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Recently, Song and Bernevig [Phys. Rev. Lett. 129, 047601 (2022)] reformulated magic-angle twisted bilayer
graphene as a topological heavy fermion problem, and used this reformulation to provide a deeper understanding
for the correlated phases at integer fillings. In this work, we generalize this heavy-fermion paradigm to magic-
angle twisted symmetric trilayer graphene, and propose a low-energy f-c-d model that reformulates magic-angle
twisted symmetric trilayer graphene as heavy localized f modes coupled to itinerant topological semimetalic ¢
modes and itinerant Dirac d modes. Our f-c-d model well reproduces the single-particle band structure of
magic-angle twisted symmetric trilayer graphene at low energies for displacement field £ € [0, 300] meV. By
performing Hartree-Fock calculations with the f-c-d model for v = 0, —1, —2 electrons per Moir€ unit cell, we
reproduce all the correlated ground states obtained from the previous numerical Hartree-Fock calculations with
the Bistritzer-MacDonald-type model, and we find additional new correlated ground states at high displacement
field. Based on the numerical results, we propose a simple rule for the ground states at high displacement
fields by using the f-c-d model, and provide analytical derivation for the rule at charge neutrality. We also
provide analytical symmetry arguments for the (nearly) degenerate energies of the high-£ ground states at all
the integer fillings of interest, and make experimental predictions of which charge-neutral states are stabilized
in magnetic fields. Our f-c-d model provides a new perspective for understanding the correlated phenomena
in magic-angle twisted symmetric trilayer graphene, suggesting that the heavy fermion paradigm of Song and
Bernevig [Phys. Rev. Lett. 129, 047601 (2022)] should be the generic underpinning of correlated physics in

multilayer moire graphene structures.
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I. INTRODUCTION

Magic-angle twisted bilayer graphene (MATBG) [1]
hosts superconductivity [2—12] and various other interaction-
induced phenomena [13-34]. In the last several years, models
have been constructed (in the real space [35-43], in the mo-
mentum space [44-51], or phenomenologically [52-59]) to
understand the physics observed in MATBG, among other
research efforts [60—124]. Recently a physically relevant and
symmetry-preserving model that separates the correct energy
scales and is convenient for studying the correlated phenom-
ena was proposed in Ref. [125]. It is called the topological
heavy-fermion model. At the single-particle level, the model
proposed in Ref. [125] consists of localized heavy f modes
(of py£ip, symmetry) and itinerant ¢ modes, where the
nearly flat bands in MATBG are given by coupling f and ¢
modes (mainly around I'y;). The model is topological because
the ¢ modes are anomalous in one valley (when the normal-
state particle-hole symmetry is imposed exactly) and have a
double-vortex dispersion akin to that in one of the valleys
of untwisted bilayer graphene, but at the I'y; point. Using
the topological heavy-fermion model, Ref. [125] finds that
the filling of the system is governed by the heavy fermions,
which in a Hartree-Fock calculation polarize. The Hartree-
Fock calculation can be done efficiently for the correlated
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states at integer fillings, and a simple rule for the stability
of the correlated ground-states can be derived analytically
for those correlated states. Furthermore, the hope is that,
using the differentiation of degrees of freedom in local and
itinerant, progress can be made in the hard physics at non-
integer filling, as well as at nonzero temperature. Recently,
the heavy-fermion picture has been used to construct Kondo
lattice model in MATBG [126-129], and has been generalized
to twisted (M + N)-layer graphenes [130] and to a variant of
the kagome lattice [131].

Motivated by Ref. [125], in this work, we generalize
the topological heavy-fermion picture to magic-angle twisted
symmetric trilayer graphene (MATSTG) [132-166], which
has also been experimentally confirmed to host correlated
insulating states and superconductivity [167-175]. Specifi-
cally, we first follow Ref. [125] to construct the heavy f
and itinerant ¢ modes, and then generalize the framework to
include the nonzero displacement field £, which couples f and
¢ electrons to the relativistic Dirac (d) modes. The resultant
single-particle f-c-d model can reproduce almost identically
the band structure of the Bistritzer-MacDonald-type (BM-
type) model [142] in the energy window [—50 meV, 50 meV]
and for displacement field £ € [0, 300] meV. We find that the
f modes dominate the low-energy single-particle physics for
£ € [0, 300] meV.
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The interaction in the f-c-d model is obtained by pro-
jecting the Coulomb interaction to the f-c-d basis. Using
this model, we perform the self-consistent Hartree-Fock cal-
culation for the correlated states at fillings v =0, —1, —2
per Moiré unit cell. The numerical results of our Hartree-
Fock calculation are generally consistent with the previous
numerical results in Refs. [146,149,151,152,156,175], where
a phase transition to states with zero intervalley coherence at
allv = 0, —1, —2 fillings exists when increasing the displace-
ment field. Nevertheless, we find more additional correlated
ground states than found in the previous literature at high
displacement fields. We further perform analytical one-shot
Hartree-Fock analysis at the considered integer fillings. At
v =0, we provide analytical understanding of the loss of
intervalley coherence for high displacement field, and derive
a simple rule for the ground states at high fields. The same
rule is also derived for v = —1, —2 under an unrealistic ap-
proximation, but the rule turns out to be consistent with the
self-consistent calculation for v = —1, —2. We also find a
symmetry reason for the similar energies of the ground states
at high displacement fields at all v = 0, —1, —2. Finally, we
discuss the experimental implication of our results.

The rest of the paper is organized as follows. In Sec. II, we
review the BM-type model for MATSTG. In Sec. III, we build
the heavy fermion f-c-d model for MATSTG. In Sec. IV, we
perform numerical Hartree-Fock calculations with the f-c-d
model for v =0, —1, —2. In Sec. V, we perform analytical
one-shot Hartree-Fock analysis for the correlated states with
v =0, —1, —2. In Sec. VI, we conclude the paper and discuss
the experimental predictions. A series of appendices provide
all the technical details of our theory.

II. REVIEW: INTERACTING BM-TYPE MODEL
FOR MATSTG

In this section, we review the interacting BM-type
model of MATSTG, which has been theoretically studied in
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Refs. [132-161]. Here the interaction is the Coulomb inter-
action screened by a top gate and a bottom gate, where the
sample is placed in the middle of the two gates. We will only
review the contents that are essential for our later discussions
and are specific to our theory presented in this work; a more
complete and detailed discussion can be found in Ref. [142].

A. Single-Particle BM-type model

In this part, we review the BM-type model for MATSTG
following Refs. [132,142].

MATSTG is constructed from a AAA-stacking trilayer
graphene by rotating the graphene layers alternatively, i.e.,
rotating the top (I = 3) and bottom (/ = 1) layers by —6/2
and rotating middle (I = 2) layer by 6/2, where 6 > 0 cor-
responds to the counterclockwise rotation and [ = 1, 2, 3 is
the layer index. We label the lattice constant and the Fermi
velocity of the monolayer graphene as ag = 2.46 A and vy =
5944 meV A, respectively. We refer to the unit system in
which A is the length unit and meV is the energy unit as
the experimental unit system (EUS), since this unit system is
convenient for the comparison to the experiments. However,
EUS is not the most convenient unit system for the theoretical
study of MATSTG. The most convenient unit system is the
following simplified unit system in which

h=l, k9=1, v0=11 (1)

where kg = 347”62 sin(%) and €y is the vacuum permittivity.
Throughout the entire work, we will use Eq. (1) unless oth-
erwise (e.g., EUS) is specified.

With the unit system specified by Eq. (1), the single-
particle BM-type model for MATSTG reads

€ =1,

Hy=Hy+Hy - . 2)
Here “4+” and “—” label two graphene valleys, which are
related by time-reversal (TR) symmetry as

Ho_ =THo T . 3)

Specifically, Hy + reads

i —io-V-%  T® ) Vi
Ho. = / dropl, v, vl T T —ieev T | @so [ Yean ] )
T(r) —io-V+% Virs
[
ot T ¥ T . i
where ¥, = (‘/’{r.r,l,A,T’ Viriay Virrsg Virisy) 18 with -
the vector of creation operators for the + valley and the q, =(0,1)",
[th layer, 0 = (0, 0), and 0q , y,, and 5o x,y; label the Pauli N T
matrices for the sublattice index ¢ = A/B and the spin index g, = __3 _ l
s = 1/, respectively. The expression of Hy _ can be obtained 2 2
via T
NAE
93 = S5 (6)
Tlﬂ,rﬂ—il = 1p:r,zUOiSy- )
' and

In Eq. (4), we assume that the twist angle 6 is small
enough such that the kinetic terms of order O(f) can be
safely neglected. Moreover, T(r) = Y =123 Tjei"qf stands
for the interlayer hopping between neighboring layers

2 .
Tj=IU()O'()—‘rw] cos ?(]—1) Oy

. 27 .
+ sin <?(] — l))ayj|. 7)
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Here wy and w; are the AA and AB interlayer tunnellings,
respectively, with wy = 88 meV and w; = 110 meV in EUS.
The values of wy; in the unit system specified by Eq. (1)
depend on 6.

