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Enhancement of synthetic magnetic field induced nonreciprocity via bound
states in the continuum in dissipatively coupled systems
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The nonreciprocal propagation of light typically requires use of materials like ferrites or magneto-optical
media with a strong magnetic bias or methods based on material nonlinearities which require use of strong
electromagnetic fields. A simpler possibility to produce nonreciprocity is to use spatiotemporal modulations to
produce magnetic fields in synthetic dimensions. In this paper we show that dissipatively coupled systems can
lead to considerable enhancement of nonreciprocity in synthetic fields. The enhancement comes about from the
existence of a nearly nondecaying mode—a bound state in continuum (BIC)—in dissipatively coupled systems.
The dissipative coupling occurs in a wide class of systems coupled via transmission lines, waveguides, or nano
fibers. The systems could be optical resonators or microscopic qubits. Remarkably we find that for specific choice
of the modulation amplitudes, the transmission say in forward direction is completely extinguished whereas in
the backward direction it becomes maximum. The synthetic fields produce transmission resonances which show
significant line narrowing which owe their origin to the existence of BIC’s in dissipative systems.
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I. INTRODUCTION

The control of photonic energy and heat transport is typi-
cally relying on nonreciprocal light-matter interactions which
can be achieved in different ways. One possibility is to em-
ploy nonreciprocal media such as ferromagnets, ferrits, and
magneto-optical media which need a magnetic bias to obtain
a time-reversal symmetry breaking [1]. The nonreciprocity
manifests itself in many different ways. To have just two
out of many examples, there can be a highly nonreciprocal
energy transport [2] or heat transport [3] by coupling of
two-level systems or two nanoparticles to the nonreciprocal
surface waves of a nearby medium or substrate. The latter
effect can also be understood by the spin-spin coupling [4] of
particle resonances with the spin-momentum locked surface
waves of the nearby sample [5] and hence, the mechanism
is reminiscent of the chiral emission of quantum emitters
[6]. Similar, nonreciprocal effects can also be obtained with
intrinsically nonreciprocal materials such as Weyl semimetals.
The advantage is that it is not necessary to apply any external
magnetic field to obtain, for example, nonreciprocal reflection
[7,8] and therefore a violation of Kirchhoff’s law, directional
energy or heat transport [9], directional spin-controlled ther-
mal emission [10], and anomalous Hall effect for thermal
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radiation [11,12]. Even though Weyl semimetals offer a route
for nonreciprocal effects without external magnetic fields,
they do not allow for an active control of the nonreciprocity
as can be done by changing the magnitude or direction of
the applied magnetic fields in magneto-optical systems, for
instance. Since an integration of magnetic fields in nanoscale
devices is not easy and the nonreciprocal effects are typically
small, other methods for achieving nonreciprocity have been
explored.

One possibility is to utilize the phase matching conditions
in nonlinear effects like Brillouin-scattering-induced trans-
parency which can only be fulfilled in one direction [13,14].
Other approaches to achieve magnetic free nonreciprocity is
to apply spatiotemporal modulations. For example, spatiotem-
poral modulations of permittivities or effective permittivities
have been shown to result in a high degree of nonreciprocal
energy transport in a waveguide [15,16] or coupled resonator-
loop structure with angular-momentum biasing [17]. Such
spatiotemporal modulations of permittivities can further result
in violation of Kirchhoff’s law due to the induced non-
reciprocity of absorptivity and emissivity [18]. Similarly,
specific modulation protocols around exceptional points per-
mit nonreciprocal energy transfer as shown for Casimir force
induced energy transfer [19] and proposed for heat transfer in
a three oscillator system [20].

A related method to achieve nonreciprocal energy trans-
fer is to induce resonance frequency modulations which
can be understood to be equivalent to applying electric and
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magnetic synthetic fields [21]. Here, the synthetic electric
field is induced by the frequency modulation which generates
side bands of the system resonances and the synthetic mag-
netic field for photons is generated by including phase shifts
in the modulation [22–24]. Therefore, in the abstract synthetic
space the magnetic field can break the time-reversal symmetry
which results in nonreciprocal energy transport as theoreti-
cally and experimentally demonstrated [25]. Corresponding
to the violation of Kirchhoff’s law [18] by a spatiotemporal
modulation of the permittivity, the presence of a synthetic
magnetic field leads to a broken detailed balance for radiative
heat exchange [26]. Interestingly, the heat flux is in this case
reciprocal, but it can be nonreciprocal when specific combi-
nations of frequency and coupling strength modulations in a
three-resonator instead of two-resonator systems are carried
out [27].

