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We study the linear, second-order nonlinear (NL) current and voltage responses of a two-dimensional gapped
semi-Dirac system with merging Dirac nodes along the x direction under the influence of a weak magnetic
field (B), using the semiclassical Boltzmann formalism. We investigate the effect of band geometric quantities
such as Berry curvature and orbital magnetic moment in the responses up to linear order in B. We derive exact
analytical expressions of the linear magnetoconductivities, second-harmonic NL anomalous Hall (NAH), and
NL anomalous velocity and Lorentz force induced (NAL) conductivities, unveiling their dependence on Fermi
energy and a gap parameter &y. For §; > 0, the Fermi surface topology changes at a particular Fermi energy,
which is reflected in the nature of conductivities through a kink. The ratio of NAL and NAH conductivities
is found to be independent of §, and inversely related to Fermi energy. The NL dc current exhibits distinct
orientations depending on the Fermi energy, magnetic field, and polarization of the electromagnetic wave. In
the presence of magnetic field, the NL dc current vector can be rotated through large angles upon variation of
Fermi energy. For high Fermi energies, the NL dc current is directed nearly along the y-axis for x-polarized
and low-frequency circularly polarized light, whereas it aligns close to the x-axis for high-frequency circularly
polarized light. These orientations of the NL dc current are predominantly governed by the mirror symmetry
of the system along the x direction. Additionally, we also study the NL voltage responses of the system by
applying current along the x and y directions. The system exhibits asymmetry in the B-dependencies of the NL
resistivities for the two current directions, which may serve as an experimentally relevant signature for band

geometric quantities and merging Dirac nodes in such systems.
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I. INTRODUCTION

The exfoliation of graphene in 2004 marked an impor-
tant epoch in the history of two-dimensional (2D) materials
due to its unique linear-Dirac spectrum and exotic transport
properties [1,2]. The two subbands of graphene touch at
two inequivalent points in the reciprocal space named Dirac
points, effectively describing the low-energy properties. These
Dirac points can be manipulated by varying band parameters
such as interaction strength and hopping amplitudes, result-
ing in the motion of Dirac points. Other two-dimensional
physical systems with such a spectrum have been observed
in organic conductor o-(BEDT-TTF),I3 under pressure [3-6],
8-Pmmn borophene [7-9], artificially fabricated nanostruc-
tures [10-14], and ultracold atoms [15,16].

Several studies discovered the merging of Dirac points in
the electronic spectrum of two-dimensional systems [17,18].
The merging of a pair of Dirac points into a single one
shows the existence of a topological Lifshitz transition, which
marks the separation between the semimetallic phase with two
disconnected Fermi surfaces and an insulating gapped phase.
This also leads to special semi-Dirac dispersion hosting mas-
sive fermion behavior along one direction and massless Dirac
characteristics in the orthogonal direction [19,20]. It has been
predicted that materials like TiO,/VO, nanostructures under
quantum confinement [21] and dielectric photonic crystals
[22] can exhibit such low-energy dispersions. The merging
of Dirac points has been observed experimentally in optical
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lattices [23], microwave cavities [13], and recently in
potassium deposited few-layer black phosphorus [24]. Trans-
port properties such as diffusion [25], optical conductivity
[26-29], the formation of Landau level spectra under mag-
netic field [30,31], magneto-optical conductivity [32], dy-
namic polarization, and plasmons [33] have been studied
extensively for semi-Dirac systems. The Landau levels and
transport properties for a semi-Dirac nanoribbon were dis-
cussed in recent work [34]. Very recent studies probed the
topological phases of a Chern insulator in such systems by
tuning the strength of a circularly polarized light [35] and in
the presence of extended range hopping [36].

The topological behavior of the bands is manifested in the
Berry curvature and orbital magnetic moment (OMM) of the
electrons, which can significantly affect the linear and the
NL transport properties [37,38]. Some well-known examples
in the linear-response regime are the anomalous Hall effect
[39-41], the anomalous thermal Hall effect [42,43], the planar
Hall effect [44,45], and magnetoresistance [46,47]. The dis-
covery of the NL anomalous Hall effect induced by the Berry
curvature dipole [48] in the time-reversal symmetric (TRS)
system accelerated the investigation of other NL transport
phenomena [49-57]. Moreover, it has been realized that such
NL transport responses in 2D Dirac systems survive either in
the presence of spin-orbit coupling, which results in tilting of
the Dirac cone, or higher-order warping of the Fermi surface
[48,58]. Recent studies reveal that the low-energy Hamilto-
nian that features a pair of Dirac points separated by a saddle
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point or the merging of two Dirac points can give rise to
Berry curvature dipole induced NL transport properties [59].
However, the linear and NL current responses of such systems
in the presence of a magnetic field are not explored.

In this work, we calculate the contribution of Berry cur-
vature and OMM to the linear and NL conductivities in the
presence of a weak magnetic field using the Boltzmann ap-
proach. We also study the second-order NL magnetoresistivity
of the system for two different orientations of the applied
current. The anisotropy in the nature of B-dependencies of the
NL resistivities may act as an experimental probe for band
geometric quantities as well as merging Dirac nodes in these
systems.

This paper is structured as follows: In Sec. II, we present
the general formulas to calculate the second-order NL cur-
rent responses in the presence of a weak magnetic field. In
particular, we discuss the contribution of Berry curvature and
OMM to the NL magnetoconductivities. In Sec. III, we pro-
vide a discussion on the 2D gapped semi-Dirac model with
merging Dirac nodes. In Sec. IV, we present the results of
linear and NL magnetoconductivities. We further analyze our
results and discuss the dependence of all the contributions on
Fermi energy and other system parameters in its subsequent
subsections. We also discuss the orientations of NL dc cur-
rent in response to the linearly and circularly polarized light.
Section V is dedicated to a discussion of the second-order NL
voltage responses. Finally, we summarize our main results in
Sec. VL.

II. THEORETICAL FORMULATION

In this section, we provide the general formalism to cal-
culate the second-order NL current responses in the presence
of the electric field, which oscillates in time but is uniform
in space, E(t) = Re[Ee™™'] = (1/2)[Ee~ + E*e/®'] with
E = E,X + E,¥, where E,, E, € C and a static magnetic field
B. Theoretically, for an applied electric field E(¢), the linear
current of fundamental frequency j& = o,,E}; and the NL cur-
rent jNU = Re[j(©) + j2®)¢=2"] are measured. Here, j© =
X;ngbEC* describes the NL dc current and j®) = thi(:)EbEc
describes the second-harmonic (SH) current, and the sub-
scripts a, b, and c are the coordinate indices.

The charge current is defined as j(r) = —e f[dk]Dki'f(t),
where [dk] = dzk/(Zn)2, f(t) denotes the nonequilibrium
distribution function (NDF), and Dx = [1 + (e/h)(B - )] is
the phase-space modifying factor [37], with €2 denoting the
Berry curvature. For simplicity, hereafter we will denote Dy
by D, omitting the implied k dependence. The modified semi-
classical equations of motion (including Berry curvature and
OMM) for the configuration (E L B) are given by [37,60,61]

1
P = B[fzk + = (E() x sz)], (1)
ik = %[—eE(t) — e(¥ x B)]. )

The semiclassical band velocity is defined as /vy = Vié,
where & = e — ¢ is the modified band energy due to
Zeeman-like coupling of OMM with the external magnetic
field. The OMM modified velocity can be expressed as
v = vx — vy with Aivy’ = Vi(m - B). The Berry curvature

for the nth band can be computed using " = —Im[(Viup| x
|Viuy)], where |uy) is the unperturbed eigenstate [37,62].
The OMM, generated by the semiclassical self-rotation
of the Bloch wave packet, can be evaluated using m" =
—(e/2m)Im[ (Vx| x (H — €)|Viuy)] [63]. The Boltzmann
transport equation within the relaxation-time approximation
to obtain the nonequilibrium distribution function (NDF) f(z)
is given by [64]

af ()
ot

Y R-Vif() = —M. 3)

Here, foq = [1+ eP@-m17" is the Fermi-Dirac distribution
function and 7t is the relaxation time, which is considered
constant (energy-independent) in our case. The NDF can be
expressed as f(t) = feq + Y02, f(t), where the nonequilib-
rium part of the NDF can be understood as a power series of
the electric field, i.e., f;, o« E". The recursive equation of f,
can be obtained from Eq. (3) to get the NDF up to quadratic
order in an electric field. The general expressions of the linear-
response current are discussed in detail in Appendix A, and
the corresponding nonzero linear conductivities are given by
Egs. (A3), (A6), and (A7). These linear conductivities do not
have an explicit role in the NL conductivities, but they are
used to calculate the NL resistivities, which will be discussed
in a later section.