In Eq. (4), € is the energy difference generated by the dis-
placement field, i.e., the external electric field perpendicular
to MATSTG. When the displacement field is zero (£ = 0),
Hj has a mirror symmetry m, with mirror plane lying in the
middle layer, which is represented as

my, s ==y, ®)

with n = =+ the graphene valley index. Here the extra minus
sign comes from the fact that Al -, are constructed from the
p. orbital of graphene. In fact, MATSTG is called symmetric

owing to the presence of m, symmetry for £ = 0. m, allows
us to recombine w;r‘ ; into a m_-odd sector

1 .
wn re = T(Wr;,r,?a + lpr],r,l)
V=i, ©)
and a m.-even sector
= _(wnr3 1p:;rl) . (10)

/2

With the recombination, Hy , can be split into three parts

Hy , = Ho tBG,, + Hopy + Hog.p (11)
where
Hotse1 = /dz Ierr(—ia .V \/ET(I‘)) ® 50 Fes
T V2T ) —io-V ’
(12)

is equivalent to the (valley +) BM model of the ordinary TBG
with wy — \/zwo and w; — ﬁwl,

Hopy = f d*rd} (—)o-Vd,, (13)
is just a Dirac cone, the displacement field term

Hyge 4 =/d2

becomes the coupling between the TBG modes and the Dirac
modes, and

E ~
r Ewi,,,,ag, +H.c. (14)

Hotse,— = THoteo +T ',
Hop— =THop+T ",
Hoe_ =THoe T ". (15)

It is clear that Hy tpg,, and Hy p , commute with m_, while
Hy ¢, anticommutes with m,.

Hj has Moiré lattice translation symmetry, which is repre-
sented as

TRl/f = I/fTHRZ e KR
TRd;JTRfl — d:]—’rJrR e*VIIKr-R , (16)

where | = t, b labels the “layer” of the TBG part, and R is the
Moir€ lattice vector with two primitive Moiré vectors being

ay = 20, -7 and ay» = 4”( 2, 9. In particular, K,
and K, in Eq. (16) arise from the graphene valley as shown in

Appendix A, which read
K, = 3(cot(8/2), =", K, = 3(cot(6/2), D" . (17)

To exploit the Moiré lattice translational symmetry of Hy, it
is better to transform the Hamiltonian to the momentum space.
To do so, we first transform the basis to the momentum space
as

{[;'T 7‘= \/_/erelper

dTp = ﬁ/dzrelﬂ'd,;,, (18)
where p € R? and A is the area of MATSTG. Then, we define

Q=0Q,UQ , Qi=buiZ+busZ+q, (19
with

bv,i = _ (B3 '

M1 =43 — 41 = ) y

bv:=q; —q, = (¥/3,0), (20)

forming the basis of the Moiré reciprocal lattice. Finally, we
define

}— .
1/fnkQ wnk o) with Q€ Q,

dT Q_dnkQ with Qe Q, (1)

with 7)) =1 for Q € Q, and Ij =b for Q € Q_,. With
Eq. (21), the Hamiltonian becomes

HO,TBG,n: Z Z %kQ

keMBZ Q.0'cQ

x (1) oU)gg + V21 oo Js0Tig.  (22)

Hopn= Y Y. dlohbolsodyrg,  (23)

keMBZ Q€ Q,
and
£~
Hoen= > Y. Ei/f,jqkygdn,k,g +H.c. (24)
keMBZ Q€ Q,
Here hDQ(k)—(k 0) o, hfr ,=Z Ti(30.0'+q, +

5'01q, ) h2 (k) = (1Y _o(—hOV", I o = [, (g )]"
and MBZ is short for the Moiré Brillouin zone. In this work,
all numerical calculations with H, are done in the momentum
space by using Egs. (22)—(24). The numerical band structure
of Hy in the + valley is shown in Figs. 1(a)-1(d) as red lines.
The definitions of various high-symmetry points in MBZ are
illustrated in Fig. 2.

At the end of this part, we list the symmetries of Hy for
generic £. We have discussed TR and Moiré lattice trans-
lations, which are symmetries of Hy for any values of &.
Beside these two, Hy has spin-charge U(2) symmetry in each
valley, the spinless threefold rotation symmetry Cs along z,
C,7 symmetry (the combination of the spinless twofold ro-
tation C, along z and the TR operation), an effective unitary
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E = 0meV € =100meV E = 200meV & = 300meV
(a) (b) (c) (d)
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FIG. 1. The single-particle band structures of MATSTG in the + valley for the parameter values in Eq. (44) and Table I. In this figure, we
use EUS. The momentum cutoffs of the BM-type model and the f-c-d model are 2+/7 and 2+/3, respectively. (See Appendix B for details
on the f-c-d model.) In (a)—(d), we plot the band structure of the single-particle BM-type model Eq. (2) in red, and the band structure of the
single-particle f-c-d model Eq. (54) in blue. & is the energy difference between the top and bottom layer generated by the displacement field.
In (e)—(h), we replot the band structure of the single-particle BM-type model Eq. (2) in (a)—(d), respectively. The colors of the points show
the (square of the absolute values of) overlaps between the Bloch states and the trial Wannier functions according to the color bar on the right

of (h).

antisymmetry C,, P, and the charge conjugate antisymmetry
C. Here antisymmetry means that the symmmetry operation
anticommutes with the Hamiltonian, i.e., Co, PHy(Co.P)~! =
—Hy and CHyC~' = —H,. (See the symmetry representations
in Appendix A.)

B. Coulumb interaction

In this part, we review the Coulomb interaction in the BM-
type model for MATSTG following Refs. [142,149].

q1 ,
Km
I'v .MM
q
q
3 X

FIG. 2. This figure shows MBZ, as well as the q, , ; and various
high-symmetry points. Note that Ky, is equivalent to —K),.

The Coulomb interaction in MATSTG is screened by the
top and bottom gates, which are parallel to the MATSTG
sample. For simplicity, we assume that MATSTG lies in
the middle of two gates, and then the Coulomb interac-
tion between two electrons separated by r has the following
form:

1 —ipr
V(r) = Z;e PTV (p) , (25)

where

tanh(&|p|/2)
§lpl/2
& is the distance between two gates, and V; = 4#; with e the

elementary charge and € the dielectric constant. Throughout
this work, we choose

V(p) = n&*V; , (26)

£=100A and V; =24 meV (27)

in EUS for all numerical calculations, unless specified other-
wise. In Eq. (25), we have included the screening due to the

two gates. It is clear that
V*@r)=V@) and V(gr)=V(r)Vge 0Q2). (28)

With the form of the Coulomb interaction [Eq. (25)], the
Hamiltonian for the interaction reads

Hin = % / d*rd>r'Ve—r):p@)zptr):,  (29)
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where p(r) = ZnJ W;,,_ﬂﬁn.r,l is the electron number den-
sity operator. The normal-ordering is defined as : O := O —
(Go|0|Gy) with |Gy) chosen such that

(Gol W) 115 Vnrtro|Go) = 5808 — 1811850185y .
(30)
The usage of the normal ordering is just to include a
uniform positive charge background that makes half filling
charge-neutral, as discussed in the following. Based on the
form of the interaction [Eq. (29)], (—e: p(r) :) should be
the total charge density at r. Since we know —e : p(r) :=
—ep(r) + e(Gp|p(r)|Go) and —ep(r) is the electron charge
density, e(Gg|p(r)|Go) should be the background charge den-

sity. Note that e(Golp(r)|Go) = 12¢ 8(r = 0) = =222
is nothing but the charge density of a uniform positive charge
background that corresponds to half filling, justifying the
meaning of the normal ordering.

H;y is invariant under TR, Cs, G, T, m,, Moiré lattice
translations, C>, P, C, and U(2) x U(2). (See more details in

Appendix A.)

C. Interacting BM-type Hamiltonian and filling

In this part, we review some general properties of
the interacting BM-type model for MATSTG following
Refs. [142,149].

The interacting BM-type Hamiltonian for MATSTG is
the sum of the single-particle BM-type Hamiltonian and the
Coulomb interaction as

H = Hy + Hiy . €29

The total Hamiltonian H has U(2) x U(2), 7, C3, C;T and
Tr symmetries, as well as m, if combined with the action
& — —& on the electric field. However, due to the opposite
behaviors of Hy,, and Hy under C,,P and C, H does not
preserve C,, P or C, but it preserves the combination of them,
i.e., CCy P. Therefore the symmetry properties of the total
Hamiltonian are

[T,H] = [C5, H] = [GT, H] = [Tg, H]
=[CC,P,Hl =[UR) x UQ2),H] =0
mZHm;I = H|5*>75 . (32)

Based on the symmetry properties of H [Eq. (32)], we
know that we only need to study £ > 0 since the negative £
are related by m,. Furthermore, we also only need to study
the non-positive fillings, owing to CC,, P. To see this, we first
define the filling operator

o= L [ r): (33)
b=t [

where N is the number of Moiré unit cells. The eigenvalue v
of ¥ is the filling, i.e., the averaged number of electrons per
Moiré unit cell counted from the charge neutrality. Owing to
[0, H] = 0 derived from the charge-U(1) invariance of H, we
can label the energy eigenstates with definite filling v.

As the filling operator anticommutes with CC, P as
{D, CCoP} = 0 (Appendix A), we only need to study v < 0.
To be more specific, for any many-body energy eigenstate
|y ) of H with filling v and energy E, CCyP|Y, ) is an

energy eigenstate with the same energy E and opposite filling
—v. Then, if we obtain the set of all othornormal energy
eigenstates {|i, v, E;)} with filling v, {CC,,P|i, v, E;)} is the set
of all orthonormal energy eigenstates with opposite filling —v,
and the two energy eiegnstates have the same energy if they
are related by CC,,P. Therefore we only need to diagonalize
H for v < 0, and we will adopt this simplification in later
calculations.