The aim of this work is to demonstrate enhancement of the
nonreciprocal energy transfer in a system of two dissipatively
coupled resonators with an external excitation by a plane
electromagnetic wave and in presence of synthetic magnetic
fields. In recent years the interest in dissipatively coupled
systems has been growing due to their unique property that
these can posses a mode which can have a very long life-
time [28–31] analogous to a bound state in continuum (BIC).
The unique enhanced sensing capabilities of such systems
have been discussed in literature [30,32]. Such systems have
been used to demonstrate the effect of the phase dependent
couplings on a number of physical effects such as electro-
magnetically induced transparency, nonreciprocal transport,
interconversion between optical and microwave fields, and
Floquet driven magnon-photon coupling [33–38]. In this work
we introduce the idea of synthetic magnetic fields in dissipa-
tively coupled systems and discuss the nonreciprocal energy
transport in such dissipatively coupled systems from a very
general perspective. We bring out important differences be-
tween a dissipatively and a dispersively coupled system with
a focus on the impact of the BIC and the nonreciprocal energy
transport in presence of a synthetic magnetic field. The results
of this study have applicability to a wide class of systems:
resonator physics, qubits coupled to fibers and waveguides,
and magnonics.

The article is organized as follows: In Sec. II we introduce
the dynamical equations of the two dissipatively and disper-
sively coupled oscillators pointing out the appearance of the
BIC. In Sec. III we introduce the modulation scheme as well
as the second-order perturbation result for the transmission
coefficients. In Sec. IV we provide the formalism for the
numerical exact evaluation of the transmission coefficient and
discuss our numerical results. In Sec. V we analyze the ob-
served linewidth narrowing and we conclude with a summary
in Sec. VI.

II. DISSIPATIVE COUPLING AND BOUND
STATES IN CONTINUUM

We consider now a dissipative coupling scenario as
depicted in Fig. 1 where two resonators are placed in
close vicinity of a one-dimensional (1D) waveguide with
a monochromatic driving field exciting the oscillators. The
master equation for N resonators coupled by a shared 1D
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FIG. 1. Sketch of the forward and backward transmission of an
incident monochromatic field Fin in a dissipative coupling scenario.

waveguide with linear dispersion in the Born-Markov approx-
imation can be written as [39]

dρS (t )

dt
= − i

h̄
[HS, ρS] − i

∑
α �=β

�αβ[a†
αaβ, ρS]

−
N∑

α,β=1

καβ (a†
αaβρS − 2aβρSa†

α + ρSa†
αaβ ), (1)

where ρS is the reduced density matrix of the system of
resonators with resonance frequencies ωα described by the
Hamiltonian HS = h̄

∑N
α=1 ωαa†

αaα . In general, the oscillators
are coupled dispersively and dissipatively via the coupling
constants given by [39]

καβ = g2
αL

vg
δαβ + 	αβ cos(φαβ )(1 − δαβ ), (2)

�αβ = sin(φαβ )	αβ. (3)

Here, vg is the group velocity of the waveguide mode assum-
ing a linear dispersion ωk ≈ vg|k|, φαβ = k0xαβ is the phase
acquired by the central waveguide mode (k ≈ k0) between
two coupled resonators α and β being separated by a distance
xαβ , and 	αβ = gαgβL/vg with the length of the waveguide
L. Obviously, the dispersive coupling constants �αβ between
two resonators α and β vanish when choosing the relative
distance xαβ between the resonators such that the product
k0xαβ is an integral multiple of π . In this case the coupling is
purely dissipative [39]. If we now consider the case of two res-
onators with identical coupling to the waveguide g1 = g2, then
	11 = 	12 = 	21 = 	22 ≡ 	. Furthermore, we add to the first
loss term in the dissipative coupling constant internal and ra-
diative losses γa/b as well as couplings κa/b to input and output
ports so that κ11 = κ22 = 	 + γa/b + κa/b and κ12 = κ21 = 	.
Then, the dynamical equation for the mean values a = 〈a1〉
and b = 〈a2〉 is easily derived from the master equation. We
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obtain

d

dt

(
a
b

)
= Adc

(
a
b

)
+ F (4)

with the dynamical matrix

Adc =
(−iωa − (γa + κa + 	) −	

−	 −iωb − (γb + κb + 	)

)
.