Second-order nonlinear current responses

To calculate the second-order NL current responses
quadratic in £ and up to linear order in B, we consider the
ansatz for NDF quadratic in E,

RO =+ L+ e+ foe (4

where f20 denotes the rectification (dc) part, and fzz’” denotes
the SH part of the NDF. Substituting it in Eq. (3) and ap-
plying the Zener-Jones method [65], we can express f22“’ in

terms of the infinite series of Lorentz force operator Lp =
(e/M)[(VxxB) - V] as [60]

1 T i K et
20 20LB 2w
— E —E.-V,f% , 5

n=0

where 75, = /(1 = 2iwt) and f) = f2°(E—E*, 15,— 7).
Here, f}” is the first-order correction to the distribution func-
tion, which is presented in Appendix A. Taking into account
the weak B-field strength, we can express Eq. (5) as a power
series of the magnetic field [61]. The equilibrium part of NDF
feq consists of a B-dependence through OMM-modified en-
ergy, thus it can be expanded via Taylor expansion in terms of
Bas fog = foq — €mfly Where fl, = 8 foq/0€ With foq defined
atB=0.

1. Second-harmonic current

For an external electric field oscillating at frequency w,
we study the SH current generated at twice the excitation
frequency, j2 = x“’E,E.. The SH current can be written
as jo(t) = joo(t) + jo1(¢), where the first and second subscript
represents the order of E and B, respectively. The magnetic-

field-independent SH current can be further expressed as
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Joo(t) = j3ge 2 + jae* e where we obtain

_ 3
By = g [k x )+ rwu (- VIE - v,
©

The corresponding nonzero SH conductivity is given by

3
e, )
XLEI;IL{AH) = - 45 Eabd /[dk]QdUcfeq. (7)

Here, e,y is the Levi-Civita symbol, and abd € xyz.
The above equation denotes the SH anomalous Hall con-

ductivity X[(,Ib\]fH), which is proportional to the dipole
|

3

moment of Berry curvature over occupied states, defined as
Cpa = — f [dk](kaek)Qdfe’q. It is evident from the expres-
sion that the Berry curvature dipole moment survives in
a time-reversal symmetric and inversion symmetry broken
system, unlike the linear anomalous Hall conductivity. The
second term in Eq. (6) corresponds to SH Drude conduc-
tivity (originating from band velocity) calculated as X[Eng =
—(€3T, T2 /4h) f [dK]vg 0k, ve fe’q. The SH Drude conductivity
vanishes if either of the symmetries between TRS and space
inversion symmetry is present in contrast to linear Drude
conductivity, which is always nonzero.

The SH current linearly dependent on the magnetic field
can be written as jo; (1) = j30e %" + j2*e?!, where

= j—h / [dk]{(E X Q)1 L(E - i) f,] + T T200KE - [%(sz B)VK(E - vk f) + Vk(g(sz “B)(E - vk)fe’q>]

+ rwrzw[vkE . Vk(E . (vf{”fe’q + emkae/(/l)) + v'E - Vi (E - kae’q)] } )

The finite contribution for the SH current linear in B is pro-
portional to 72, since terms o T and 73 vanish due to TRS.
It should be noted that in the presence of SIS but broken
TRS, all these contributions vanish. Therefore, breaking of
SIS elicits these nonzero SH responses. The SH conductivity
in the presence of a magnetic field encompasses three distinct
contributions: the combined effects of anomalous velocity and
Lorentz force, the OMM, and the Berry curvature correction
to the phase-space factor. The SH Hall conductivity emerging
from the combined effects of anomalous velocity and Lorentz

force X;I;fl‘) can be obtained as

~AL _ €'ToB ,
Xobe = Ty €apba | [dKIQ2a(vk X Vi) (vefg)- (9)

The SH conductivity incited by OMM is given by

4h
+ Uaakb(vmcfe/q + Emvcfe/(;)]' (10)

3
€ TN
Xt(,[(,)LMM) =Tz /[dk][vn1¢lakb(vc'féq)

Here, f; is the double derivative of fq with respect to energy.
The contribution to the SH conductivity generated by the
phase-space factor is obtained as

T, Tow
X = [ K@ By, + 3,2 Bl s
an

We emphasize that all three of the above contributions to the
SH conductivities in the presence of a magnetic field depend
on intrinsic band geometric quantities, namely Berry curva-
ture and OMM.

2. Nonlinear dc current

The second-order response also includes a zero-frequency
current known as the photogalvanic effect (PGE). The NL dc

current can be expressed as j© = x\V E,E*.

(

The NL dc current arising from the anomalous velocity
of Bloch electrons (without magnetic field) can be obtained
as [38]

1
(0 _ (NAH) 24 (NAH) 2a
INam = 14+ w212 [Z(Xxy)zo Ey["% + Kyxx,0 |Ex| y)

NAH A NAH A
+ (X0 TEEN & + xig TEES,S)

— it (xeo [EEX1_X — xiuno 1E,E1_§)], (12)

where [E,EY], =E,EX £ E.E}, and Xf;fé{) = X(EI;?H)(CU =0)
represents the SH anomalous Hall conductivity given by
Eq. (7) at @ = 0. In Eq. (12), the terms in the first parentheses
denote the typical photovoltaic effect, and the terms in the
second (third) parentheses describe the linear (circular) PGE.
On the variation of the polarization, the linear PGE (LPGE)
is maximum for linearly polarized light, whereas the circular
PGE (CPGE) is maximum for circularly polarized light. The
CPGE current reverses sign when the polarization state of
the electric field changes from left to right circular. Note that
the LPGE vanishes for circularly polarized light, whereas the
CPGE vanishes for linearly polarized light. In Appendix B, we
present the general formulas for various contributions arising
from the geometric quantities to the NL dc current in the pres-
ence of a magnetic field. These contributions are expressed in
terms of the polarization of the electromagnetic wave.

In the upcoming sections, we will apply this formalism to
the semi-Dirac model with the merging Dirac nodes, and we
investigate its linear and second-order NL transport properties
in the presence of a low B-field.