III. f-c-d MODEL

In this section, we construct the heavy fermion f-c-d
model for MATSTG. We start with the single-particle f-c-d
model, and then project the Coulomb interaction to the heavy
fermion basis to obtain the interacting Hamiltonian.

A. Single-particle f-c-d model
We start with the single-particle f-c-d model.

1. Review: f and c modes

We first discuss the construction of the f and ¢ modes in
the TBG part of the Hamiltonian. As shown in Eq. (12), the
TBG part Hy tpg is just ordinary TBG with a +/2 scaling of
the interlayer tunneling [142]. Such rescaling can be canceled
by the same rescaling of the energy unit. Thus, given any
statement about the ordinary TBG with twist angle 61p¢, the
same statement holds for Hy tgg with 6 satisfying sin(6/2) =
V2 sin(ftpg/2) [142]. When 6 is very small (e.g., around
the first magic angle), the condition can be approximated by
0 ~ /261pG.

According to Ref. [125], in the ordinary TBG, localized
heavy f modes and itinerant ¢ modes can be constructed in
each valley for each spin by mixing the nearly flat bands with
the four lowest (two above and two below the flat bands) re-
mote bands around I'y;. Owing to the correspondence between
the TBG part Hy tgg of MATSTG and the ordinary TBG, we
are also able to construct such f and ¢ modes from Ho rgg.
In the rest of this part, we follow Ref. [125] to show such
construction. The discussion in this part is the same as that in
Ref. [125], and thus can be viewed as a review of Ref. [125].

First, the f and ¢ modes have the following expressions:

s = J;’k’Qm[in,f,a(k)]gg fork € MBZ (34)
Qo

and

T

s =D Vi 0osllnes®lgs for |kl < Ao, (35)
Qo

wherea =1, 2; 8 =1, 2, 3, 4; and A, is a small momen-
tum cutoff for the ¢ modes (small compared to the length of
the primitive Moiré reciprocal vectors). v, 7 (k) is a smooth
function of k € R? while keeping /. o = /i o With G
the Moiré lattice vector, and i, . (k) is a smooth function of
k for |k| < A..Here v, ; and i, . are all in the eigen-subspace
of the lowest six spinless bands in valley 1; v, ; belongs to the
subspace for the nearly flat bands (the remote bands) far away
from I"y; (at Ty).
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f modes are exponentially localized functions with phys-
ical symmetry representations (reps). Specifically, we can
define

1 .
fle=—= Y ™k, (36)
VN keMBZ
where
to_ (ot i t U
fﬂ,k - (fn,k,l.,T’ fn,k,l,i’ fﬂ,k.,Z,T’ fn,k,Z,i) : (37

The smoothness of v, (k) guarantees the exponential local-
ization, and the symmetry reps in Appendix A suggest that

Now we construct the low-energy Hamiltonain of Hy tpg
based on the f modes and ¢ modes. First, note that

4

NS _ T ~ ¥

1pn,k,Q.,cr,s - Z fn,k,a,s[vﬂ'f’“(k)]*QG + ch,k,ﬂ,s
p=1

a=1,2
X [ty p ()], 0 (A — kD) + ..., (38)
where “..” labels the high-energy modes in the subspace

spanned by . Then, we can separate out the low-energy part
of Hy G, (in the f and c basis) as

Ho tBG,y = Hoy,r + Hope+Hoypet ..., (39)

where Hy , s involves both f and ¢ modes, Hy, s only in-
volves f modes, and Hy , . only involves ¢ modes. Based on
the symmetry, the expressions of the low-energy terms are

r creates two spinful p-like orbitals localized at R. This is —
n, p p HO nf 0 s (40)
why the f modes are localized. o
J
[kI<Ac 0 (nk +ik,T.)
— i 2x2 v (nkyTo + 1k T,

Hone = 2 ka(vxnero ~ikyz.) Mz, ) ® Socnk @D
and

KA

HO,r],fc = Z f,;’ke_T (J/TO + Ui(nkxfx + kyfy) Ui/(nkxtx - kyfv)) ® S0Cn.k + H~C-a (42)
k
[

where Explicitly, the f modes have general expressions as

oo T T
cﬂsk - (Cﬂ,k,l",z’ c777qulr2)’
7 _ ¥ T f
Crars = €t Cprr g Cpkats Cnkal)s
¥ _ a0 ¥ T T
ity = (Cprap Cprsys Cpkans Cnkal) s (43)

and A? is the Wannier spread of the f modes. Here we choose
Hy , r = 0 because the hopping among f modes is very small
(~0.1 meV), and we only keep terms up to O(kz) for Ho ¢

and Hy , s.. Owing to the zero kinetic energy of f modes, they

K22 . "
are heavy. Here the factor ¢™ 2~ is added, since it is the cou-

pling between a wave packet with spread A and an itinerant
electron with momentum k. This factor can be neglected for
small k, but adding it allows us to choose a larger A, in later
numerical calculations.

To determine the values of the parameters, we need to
specify 6. Specifically, we choose

0 = 1.4703° (44)

which is close to the first magic angle of MATSTG. In the rest
of this work, we choose Eq. (44) for all numerical calcula-
tions unless specified otherwise. [We note that the framework
discussed here is not limited to the value of 6 in Eq. (44),
as discussed in Appendix A.] Then, by projecting Hy tsg to
the f and ¢ modes, we can get the numerical values for the
parameters in Eqgs. (40)—(42), as shown in Table I.

Before moving to other parts of the f-c-d model, we note
that approximate analytic expressions exist for the f modes.

F ras = / Py M =R L @45)
l,o

where
AKi=—q;, AK,=gq,, (46)
and
W, 7, (r) = #% D O, pa)lge  (47)
nalo _N\/§ T o5 n.f.a Qo

with Q being the area of the Moiré unit cell, Q,, = Q, and
Qyp = Q—y. Symmetry properties of w, 7, (r) are listed in
Appendix A. The approximate expressions of w, 7 (r — R)

TABLE I. Numerical values of the parameters in the single-
particle f-c-d model [Eq. (54)] for the value of 6 in Eq. (44).

M % v, v, v!
—0.02678 0.1265 0.7176 0.2711 0.005768
M, B, By, B, A
—0.1394 —0.09818 —0.08583 0.08760 1.407

035129-6



MAGIC-ANGLE TWISTED SYMMETRIC TRILAYER ...

PHYSICAL REVIEW B 108, 035129 (2023)

are
approx NO 1 _\;7\2 —iz
Wiy (1) = NG 26 e A,
TA
approx Ny 1 —‘zr.T@ . _isz
W R r)= e M2 (x+1iy)e '+, (48)

\/E ﬂ)»g

and other expressions can be obtained by acting with the
symmetries on the basis. With Ny = —0.8193, N; = —0.5734,
A1 =0.7502, and A, = 0.8001, we find the overlapping prob-
ability between the numerical f modes and the analytical f
modes is at least 86% as varying momentum, meaning that
the analytical f modes are good approximations. By using
the analytical expressions, we find that the low-energy bands
of MATSTG are dominated by the f modes, as shown in
Figs. 1(e)-1(h).

2. d Modes

The low-energy Dirac modes are just dj". p With small mo-
mentum [p| < Ay, where A, is the small momentum cutoff
for the d modes. Then, the corresponding low-energy model

of d modes is

IpI<Aq
Hoan= Y df ,(ipxoc+pyoy) ®@sodyp,  (49)
P
where
to_ gt i d g
dn,p - (dn,p.A,T’ dn.p,A.i’ dn,P,B,T’ dn,p,Bw) : (50)

3. f-d coupling around nKy,

The displacement field would couple f/c modes to d
modes. The leading-order coupling should happen between f
and d modes around nKj,. This is because, at £ = 0, d modes
cross with the nearly flat bands around 1K), in valley 5, and
the nearly flat bands around 1K), are purely given by f modes.
[See Figs. 1(a) and 1(e).]

Based on the symmetry reps in Eq. (A24) in Sec. IT A, the
leading-order coupling reads

IPISAq

_ b2
Hoppa= ) ¢

p

I okyip MIE(TotiT)s0 dy p + Hec,

61V}

where the p-dependent terms are small (and are neglected)
since the rep of Hy ¢ in the original basis is momentum in-
dependent. (See Appendix B 1 for details.) Again, we add

k%52 . .
the factor e 2 to allow a larger A, in later numerical

calculations, in the same spirit of the factor for the ¢ modes
[125]. By projecting Hy ¢ to f and d at nKy,, we can get the
numerical value of M for the 6 value in Eq. (44), as shown in
Table I. Interestingly, the value of M, can also be estimated by
the approximate analytical expressions of f modes in Eq. (48),
resulting in

No |}

M, ~ —— = —0.1397, 52
R s (52)

which is quite close to the numerical value, suggesting the
good quality of the analytical approximation.