(5)

Here, ωa/b are the resonance frequencies of the two oscillators
and F is an additional external driving field. The radiative
and internal losses γa/b are accompanied by the dissipation
rate 	 ∈ R which also serves as dissipative coupling con-
stant between both resonators; κa/b are the coupling constants
to input or output ports. With our approach we ignore any
quantum fluctuations which is reasonable since the resonators
are driven by a classical field F which means that the pho-
ton numbers are large and quantum fluctuations are small.
This assumption is reasonable because measurements with
small-amplitude coherent fields would also be limited by shot
noise so that measurements with large amplitude fields are
preferable. For fields with few photons, the nonreciprocal
behavior is better observable with quantum light [40]. Note
that our model is very general and can be applied to model
energy transfer between any two resonances or modes like
dissipatively coupled quantum qubits via a 1D waveguide [41]
or magnon modes dissipatively coupled via a cavity mode
[38], for instance.

In the rotating frame of the driving field the dynamical
matrix changes to

Ã
dc =

(−iδa − (γa + κa + 	) −	

−	 −iδb − (γb + κb + 	)

)
,

(6)

with detunings δa/b = ωa/b − ωl between the resonances and
the driving field frequency ωl . As can be easily verified, the
two eigenvalues in the limit γa + κa, γb + κb → 0 with a zero
detuning δa, δb = 0 are given by λdc

A,+ = 2	 and λdc
A,− = 0.

Since the eigenvalue λ− is zero its eigenstate has the peculiar
property that it does not evolve in time, i.e., it has an infinitely
long lifetime. This is a clear signature of a BIC [28] which
does not exist in systems with pure dispersive coupling.

In Fourier space the coupled mode Eq. (4) can be written
as

ψ(0) = MdcF̃, (7)

with the Fourier representations ψ(0) = (a(ω), b(ω))
t

and F̃,
and the matrix

Mdc = 1

X dc
a X dc

b − 	2

(
X dc

b −	

−	 X dc
a

)
(8)

with

X dc
a/b = iδa/b + γa/b + κa/b + 	 (9)

and δa/b = ωa/b − ω. When focusing at the case where both
oscillators have identical properties, i.e., ωa = ωb ≡ ω0 and
γa + κa = γb + κb ≡ γ and therefore X dc

a = X dc
b ≡ X dc, we

FIG. 2. Sketch of the forward and backward transmission of an
incident field Fin in a dispersive coupling scenario.

find the eigenvalues λdc
± = (X dc ± 	)−1. Then, when taking

again the limit γ → 0 with a zero detuning δa, δb = 0 we find

λdc
+ = 1

γ + 2	
→ 1

2	
(10)

and

λdc
− = 1

γ
→ ∞. (11)

Hence, in the frequency domain the BIC is characterized by
an infinitely large eigenvalue of the matrix Mdc which means
that even for finite but small damping rates γ the response
to an external excitation by a driving field can be very strong
with a linewidth proportional to γ .

The dynamical equations for two dispersively coupled res-
onators as depicted in Fig. 2 are in principle well known but
can also be derived from the above master equation in the
case where the dissipative couplings κ12 and κ21 vanish, which
in our waveguide configuration happens when the distance
between the resonators is chosen such that φ12 = π (n + 1/2)
with integer n. Then taking 	12 = 	21 ≡ g, the dynamics is
governed by Eq. (4) but with the dynamical matrix in the
rotating frame

Ã
nc =

(−iδa,l − γa − κa ig
ig −iδb,l − γb − κb

)
, (12)

where the dissipative terms γa and γb include only the internal
and radiative losses, since there is no waveguide in this case,
and κa and κb describe the coupling to input or output ports.
In the following we will refer to this system as one with
dispersive coupling using the abbreviation (nc) for nondissi-
pative coupling to distinguish it from the dissipative coupling.
Similarly, we obtain the same Eq. (7) in Fourier space but with
Mdc replaced by

Mnc = 1

X nc
a X nc

b + g2

(
X nc

b ig
ig X nc

a

)
(13)

and

X nc
a/b = iδa/b + γa/b + κa/b. (14)

The eigenvalues of the matrix Mnc are λnc
± = (X nc ± g)−1.

