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Useful in the enhancement of light-matter interaction, localization of light is at the heart of photonics studies.
Different approaches have been proposed to localize light, including those based on dynamical localization,
topological trivial or nontrivial defects in the band gap of photonic crystals, and bound states in the continuum.
Recent studies on the non-Hermitian skin effect have provided us new means to localize waves. Inspired by
two recent studies [Li ez al., Phys. Rev. Lett. 128, 223903 (2022); Zhu and Gong, Phys. Rev. B 106, 035425
(2022)], we propose an innovative method towards localized light in continuous systems via photonic corner skin
modes, which are hybrid skin-topological modes as a special kind of second-order non-Hermitian skin effect
with symmetrically distributed gain and loss. Specifically, we propose to make use of weak pseudoinversion
symmetric gain and loss, which does not close the band gap of the system, to realize a non-Hermitian photonic
Chern insulator with chiral edge states. The chiral edge states then accumulate at certain corners of the system.
Intriguing phenomena such as corner skin modes arising from an underlying bipolar second-order non-Hermitian
skin effect and multiple-corner skin modes are predicted in continuous systems.
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I. INTRODUCTION

Due to the non-Hermitian skin effect (NHSE), the spec-
trum of a non-Hermitian system is sensitive to its boundary
condition. Under open boundary conditions (OBCs), NHSE in
one-dimensional systems causes all the bulk states to localize
at one edge of the system [1-4]. While the NHSE itself has
topological origin associated with point-gap topology [3-5], it
also challenged our understanding of the usual bulk-boundary
correspondence in topological band theory and even led to
the concept of generalized bulk-boundary correspondence, via
which the topological invariants are defined in the so-called
generalized Brillouin zone [6-10].

To date, the first-order NHSE has been widely studied both
in theory and experiment [1-3,4,6—11]. However, there are
much less studies on the second-order NHSE, where certain
states (the number of states is proportional to the length of the
system) are localized at the corner, with the bulk states still
extended [12-25]. Some studies proposed to design second-
order NHSE from the Benalcazar-Bernevig-Hughes model
[14,17]. This design requires positive couplings along one
direction and negative couplings along the opposite direction;
clearly exotic features not easy to be realized in experiment.
Okugawa et al. studied second-order NHSE by connecting it
with an intrinsic or extrinsic second-order topological insula-
tor [15]. The models used therein are also yet to be realized
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in experiments. Hybrid skin-topological modes representing
a second type of second-order NHSE are more accessi-
ble to experiments, but still requiring specially designed
asymmetric couplings, hence limiting its possible extensions
[12,13,19,23]. Another kind of hybrid skin-topological modes
without asymmetric couplings has been proposed recently,
which are realized by adding gain/loss to Chern insulators or
anomalous Floquet topological insulators [24,25]. This new
development provides us one way to realize a special kind of
second-order NHSE without asymmetric couplings. However,
it was only discussed in tight-binding models while the Chern
insulator is more accessible in continuous models, such as
the gyromagnetic photonic crystal. To further explore second-
order NHSE for possible applications, we shall explore in
this work possible hybrid skin-topological modes (as second-
order NHSE) in continuous systems, specifically in photonic
crystals.

Photonic crystals, whose material parameters and geo-
metric structure can be easily tuned, have already been
proven to be a good platform to study different topologi-
cal states [26-34]. Actually the classical wave analogy of
a Chern insulator was first proposed and realized in gyro-
magnetic photonic crystals [35-37]. The Floquet topological
insulator and Weyl semimetal were all first realized in pho-
tonic crystals even earlier than their electric counterparts
[38,39]. More importantly, photonic crystals are also a good
platform to study non-Hermitian physics where the loss is
ubiquitous from material absorption or mode leaking and
the gain can be obtained from electrical or optical pumping
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[40,41]. There are also great efforts to study non-Hermitian
photonic topological states, mainly in one-dimensional
systems [42-52]. Though non-Hermitian Chern bands have
been studied in lattice models [53-56], there is less work
on non-Hermitian photonic Chern insulators using two-
dimensional photonic crystals [57-59]. Our study here shall
stimulate further interest in non-Hermitian Chern insulator
phases in two-dimensional photonic crystals as continuous
systems.