4. f-d and c-d couplings around Ty,

We did not yet include a c-d coupling, since we focused on
the nKj,, where ¢ does not appear at low energies. To make our
model more precise, we add the c-d (as well as f-d) coupling
around I'y;. The forms of those couplings are tedious, and
we find that a more convenient way is to include them as
corrections to the low-energy TBG part [i.e., Egs. (40)—(42)].
Such corrections can be obtained by using the perturbation
theory, since the f-d and c-d couplings are small compared
to the gaps between f/c modes and d modes around I', as
elaborated in Appendix B2. As Hj ¢ has lower symmetries
than Hy 1pg, the correction would bring in terms that break
the extra symmetries of Hy tpg. Nevertheless, we numerically
find that those terms that break extra symmetries can be ne-
glected without affecting the precision too much. As a result,
the correction due to terms that preserve the extra symmetries
can be incorporated by performing the following replacement
in Egs. (40)—(42)

y = v +B,E&%, M — M + By &

(33)

v! — v/ + B,E2,

We can directly obtain the values of B,,, B, and By, for the 6
value in Eq. (44) from the perturbation methods and show the
results in Table 1.

5. Single-particle f-c-d model

Combining Sec. IITA 1-IIT A4, we arrive at the single-
particle f-c-d model as

H(if,g = HO,n,f + HO,n,c + HO,r;,fc + H(),n,d + H(),n,fd , (54)

where Hy , r, Ho ., and Hy, r. are Eq. (40)-(42) with the
replacement in Eq. (53), Hy, 4 is in Eq. (49), and Hy , 4 is
in Eq. (51). With the parameter values in Table I, we plot
the band structure of Eq. (54) in valley + in Figs. 1(a)-1(d).
We find that the bands of Eq. (54) match those of the single-
particle BM-type model Hy in Eq. (2) very well for 0 < £ <
300 meV and for the energy window [—50 meV, 50 meV] (in
EUS). The details on the numerical calculation can be found
in Appendix B.

Before moving to the interacting part of the f-c-d model,
we comment on the difference between our heavy localied
f modes and the heavy modes mentioned in previous works
[135,176] on MATSTG.

First, we emphasize that our heavy localized f modes are
not the heavy modes mentioned in Ref. [135]. Reference [135]
directly refers to the nearly flat bands in TBG part as the
ultraheavy quasiparticles: however, these cannot be localized
if physical symmetry reps are required due to the nontrivial
topology of the bands. On the other hand, our f modes are
localized, since the Wannier obstruction has been broken by
mixing the nearly flat bands and the remote bands in the
construction.

Second, although the heavy-fermion physics in MAT-
STG was also discussed in Ref. [176], the heavy modes in
Ref. [176] are different from our heavy localized f modes.
In Ref. [176], the dispersionless localized modes are phe-
nomenologically constructed by coupling the TBG nearly flat
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bands to the Dirac modes at a relatively large displacement
field. It is not clear whether their construction can be applied
to small displacement fields, since at zero displacement field,
the TBG nearly flat bands are decoupled from the Dirac cones,
and cannot be directly treated as localized modes due to their
nontrivial topology. Our dispersionless localized f modes are
constructed by combining the TBG flat bands with the remote
bands around I'y;, which does not rely on the displacement
field. One manifestation of such differences is that the heavy
modes in Ref. [176] have in total four flavors per Moiré unit
cell and couple to dispersive modes around My, while our
heavy f modes have eight flavors per Moiré unit cell and
couple to dispersive modes around I'y, (and around nK), via
the displacement field). Nevertheless, despite the difference, it
is interesting to study (as future works) whether the model in
Ref. [176] and our f-c-d model give qualitatively consistent
phases after including the interaction.

B. Interaction among f, ¢, and d modes

We now discuss the interaction among f, ¢, and d modes,
which is derived by projecting the Coulomb interaction to the
f, ¢, and d modes.

1. Review: interaction among f and ¢ modes

Both f and ¢ modes are constructed solely from the TBG
part of the model. Therefore the interaction among f and ¢
modes should have the same form as those in Ref. [125],
which we will review in this part. More details can be found
in Appendix C.

First, for the interaction among f modes, the leading-order
term is the density-density interaction, which reads

U
Hiny = 71 Z 1pr(R) pp(R)
R
[R—R'|=|ay.1|

U,
+7 Z

RR

oy R) o R, (55)

where ps(R) =3, , | f;R,a,sfn,R,a,s- The expressions of U;
and U, can be found in Appendix C. In Eq. (55), we neglect
the density-density interactions of further ranges, as they are
exponentially lower owing to the localized nature of the f
modes.

Second, the interaction among ¢ modes turns out to have
the Coulomb form to the leading order as

V=1 s o) 5 o) -
Hiye =5 | drd®r'Ve—r):pr) s per):, (56)

where p(r) =Y pe.p(r), pep®) =3, cl . 4 Cyprps and

1 IPISAc
i _ —ipr T
c = — e PTe . &)
n.r.B.s /A Z n,p.B.s
A P

Third, the interaction between f and ¢ modes has two non-
negligible terms. One term is the channel-resolved density-
density interaction as

Hiw.re=QY Wg:pr@R) i pep®:  (58)
R.p

TABLE II. Numerical values of the parameters in Eq. (63). Val-
ues in the second line of the table is in the unit system specified in
Eq. (1), while those in the third line are in EUS. More details can be
found in Appendix C.

Unit U, U» W W; J Wi
Eq. (1) 0.3523 0.02388 0.3409 0.3761 0.09337 0.3647
EUS (meV) 91.50 6.203 88.54 97.67 24.25 94.71
with W) = W, and W5 = W,. The last term is
JQ / a+a’
Hig === ) 0 + (=)
R nas n'o's
: fr;R,ot,xfrl’xRﬂ’xS' - cj;’,R,a’JrZ,x’C’I»R»C"'FlS s (59

The interaction only occurs at the Moiré lattice positions,
which is consistent with the fact that f modes are localized
at Moiré€ lattice positions. The expressions of Wy and J can be
found in Appendix C.

2. Interaction among d modes

Inherited from the total Coulomb interaction, the interac-
tion among d modes is given by the Coulomb form

1 / / /
Hva = 3 f PrdrV(r—r): par) = pa) s, (60)

— i d dt —

where pd(r) - Zn,a,s dr;,r,a,sdfl,rsa,s and d’lar,U,S -
1 pISAd ,—ipr gt . .

7= > e"?'d, , . Wwhich becomes d,,,; in the

limit of A; — o0.

3. f-d and c-d interaction

We find that the interaction between f and d modes and
the interaction between ¢ and d modes are both in the form of
density-density interaction in the leading order, as discussed
in details in Appendix C. Specifically, we find that the leading-
order interaction between f and d modes reads

Hiww.pa = QWa Y i prR) : paR) . (61)
R

and the leading-order interaction between ¢ and d modes has
the Coulomb form as

Huyaa = [ PrdrVe =)o) pae): . (62)
The expression of Wy, can be found in Appendix C.

4. Total interaction

The total interaction among the f, ¢ and d modes is the
sum of Egs. (55), (56), (58)—(62), which reads

H™ = Hiy + Hineye + Hinw fe + Hine,y
+ Hinv,a + Hingv,ca + Hinew, fa- (63)

We numerically evaluate the values of the interaction pa-
rameters, and the results are listed in Table II. Among the
interaction strengths, we can see that the largest energy scale
is 90-100 meV in EUS. We have W;, W3, Wy,, and U,
at this scale. Unlike Ref. [125], W5 is slightly larger than
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U, here, since the gate distance is not scaled by 1/+/2 for
MATSTG compared to that in Ref. [125]. (See more details
in Appendix C.) Moreover, W, is also slightly larger than U,
here. Nevertheless, we would expect that the onsite repulsive
interaction U; among f modes is the dominant interaction
channel at low energies, since U; only involves the f modes
(which dominate in the low energy), while W, W3, and Wy,
involve the ¢ and d modes with relatively higher energies.

C. f-c-d model for MATSTG

The f-c-d model for MATSTG is just the sum of the single-

particle part Eq. (54) and the interaction Eq. (63) as
Hpcg =y H§h + He' (64)

n

This is the low-energy model that we propose for MAT-
STG with only Coulomb interaction. The single-particle band
structure (Fig. 1) already shows that the f-c-d model well
captures the single-particle physics of MATSTG for £ €
[—300, 300] meV and for the energy window [—50, 50] meV
in EUS. Since the largest energy scale of the interac-
tion is U; ~ 100 meV, the energy window corresponds to
[-U;/2, U; /2], covering the main low-energy modes affected
by the interaction. Therefore we expect the f-c-d model
Eq. (64) to work for the specified £ range and energy window

even at the many-body level. We will perform Hartree-Fock
calculations with the model in the following section.

IV. NUMERICAL HARTREE-FOCK CALCULATIONS

With our model [Eq. (64)], we perform numerical Hartree-
Fock calculations for v = 0, —1, —2. We will not study the
positive fillings since they are related to the negative fillings
by CC,, P as discussed in Sec. I1C.