Then in the limit γa/b = 0 and κa/b = 	 with zero detuning
δa, δb = 0 they are λnc

± → (i	 ± g)−1. Hence, there is no BIC.
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III. SYNTHETIC FIELDS AND DISSIPATIVELY
COUPLED SYSTEMS

To introduce electric and magnetic synthetic fields we ap-
ply a modulation of both resonance frequencies of the form

ωa → ωa + β cos(�t ), (15)

ωb → ωb + β cos(�t + θ ), (16)

with modulation frequency �, modulation strength β, and a
phase shift θ . Then the coupled equations in Eq. (7) in Fourier
space can be written as

ψ = MF̃ + β

2i
MQ+ψ+ + β

2i
MQ−ψ−, (17)

with ψ = (a(ω), b(ω))
t
, ψ± = (a(ω ± �), b(ω ± �))

t
, and

Q± =
(

1 0
0 e±iθ

)
. (18)

Again, depending on dispersive or dissipative coupling M =
Mdc or M = Mnc, respectively. The structure of the infinitely
large set of equations nicely shows that due to modulation
sidebands at ωa/b ± n� with integer n appear. This index can
be understood as the coordinate of an artificial extra dimen-
sion which is called synthetic dimension. In this synthetic
dimension the sidebands can be understood as the analog of
the equally spaced Wannier-Stark ladder for an electron in a
periodic lattice with an applied electric field. This analogy
allows to interpret the sideband splitting in the synthetic di-
mension as being generated by a constant electric field along
that synthetic dimension which is called synthetic electric
field [21]. The above set of equations is a Floquet composition
as encountered in standard Floquet approaches [42]. It can be
observed that due to the phaseshift θ the up- and downward
transitions ±� in this synthetic dimension introduce a phase
factor exp(±iθ ). This phase factor can be understood as being
induced by a magnetic field which is called synthetic magnetic
field [21]. This synthetic magnetic field is the reason for non-
reciprocal energy transport [25] and the breakdown of detailed
balance for heat transport [26].

To quantify such nonreciprocities we define transmission
coefficients for a forward and backward transmission. For
the dissipative coupling as depicted in Fig. 1 in the forward
case, the oscillator a is driven by a monochromatic field F =
(Fa, 0)t with Fa = ε exp(−iωl t ), but due to the dissipative
coupling by a waveguide, for instance, the transmission into
the dissipative part of the system is considered so that

τ dc
f = 	[a(t ) + b(t )]

Fa
. (19)

Likewise, in the backward case the oscillator b is driven by a
monochromatic field Fb = (0, Fb)t with Fb = ε exp(−iωl t ) so
that the transmission is

τ dc
b = 	[a(t ) + b(t )]

Fb
. (20)

On the other hand, for the dispersive coupling as depicted in
Fig. 2 we define the forward transmission by assuming that the
oscillator a is driven by a monochromatic field F = (Fa, 0)t

with Fa = ε exp(−iωl t ) and by quantifying the transmission

through the coupled system by

τ nc
f = 2κbb(t )

Fa
. (21)

In the backward case the oscillator b is driven by a monochro-
matic field F = (0, Fb)t with Fb = ε exp(−iωl t ) so that the
transmission through the coupled system is

τ nc
b = 2κaa(t )

Fb
. (22)

These transmission coefficents are equivalent to those in
Ref. [25]. In order to evaluate these transmission coefficients
we need to solve the set of coupled equations [Eq. (17)].