III. GAPPED SEMI-DIRAC SYSTEM

The low-energy Hamiltonian that describes the merging of
two Dirac nodes has the following form [20,25,59]:

H(k) = (ak} — 80)ox + hBkyoy, + myo, (13)
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FIG. 1. The top panel (a)—(c) represents the energy spectrum of the model given by Eq. (13) for different values of gap parameter §,. Plot
(a) shows the case of §; > 0 describing the phase with two Dirac nodes separated by a distance 2./8yp/c along the k, direction, (b) §o = 0
corresponds to the semi-Dirac form where two Dirac nodes merge, and (c) represents the gapped phase. The bottom panel (d)—(h) illustrates
the constant Fermi energy contours corresponding to different values of §, and Fermi energy. Parts (d)—(f) describe the energy contours existing
for three scenarios when &y > 0. Part (d) represents the two disconnected Fermi surfaces in accordance with the two distinct Dirac nodes until
8o > VU2 — mé, (e) the two Fermi surfaces get connected by a saddle point at § = /u? — mé, and (f) the single connected Fermi surface
exists as long as 8 < /2 — mZ. Parts (g) and (h) describe the constant Fermi energy contours for §, = 0 and §, < 0, respectively. Here, we
have used B = 10°> m/s, my = 0.1 eV, o = 2.7 meV nm? with m* = 13.6m, for (TiO,)s/(VO, )3, where m, is the free-electron mass.

where o = (0, 0y, 0;) are the 2x2 Pauli matrices in pseu-
dospin space, K is the crystal momentum having magnitude,
k=~k>+ kyz, 8o and myq are the gap parameter, o = h%/2m*
with m* as effective mass related to the x-direction, and B is
the Dirac velocity along the y-direction. In the Hamiltonian
given by Eq. (13), the mirror symmetry is preserved along
the x-direction and broken along the y-direction. The energy
spectrum is given by

6.(k) = A\/ (k2 — 50)2 + B B2K2 + m3, (14)

where A = + denotes the conduction and valence band, re-
spectively. The corresponding band dispersion is shown in
Fig. 1. The x-component of semiclassical band velocity is
calculated as Av, = 2cxkx(akf — &0)/€x and its y-component
is v, = li*k,/ex. Equation (13) has been termed the “Uni-
versal Hamiltonian” as different types of the spectrum can be
obtained by tuning the gap parameter §, [20]. The Hamilto-
nian with 6y > 0 describes the phase that consists of two Dirac
nodes separated by a distance 2,/8p/« along the k, axis. In the
limit of 8y = 0, the two Dirac nodes merge and the resulting
dispersion exhibits semi-Dirac behavior, which is quadratic
in the x-direction and linear in the y-direction. For &y < O,
a trivial insulating phase is obtained with a nonzero energy
gap. Thus the variation of parameter §, from negative to
positive values drives the transition from an insulating phase
to a semimetallic phase. The mass term mgo; is added in the
Hamiltonian to introduce an energy gap at the Dirac nodes.
We employ the method of parametrization to the constant
energy contours €(k) in Eq. (14) considering the sign of k,
(ky = 0) in each half-plane. The change of coordinates goes

as ak)% — 80 =rcos @, ik, = rsin¢, and ¢, = sgn(k,) = £
[25]. The energy spectrum now acquires the simplified form
e = £Vt + m(z), and ¢ represents the coordinate along the
constant energy contour. The limit of ¢ varies according to
the topology of the constant energy contours obtained for
different energies. The eigenstates are given by

+r

r2+(m$mg)z
(/2 m3mo) e
r24 (WPHO) ’

Next, we discuss the constant Fermi energy contours corre-
sponding to different values of §y and Fermi energy. For a
given Fermi energy in the conduction band, the band contains
only one minima at §y = 0. Hence, we get a single Fermi
surface as a result of one nodal point (semi-Dirac node). When
o starts to increase, the single minima splits into two minima
giving rise to two allowed wave vectors that correspond to
two distinct Dirac nodes with linear dispersion. A single con-
nected Fermi surface continues to exist until 8, < v u? — m(%
and the area of the Fermi surface gets enhanced due to the
presence of extra curvature emerging from the splitting of
a single minima. These two Dirac points are connected by
a saddle point, which, upon a further increase of §, yields
two connected Fermi surfaces at 8o = v/ u* — m(z). The two
disconnected Fermi surfaces are formed for §) > v/ pu? — m,
which marks the onset of a decrease in the Fermi surface
area since the bands get narrower with the increase of §y. The
Fermi surface topology nearly remains uninterrupted with &y

Y (r) = " (15)
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FIG. 2. Variation of the density of states as a function of Fermi
energy: (a) at fixed my = 0.1 eV for different values of §, (in eV) and
(b) at fixed 8o = 0.1 eV for given values of my (in eV). The normal-
ization parameters for the density of states and the Fermi energy are
Go = 1/a and py = i*B%/a, respectively. The parameters used are
the same as in Fig. 1.

for high Fermi energy. Thus the range of ¢ € [—¢o, ¢o] can
be separated into two regions for the case of §y > 0,

—3o 2 2
arccos , 80 < |/ —mg,
[«/ﬂz-m%} ’ (16)

2
0°

¢o =

7, 8o = \/u*—m

The Jacobian for the transformation of coordinates from
(k)m ky) to (r, ¢) iS given by

’
J(r,¢) = . 17
) = s Jatens s T 50 a7
We obtain the density of states (DOS) given as
Go |82+ m2y? (K(k), y <1,
G(u) =2 L (18)
28 Yo KKK,y =21,

where K (k) and E (k) are the complete elliptic integrals of
the first and second kind, respectively, with k = /(1 + y)/2
and k' = 1/k = /2/(1 + y) known as the modulus of Ja-
cobian elliptic function and integrals. We introduce y =
80/~ 1u? —m} as a reduced parameter and Gy = 1/«. Note
that an overall factor of 2 is multiplied to consider the
sign of k,. Here, we define the scaled system parameters as
80 = 80/ 1o and g = mg/ o with o = i*B2 /. We choose
u > mg such that the Fermi energy lies above the bulk gap.
Expanding the above expression of the DOS for y > 1 up to
leading order in k' gives

52y =20 2
Gl ~ Go [+ yy <33 + 40y —{—516)/ ) (19)
32 ¥ (1+y)y”?

Near the band edge in the limit of y — oo, G(1) o 1//8,.
For very low doping the DOS decreases with &, whereas for
high doping the DOS increases with §; and matches with the
semi-Dirac result in the large p limit, as shown in Fig. 2(a).
Note that divergence occurs exactly at the saddle point (y=1).
Equation (18) at my = 0 reduces to the known results [20].
We also plotted the variation of the DOS with Fermi energy at
fixed §p = 0.1 eV for different values of energy gap parameter
my in Fig. 2(b). We find that as we increase the value of my
from 0.0 to 0.1 eV, the peak of divergence also gets shifted
since the allowed range of u will also change from p© = 0.0
to 0.1 eV such that u > my to get the physical results.

() 1.5 : (b) 1.5
.
Q, 10 m, 10 %
0.5 0.5 “
k., 00 - . k, 0.0 NS ‘ 0
y
-0.5 -0.5] 05
-1.0} | -1.0
-1.5 -1.5 . .
-1.5-1.0-0.50.0 0.5 1.0 1.5 -1.5-1.0-0.50.0 0.5 1.0 1.5
(©) Fex (d) fex
2
0y QZZ , 9y, Q,
1 P, 1
[e>Y <>
0
K o e | ‘[ -
-2
-2 - -
-2 -1 0 1 2 2 1 0 1 2
ky kx

FIG. 3. Density-contour plot of (a) Berry curvature (in units of
107! nm?), (b) OMM (in units of 4 ae/f), and (c), (d) derivative
of Berry curvature with respect to k, and k,, respectively, for the
conduction band of the system. Here, k, and k, are plotted in units of
+/80/a. The parameters used are the same as in Fig. 1.

The Berry curvature and OMM of the given Hamiltonian
can be calculated as

ha Bmok, ea Bmoky
Q=F—7F—, m=—-———7 20)
€k €k

It should be noted that Berry curvature and OMM are zero for
the gapless system (my = 0), whereas, in the limit of 6y = 0,
it remains nonzero. The OMM is the same for both bands.
The density-contour plot of the Berry curvature and OMM for
the conduction band are shown in Fig. 3. The magnitude of
Berry curvature decays rapidly as compared to OMM when
the Fermi energy shifts away from the band edge.

IV. RESULTS AND DISCUSSIONS

In this section, we calculate the linear, SH, and NL dc
current responses of the gapped semi-Dirac system in the pres-
ence of a static magnetic field applied along the z direction.
In experimental setups [50,67], the ac frequency lies in the
range of 10-1000 Hz and relaxation time t ~ 10~'2 s, which
explains the transport limit, i.e., ot < 1. In this limit, 7, - 7
and 1o, — t. In our work, we utilize this limit to determine
the linear and SH conductivities of the system by substituting
7, and 7y, with 7. In this limit, it is noteworthy that the SH
and the NL dc conductivities are nearly equal.