Similar to the TBG case [125], the initial states that we
choose for the Hartree-Fock calculation have the following
general form

Winiia) = [ | fat1fu¢2 -+ fataso|Fermi Sea) . (65)
R

where

Tt i i i i
fR - (er,R,l,T’ f+,R,1,i’ f+,R,2,T’ f+,R.2,¢’ ff,R,l,T’
i i ¥
ff’R’l,\La ff’R,qu’ ff,R,Z,l) ’ (66)

each of ¢y, ..., {44, has eight components, e.g.,

(C1)+14
(&1)41y
E§I;+2T
_ | €4y
f= G- |’ 60
&)1y
(¢1)-2¢
(¢1)-2y

f;gl = Z fy-}.,R,a,s(;l)nas s (68)

n,a,s

and |Fermi Sea) is the half-filled Fermi sea of the free ¢ and d
modes. (See the choice of the initial states in Appendix D 2.)
Eq. (65) means that we specify different initial states by spec-
ifying different combinations of the f modes, i.e., specifying

(=@ & $atv). (69)

We can do so because the f modes and its onsite interaction
dominate the low-energy physics as discussed in the last
section. By using Eq. (65), we perform self-consistent
Hartree-Fock calculations for v = 0, —1, —2, and the results
are summarized below and shown in Fig. 3. (See details in
Appendix D.)

As shown in Figs. 3(a), 3(d) and 3(g), for all the considered
fillings, increasing the displacement field £ would lead to a
phase transition, at which the ground states lose intervalley
coherence.

For v =0, the low-£ ground states are the Kramers-
intervalley-coherent (K-IVC) states, while there are four
types of competing ground states at high £, namely, Chern
states (Ch = £2), half-Chern states (Ch = %1), valley-Hall
(VH) states and C,7 -invariant states, where “competing”
means that the differences in their ground-state energies are
beyond our numerical resolution, VH refers to the state with
nonzero valley Chern numbers but zero total Chern number,
and Ch stands for the Chern number. The low-£ states are
metallic, while the high-£ states are insulating. [See Figs. 3(b)
and 3(¢c).]

For v = —1, the low-& ground states are a combination of
valley-polarized (VP) and intervalley-coherent (IVC) states,
while there are three types of competing partially valley-
polarized (PVP) ground states at high £, where PVP means
that one valley has one more electron than the other valley
per Moiré unit cell and the state has no intervalley coherence.
PVP is “partial” because the VP state for v = —1 should have
three more electrons in one valley than in the other. Both the
low-£& and high-& states are metallic. [See Figs. 3(e) and 3(f).]

For v = —2, the low-£ ground states are K-IVC states,
while there are four types of competing ground states at high
E—two types of VP states and two types of valley unpolarized
states. Both the low-£ and high-£ states are metallic. [See
Figs. 3(h) and 3(i).]

All these self-consistent Hartree-Fock results obtained
from our f-c-d model [Eq. (64)] are generally consistent with
previous numerical results in Refs. [149,152,156], verifying
the validity of our f-c-d model. Moreover, our calculation
finds some high-£ ground states (like the half-Chern states
for v = 0) that are missed in Refs. [149,152,156], mean-
ing that our calculation actually refines the previous results
[149,152,156].

In particular, we find that the phase transitions character-
ized by the loss of intervalley coherence [Figs. 3(a), 3(d) and
3(g)] can be qualitatively captured by the one-shot Hartree-
Fock calculation, where “one-shot” means only performing
the first step of the iteration, which is numerically simple
to do compared with the full self-consistent calculation and
can even be done analytically as discussed in the next sec-
tion. Furthermore, we find that the competing energies of
the high-£ ground states can be precisely captured in the
one-shot Hartree-Fock calculation. Therefore our choice of
the initial states in Eq. (65) are considerably close to the final
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(a) v=0 (b, € = 50meyV, K IVC (c),, &= 250meV, Chern
A, ! :
% 100 200 50 2
E (meV) Ku My Ku v M
(d) v=— £ = 250meV, PVP
1 . X N
co_i\ 300 _50 Pl L _50 yull i H
E (meV) T'm KM My KM v My v Twum Ku My KM M'm Mu M'm
(g) =2 (i) € = 290meV, VP1
1 %0 I VA R .
—\\ """"" N | NA
% 100 200 300 i 50 — B :
& (meV) Y Ku Mu Kv' v My T “Tu Ku Mu KM Mm My Y]

FIG. 3. This figure shows the numerical Hartree-Fock results for MATSTG based on Eq. (64), where [(a)—(c)] are for v = 0, [(d)—(f)]
are for v = —1, and [(g)—(i)] are for v = —2. (a), (d), and (g) shows the intervalley coherence of the Hartree-Fock ground state as £ varies,
where the zero (nonzero) value corresponds to the absence (presence) of the intervalley coherence. The solid line is given by the self-consistent
Hartree-Fock calculation, while the dashed is the one-shot result. (b), (c), (e), (), (h), and (i) are the Hartree-Fock band structures of the ground
state (or one of the competing ground states) at the corresponding filling and £, plotted with the density matrices given by the self-consistent

Hartree-Fock calculation.

Hartree-Fock ground states given by the self-consistent
Hartree-Fock calculation, verifying the fact that the f modes
and their onsite repulsive interaction dominate the low-energy
physics.

We note that our Hartree-Fock calculation is done
only for the translationally invariant initial states listed in
Appendix D2. It is possible that the true ground state is
beyond our chosen initial states in Appendix D 2 (e.g., beyond
the translationally invairant subspace). We leave a complete
Hartree-Fock study as a future work.

V. ANALYTICAL UNDERSTANDING

In this section, we provide an analytical understanding
for the key numerical results in Sec. IV. As discussed at
the end of Sec. IV, the one-shot Hartree-Fock calculation (i)
can qualitatively capture the phase transition between states
with and without intervalley-coherence [Figs. 3(a), 3(d) and
3(h)] and (ii) can precisely capture the competing energies
of the several found high-£ states. Therefore we will use the
analytical one-shot Hartree-Fock Hamiltonian of the f-c-d
model [Eq. (64)] derived from the expression of the initial
states [Eq. (65)] to answer two questions: (i) why the states
without intervalley coherence are favored at high £, and (ii)
why those high-£ ground states have nearly the same energies.

Let us start with the first question: why the states without
intervalley coherence are favored at high £. Since we care
about high &, let us consider the limit where £ is infinitely

large. The validity of this assumption will be discussed right
beneath proposition 1. The low-energy itinerant modes are
mainly around I'); and £Kj,. In the following, we will look
at £K) first and then look at I'y,.

We want to minimize the total energy of all the occupied
states at Kjy and —Kj, which is labeled by E.x,,. To do so, let
us define ¢,,. We know ¢; (with! = 1,2, ...,4 + v)inEq. (65)
has eight components as (¢;),«s, Where 1, o and s are indices
of the f modes. We define ¢, as a4 x (4 + v) matrix such that
(&n)as,i = (&1)yas, which means that

_ %+
¢ = <§_>. (70)

Then, as elaborated in Appendix E 2, in the high-£ limit, the
one-shot Hartree-Fock Hamiltonian at nKj, of MBZ to the
first order of |U;/&| (up to unitary transformation and total
energy shift) reads

€ollyxa
€1l4x4
V(U 4+ 6Us)axs

<|X0,1|2 ) ® (; é-T _ l) ‘
-U Lxial? n 2 ,

| ctly =3
(71)
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where
v(U; +6U,)  ~2M\E
( \/1le52 Wfdi) )Xy - Gyva (72)

y =0, 1, x, is real, and

v(U; + 6U, + Wpy)
€, = 5

2
+(_)y\/|:U(U1+6IZJZ_Wfd):| Lomzer . (73)

(See Appendix E2 for details.) Since the chemical potential
can be estimated as u =~ v(U; + 6U,) (f modes give the fill-
ing) as discussed in Appendix E2 (also in Ref. [125]), the
occupied states of the approximated Hamiltonian in Eq. (71)
are all eigenstates of

[e1 — v(U) + 6U)awa — Urlxial (808 —3) (74

and all negative-energy eigensstates of

—Ui (&) = 5) (75)

for both n = %, where we have subtracted the chemical po-
tential. The total energy of these occupied states give Eg,, to
the first order of |U,/£].

Now let us minimize E., . To express E.g,, we use
X (i=1,2,...,8)tolabel the eigenvalues of

[o¥al > 6
( Ty (76)

Then, we can choose Ay > Ay =2 -2 A, 2 1/2 2 Ay 2
-+ > Ag without loss of generality, resulting in

Eik, =8[e; — v(U; + 6Uy)] — Uy|x1.1]*v

n

1
_m§20ﬁ5>+OWH@, (77)

i=1

where we have used

D Trlgy g1 =Trlg¢ T =44v. (78)
n

To proceed, we note that A; € [0, 1] and Z?:l Ai=4+v.
Then, we know

Eik, >8[e; — v(U) + 6Uy)] — Uy |xi1|*v

4
—u +v

+ O(UL/E) . (79)

As elaborated in Appendix E 2, it turns out that the equality
happens if and only if

vl ,
+ >~ diag(1,1,...,1,0,0,...,0), (80)

4+v 4—v

el

which is equivalent to §+§i =0 (i.e., zero intervalley co-
herence). Here = means being equal up to any unitary
transformations. Therefore we know E.g,, is minimized if and
only if the intervalley coherence of the state vanishes.