To solve the set of equations in frequency space, first we
choose a perturbation ansatz. The zeroth-order term is then

ψ(0) = MF̃, (23)

which gives

ψ
(0)
± = M±F̃±, (24)

ψ
(0)
++/−− = M++/−−F̃++/−− (25)

for the frequencies ω ± � and ω ± 2�. The first perturbation
correction is then

ψ(1) = β

2i
MQ+ψ

(0)
+ + β

2i
MQ−ψ

(0)
−

= β

2i
MQ+M+F̃+ + β

2i
MQ−M−F̃−, (26)

and the second order is

ψ(2) = β

2i
MQ+ψ

(1)
+ + β

2i
MQ−ψ

(1)
− , (27)

etc. To get the second-order term we have to determine the
first-order terms ψ(1) at frequencies ω ± � given by

ψ
(1)
+ = β

2i
M+Q+ψ

(0)
++ + β

2i
M+Q−ψ(0) (28)

= β

2i
M+Q+M++F̃++ + β

2i
M+Q−MF̃, (29)

ψ
(1)
− = β

2i
M−Q+ψ(0) + β

2i
M−Q−ψ

(0)
−− (30)

= β

2i
M−Q+MF̃ + β

2i
M−Q−M−−F̃−−. (31)

Therefore, up to second order we obtain

ψ(2) =MF̃ + β

2i
M[Q+M+F̃+ + Q−M−F̃−]

− β2

4
M[Q+M+Q− + Q−M−Q+]MF̃

− β2

4
M[Q+M+Q+M++F̃++

+ Q−M−Q−M−−F̃−−]. (32)

For the evaluation of the transmission coefficients, we are only
interested in the wave scattering of an incidenct monochro-
matic driving field so that only the terms containing the
driving field F̃ are relevant. Therefore we restrict ourselves
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to

ψ = MF̃ − β2

4
[S + T]F̃, (33)

with S = MQ+M+Q−M and T = MQ−M−Q+M. As al-
ready noted in Ref. [25] a second-order perturbation theory
is needed to see any nonreciprocity, because the first order
terms vanish. It can also be seen that the second order result is
a superposition of transmission paths along the upper and the
lower sidebands.

With these perturbative expressions we can derive the an-
alytical formulas for the transmission coefficients in second
order. To simplify these expression we consider in the fol-
lowing only the case of oscillators with identical parameters
ωa = ωb = ω0 and γa + κa = γb + κb ≡ γ . In the case of dis-
sipative coupling we obtain

τ dc
f /b = τ dc

0

[
1 − β2

4

[
λ+

(
Mdc,+

11 + Mdc,−
11

)

+ cos(θ )λ+
(
Mdc,+

11 + Mdc,−
12

)

∓ i sin(θ )λ−
(
Mdc,−

12 − Mdc,+
12

)]]
, (34)

with τ dc
0 = 	(Mdc

21 + Mdc
11 ) = 	λdc

+ , λdc
− = Mdc

11 − Mdc
12 where

all quantities need to be evaluated at ω = ωl . Note that λdc
±

are the eigenvalues of the matrix Mdc explicitly given after
Eq. (9). As expected there can only be nonreciprocal trans-
mission when a synthetic magnetic field is present, i.e., for
θ �= 0. The largest nonreciprocal effect can be expected for
θ = π/2 ± nπ with integer n. Focusing again to the case of
identical resonators, due to the fact that λdc

− is the eigenvalue
for the BIC, having large values for small damping rates γ ,
we can expect very strong nonreciprocity for small γ at a de-
tuning δ = ω0 − ωl = 0. Likewise, the factor Mdc,−

12 − Mdc,+
12

is for γ → 0 given by

Mdc,−
12 − Mdc,+

12 = 	

(
1

(δ + �)(2i	 − (δ + �))

− 1

(δ − �)(2i	 − (δ − �))

)
(35)

indicating also strong nonreciprocity at the first two side bands
δ = ±�. Taking higher orders into account we can expect
to find strong reciprocity at δ = 0,±n� with integer n. The
modulation strength defines how strong the higher side bands
contribute.

For the dispersive coupling we obtain

τ nc
f /b =

[
τ nc

0 − β2

2

[
τ nc

0 Mnc
11

(
Mnc,+

11 + Mnc,−
11

)

+ cos(θ )λ1
(
Mnc,+

12 + Mnc,−
12

)

∓ i sin(θ )λ2
(
Mnc,+

12 − Mnc,−
12

)]]
, (36)

with τ nc
0 = Mnc

21, λ1 = (Mnc
11 )2 + (Mnc

12 )2, λ2 = (Mnc
12 )2 −

(Mnc
11 )2 where again all quantities are evaluated at ω = ωl . As

for the dissipative coupling we find nonreciprocity when a
synthetic magnetic field is present.