A. Linear conductivities

We first evaluate the linear conductivities of the system
using the general form of Eqs. (A3), (A6), and (A7) along
with modified coordinates that account for the dispersion
anisotropy. In the limit of zero temperature, a derivative of the
Fermi-Dirac distribution function is substituted by the Dirac §
function, which allows us to perform the integral over energy
analytically. Next, we can evaluate the angular integration by
considering the appropriate limits of ¢ in accordance with
the two regimes discussed in Eq. (16) for §p > 0. Such an-
gular integrals can be expressed in terms of complete elliptic
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FIG. 4. Variation of linear conductivities (up to linear order in B) with the Fermi energy for different values of &, (in eV). (a),(b) Drude
conductivity along the x- and y-direction, respectively, (c) Lorentz force induced linear Hall conductivity, and (d) OMM induced linear Hall
conductivity. The normalization parameter for linear conductivities is oy = te?%/a. Here, the solid color curves represent the results of
analytical calculations at zero temperature whereas the corresponding colored plot markers are the representatives of the results of numerical
calculations performed at temperature T = 34 K. The inset is a blow-up of the region around p = /83 + mj for §, = 0.1 eV. The parameters

used are 8 = 10° m/s, o = 2.7 meV nm? with m* = 13.6m,, 7 = 10725, B =2 T, and my = 0.1 eV.

integrals of the first and second kinds. The xx-component of Drude conductivity can be calculated using Eq. (A3) as

Oy =
1572 50, -
v (85 + gy?)
where 0 = te?%/a. In view of anisotropic dispersion, o2’
the yy-component of Drude conductivity is calculated to be

Tyy 672

v (85 + mgy?)

We have plotted the Drude conductivities o2 and o? as a
function of Fermi energy at the given values of §j in Figs. 4(a)
and 4(b). The behavior of conductivities is expectedly dif-
ferent for y < 1 (high Fermi energy with single-connected
Fermi surface) and y > 1 (low Fermi energy with two Fermi
surfaces) due to the particular Fermi surface topology in the
two regimes. For the case of y > 1, expanding the exact
analytic expressions given by Egs. (21) and (22) up to leading
order in k', we get

L0 00 5/ [(1 +2y)(3+4)/)]
T = ~ 1)3/2 ’
67 y3(82 + m2y2) (r+1

®) ~ 90

5)° [(11 +4y)] o3

Oy = 35— — 3/2
321 /)/(5%-1-’71(2))/2) (y+1)

In the limit of y — oo (near the band-edge approxima-
tion, i.e., u — my), we find that o oc u?/3 and ay(;?) x
w?/+/80. Hence, for low doping, 0P increases with both
and 89, whereas o)” increases with the Fermi energy but
decreases with §y. We noticed a small kink in both the Drude
conductivities as a consequence of a change in Fermi surface
topology exactly at the saddle point (y = 1) for the fixed
positive values of . For high doping, ¢, and o} continue
to increase with the Fermi energy. The increasing nature of
Drude conductivities with the Fermi energy can be explained

o N &P [2y? +Ty = DK(K) +20 = 2yHEK)],
2K(9 = 2yEK) + 2y (v — DK(K)],

o _ V200 5" 2y E(k) + (1 — y)K(K)],
2k[yE(K') — (y — DK(K")],

y <1,
y>1 @D

# oY), Following the details of calculation similar to the xx-term,

y <1,

y =1 @2)

(

by the monotonous increase of Fermi surface area and ve-
locities with u for given §y. It should be noted that for high
Fermi energy, the Fermi surface topology remains relatively
the same with §.

We also note the variation for the geometric mean of Drude
conductivities defined as op = v (T)g?)d;}l,)) and their ratio og =
o P /o with j1 and 8. We are interested in probing the
variations of the experimentally relevant quantity og, which is
independent of scattering time since the calculation of scat-
tering time may not be straightforward. We find that op is
independent of « and B. Similar to Drude conductivities, op
also shows an increase with the Fermi energy. However, the
ratio og decreases with Fermi energy for low doping, while
for high doping it shows an increase with the Fermi energy
for a given §y. Note that for low doping, the semi-Dirac curve
(8o = 0) for oy deviates significantly from the finite &, case.
For §) = 0, oy increases with the Fermi energy whereas it
decreases for finite §y. For high doping, the resulting ratio
curve matches perfectly well with the semi-Dirac case. Next,
we discuss the variation of these quantities as a function of
¢ for a given Fermi energy. We find that for low doping, op
is nearly constant, which is consistent with our results of the
y — oo limit, while for high doping, op shows an increase
with §y. The ratio og increases with §y. This variation for
the geometric mean and the ratio of Drude conductivities are
illustrated in Figs. 5(a) and 5(b), respectively.

Now we move to compute the magnetic-field-dependent
linear conductivities of the system. The Lorentz force-induced
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Hall conductivity can be calculated using Eq. (A6) as

T G )

Here, (Tg,“) = —avqg) and B, = B/B; with B| = hz/(era). Ex-
panding the low-energy expression up to the leading order in
k', we find

w . —0Bi
o ~ =
ol 16 /y(82 + mly?)

In the limit of y — oo, it turns out that o} o (1*)/8. The
variation of o} with the Fermi energy is shown in Fig. 4(c).

5/ [(1 +29)(3 + 4y)

(v + D)2 } @

Below the saddle point for y > 1, o§yL) increases with the

increase in Fermi energy and 8. In other words, o} decreases
as Dirac nodes move closer to each other (§o — 0). As ex-
pected, a little kink is observed at the saddle point. Past the
saddle point, G)g,“) continues to increase monotonically with

w. For high Fermi energy, O’g‘) increases with 8,. The OMM
induced Hall conductivity can be evaluated using Eq. (A7) as

o OMM) _ _ (OMM) _ _00’71332 vy 780
T T G iy

y {[2E(k)— (1 — YK ()],

<1,
’ (26)

2k[E (K], y 21,

where B, = B/B, with B, = t/i**/(ea®). Expanding the
above expression for y > 1, we find

Vv78 [(1 +4y)(5 +4J/):|

v+ 1

~ 2 =4
©oMm) . o0 B)

v e Gy

27

We find that the o OV varies as /8y in y — oo limit. For
low doping, G)ESMM) decreases with the Fermi energy whereas
it increases with §y. Above the saddle point, it continues to de-
crease with ¢ while it increases with §y. Note that this energy
dependence of G)EPMM) is related to the fact that the magnitude
of Berry curvature and OMM decreases as the Fermi energy
shifts away from the band edge. It is evident from Fig. 4(d)

0.015

£ 0010 &oa
° 8,=0 3,=0
0.005 —0,=0.1 0.2 —_—0,=0.1
8,=02 5v=02
0.000 %=031 g9 —0,=03
010 0415 020 0.25 01 02 03 04 05
Hluo Hlpo

FIG. 5. (a), (b) Plots of variation of op = /02’0 and oy =
o /o with the Fermi energy for different values of & (in eV).
The solid color curves represent the analytical results calculated at
zero temperature. All parameters used are the same as in Fig. 4.

o VB & (29 + Ty = DKK) +209 = 2yE®)],
2K[(9 = 2yDEK) + 2y (v — DK(K)],

y <1,

y =1 9

(

that the magnitude of OMM induced Hall conductivity is
considerably smaller than the other linear contributions.