Studies of topological states and non-Hermitian physics
in photonic crystals may be relevant to a wide variety of
applications, such as topological delay line, high sensitivity
sensors, and topological lasers [60-65]. Indeed, topological
defects as one way to localize light has attracted much at-
tention for the possibility to enhance light-matter interactions
[66—69]. NHSE as a new way to localize light has also been
studied in photonic crystals most recently [70-77]. However,
the second-order version of NHSE featured in this work
as photonic corner skin modes is still not investigated in
continuous systems.

In this paper, we propose one way to obtain photonic
corner skin modes by adding pseudoinversion symmetric
gain/loss to gyromagnetic photonic crystals, which supports
chiral edge states. Different from previous studies on hybrid
skin-topological modes in lattice models [24,25], this work
establishes one simple way to realize hybrid skin-topological
modes in continuous systems. Indeed, the spectrum of the
edge states is complex under mixed boundary condition and
real under OBC. This sensitivity to the boundary conditions
constitutes a clear feature of hybrid skin-topological modes.
Correspondingly, the eigenfield is extended along the edge
under mixed boundary condition and localized at the corner
under OBC. We also found a new phenomenon called bipo-
lar second-order NHSE. Similar to the bipolar NHSE from
twisted spectral winding numbers in one-dimensional systems
[78-81], we observe that part of the chiral edge states are
localized at one corner and others are localized at the opposite
corner. This is so even though the spectrum of the edge states
does not form a loop due to a quantum anomaly [35]. Such
intriguing phenomena exist in both square lattices and trian-
gular lattices with pseudoinversion symmetry. Furthermore,
by constructing a unit cell preserving pseudo sixfold rotation
symmetry, it is found that the corner skin modes can be simul-
taneously localized at multiple corners in a triangular lattice.
In addition, the position of localization of the corner modes is
found to depend on frequency in the continuous systems we
study.

This work is organized as follows. In Sec. II, we review
the Hermitian gyromagnetic photonic crystal, which sup-
ports topological chiral edge states in both square lattices
and triangular lattices. In Sec. III, we first provide a gen-
eral understanding of the formation of corner skin modes by
accumulation of chiral edge states with gain and loss. Then
we discuss the concrete behavior of corner skin modes in
various lattices with different designs of gain/loss. Section [V
concludes this work. All the simulations are performed in
COMSOL MULTIPHYSICS and we only consider the transverse-
magnetic modes. We use the sign convention of the rf modulo
in COMSOL, where the positive (negative) imaginary parts rep-
resent loss (gain).
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FIG. 1. Topological chiral edge state of gyromagnetic photonic
crystal in a square lattice. (a) Two-dimensional photonic crystal in
a square lattice is composed of gyromagnetic rods of radius 0.11a,
with a being the lattice constant. The background is air. The unit
cell and first BZ are shown at right. (b) The bulk bands along
the high symmetric line in first BZ. The parity symmetries at high
symmetric momentum points are marked for the lower two bands.
+ (—) indicates even (odd) parity of the eigenstates. The second
band gap is a Chern insulator. (c) The projected band structure as
a function of k,. In calculation, periodic boundary condition (PBC)
is used along x and OBC is used along y. OBC is realized by setting
the boundary as perfect electric conductors. The second band gap
supports chiral edge states, one (purple) propagating to the right at
the upper boundary and the other one (green) propagating to the left
at the lower boundary.

II. TOPOLOGICAL CHIRAL EDGE STATES IN PHOTONIC
CRYSTALS WITHOUT NON-HERMITICITY

We first introduce the gyromagnetic photonic crystals,
which have been used to realize reflection-free topological
edge states [36,82-84]. One example is shown in Fig. 1(a),
where the rods made of gyromagnetic materials are regu-
larly distributed in a square lattice and the background is air.
The parameters are the same as in Ref. [36] with the lattice
constant being a, the radius of the rods being r = 0.11a,
and the relative permittivity of the rods being €, = 15. The
time-reversal symmetry is broken by magnetic field along
the z direction and the corresponding relative permeability
is a tensor

14 124i 0
—124i 14 o]. (1)
0 0 1

My =

From the unit cell in Fig. 1(a), one can see that the system
preserves fourfold rotation symmetry, which contains the in-
version symmetry with €,(r) = €,(—r) and u,(r) = u,(—r).
The first Brillouin zone is plotted in Fig. 1(a). ', X and M are
the high symmetric momentum points.
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FIG. 2. Same as in Fig. 1, except for triangular photonic crystal.
(a) Structure of the photonic crystal in a triangular lattice. (b) The
bulk bands along a high symmetric line. (c) The projected band
structures.