Now we turn to the '), point. As discussed in Appendix E 2
(and also in Ref. [125]), the main origin of the symmetry

breaking is the J interaction term, which appears in the diago-
nal block of the one-shot Hartree-Fock Hamiltonian for c}:] Iy
expressed as vW3 4 hr,r,. In our case, A, r, reads

hr,r, =Mnooxso

J
- E(UZUOSOKCTUZUOSO + 0002508 ¢ 190250 — Lgs)
(81)

where M =M + By E?. Since we consider the high-& limit,
we have |[M| > J. Then, the energy difference between dif-
ferent states given by hr,r, should be of order J, which is
generally much smaller than the energy difference at Ky,
which is of the order U;. Therefore we should only focus on
the states with lowest E.g,,, i.e., states with zero intervalley
coherence. In other words, the discussion at +Kj, already
suggests that only states without intervalley coherence should
be favored at large £.

To further pick out the high-£ ground states among all
states without IVC, let us minimize the energy at I'y,. Since
we are considering the high-£ limit, we have [M| > |v(U, +
6U, — W3)|. Then, by minimizing the total energy of all the
occupied states of vW3 + hr,r, [i.e., states of Ap r, that are
energetically lower than v(U; + 6U, — W3)] while keeping
the intervalley coherence zero, we find that the energetically
favored states are (and only are) the states whose cet [up
to U(2) x U(2)] are also spin-diagonal with 4 + v diagonal
blocks (labelled by valley and spin) being (o + 0,)/2 and 4 —
v diagonal blocks being zero. (See details in Appendix E2.)
Eventually, we arrive at the following rule for the high-&
ground states, which resolves the first question raised at the
beginning of this section.

Proposition 1. Forv = 0, —1, —2, at the one-shot Hartree-
Fock level, a state is energetically favored at high £ if and only
ifits ¢ T, up to U(2) x U(2), is spin-valley diagonal with 4 +
v diagonal blocks (labelled by valley and spin) being (op £
0,)/2 and 4 — v diagonal blocks being zero.

Now let us discuss the validity of the derivation that leads
to proposition 1. We know that the derivation is done in the
limit that £ is infinitely large, which seems to contradict
the fact that the f-c-d model is valid within £ = 300 meV
(EUS), since |v/2M,E| ~ U, for €& = 300 meV. However, we
show in Appendix E 3 that the derivation should still be valid
for v =0 at £ =300 meV, since the quantities required to
be small in the derivation are still small for v =0 at £ =
300 meV. Although the derivation is not entirely reasonable
for v = —1, —2, we find that proposition 1 is consistent with
the self-consistent Hartree-Fock calculation for v = —1, —2.
Specifically, we numerate all initial states that satisfy propo-
sition 1 for v =0, —1, —2, and we find that they all become
high-£ ground states in the self-consistent Hartree-Fock cal-
culation discussed in Sec. IV.

Before proceeding to the second question raised at the be-
ginning of this section, let us provide an understanding of the
appearance of the phase transition with gradually increasing
£. In the earlier part of this section, we have shown that the
Hartree-Fock Hamiltonian at K, should favor states without
intervalley coherence at high £; on the other hand, Ref. [125]
suggests the TBG part around I'y; should favor states with
nonzero intervalley coherence. Then, the transition should be
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a result of the competition between I'y; and £Kj,. To make
it concrete, let us consider v = 0 and treat £ perturbatively,
to consider the case where £ is gradually increased. We focus
on the competence between K-IVC and Chern states. By using
second-order perturbation, we derive the effective energies for
the two states at £K,, as

Ipl<A4
ESVC="=—4 %" Ipl,
p
IpI<Aa 404
. 16M*E
Eqg ' =—4 30 I+ — (82)
P 1
and at "y, as
k| <A,
EXNVCr=0 = S [ U2+ 16(vjpl — 71
k
+ JUR + 16(10.pl + [717].
[k|<Ac
ES=0— — 3™ S [ JuzwielupP 4o, uz 1672,
k =%
(83)

where £ is treated perturbatively. (See Appendix E5 for de-
tails.) Then, the total effective energies are

K-IVC,v=0 __ K-IVC,u=0 K-IVC,v=0
E = ErM +E g, ’

Ch,v=0 Ch,v=0 Ch,v=0
E = EI‘M ' +Ei1<,: . (84

As elaborated in Appendix E5, at £ =0, we have
K-IVC,v=0 Ch,v=0 . K-IVC,v=0 __ =Ch,v=0
E < Eg since  E g =Eg, and

Eﬁ:vc’vzo < El%l;’”=0. Moreover, at £ = &, (*294.816 meV
in EUS) that satisfies y + B,£2 = 0, we have EffV©'=0 >
ESM=" since EE(I;C’”:O > EE}’;:O nd Eff;vc'”:o =
Eg:"":o, demonstrating the existence of the transition (as
increasing £ from £ =0to & = &,).

Combining the low-& with the high-£ picture, we arrive
at the following picture. At low &£, I'y, dominates and favors
nonzero intervalley coherence. At high £, £K), dominate and
favor zero intervalley coherence, and the secondary I'y, effect
picks out specific states among all states without intervalley
coherence.

Now we turn to the second question: why the numerically
found high-£€ low-energy states have competing energies. We
answer this question by showing that those high-£ states have
exactly the same Hartree-Fock energies at the one-shot level.
At the one-shot level, we find (Appendix E 4) that the Hartree-
Fock Hamiltonian is block diagonalzied in spin and valley for
all the high-£€ ground states for v = 0, —1, —2. Interestingly,
the one-shot Hartree-Fock Hamiltnoians for different types of
states are related by performing spinless version of C, 7, noted
as C, T, or spinless TR symmetries on certain blocks. Taking
VH and Chern states at v = 0 as an example, we have

,0S __ 774,08 A,0S A,0S A,0S 0s
HYS = HES + HE S+ HAY + HADD — E9° . (85)

where A = VH and Chern, and OS is short for one-shot, EOOs
depends on the initial states only through the filling, and

HChen.OS is related to HVH-OS as
g Chem,0S _ H_:_/,I-;,OS n sz,os + C27Hfﬁ’OS(C27')_1
+GTH! G ™. (86)

Therefore the one-shot Hartree-Fock energies are exactly the
same for the high-€ ground states with the same filling. (See
Appendix E 4 for more details.)

Before concluding the paper, we compare and contrast our
analytic discussion to those in Refs. [152,156,175] Instead of
choosing the f-c-d basis in our work, Refs. [152,156,175]
chose the TBG nearly flat bands and the Dirac cones as basis
for the analytical discussions. As a result, Refs. [152,156,175]
did not give a general simple analytic rule for high-£ states
as proposition 1 or simple symmetry argument for competing
energies as ours, indicating the great simplification brought
by our f-c-d model. Furthermore, Refs. [152,156,175] do not
provide an understanding of the appearance of the transition;
the simple picture of the heavy fermion model explains the
transition based on the competition between the energies at
I'yy and +K), points.

VI. CONCLUSION AND DISCUSSION

In conclusion, we construct an effective heavy fermionic
f-c-d model for MATSTG with localized heavy f modes
and itinerant ¢ and d modes. Our f-c-d model can repro-
duce the previously obtained single-particle band structure of
MATSTG in the energy window [—50 meV, 50 meV] and
for displacement field £ € [0, 300] meV in EUS. Our f-c-d
model can also reproduce and refine the previous numerical
Hartree-Fock results for v = 0, —1, —2. Remarkably, based
on our f-c-d model at v =0, —1, —2, we propose a simple
analytical rule for the high-£ ground states, which explains the
general loss of intervalley coherence observed in numerical
results, and we find analytical symmetry arguments that ex-
plain the completing energies of the nearly degenerate high-£
ground states.

For experiments, we predict that at charge neutrality and
high displacement fields, Chern gaps for Ch = £1, 42 can be
observed by scanning tunneling microscope in the presence
of an out-of-plane magnetic field. In particular, we predict
that Ch = £2 gaps should be most pronounced, since our
arguments in Appendix F show that the orbital effect of the
magnetic field can lower the energy of the Chern states. More
specifically, the projection of the orbital effect of the mag-
netic field to the two TR-realted Chern states is proportional
to o,, which always lowers the energy of one Chern state
regardless of the sign of the coefficient. We leave a more
detailed study of such prediction for the future. Our work
both generalizes and puts on firmer footing through analyt-
ical reasoning the applicability and the importance of the
topological heavy fermion model in naturally explaining the
emergence of Coulomb interaction-driven correlated phases
in Moiré multilayer graphene systems.
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p. orbital and spin s at Rg + 7. We note that ¢ here is for the
electron basis of the original graphene following the notation
in Ref. [125], not to be confused with the ¢ modes in Eq. (35).