IV. ENHANCED NONRECIPROCITY VIA SYNTHETIC
MAGNETIC FIELDS — NUMERICAL RESULTS

A numerical solution of the coupled Langevin Eqs. (17)
can be obtained by employing the same Floquet theory
method as in Refs. [25,26,42]. By introducing the block vec-
tors

ψ = (. . . ,ψ++,ψ+,ψ,ψ−,ψ−− . . .)t , (37)

F = (. . . , F++, F+, F, F−, F−−, . . .)t , (38)

and the diagonal block matrix

M =

⎛
⎜⎜⎜⎜⎝

. . . . . . . . . . . . . . .

. . . M+ O O . . .

. . . O M O . . .

. . . O O M− . . .

. . . . . . . . . . . . . . .

⎞
⎟⎟⎟⎟⎠ (39)

and tridiagonal block matrix

L =

⎛
⎜⎜⎝

. . . . . . . . . . . . . . .
iβ
2 M+Q+ 1

iβ
2 M+Q− O . . .

. . .
iβ
2 MQ+ 1

iβ
2 MQ− . . .

. . . O
iβ
2 M−Q+ 1

iβ
2 M−Q−

. . . . . . . . . . . . . . .

⎞
⎟⎟⎠,

(40)

we can rewrite the coupled Langevin Eqs. (17) as a block
matrix equation

Lψ = MF. (41)

Hence,

ψ = L−1MF. (42)

By considering only block vectors of 2n + 1 subvectors with
the corresponding block matrices of (2n + 1) × (2n + 1) sub-
matrices, we obtain the results up to order n. Numerically, we
can choose n for any modulation strength β and modulation
frequency � so large that the numerical result practically
coincides with the exact solution.

In Fig. 3(a) we show the modulus of the complex valued
transmission coefficients |τ dc

f /b| for the forward and backward
case for a dissipative coupling choosing the modulation pa-
rameters β = 	, � = 	, θ = π/2, and the damping rate γ =
0.1	. Note that the transmissivity is defined by |τ dc

f /b|2. It can
be observed that compared to the transmission without modu-
lation τ dc

0 the transmission in forward and backward direction
can be enhanced or inhibited in forward or backward direction
by turning on the modulation. Opposite trends at δ = 0,±�

can be observed, i.e., enhanced transmission at a frequency
in forward direction is connected to an inhibited transmis-
sion in backward direction and vice versa. This trend can be
understood from the last term in the analytical second order
expressions in Eq. (34) which predict a symmetry between
the enhancement and inhibition strength. However, as can
be seen in Fig. 3(b) the analytical second-order expressions
in Eq. (34) only coincide with the numerical exact Floquet
theory for β/	 � 1 so that any asymmetry in the inhibition
and enhancement around τ dc

0 can be associated to higher-order
contributions in the perturbation approach. Interestingly, the
Floquet approach in Eq. (42) for n = 2 gives already a very
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FIG. 3. Transmission for dissipative coupling (dc): (a) |τ dc
0 |

(dashed black line), |τ dc
f | (solid line), and |τ dc

b | (dashed line) using
Floquet theory (FT) of nth order (n = 20) with � = 	, β = 	, γ =
0.1	, and θ = π/2 as function of δ/	 for the dissipative coupling.
(b) Transmission as function of the modulation strength β/	 using
the Floquet approach with n = 2 and n = 20 and the power series
perturbation results from Eq. (34) for δ = 0 and θ = π/2.

good agreement with the numerical exact results for all β/	 ∈
[0 : 2]. Furthermore, in Fig. 3 it can be seen that the forward
transmission can be fully inhibited for β/	 ≈ 1 and β/	 ≈
2.4 at zero detuning δ = 0. For β/	 ≈ 1 the difference in
forward and backward transmission reaches a maximum when
choosing θ = π/2.