The bulk band structure along the high symmetric line in
the first Brillouin zone is studied and shown in Fig. 1(b).
Usually, the topological properties of the bulk band can be
described by the Chern number defined from the Bloch states
over the whole Brillouin zone [36,85]. Here we quickly check
the topological properties by considering the inversion sym-
metry eigenvalues at inversion symmetric momentum points.
From Fig. 1(b), it is seen that the inversion symmetry eigen-
values are all positive for the first band and possesses an odd
number of positive eigenvalues for the second band. This in-
dicates that the second band gap has a nonzero Chern number
(the Chern number of a band gap is the sum of Chern num-
bers of all bulk bands below the band gap). Such results are
confirmed by the projected band structure shown in Fig. 1(c),
where the right-propagating chiral edge states (purple) are
localized at the upper edge and the left-propagating chiral
edge states (green) are localized at the lower edge.

We carry out a parallel study with the same system pa-
rameters but in a triangular lattice as shown in Fig. 2(a). The
unit cell can be chosen as hexagon, which preserves sixfold
rotation symmetry, or rhombus, which preserves inversion
symmetry. Different from the squarelattice case, the high sym-
metric momentum points for the triangular lattice are I', M,
and K. In addition, only I" and M are inversion symmetry
invariant momentum points. The bulk band structure is shown
in Fig. 2(b), which is quite similar to the square lattice case
because the triangular lattice can be obtained by a slight
geometric transformation from the square lattice. Just like the
square lattice case, the inversion symmetry eigenvalues are all
positive for the first band and possesses an odd number of
positive eigenvalues for the second band, indicating again that
the second band gap has a nonzero Chern number. Indeed, the
chiral edge states can be observed in the second band gap of
projected band structure as shown in Fig. 2(c).
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FIG. 3. Schematic for corner skin modes in non-Hermitian pho-
tonic crystals with pseudoinversion symmetry. (a) Three examples
of the unit cell with pseudoinversion symmetry. The red (blue) part
indicates gain (loss). (b) One possible configuration for the chiral
edge states localized at one corner. (c) One pseudoinversion symme-
try forbidden configuration where the chiral edge states are localized

at two corners. (d),(e) Two possible configurations for the chiral edge
states localized at one or three corners.

Because the right-propagating edge states and the left-
propagating edge states are spatially separated (they are
orthogonal to each other), we can describe the topological
edge states shown in Figs. 1(c) and 2(c) by a diagonal Hamil-
tonian under the basis of the upper edge state and the lower
edge state (Yyp, Yaown)T . The Hamiltonian of the edge states
can be described by

Hedge = w,00 + v(ky — k,)o. ()

Here w, is a reference angular frequency in the middle of the
second band gap, k, is a reference momentum, and v is the
group velocity. v > 0 in our system, meaning that the upper
(lower) edge state propagates to the right (left). oy is the two-
by-two identity matrix and o, is the third Pauli matrix. This
Hamiltonian of the edge states is useful for the understanding
of photonic corner skin modes later.

III. PHOTONIC CORNER SKIN MODES IN
NON-HERMITIAN PHOTONIC CRYSTALS WITH
PSEUDOINVERSION SYMMETRY

A. General understanding of photonic corner skin modes

The photonic Chern insulators are quite robust even when
the system has non-Hermiticity. With non-Hermiticity, the
topological chiral edge states are still there without the band
gap closing [53-58]. We introduce gain and loss to the unit
cell as illustrated by some examples in Fig. 3(a), where the
red area represents gain and the blue area represents loss.

035406-3



WEIWEI ZHU AND JIANGBIN GONG

PHYSICAL REVIEW B 108, 035406 (2023)

The unit cell still preserves pseudoinversion symmetry with
€(r)= ef(—r) and w,(r) = uI(—r). As a general analysis,
note that if the chiral edge states contain gain (loss) in the
upper edge, then we can conclude that the chiral edge states
in the lower edge contain loss (gain) due to the pseudoinver-
sion symmetry. The Hamiltonian of the edge states is then
modified as

Hl‘ﬂ

edge — @roo + vk, — k,~)0'z +iyo,. 3)

The gain and loss can be treated as a modification to the
quasimomentum k, = k, + iy /v, which makes the waves lo-
calize to the right (left) for y < 0 (y > 0) due to NHSE under
OBC. Different from the usual NHSE in a one-dimensional
(1D) chain, here the spectrum of the edge state does not form
a loop so that it cannot be described by spectral winding
numbers but by the sign of y.