We would like to point out that the linear conductivities
o, o), and oMM are predicted to be large for materials

with small effective mass, whereas O’SV)) appears small for low
effective mass. The effective mass of some proposed semi-
Dirac materials is m* = 13.6m, for (TiO;)s5/(VO,)3;, m* =
3.1m, [a-(BEDT-TTF),I3], and m* = 1.2x10~3m, (photonic
crystals) [59]. We have used m* = 13.6m,, B = 10° m/s,
my=0.1eV,a =2.7meVnm?, B=2T, and 7 = 10-2 s in
this work. We also find that the linear conductivities decrease
with the increase of gap parameter mg at a given value of p
and &y. It should be noted that only the Hall components of
the above B-linear contribution to the conductivity survive due
to the Onsager relation, which implies o;;(B) = o;;(—B). We
have also calculated these contributions to the linear conduc-
tivities numerically at 7 = 34 K, and the obtained results at
T = 34 K match well with the analytical results evaluated at
Zero temperature.

B. Nonlinear conductivities
1. Second-harmonic conductivities

Next, we calculate the different contributions (arising from
Berry curvature and OMM) to the SH conductivities of the
system. Following the details of the calculation similar to the
linear case related to the integration over energy and ¢ in two
regimes, the SH anomalous Hall conductivity can be evaluated
using Eq. (7) as

J A _ XolTo (v80)*2
o 63272 (52 + m2y?)™?
N (1 = y)K(k) + 2y E(k)], y <1,
2k[(1 = y)K(K) +yEK)], vy =1,

(28)

where xo = ¢>ta/h*B. The other nonvanishing components
of SH anomalous conductivity go as x{\ = —x A,
These off-diagonal terms are proportional to the x-component
of the Berry curvature dipole, which is nonzero due to the
mirror symmetry along the x-axis [59].

We obtained the SH Hall conductivity arising due to the ef-
fective combination of Lorentz force and anomalous velocity
for the system using Eq. (9), and we find that it is related to
SH anomalous Hall conductivity as

(NAL) _ B

(NAH)

yxy M/MO Xxyx . (29)
The other nonzero Hall component is x(NA" = —x(NAY. Tt is
evident from the above equation that the ratio xS/ x SA

is independent of §y. For the parameters used in our calcu-
lation and u = 0.2 eV, we get B o/ = 0.1. Hence, xNAD

Y
is about an order of magnitude less than x A, Thus, the
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FIG. 6. (a) Depicts the behavior of SH anomalous Hall conduc-
tivity with the Fermi energy. (b) The anomalous velocity and Lorentz
force induced SH conductivity as a function of Fermi energy. Both of
these plots are plotted for different values of §; in eV. The solid color
curves are the results of analytical calculations at zero temperature
which matches perfectly well with the numerical results obtained
at T = 34 K (color plot markers). The above SH conductivities are
normalized by xo = e>ra/h*B. The parameters used are the same as
in Fig. 4.

intrinsic anomalous response dominates over the Lorentz
force contribution. Expanding the exact analytical results
given by Egs. (28) and (29) for y > 1, we obtain

NaH) . —Xoo  (y80)*? |: 4y +11 }
= )3/2 g

Xx)rx 647'[ (Sg + ]/h(%yz

(1+y)¥?

By
X;gAL) ~ ﬁX;ﬂcAH)~ 30)
/85 + mgy?

Near the band edge at y — oo, we find that (A" and

XN o 11? /4/8o. For low doping, both the SH conductivities
increase with u but decrease with 8y. As the Fermi energy
is further increased, both x(A™ and xS start decreasing
with p, although a substantial change is not observed with &
in the region of high Fermi energy. A small kink is observed
at the saddle point, which reflects the change in Fermi surface
topology. The Fermi energy dependence of x A" and x(NAY)
for different values of § is depicted in Figs. 6(a) and 6(b), re-
spectively. The peaks in x{3*" appear to be more pronounced

than the peaks seen in x A™.

We next turn to evaluate the OMM contribution to the SH
conductivity using Eq. (10). We start by performing the inte-
gral over energy analytically using the approximation fi, =

—6&(ex — ) in the limit of 7 — 0, where we find that the

0.030}:" ()
0.025}3¢ @
L T
£ 0.0205 % )
: EEEEEREDR :O
E 0'015-5 ‘-‘:; EEEEEEE 60020.1
952 0.010" ‘.",‘:‘ sesnnns p=0.2
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%, ' ' ' ' ]
0.0025 -:. s (b)
0.0020 | z#"%*, ]
o _:l. “‘I sesmnns O,=0 i
s 0.0015 -."0“ “‘ EEEEEES 60():0.1
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~.—><>~ 0.0005 .0:‘ sEmEmms 5020.3-
0.0000 "‘.%‘:""-'-'.':.-....,,..
. % I.l.l--Illllll 1
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FIG. 7. (a), (b) OMM induced SH conductivity as a function
of Fermi energy for different values of 8, in eV. The dashed color
curves denote the results calculated numerically at 7 = 34 K. The
parameters used are the same as in Fig. 4.

resulting expression encounters divergence, unlike the previ-
ous cases. Thus the zero-temperature approximation of the
Dirac § function does not capture the proper results here.
Therefore, we proceed to calculate the OMM contribution by
computing the results numerically at finite temperature 7 =
34 K to overcome the issue of divergence. Figure 7 represents
the variation of OMM induced SH conductivities (x©M™ and
XM =y OMM) —  (OMM) with the Fermi energy.

The phase-space contribution to the SH conductivity can be
calculated using Eq. (11). Its expression after integration over
energy (at zero temperature) is cumbersome and therefore
not presented here. The nonzero components of phase-space
induced conductivity include the diagonal term xB) and off-
diagonal components x%), x(®), and o). We have plotted the
Fermi energy dependence of these terms for different values
of 8y in Fig. 8. Similar to the linear case, we have plotted the
above three contributions to the SH conductivity by perform-
ing numerical calculations at temperature 7 = 34 K, and we
observed that they agree closely with our analytical results ob-

tained at zero temperature. Both the SH conductivities X,E?cMM)

and Xa(lb?‘c) initially show an increase with the Fermi energy but
then start decreasing.

We emphasize that all the above SH conductivities have
a peak near the band edge which is related to the fact that
these SH contributions arise from the Berry curvature and
OMM and their magnitude decreases as the Fermi energy
shifts from the band edge. The peaks are not observed exactly
at the band edge because the SH contributions arise from
the effective contribution of geometric quantities and band
dispersion anisotropy. The nonzero components of these
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FIG. 8. (a)—(d) Variation of different components of phase-space factor induced SH conductivity (measured in units of xq) with the Fermi
energy for different values of 8y in eV. The solid color curves are the results calculated at zero temperature, while color plot markers represent
the numerical results obtained at T = 34 K. The parameters used are the same as in Fig. 4.

different contributions are highlighted in Table I. It is worth
pointing out that all four contributions to the SH conductiv-
ities increase with the decrease in the effective band mass of
semi-Dirac materials. Interestingly, these SH conductivities in
a given semi-Dirac material are found to be comparable to
or smaller than the SH conductivities of a 2D system hosting
massive tilted Dirac fermions [68]. We also noticed the varia-
tion of SH conductivities with the gap parameter my, and we
find that their peak is shifted with the increase of my.

2. Nonlinear dc current

We next proceed to calculate the NL dc current arising
from these different contributions in the gapped semi-Dirac
system using Eqs. (12) and (B1)—(B3),

X(NAH)
. xyx,0 A~ A~ . N
1(\(1)/)\H =1+t +ya)212 [—2IE[*§ + [EyE]], X — ioT[EE}]_%],
(31)
X(NAL)
:(0) yxy,0 2.2 28 ¥ &
= ————[( — ot )-2|E)|" R+ [E,E]].Y)
NAL (1 +a)212)2 y y +
+ 2ioT[EyE7]_§], (32)
{00 _ (OMM) 24 (OMM) 24
oMM T T 9 [Xxxx,O IEx|"X 4+ Xypeo (EYIX
+(0) (B) 2 (B) 2N\o
B = 1+(,()27,'2 [2(Xxxx,0|EX| +Xxyy,0|Ey| )X

(B) (B) 5 . (B) (B)
+ (nyx,O + nyy,O) [E\E:]+y — T (nyx,O - nyy,O)

x [EyE] §]. (34

It is evident that the obtained NL dc current is dependent on
the polarization of the incident electromagnetic wave. Here,
we define the total NL dc current as jff;i =jO% + j§°>y =

jg) AH + jl(\?gL + jg)K,IM + j](30 ) and we discuss their contributions

in response to the linearly and circularly polarized light.