Now we rotate the graphene by a generic angle 6 counter-
clockwisely about the out-of-plane axis (denoted as Cy) and
shift the graphene along the out-of-plane axis by d,, we have

i —lp—1 _ f —i%0
APPENDIX A: MORE DETAILS ON THE BASIS Ta.Cocroie,Co Ty = Co coRore)C (A2)
OF THE HAMILTONIAN d
an
In this section, we provide more details on the basis of the
Hamiltonian and the furnished symmetry reps. 1,.Cy cl k+p.0Co ! Tf1
Let us use K to label the two graphene valleys with K = _
;1—”6(1, 0) in EUS. (Recall that EUS is the unit system in which I FCoK+Cop)-(CoRa+ CH’”)C(E CRotCot e 120
oG O lo
A is the length unit and meV is the energy unit, as discussed at Q;RG
the beginning of Sec. II.) Given a single graphene, its electron (A3)
basis near +K reads
where we define
+ _ i(=K+p)-(R +rg) T
C:tKer,a,s - W Z € ¢ G+ra,s ’ (Al) ; " B
¢ CRo+r, = (CRotr,.10 CRo+e,,0):
. . . + o N
where Ng is the.numl?er of .lattlce points for graphene, Rg Cik+po = (C:I:K+p,a,T’ C:I:K+p,cf,¢) . (A4)
labels the Bravais lattice points of graphene, 7, labels the
vector for the sublattice, and c;ec 1, s CrEates an electron with We can then define
|
i _ i(£CyK+p)-(CoRG+CoT5) T
Cd.0,£CoK+p.o,s — m Z Cd,,CoRG+Cyy,5°
ey = (c ch cl ey ) (A5)
d.,0,£CoK+p — \Cd,0,4+CK+p.A, 1> Cd..0,+CoK+p.A,L > Cd..0,£CoK+p,B,1° Cd..0,+CoK+p,B,| )
[
which gives Specifically, we have
i +
+ —1p—1 i%29 C,y — C . (A9)
CZZ,H,:I:CHK+C9P = szCGCL_LKerCG 1, ape’ 2" (A6) 0GR G

Based on Eq. (A6), we clearly see that the symmetry reps of
C3, Gy, and T symmetries are the same for le, 0.4CoK+p.0.s and

cg 0,4K+p,0.s° since C3, C;, and T commutes with Cp and Ty..
The symmetry reps of m, are also the same, except that d, is
flipped by m; in Cji;,e, LCK+post Specifically, we have

+iZo,

T 1%
G p.10,k4pC3 = Ca0.2Ck105p° 5o

—1

+
Czcdzﬁ.:thK-‘rpCZ xS0,

_

= Ca,.0,5C,k—p
¥ 1 :

Teqo1ck4pT = Cao5ck—p00iSys

i —1_ i
M:Cy o rcokp™z = Cla o +Cok+p(—0050) - (AT)
(Recall that G5, C,, and m, are defined to be spinless opera-

. . T
tors.) The lattice translations for ¢ 4.0 +CyK+p.c NOW becomes

f 1 ¥ —i(£CyK+p).CoRg
Te,raCy, g, +cok+pleRG = Ca..0,+Cok+p€ :
(A8)

Now we take the continuum limit, i.e., treating the
graphene lattice as a continuous media. Then, CyRs — r with
r taking continuous values in R2, +Cy4K and o become inter-
nal degrees of freedom, and p now also takes values in R2.

Symmetric reps of cd O ACK p.os and cd 0.4CK4p.o,s ATC €X-
actly the same as Eq (A7) for Cs, Cz, 7{ and m,. The
translation operation of ch 4.0, £CoK.p.o.s becomes continuous as

j -1 —i(£CyK+p)r
TeryG,iCHK,p,a,xTr = Cdzﬂ,ngK,p,a,se . (A10)
Ul 10, i Eq. (4) is defined as
T %
wr],r,l,a,s = Cdzy,,g,,ﬂq,,[(,,—’g’s , (Al11)

where 6, is the twist angle for the /th layer, d,; is the position
of the /th layer along the out-of-plane axis, and

i _ —irp %
“a.0.2CiK 0 = VA Ze €d..0 £CK.pos * (A12)

Then, we have

T}ownrl(rr ro

Eventually, based on Eq. (9), we know that K,/ in Eq. (16)
are determined by K; = C_p,2K and K;, = Cy»K, since we
choose 0 =03 = —6/2 and 6, = 6/2.

We define

wnrl

—in(Cy K)r
wﬁ r+ry,l,o, s€ (G 0. (Al?’)

i i i
(Ilfn r.lLAM wn,r,l,A,V I/fn,r,l,B,T’ wn,r,l,B,i) , (Al4)
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and define IZ;’T and d;,, by Egs. (9) and (10). Then, C; is
represented as

e -1 _ 7 io, 22
C3W,]’rjc3 = wn’cﬁj e 3 s,
Gd),Ci' =d) ., "5 50 ; (A15)
C,T is represented as
Nt -1 _ 74 :
CTU! (G =9 ais,
CTd (CT) ' =d) _, oiisy ; (A16)
we can define an effective C, as
>t -1 _ N\ T _ 0 1
Cotry fC ™ =D 0 ax)so(1 0>ﬁ,
l/
Coud) (Co) ™" =dl, . ouso (A17)
we can also define an effective P as
i pel N T 0 -1
l/
pdf P~ =nd’, . (A18)
then C,, P is represented as
CouPY ACouP) =0T (=D n(=ou)s0,
CoPd} (CoxP)™' =d} . nouso (A19)

with (=1)' = —(—=1) = 1 and Cy,r = (x, —y); the rep of T
is in Eq. (16); T is represented as

TwT T = Win rATO’Oisy’

n,r,l
Tdy, T~ =d’,, ovis, ; (A20)
C is represented as
TP -1 _ T i =1 _ T
Cwn.rjc - 1pn,r,IN’ Cdf],rc - dn.r (A21)

with C? = 1. The symmetry reps in the momentum space can
be naturally obtained by using Eq. (21).
The symmetry properties of : p(r) : are

Tiptr): T~ =tp@):

Cs:p(r): C3_1 =: p(Csr) :
T o) (CT) ™ = p(=r):

m; : p(r): mz_' =: p(r):

Tk : p(r): TI;1 =:p(r+R):
CoueP 1 p(r) : (CoeP) ™' =t p(—=Coar) :

C:pr): )"

Combined with the fact that p(r) is invariant under the spin
charge U(2) in each valley, we have

[T, Hinel = [C3, Hind]l = [CT, Hind = [m, Hine]
= [Tr, Hint] = [CoxP, Hind] = [C, Hint]
=[UQ2) x UQ2), Hinl = 0.

—:p(r):. (A22)

(A23)

The symmetry reps of f and c are particularly important for
deriving the low-energy effective model. The relevant high-
symmetry points in MBZ for Hytpg are 'y, Ky, and My
(shown in Fig. 2). Based on the origin of the f modes, we
know that the symmetry reps of f should carry the symmetry
reps of the nearly flat bands at Kj; and My, and carry one 2D
irreducible rep (irrep) of the remote bands at I'y;. According
to Eq. (34), the symmetry rep of f is determined by the form
of U, 7 (k). Then, we require v, ; to guarantee the following
the rep of f

Cszi,k(CzTY1 = fiyerisy,
Cif (G = fLC}kei’i%ﬂso,
Cz"f-:.kchl = fi,chersOa
Pfl P = f it
Tk fl,kTI;I — fi,k efi(K;,+q2+k)~R’

fj,k = Tf_:’_kT_lTO(—iSy) .

The spinlesss parts of the reps here are the same as those of
f in Ref. [125], except the extra e~ 'K»+0)R factor in the rep
of translation, which will be discussed carefully below. Fur-
thermore, to guarantee the exponential decay of the Wannier
functions of f modes, we have to require ?)',7, r to be smooth
while keeping

[y, .0k + G)lgo = [V, 1.0 ®)o—Go -

The existence of such smooth v, ; is numerically verified in
Ref. [125]. Note that the 2D irrep carried by fi r, is just
the spinless I'3 if we only consider D3 (spanned by C; and
G [177].

Now we show that the extra e 'K»+0)R factor of f modes
under Moir€ lattice translations [shown in Eq. (A24)] can be
safely neglected for any values of angle, similar to Ref. [125].
First, we show under certain special values of the angles, we
can make K, 4+ g, a Moiré reciprocal lattice vector, and thus
e 1K»+42)R becomes 1. Combined with Egs. (6), (17), and
(20), we have

K, + q, € bMAZ —i—bM,zZ

(A24)

(A25)

& %(cot(@ /2) —/3,0)

€ { (£n1 ~|—«/§n2, —§n1> ny,ny € Z}
2 2
& %cot(Q/Z) - %\/5 e 3z (A26)

Therefore we can choose 6 to satisfy

1 0 3
—cot (—) - % = 0mod /3

> > (A27)

such that e i &)k pecomes 1. Second, even if § does not

satisfy Eq. (A27), we can define an operation as
YRfJ,kYR_l — f,;kein(Kb_Hh).R , (A28)

where Yr belongs to the valley U(1l), which is obeyed
by the system. Then, we can redefine YgTg as the new
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lattice translation, which does not has the ¢ ‘&+0:)R factor
in Eq. (A24). This is what was done in Ref. [125]. For the
convenience of the derivation in this study, we simply choose
0 to have the value in Eq. (44), which approximately satisfies
Eq. (A27). Nevertheless, Eq. (44) is not required for omitting
the e~ 1K»+22)R factor of the lattice translation in Eq. (A24).

At I'yy, the remote bands have one remaining 2D irrep (also
corresponding to I'3 of Dj) of the remote bands at Iy, and the
near-flat bands have two 1D irreps (corresponding to I'j and
I'; of D3). They should be carried by the ¢ modes. As a result,
the reps furnished by the ¢ modes are

T (T 1_c+k(’ TX)isy,

Jo
To

i -1 _ 7 Tx
Covey 1 Cor = C+,C2rk< TX)SO’

1 _ T _ifz
Pc P cl k( —irz)so’

o iyt R
TRC TR =cC e b2 ,
T

Cscl L (C)!

