1δ)

[
F

l ′N−2b′′
N

ac
]∗

(e′′
N−1μ̃

′′
N−1μ

′′
N )

(b ν ′′′
N−1δ)

, (B23)

one finds [
T 2

�b�b′;α

]
�e�e′eN−1;�e′′′′ �e′′′′′e′′′′

N−1
=
∑
�l�ν�l ′ �ν ′
bN b′′

N
νN−1ν

′
N−1

ν ′′
N−1ν

′′′
N−1

[
LbN eN−1 ]�μ,�ννN−1;�μ′,�ν ′ν ′

N−1

�l,�e,�b;�l ′,�e′,�b′ C
νN−1ν

′
N−1ν

′′
N−1ν

′′′
N−1

bN b′′
N lN−2l ′N−2

× ([Lb′′
N e′′′′

N−1

]�μ′′′′,�νν ′′
N−1;�μ′′′′′,�ν ′ν ′′′

N−1

�l,�e′′′′,�b;�l ′,�e′′′′′,�b′

)∗
dα

bN
d2

b′′
N

(
deN−1 de′′′′

N−1

) α
2 −1

(B24)

where we have split the sum over �ν = (ν1 . . . νN−1) into a sum over �ν = (ν1 . . . νN−2) and νN−1. Thus, defining the matrix
C̃lN−2l ′N−2;α with elements [

C̃lN−2l ′N−2;α
]νN−1ν

′
N−1;ν ′′

N−1ν
′′′
N−1

bN ;b′′
N

≡ d
α
2

bN
C

νN−1ν
′
N−1ν

′′
N−1ν

′′′
N−1

bN b′′
N lN−2l ′N−2

d
α
2

b′′
N

(B25)

we have

Tr
[
T β

�b�b′;α

] =∑
�l�ν�l ′ �ν ′

Tr
[
C̃β

lN−2l ′N−2;α

]
. (B26)

Hence,

Tr
[
ρ

(α)
AA∗
]β =

∑
�b�b′

⎛⎝ d�bd�b′(
dbD2N−2Dα−2d

α
2 −1

c
)2
⎞⎠β∑

�l�ν�l ′ �ν ′

Tr
[
C̃β

lN−2l ′N−2;α

]
. (B27)

We first take the limit α → 1,

Tr
[
ρ

(1)
AA∗
]β =

∑
�b�b′

(
dcd�bd�b′

(dbD2N−3)2

)β∑
�l�ν�l ′ �ν ′

Tr
[
C̃β

lN−2l ′N−2;1

]
. (B28)

Using the definition of Eq. (3.25), we may write∑
�b

l1,...,lN−2
ν1,...,νN−2

dβ

�b = [KN−1
β

]
0lN−2

= κN−1
β,0

dlN−2

D2
eF (N−1,lN−2,β ). (B29)

So, in the limit N = n + 2 → ∞, we find

S(β )
R (A : B) = 2N − 2

1 − β
ln
( κβ,0

D2β

)
− lnD2 + 1

1 − β
ln

⎛⎝ ∑
lN−2l ′N−2

dβ
c dlN−2 dl ′N−2

d2β

b D2
Tr
[
C̃β

lN−2l ′N−2;1/2

]⎞⎠. (B30)

The first term is the area-law term, the second the usual TEE, and the last a new contribution from the anyon insertions. For a
multiplicity free theory, we have that

CbN b′′
N lN−2l ′N−2;α =

∑
e′′

N−1

dα−2
e′′

N−1

[
F lN−2bN

ac

]∗
e′′

N−1b

[
F lN−2b′′

N
ac

]
e′′

N−1b

[
F

l ′N−2bN
ac

]
e′′

N−1b

[
F

l ′N−2b′′
N

ac
]∗

e′′
N−1b, (B31)
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and so [
C̃lN−2l ′N−2;1

]
bN ,b′′

N
= d1/2

bN
d1/2

b′′
N

∑
e′′

N−1

de′′
N−1

d2
b

dlN−2 dl ′N−2
d2

c

[
F

ae′′
N−1bN

b

]
lN−2c

[
F

ae′′
N−1b′′

N

b

]∗
lN−2c

[
F

ae′′
N−1bN

b

]∗
l ′N−2c

[
F

ae′′
N−1b′′

N

b

]
l ′N−2c

. (B32)

Note that in the expression in the main text [Eq. (6.15)], we have pulled out the factor of d2
b /d2

c from the matrix C̃, defining
C̃lN−2l ′N−2

= (dc/db)2C̃lN−2l ′N−2;1.
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