Case I For linearly polarized light in the x direction, i.e.,
E = (Ey, 0, 0), the total NL dc current along the x- and y-
directions can be calculated as

2
H(0) _ (OMM) (B) 2
x 1+ Ww2T2 (Xxxx,() + Xxxx,0)|E0| ’
(0) _ (NAH) 2
Jy = —mxwo |Eol” (35)

In the low-frequency limit wt « 1, the above equa-
tion reduces to j© a2 2(x O™ 4 x® HEy|? and j}(,()) ~

(

xxx,0 xxx,0
-2 Xfy\fgl)lEolz. We have plotted the variation of j{” and j{*’
with the Fermi energy for §o = 0.1 eV in inset of Fig. 9(a).
For very low Fermi energy below the saddle point, j® and
7 are comparable and thus the angle that the total dc current

jfgi makes with the x axis (say, 6) increases monotonically

with the Fermi energy. For high Fermi energy above the saddle
point, j¥ becomes vanishingly small and nearly constant as
compared to j{”. Thus j{”” dominates and the angle between

the Jfgi and x axis saturates, & — 90°, implying that the total
dc current is nearly perpendicular to the applied electric field
as shown in Fig. 9(a). This can be attributed to the fact that
JO o x> which s finite due to the x-component of the
Berry curvature dipole. This Berry curvature dipole contri-

bution arises from the mirror symmetry along the x-axis in

TABLE I. Highlighting the nonzero components of different contributions induced by the Berry curvature and the OMM to the linear and

SH conductivities (up to linear order in a magnetic field).

B#0

B=0 Lorentz force and Phase-space factor Orbital Magnetic

j o E" Drude Anomalous Hall anomalous velocity (B) moment (OMM)
n=1

: D D L L OMM OMM

linear current responses oD #a 0 o) =—aY 0 o MWD = — g (OMMD

- B) (B OMM) ,, (OMM)_

n=2 X‘(»)L,g, X;y}?’ X;xx )’ X)(Ucy )=

SH current responses 0 ANAD = — y (NAHD XA = — x (NAD) - oo

Xyys Koy Kayy = Kypx
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FIG. 9. Variation of angle between the total NL dc current jfg{ and the x-axis (defined as 6) with the Fermi energy at o = 0.1 eV for

(a) linearly polarized light along the x-direction; (b) left and right circularly polarized light in the limit of wr < 1; (c),(d) left and right
circularly polarized light in the wt >> 1 limit. The corresponding insets represent the Fermi energy dependence of the total NL dc current

in the x- and y-directions denoted by j and j{', respectively. We have defined the scaled dc current as j = j/(2xo|Eo|*) and j\” =

J/(2x0|Eo|*). The other parameters used are the same as in Fig. 4.

the system. However, in the absence of B, the NL dc current In the wt < 1 limit, we obtain j)(co) A 2(— X(NA&) + X(ON(I)M) +
i ly along the y-direction fi Fermi . In th . T T
15 purely afong the y-direction for any rermi encrgy. in the )()E];y)‘o)lEol2 and j{” = 0, which indicates the direction of jO

high-frequency limit wz > 1, j{” and j{” are simply reduced
by a factor of w?z2.

Case II' For linearly polarized light in the y-direction, i.e.,
E = (0, Ey, 0), the NL dc current contribution in the x- and
y-directions can be obtained as

is directed along the positive x-direction, i.e., # = 0. When

ot > 1, the current in the x-direction is given by j@ ~

NAL OMM B .
(2/w212)(xy(xy70) + Xy(yw )+ X,Ey;,o)|E0|2~ The values of j©

become negative due to which jfgz is oriented antiparallel to

) 1 — w212 the x-axis, i.e., & = 180°. These currents vanish in the absence
-(0) _ T (NAL) (OMM) (B) .
T ireel T \UUrae Xyeyo T Xyywo T Xyy0 of a magnetic field.
Case III: For circularly polarized light, the electric field is
X |E0|2, given by E = (Ey, AiEy, 0), where the index A = =+ indicates
0) left and right circularly polarized light, respectively. The total
Jy =0. (36) NL dc current in the x- and y-directions can be obtained as
|
(0) _ 2 Aty NAH) 1 -0’7\ naL | _omm) |, oMM, B) ® |1g. 2
Jx = 14+ a)27:2 erxyx.O - 1 4 6021'2 nyy,O + Xxxx.O + nyx,O + Xxxx,O + Xxyy,O | Ol ’
2 2wt
1(0) (NAH) (NAL) (B) (B) 2
= | O = (o A+ Al = x| o

a. In the wt < 1 limit: The terms in the above equa-
tion with the coefficient wt correspond to the CPGE. Note
that the CPGE vanishes in this limit, which implies that
there is no difference between the effects of left and right
circularly polarized light. For low Fermi energy, j* and j

are comparable, meaning that the angle between jffg and the
x-axis increases with the Fermi energy. In the high Fermi
energy region, both j and j® decrease with the Fermi

energy. However, the major contribution to jfg{ comes from

70 ng(?)- Hence, 6 shows a gradual increase with the
Fermi energy, approaching a value close to 90° (pointing in
the direction close to the y-axis) as shown in Fig. 9(b). In the
absence of B, the NL dc current is purely along the y-direction
for any Fermi energy.

b. In the wt > 1 limit: The NL dc current in the x-
and y-directions yields the form j© o (1/wt)x N4 and

xyx,0
j}(,o) x (1/wt)( X;,fx) 0= X;E;o)’ respectively. Interestingly, we
find that the current j©) approaches the intrinsic value, i.e.,

independent of scattering time t. The dominant contribution

(

comes from j© o xgﬁl){). For left circularly polarized light,

the current Jf& flows nearly antiparallel to the x-axis, 6 —
—180° [Fig. 9(c)]. The NL dc current points exactly along the
negative x-direction in the absence of B, while for right cir-
cularly polarized light, .]51(3 flows in a direction almost parallel
to the x-axis with & — 0 [Fig. 9(d)]. The NL dc current is
directed purely along the positive x-direction without B for
any Fermi energy.

Therefore, we conclude that the direction of the NL dc
current depends on the Fermi energy, magnetic field, and the
polarization of the electromagnetic wave. It is predominantly
governed by the underlying mirror symmetry of the system.

V. SECOND-ORDER NONLINEAR VOLTAGE RESPONSES

In the previous section, we have studied the linear, SH, and
NL dc current responses of the semi-Dirac system (through
the conductivity tensors) on application of an oscillating elec-
tric field and a weak magnetic field. In this section, we look
at the inverse process, i.e., the induction of linear, SH, and
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NL dc voltage/electric fields on passing an ac current through
the system [50,68-70]. Here, “NL” would imply the order of
applied current. These induced electric fields are related to
the applied ac current j“ by introducing resistivity into the
picture. The linear resistivity o, is defined as EY = pup ;)

whereas the SH resistivity pﬁ‘c") is given by E2° = pﬁf) JLje

nldc O]

and the NL dc resistivity goes as EMN4° = Paps iR je.

A. Linear resistivity

The linear resistivity matrix can be simply obtained
by inverting the linear conductivity matrix. Keeping the
lowest-order magnetic field dependence, the linear resistiv-
ities can be calculated using p,, = 1/0 xx ), Pry = —Pyx =
—oP/(0PaP), and p,, = 1/0. Note that we have ig-
nored the OMM induced Hall conductivity contribution as
its magnitude is quite small as compared to Lorentz force
induced Hall conductivity, oMY « o). We find that the

linear longitudinal resistivity p., oc B, and the linear Hall
resistivity px, o B. These linear resistivities show a decrease
with Fermi energy.