The localization of chiral edge states can be understood
from a general picture. Figures 3(b)-3(e) show some con-
figurations of the chiral edge states with gain/loss. The red
(blue) arrow represents gain (loss) chiral edge states. Gain
(loss) chiral edge states accumulate waves to (opposite to) the
propagation direction. Figure 3(b) is one possible configura-
tion for the square lattice where the waves are localized at the
right-down corner due the accumulation effect. Figure 3(c)
shows the configuration where the waves are localized at
two opposite corners. However, the chiral edge states on the
opposite edge having the same gain/loss are forbidden by the
pseudoinversion symmetry. So for the square lattice case, all
the waves are localized at one corner. For the triangular lattice
case, however, it is possible to localize the eigenstate at one
corner or three corners as shown in Figs. 3(d) and 3(e).

B. Photonic corner skin modes due to bipolar
second-order NHSE

We now study non-Hermitian photonic crystals in a square
lattice with pseudoinversion symmetry, whose unit cell is
shown in the inset figure of Fig. 4(a). The gain (loss) is added
to the air by tuning the relative permittivity to €, = 1 — 0.8
(¢, = 1+ 0.8i). The spectrum of the system with PBC in
both dimensions is investigated and shown in Fig. 4(a). The
eigenstates are classified into two clusters corresponding to
the second bulk band and the third bulk band. There is a line
band gap between two bulk bands. Here the terminology “line
band gap” is based on the definition in Ref. [5], where a non-
Hermitian Hamiltonian is defined to have a line band gap if
and only if its complex-energy bands do not cross a reference
line in the complex-energy plane. We then study the spectrum
of mixed boundary condition and the results are shown in
Fig. 4(b). It shows that the bulk band clusters become tighter
than that in PBC. The reason is that the nonreciprocal bulk
band combined with the gain and loss enables the system
to support first-order NHSE, so that the bulk spectrum is
sensitive to the boundary condition [73]. In addition, there
are complex chiral edge states across the line band gap. The
spectrum for the system with OBC in both directions is shown
in Fig. 4(c). Again the bulk spectrum becomes tighter. More
importantly, the spectrum of chiral edge states has a dramatic
change from complex under the mixed boundary condition
to real under OBC. Such dramatic change of the spectrum
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FIG. 4. Corner skin modes in square lattice with pseudoinversion
symmetry. (a) Spectrum for the system with PBC in both directions.
Unit cell is shown in the inset. (b) Spectrum of the system with
mixed boundary condition: PBC in one direction and OBC in another
direction. The edge states for the upper (lower) boundary are purple
(green). (c) Spectrum for the system with OBC in both directions.
(d)—(f) The field profiles for the topological edge states in open
boundary condition. (d) Corner skin modes with lower energy are
localized at the left-up corner, (e) extended topological edge states at
the transition point, and (f) corner skin modes with higher energy is
localized at the right-down corner.

is one feature of NHSE. Specifically, we witness NHSE in
topological edge states and the essence of physics here can
hence be understood as second-order NHSE.

We now focus on the spectrum of edge states in the second
band gap. Under the mixed boundary condition, the spectrum
of the edge states can be split into two parts as shown in
Fig. 4(b): in the first part marked by I, the up (down) edge
state has loss (gain) corresponding to ¥ > 0 and in second
part marked by II, the up (down) edge state has gain (loss)
corresponding to y < 0. According to Eq. (3), these two parts
have different localization behavior in OBC. The eigenfields
with OBC are shown in Figs. 4(d)-4(f). It is seen that for
part I the waves are localized at the left-up corner shown in
Fig. 4(d), at the transition point the waves are extended along
the edge shown in Fig. 4(e), and for part II the waves are
localized at the right-down corner shown in Fig. 4(f). These
phenomena are clearly the two-dimensional counterpart of
the so-called bipolar NHSE observed in 1D systems (roughly
speaking, bipolar NHSE can localize waves at two opposite
directions). For completeness, we note that bipolar NHSE is
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FIG. 5. Same as in Fig. 4, except for triangular photonic crystal.
(a) The spectrum for the system with PBC in both directions. (b) The
spectrum for the system with mixed boundary condition. (c) The
spectrum for the system with OBC in both directions. (d)—(f) The
field profiles are shown to illustrate the transition between different
localization behavior of corner modes.