We compare now the dissipative coupling with the dis-
persive coupling by determining the transmission coefficients
|τ nc

f /b| for the choice of parameters corresponding to the dissi-
pative coupling, i.e., we chose for the damping rate γ = 1.1g
(κa = κb = 1.0g and γa = γb = 0.1g) so that we have the
same overall damping rate of 1.1	 as in the dissipative cou-
pling scenario. The modulation strength and frequency β = g
and � = g remain the same. In Fig. 4(a) it can be seen that for
the chosen parameters due to modulation there is always an
inhibition of the transmission compared with the unmodulated
transmission |τ nc

0 |. This inhibition at zero detuning δ = 0 is
for small enough modulation strength β/g much stronger for
the backward than for the forward scenario as can also be seen
in Fig. 4(b). With our choice of parameters the nonreciprocal
transmission at the side bands at δ = ±� cannot be seen. Both
observations are in stark contrast to the dissipative coupling
where the transmission can exceed |τ dc

0 | and the nonreciprocal
transmission at the side bands δ = ±� is clearly visible.

FIG. 4. Transmission for dispersive coupling (nc): (a) |τ nc
0 |

(dashed black line), |τ nc
f | (solid line), and |τ nc

b | (dashed line) using
Floquet theory (FT) of nth order (n = 20) with � = g, β = g, γ =
1.1g (κa = κb = 1.0g and γa = γb = 0.1g), and θ = π/2 as function
of δ/g for the dissipative coupling. (b) Transmission as function of
the modulation strength β/g using the Floquet approach with n = 2
and n = 20 and the power series perturbation results from Eq. (36)
for δ = 0.

To more clearly demonstrate the difference between the
transmissions in the dispersive and dissipative case, we show
in Fig. 5 a direct comparison for two different values for
the damping rates. It can be seen that for small damping
rates the nonreciprocal effect becomes stronger as well as the
difference between the dispersive and dissipative case. Fur-
thermore, at zero detuning the roles of forward and backward
transmission are interchanged in both cases. In the dissipative
case the backward transmission is enhanced with respect to
|τ dc

0 | and the forward transmission is inhibited whereas in the
dispersive case it is the forward transmission which is stronger
than the backward transmission. However, if the forward or
backward transmission dominates depends on the modulation
strength and the phase θ . In Fig. 6 the dependence on the
modulation strength for two different values of θ is shown.
It can be observed that a complete inhibition for both the
dispersive and dissipative coupling is for certain values of θ

and β possible. Furthermore the nonreciprocity for dissipative
coupling is in nearly all cases stronger than for dispersive
coupling. We further remark that for any phase θ we obtain
the same results in both cases as for −θ but with the difference
that the roles of forward and backward transmission are again
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FIG. 5. Comparison of dissipative coupling (dc) and dispersive
coupling (nc): |τ nc/dc

f | (solid line) and |τ nc/dc
b | (dashed line) using

Floquet theory of nth order (n = 20) with � = 	, β = 	, and
(a) γ = 0.1	 and (b) γ = 0.5	 as function of δ/	 for the dissipative
coupling, and � = g, β = g with overall damping γ = 1.1g and
γ = 1.5g as function of δ/g for the dispersive coupling. In both cases
θ = π/2.

interchanged. This property is also suggested from the second
order expressions in Eqs. (34) and (36). Hence, by choosing
either positive or negative values of θ one can actively control
the direction of preferred transmission.

V. LINE NARROWING IN SYNTHETIC
MAGNETIC FIELDS

Finally, we want to discuss another important difference
between the dissipative and dispersive coupling which are
the different linewidths observed at δ = 0,±� (see Fig. 5,
for example). For the dissipative coupling the zeroth-order
linewidth is determined by the transmission coefficient

τ0 = 	
(
Mdc

21 + Mdc
11

) = 	

iδ + (γ + 2	)
(43)

so that the linewidth of |τ0| or |τ0|2 is

�
(0)
dc = 2(γ + 2	), (44)

and in the limit γ � 	 we have

�
(0)
dc = 4	. (45)

In second order we can determine the linewidth by consid-
ering the nonreciprocal part of the transmission coefficients

FIG. 6. Comparison of dissipative coupling (dc) and dispersive
coupling (nc): |τ f | (solid line) and |τb| (dashed line) using perturba-
tion theory of nth order (n = 20) with � = 	, β = 	, and γ = 0.1	

so that the overall damping is 1.1	 for the dissipative coupling, and
� = g, β = g with overall damping γ = 1.1g as function of β/g for
the dispersive coupling for different relative dephasing θ = 0.1π and
θ = 0.5π with δ = 0.