B. Nonlinear resistivity

Unlike the linear resistivity case, the NL resistivity matrix
cannot be obtained directly by inverting the NL conductivity
matrix. Instead, the second-order NL resistivity is defined in
terms of second-order NL conductivities and linear resistivi-
ties [68] as

2
P‘(,bl —LPai XijkPjbPkc- (38)

Note that Eq. (38) remains valid for both the SH resistivity and
the NL dc resistivity, depending on which NL conductivity is
employed on the right-hand side. Here, we present the results
for the SH resistivity in the transport limit, wt < 1, obtained
by applying the current along the x- and y-directions. It is
worth pointing out that, in this limit, the SH resistivities are
nearly equal to the NL dc resistivities.

Case 1. Current applied along the x-direction: We consider
that the current is flowing only along the x-direction, and then
the components of the SH resistivity matrix for 2D systems
can be written as

P
10)5)20): _ ] (Xxxx Xxxy Xxyx Xxyy) Dxx Pyx (39)
,0)()20)( B Xyxe  Xwxy  Xwwx Xy ) | ProcPox

P

Here, p?) and py(f))c denote the SH longitudinal and SH Hall
resistivities, respectively, and [p] is the 2x 2 linear resistivity
matrix. We further simplify the above equation by keeping
the lowest-order magnetic field dependence, and ignoring the
quadratic and higher B-field dependent terms leads to

p)(ozo)c = _IOJ?X(XXXXIOXX + Xxyxpyx + nyxpxy)9

PGt = — P XyxxPyy- (40)

We find that the lowest-order magnetic field dependence of
these SH resistivities goes as p{2) oc B and p;Z) o BY, which
is distinct from the linear resistivities. It i1s evident from
Eq. (40) that p>) depends on SH conductivities and linear

Hall resistivities. Note that longitudinal resistivity p2) in the
absence of magnetic field becomes zero as x..(B = 0) =
Thus we emphasize that the predicted B-linear dependence of
p2) arises mainly from the diagonal component of SH con-
ductivity (e = XX%MM) + x®)), which remains finite due
to the surviving mirror symmetry along the x-direction. The
NL resistivities originate from Berry curvature and OMM and
therefore they have a quantum-mechanical origin. The SH
resistivities p{2) and p(3) show a relatively significant decrease
with the Fermi energy for low doping as compared to high
doping, which is illustrated in Figs. 10(a) and 10(b). Further-
more, the scattering time dependence of SH resistivities is
found to be p3) o 1/7 and p(3) o 1/72. Thus, the experimen-
tally connected scattering time independent ratios are defined
for SH resistivities as p2)/p,, and pg; /p2.. We find that

02 /pye (~ ratio of SH longitudinal voltage to the product
of linear voltage and current) decreases with the Fermi energy
and &y, whereas ,o}()zo)( /p2. (~ ratio of SH Hall voltage to the
square of linear voltage) decreases with Fermi energy but is
independent of §y. Unlike the linear and SH conductivities,
the change in Fermi surface topology is not reflected in the
SH resistivities through the kink.

Case II. Current applied along the y-direction: In the wake
of anisotropic energy dispersion, the current is also applied
along the y-direction, and the corresponding SH resistivity
matrix turns out to be

2
@ Po
P Yy [ Xoxxx Xoxxy Xoxyx Xxyy Dxy Pyy 41
) = —1p ] Pxy Py ( )
Pyvy Xyxx  Xoxy  Xyyx  Xywy Xy Fyy
2
’O.V}'

Focusing on the lowest-order magnetic field dependence
terms, we get

Py =0,

P)E%i - pxxpyy(Xxyxpxy + Xxyypyy)~ (42)

Here, the SH longitudinal resistivity p{}) vanishes and the SH

Hall resistivity ,oﬁz o< B. The SH Hall resistivity ,0)(62) in the
absence of magnetic field becomes zero as x,,,(B = O)
Hence this B-linear dependence of p3) originally arises from

the SH Hall conductivity (xu, = X)ENAL) + X)ESVMM) + x B,

xyy
which elucidates that va) also depends on intrinsic band geo-
metric quantities. The SH Hall resistivity p(z) decreases with
the Fermi energy as shown in Fig. 10(c). The scattering time
dependence goes as p(3) oc 1/7 and the ratio p3)/pyy o< 7°.
We notice that the ratio pﬁ; /pyy decreases with the Fermi
energy and §y. The nonzero components of resistivities are
summarized in Table II.

Some key observations about the SH resistivities of this
system are as follows: A SH Hall resistivity can be observed
even in the absence of B, when a current is applied along
the x-direction. A SH longitudinal resistivity can be induced
along the x-direction upon the application of B. This can
also be seen as the induction of second-order longitudinal
magnetoresistance in a system due to the effect of geomet-
ric quantities. On the other hand, for a current along the
y-direction, a SH Hall resistivity can be brought about upon
the application of B. The SH longitudinal resistivity along the

035203-11



PAL, DEY, AND GHOSH

PHYSICAL REVIEW B 108, 035203 (2023)

0 "7'/—/ 0 gpaeeE 0.00
v ,’l ’ll 0.000 I',/’ /’:/' 0.00
W | -0.002 uog -0.05
I I ur+r 1 .
o -5f @ o ooml o/ IR T % !
2 i 0006 | /! 4 i 002 < / -0.002
* ! ! ! X ] X - ]
> 1! -0.008f/ / - i > 0.10 1
L lu' H 00 / / \6’_ -4} 1 "l ! -0.03 g :. -0.003
% _10} i ! {4 _x [ H sl -~ -
g -10 i i 014 016 018 020 022 024 026] X LA S0.04bn L s 8% -0.15 ! 0.004
Q W Q [T 0.14 0.16 0.18 0.20 0.22 0.24 0.26 Q !
N E ........ 8,=0 ~ —6f 11 i 8,=0 A ~ 0.20 I
-------- 5.=0.1 CHE smmssmnn § =01 =-0. H X E
T N ) =02 1 (b)) e 8y=02 '(c) :
i L st %=03 —gh di i, . roernet 90=03) b . s 0,=03,
0.10 0.15 0.20 0.25 0.10 0.15 0.20 0.25 0.10 0.15 0.20 0.25
g Mo Ml

FIG. 10. (a) SH resistivity p

and (b) SH Hall resistivity péfj as a function of Fermi energy for different values of §, (when current is

applied along the x-direction). (c) The variation of SH Hall resistivity ,of; with the Fermi energy (when current is applied along the y-direction).
The insets represent the blow-up of the region where Fermi energy u ranges from 0.2 to 0.4 eV. The normalization parameter for SH resistivity
is defined as py = a*/(e*i>t2B7). The dashed color curves represent the numerical results obtained at T = 34 K. The parameters used are the

same as in Fig. 4.

y-direction is zero, irrespective of the presence or absence of
B (up to linear order in B). These observations highlight the
intriguing asymmetry in the dependence on the magnetic field
between the two directions. It is clear that the SH resistivities
of this system are influenced by both geometric quantities and
the underlying mirror symmetry, contributing to the distinct
responses observed along the x- and y-directions.

VI. CONCLUSIONS

In this study, we investigated the linear and second-order
NL current and voltage responses of a 2D gapped semi-
Dirac system with merging Dirac nodes. We analyzed the
system’s response to a weak magnetic field using the semi-
classical Boltzmann formalism. Notably, the system possesses
an intrinsic NL anomalous Hall conductivity, which can
be attributed to the underlying mirror symmetry [59]. The
application of a magnetic field introduces three distinct con-
tributions to the SH conductivity tensor, originating from
geometric quantities: the combined effects of anomalous ve-
locity and Lorentz force, the OMM, and the Berry curvature
correction to the phase-space factor.