usually connected with a twisted spectral winding [78-81],
and here the so-called twisted spectral winding produces two
oppositely oriented loops in contact rather than a single loop
[see Figs. 4(b) and 5(b)]. Arising from the interplay of long-
range and short-range couplings, the observation of bipolar
NHSE usually needs specially designed couplings [78-81].
Interestingly, in the photonic crystal model we study here, the
long-range couplings are naturally there and thus make it easy
to realize bipolar NHSE. Because the corner modes discussed
here are always of second order, the bipolar localization
phenomena here can be understood as bipolar second-order
NHSE.

Next we examine a similar photonic crystal but in a trian-
gular lattice configuration. The unit cell is shown in the inset
figure of Fig. 5(a). Similar phenomena have been observed.
Compared with the square lattice case, the bulk spectrum
is less sensitive to the boundary conditions as shown in
Figs. 5(a)-5(c). The spectrum of the edge states is, however,
still sensitive to the boundary conditions, which are complex
in mixed boundary condition and real in OBC as shown in
Figs. 5(b) and 5(c). There are also two parts: part I correspond-
ing to y > 0 and part II corresponding to y < 0. In part I, the
waves are localized at the left-up corner as shown in Fig. 5(d),
at phase transition point the waves are extended along the edge
as shown in Fig. 5(e), and in part II the waves are localized at
the right-down corner as shown in Fig. 5(f).
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FIG. 6. Corner skin modes in a triangular lattice configuration
with pseudo Cs symmetry. (a) The spectrum of the system with
PBC in both directions. (b) The spectrum of the system with mixed
boundary condition. (c) The spectrum for the system with OBC in
both directions. (d) The field profiles for one-corner skin modes
where the fields are localized at three corners. (e),(f) Two examples
of extended topological edge states.

C. Multiple-corner skin modes

Above we have shown that the photonic corner skin modes
are localized at one corner. Next we provide a case where the
photonic corner skin modes are localized at multiple corners.
The unit cell under consideration is shown in the inset fig-
ure of Fig. 6(a). The unit cell preserves pseudo sixfold rotation
symmetry with €,(r) = ej'(C(,r) and u,(r) = ,u,l'(Cﬁr), which
includes the pseudoinversion symmetry with €,(r) = ej(—r)
and p,(r) = MI(—r). The spectrum for the system with PBC
in both directions is shown in Fig. 6(a). As in the previ-
ous case, there are two bulk band clusters. The spectrum
for the system with mixed boundary condition and OBC in
both directions are shown in Figs. 6(b) and 6(c). Obviously,
the bulk spectrum is almost unchanged in different boundary
conditions. The edge spectrum is again quite sensitive to the
boundary condition insofar as the edge spectrum is complex
under mixed boundary condition and real under OBC. Focus-
ing on the spectrum of the edge states, we again see that they
still can be split into two parts: part I and part II. Under mixed
boundary condition, the spectrum of edge states is complex in
part I corresponding to y > 0 and real in part I corresponding
to y = 0. According to the analysis below Eq. (3), the waves
are localized in part [ and extended in part II when we choose
OBC in both directions. Such results are confirmed by the field
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profiles. For states belonging to part I, the waves are localized
at three corners as shown in Fig. 6(d). For part II, the waves
are extended as shown in Figs. 6(e) and 6(f).

IV. CONCLUSION AND DISCUSSION

Motivated by earlier findings of hybrid skin-topological
modes without asymmetric couplings using lattice models,
here we have extended the concept to continuous systems
and presented an innovative way to localize light by adding
designed gain and loss to photonic crystals with chiral edge
states. The light is localized at corners due to second-order
NHSE, subject to particular symmetries in the gain and

loss introduced to the lattice. Specifically, photonic corner
skin modes due to bipolar second-order NHSE and multiple-
corner skin modes are predicted in continuous systems. The
resulting interesting localization behavior of light should
be of experimental interest and may be used to enhance
light-matter interactions. Compared with the better known
first-order NHSE, our results clearly demonstrate that second-
order NHSE can be engineered by use of crystal symmetries.
Photonic crystals are hence identified as a versatile platform
to investigate and exploit second-order NHSE.

Note added. Recently, we noticed four related studies
posted on arXiv, including three theoretical studies [86—88]
and one experimental study [89].
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