in Eq. (36) by determining τ0λ
dc
− for the resonances at δ = 0

and Mdc,+
12 − Mdc,−

12 for the resonances at δ = ±�. First, we
compute

τ0λ
dc
− = 	

X 2 − 	2
= 	

(iδ + γ + 	)2 − 	2

= 	

δ(2i(γ + 	) − δ) + γ 2 + 2γ	
. (46)

Close to δ ≈ 0 [δ � 2(γ + 	)] we therefore have

τ0λ
dc
− ≈ 	

2i(γ + 	)

1

δ − i γ 2+2γ	

2(γ+	)

, (47)

so that we can approximate the linewidth by

�
(2)
dc ≈ γ 2 + 2γ	

γ + 	
= γ

γ

	
+ 2

γ

	
+ 1

. (48)

We obtain the same approximative expressions for the reso-
nances at δ = ±�. In the limit γ � 	 we obtain

�
(2)
dc ≈ 2γ . (49)

Therefore, in the limit γ � 	 where the BIC becomes rele-
vant, the linewidth of the zeroth order corresponds to that of
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λdc
+ and the linewidth at the resonances δ = 0,±� have the

linewidth of the BIC λdc
− .

Let us now turn to the linewidth for the dispersive coupling.
The zeroth-order transmission |τ nc

0 | or |τ nc
0 |2 can be derived

from

τ nc
0 = 2igκ

X 2
nc + g2

≈ 1

γ

igκ

δi + γ 2+g2

2γ

(50)

for δ ≈ 0. The approximative linewidth is therefore

�(0)
nc ≈ γ 2 + g2

γ
. (51)

For the linewidth in second order we can study the transmis-
sion coefficients in Eq. (36). The sine term is the one which
determines the nonreciprocal effect so that we can focus on
this term. Therefore, we need to focus either on λ2 for δ ≈ 0
or M+

12 − M−
12 for δ ≈ ±�. Now, since we have

λ2 = 1

X 2
nc + g2

(52)

and

M+
12 − M−

12 = ig

(
1

X 2
nc,+ + g2

− 1

X 2
nc,− + g2

)
, (53)

it is apparent that both expressions have the same dependence
at the resonances as the zeroth order term τ nc

0 so that the
linewidth of the nonreciprocal part at δ = 0,±� is the same
as for τ nc

0 .
Hence, by employing a synthetic field the linewidth is

narrowing from approximately 4	 to 2γ in the dissipative
coupling scenario, whereas in the dispersive coupling the
linewidth is not altered by the modulation. The linewidth
narrowing can be nicely observed in Fig. 3(a) and the dif-
ference between the dispersive and dissipative case is nicely
observable in Fig. 5.

VI. CONCLUSIONS

In summary, we have investigated the nonreciprocal trans-
mission properties of two dissipatively coupled resonators due

to the presence of synthetic electric and magnetic fields. Our
results clearly show that in the dissipatively coupled system
the forward and backward transmission are either enhanced
or reduced at detunings δ = 0,±�, . . . with respect to the
transmission without frequency modulation. This is in con-
trast to the dispersive coupling where forward and backward
transmission are both reduced and the nonreciprocity consists
of the fact that one direction is stronger reduced than the
other. We further find that the difference between forward
and backward transmission is much stronger in the dissipative
than in the dispersive case, in particular when the intrinsic
and radiative losses are minimized so that the BIC dominates
the nonreciprocal transmission effect. For certain values of
the modulation strength β we find for zero detuning δ = 0
a zero transmission in one direction, depending on the sign of
the phase θ either in forward or backward direction. Hence,
the energy transfer at zero detuning is clearly unidirectional
like for a diode. Such a diode effect can also be obtained
for the dispersive coupling but for much larger values of the
coupling strength and with a much smaller value of the trans-
mission |τ nc| < 0.1 in the nonblocked direction compared to
|τ dc| > 0.75. Finally, for γ � 	 we find that the linewidths
of nonreciprocal transmission at detunings δ = 0,±�, . . . are
narrowing from 4	 without modulation to 2γ with modu-
lation in the case of dispersive coupling, whereas for the
dissipatively coupled system the linewidths are the same with
and without modulation.
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