We have obtained exact analytical expressions for the lin-
ear and SH conductivities of the system, expressed in terms of
complete elliptic integrals of the first and second kind, within
the transport limit. Our findings have facilitated a comprehen-
sive analysis of the conductivities and their dependence on
Fermi energy and §y. For §y > 0, the change in Fermi surface

TABLE II. Highlighting the nonzero components of linear and
SH resistivities up to linear order in a magnetic field.

E o j" B=0 B#0

n=1
linear voltage responses
EY = papjiy

Puxxs Pyy Pxy = —Pyx

n=2
SH voltage responses
E = pl i)’

2) 2) 5,2
pyxx pxxx ’ pxyy

topology (from a single-connected Fermi surface for high
Fermi energy to two Fermi surfaces for low Fermi energy)
is also manifested in the behavior of both the obtained linear
and SH conductivities. A small kink is observed at the saddle
point ¥ = 1 for the fixed positive values of §p, which marks
the transition between two different types of Fermi surfaces.
We obtained approximate expressions for conductivities at
low Fermi energy and explicitly showed their dependence on
Fermi energy and &y near the band edge. We found that the
geometric mean (ratio) of Drude conductivities in the x- and
y-directions is independent of &y for low (high) doping. We
showed that the ratio of the anomalous velocity and Lorentz
force-induced SH Hall conductivity to the SH anomalous
Hall conductivity is independent of §, and inversely related
to Fermi energy. It should be noted that in a time-reversal
symmetric system, SH Drude conductivity vanishes, which
implies that the SH longitudinal magnetoconductivity arises
solely due to geometric quantities.
We have also examined the zero-frequency current re-
sponse generated at the second order in the electric field.
We have observed that the orientation of the NL dc current
depends on the Fermi energy, magnetic field, and polarization
of an electromagnetic wave. In the absence of magnetic field,
the NL dc currents are oriented purely along the y-direction
for x-polarized and low-frequency circularly polarized light
(wt K 1), whereas they align along the x-direction for high-
frequency circularly polarized light (wt > 1). It is worth
noting that the NL dc current vanishes entirely for y-polarized
light in the absence of B. These orientations are predominantly
governed by the underlying mirror symmetry of the system.
In the presence of a magnetic field, the Fermi energy of the
system serves as a control parameter for rotating the net NL dc
current vector. Substantial rotations can be achieved by apply-
ing x-polarized and low-frequency circularly polarized light
(wt <K 1) compared to high-frequency circular polarization
(wt > 1). However, no rotation is observed for y-polarized
light. For y-polarized light, the NL dc current is consistently
parallel or antiparallel to the x-axis. However, for x-polarized
light, the NL dc current is nearly y-directed at high Fermi
energies. In the high-frequency limit, for circular polarization,
the NL dc current aligns in a direction close to the x-axis.
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Conversely, at low frequencies, the CPGE current vanishes
and the NL dc current is directed close to the y-axis for high
Fermi energies. This conversion of applied ac electric field
into dc current (rectification) in proposed semi-Dirac mate-
rials may hold applications for a wide range of technologies
[71].

We further study the SH magnetoresistivities of the sys-
tem for two different orientations of current flow: (i) along
the x-direction and (ii) along the y-direction. For the current
applied along the x-direction, the SH longitudinal resistivity
scales linearly with the magnetic field, while SH Hall resis-
tivity is independent of B in the lowest B-order. However, for
the current applied along the y-direction, the SH longitudi-
nal resistivity vanishes in both zeroth and linear order of B,
and SH Hall resistivity varies linearly with B in the lowest
order. The predicted B-linear dependence of SH resistivities
mainly arises from SH conductivities, which stem from band
geometric quantities and underlying mirror symmetry of the
system. Our results provide the platform for understanding
the second-order NL magnetotransport induced by geometric
quantities in an anisotropic 2D system undergoing a topolog-
ical transition with merging of two Dirac points.
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APPENDIX A: LINEAR CURRENT RESPONSES

In this Appendix, we calculate the current responses linear
in E' and up to linear order in B. To obtain the NDF linear in
E, we use the ansatz f(r) = f’e™"" + f**¢'” in Eq. (3) and

e

where 7, = 7/(1 — iwt). The current responses linear in E
can be expressed as j; (f) = jio(t) + j11(¢). The magnetic field
independent current of fundamental frequency can be ex-

oo

2

n=0

rwf,g
D

eT,

—2E - Vifeq |»
hD qu)

1

f1_2

(AD)

The magnetic field independent conductivities take the fol-
lowing form:

2

O =5 [dK]vavp feq (A3)
e

o410 = — e / [AK]Qu fog. (Ad)

Equation (A3) refers to the Drude conductivity, while
Eq. (A4) describes the intrinsic anomalous Hall conductivity,
which is independent of scattering time and vanishes for the
TRS preserved system.

The magnetic-field-dependent current of fundamental fre-
quency can be written as ji; () = j¢,e 7 + j9re’, and we
obtain

2
=5 / [dk][(E X )l + rka{gm BYE - Vi) feq

+ (E- Vk)emfe/q} — 7 uL(E- Vk)feqj|v (A5)

where [, = (e/R)[(vk x B) - V]. In the above expression, the
terms proportional to T vanish since 2, vy, and €, are odd in
the presence of TRS. The magnetic-field-dependent conduc-
tivities that survive under TRS are given by

et’B y
o;bu - —2—; / [dK]v,(vy Bk, — V2Bk, Vb 2y (A6)
(OMM) & ,
o = e [ KRy (A7)

Equation (A6) represents the Lorentz force contribution (clas-
sical Hall effect), while Eq. (A7) describes the OMM induced
Hall effect.

APPENDIX B: NONLINEAR DC CURRENT

In this Appendix, we provide the general expressions for
the various contributions induced by Berry curvature and
OMM to the NL dc current in the presence of magnetic
field. These expressions are valid for all 2D systems and are
presented in terms of the polarization of the electromagnetic

pressed as jio() = j9e™ " + j{re', where we obtain wave.
2 The NL dc current emerging from the interplay of anoma-
i = ~57 [dK][t,vk(E - Vi) foq + (E X 2)fql.  (A2) lous velocity and Lorentz force can be obtained as
J
1
.(0) 2.2 (NAL)| = 124 (NAL)| = 24 (NAL) *1 o (NAL) *1 o
-]NAL = (1 + 0)2‘[2)2 [(1 —wT ){Z(Xxyy,o |E)’| X+ nyx,O |EX| y) + (Xxyx,O [E)’Ex ]+X + nyy,O [E)'Ex ]+y)}
— 2iot (xgeo IEES_X — X0 [EEFLS)]. (B1)
The OMM contribution to the NL dc current can be calculated as
+(0) (OMM

OMM)lEx|2 + X;OMM)

(
JOMM - 1+ a)2‘l,'2 [Z(Xxxx,o yy,0

A OMM OMM
Ey )% +2(x or0 1Ec” + Xipno

2\¢ ) (OMM) 5
|Ey| )y + (Xxxy,O + Xxyx,O )[E)’E;]+X

yy,0

(OMM) (OMM) o (OMM) (OMM) - (OMM) (OMM) .
+ (nyy,O + nyx,O )[E)’E;]er - lwf{ (Xxyx,O - Xxxy,O )[EVE:]fx + (nyx,O - nyy,O )[E)'E;]fy}]’ (Bz)
The NL dc current induced by the phase-space factor can be obtained as
+(0) _ +(0) (OMM) (B)
J8" = Jomm (Xabc,O = Xabero): (B3)
where X,?:?é ) = X;EICAL)(w =0), X;?%M) = XégyM)(w =0), and X;Eg 0= X;Eg (w = 0) are the corresponding SH conductivities

given by Egs. (9)—(11), respectively, for ® = 0.
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