L e=Tcl T 'a(—isy) . (A29)

T T i _ (F T
nk — (Cn,k,l"g,’ C?].k,l‘ll‘g)’ Cn,k,Fg - (Cn,k.l’ Cr],k,Z)’ and

= (c;“, ;H) Note that IOXyZ carries the index

where ¢

jl kT
a for fF & and carries the index g for c! &r, and ¢ 0Ty Ty
According to Eq. (35), Eq. (A29) is guaranteed by choosmg
a special u, . g(k) with |k| < A.. Furthermore, in order to
guarantee the resultant effective Hamiltonian to have a smooth
matrix rep, we need to require #, . (k) to be smooth. Such

Uy ¢ p(k) and U, . g(k + G) if both k and k + G have magni-
tudes smaller than A..
We would like the compare the lattice translations of the f,
¢ and d modes after considering Eq. (A27), which read
TRf];kTI;l = ;ﬂkefik'R,
TRc;kT,{1 = c;kefik‘R,

o=l _ gt —i(nK,+p)R
TRdn,pTR —d,“,e
__ g7

—d,],pe

_ gt
= dn’pe

—i(nKp+ngy+(p+nKu))-R

—i(p+nKu)-R , (A30)
where we used Egs. (A24), (A29), (6), (16)—(18) and Fig. 2.
According to Eq. (A30), c;,k and f, , transforms in the same

way under the Moiré lattice translations. It means that cf] 18
around the I'y; point of the f;  modes for small k. On the other

hand, according to Eq. (A30), d;’kfn K, and fJ’k transforms in
the same way under the Moiré lattice translations, i.e., k in
d’ k_nk,, 1S the same as k in Jok ¥ . Thus dk with small p are
n,Kk=n
around the 1Ky point of the f modes

Symmetry properties of w__7 (r) [defined in Eq. (47)] are

listed below.

nala

W_y, (r) = w5 (),

wina(C5'r) = wipa(@),
-1 —i2n /3
woi(Cy'r) = winp(r)e >,
sk —1
—iwly, (C'7),

_wj—ltU (_Cz;l")v

Wi () =

Wope (r) =

required Ti,,,c,ﬁ(k) always exists for |[k| < A.. The reason is W o7, r) = wiﬁ*(_r)’ (A31)
~ . . . . o
that u, . g(k) is effectively defined on an open manifold in-
stead of a torus, as we do not impose any relation between where 0 = A/B for 0 = B/A.
J
APPENDIX B: MORE DETAILS ON THE SINGLE-PARTICLE f-c-d MODEL
1. More details on the f-d coupling around nKj,,
In general, the f-d coupling reads
Ipl<Aa -
Honfa= Y, Y flihysatk,p)® sody, +He., (B1)
keMBZ p

where we have used U(2) x U(2) to rule out the intervalley coupling and the spin-orbit coupling, and ;zd,,. itk +G,p) =

iz‘n, ra(k, p) for any Moiré reciprocal lattice vector G. Hy , sq preserves the Moiré lattice translation Tz, G, 7T, C3, Co P, TR,
and the combination of m, and £ — —&. Then, according to Eqs. (A24) and (16), Ty gives

TRHO.n,deR71 = HO,r;,fd VR
o ,]:l'n’fd(k, p)e—i(flflz+ﬂqz+k—P).R — med(k, p) VR

=4 %ﬂ,fd(ki p) =
G
Ipl<Aq

Z 8p,k—nKM+GZn,fd(k, k —nKy + G)

< Hoy.pa = Z Z ap Z(Sp,k—nKM-&-G’i{n,fd(k’ k — 1Ky + G) ® sod,, + H.c.

keMBZ p
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Ipl<Aq

< H(),n,fd = Z Z fr;k,p/‘spyp’*nKM;“and(p/’P/ —nKy)® SOdn,p +H.c.
14 p
Ipl<Aa
& Hoppa= Y f)pinyhnra(P) ® sodyp+He., (B2)

p

where h, rq(p) = Zn, ra(p + nKy, p). Since we are considering the coupling around 1K}, we only consider p to the first order.
Then, C, 7 and C; give

T why ;y(P)te = hy ra(P)
Cy: €% Py pa(p)e™™ P = hy 1a(Csp)
& Iy pa(p) = Myto + M + vi(py + ipy)(1x — ity) + V] (px — ipy)(Tc + iTy) + O(P?) (B3)
where M 1, M { are real and vy, v] are complex. Furthermore, C,,P gives
Thi fa(P)Te = —hy 1a(Coyp) € My = M} & vy = v} = [v1]e'5 . (B4)
Therefore we have
hy ra(p) = My(to +11.) + vya 1€ *(py + ipy) (1 — ity) + €7 (pe — ipy) (T + i) + O (BS)

where the combination of m, and £ — —& requires that M, and v 14,1 are odd in £. To further simplify s, s4(p), we project
Hy e+ in Eq. (24) to the f and d basis at Kj;. Explicitly, we have

E ~.
Hye = Z Z Z EW;’k’Q’U’SdJﬁk,Q,g,s + H.c.

keMBZ QeQ, o.s

= Y Y N ke e el kgt e

keMBZ QeQ, o.s o

IpI<Aq

5 T ~ *
= D0 252 Mpikas 2 Wera@+ Kilgodpisy-os +He k.
p 0,8 o 09,

Ipl<Aa

. £ \
= D0 DD Mk Vrra@+ K lpok, odipos +He + (B6)
y/J o5 o

where we have used Eq. (38) for the second equality, and . .. contains high-energy modes. By comparing Eq. (B6) to Eq. (B2),
we arrive at

£ . £ ,
(e faPYlao = 5 Tera® + K )pr, 0 5k (Ko g, o - (B7)

where we neglect the momentum dependence of U, 7 o (k) in the last step since Ref. [125] shows the momentum dependence of
Uy 7.« (k) should be small as the f modes have small Wannier spread and have Wannier center at 1a position. Owing to Egs. (B7)
and (BYS), we get

M] =M1(€, Vfd,1 =0 (BS)

with the value of M; in Table I. Therefore combined with the 7 symmetry and the extra exponential decay factor, we have
Eq. (51) as the leading-order term of the f-d coupling around nKj,.

2. More details on f-d and c-d couplings around I'y,

In this part, we provide more details on the how we project out the f-d and c-d couplings around I'y;. We will focus on the
+ valley, since the Hamiltonian at the — valley can be obtained by the TR symmitry.

According to Eq. (23), the d modes with lowest energies at '), in the + valley are di,o, @ di,o, o and dLO, @ which gives
energies =1 owing to Eq. (6). Then, we consider the following f-d and c-d couplings around T":
+ ¥ v yf Pge—ar di-ka
(Chkr, Crarm f+‘k)<h+:f—d:1“> ® 50| dikg, | (B9)

d+,ka‘13
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where f and c are defined in Egs. (34) and (35), respectively, hy ;4 r isa2 x 6 matrix, and i, g r is a4 X 6 matrix. Here we
neglect the momentum dependence of the f-d and c-d coupling away from Iy, since the matrix rep of Eq. (24) is momentum
independent. To obtain the forms of &y 4 r and hy g4 1, we use Eq. (38) to project Eq. (24) to the low-energy modes around
FMZ

Hye 4+ = Z Z Z glzi,k,g,a,sdﬁk@%s + H.c.

keMBZ QeQ, 0.5

|k|<A.

Z Z Z Z f_:_k_’a's[?)’n,f,a (k)]5gd+,k,Q,o,s + Z C:—,k,ﬁ,s[’ﬁ’lvf’ﬁ(k)]50d+’k7Qs‘7*S +H.c. +...
k Qe€Q, o, 14 8

k| <A,

&
Z Z Z Zf+ka52[v77fa(k)]Q6d+kQ‘73+Zc+kﬂs Mr]fﬁ(k)]qu-‘rkgna +H.c. +.

k  0=q,.93.493 0 o

Z Z Z Zf+kavz[vﬂfa(o)]Qad+kQ<TS+Zc+kﬁq [ur]fﬁ(o)]di+kQas +H.c. +.

k  0=q,.43493 0 o
(B10)

where we neglect the momentum dependence of v, s (k) and u, ; g(k) again, and ... contains high-energy modes. By
comparing Eq. (B10) to Eq. (B9), we can get the forms of 4 r_4 r and hy .4 r, which read

A _ é(["b:lr'f’](o)]ql’A [’1\){+,f’1(0)]q173 [5+,f,1(0)]q2,A [E+,f,1(0)]q2,8 [5+,f,1(0)]q3,A [3+,f,1(0)]q3,3 " (B]])
P T o\ 2ga [We 2Oy 8 [Ur20]gn Vi 2Olgs V4 20)ga  [U4 200,58
and
[ﬁ-&-,c,l (O)]ql A [F’Z-&-,c,l (O)]ql B [ﬁ-hc, 1 (0)]q2,A [ﬁ-hc, 1 (0)]42,3 [ﬁ-&-,c,l (O)]q3.A [F’Z-&-,c,l (O)]q3,B .
My oar = § iy co]ga  [Hr 2] 8 [y c2D]ga [y 20,8 [y c2(0)]ga [y c200)]g,.8 . (B12)

2| 4 c3(0)g a0 (s 305 [Ure3(0]gn  [1,c3(0]g, 5 [y e 3] [U43(0)]g, 5
lir,ca(Oga [y ca@lg 5[4 ca(0)ga [y ca@lg,p (U4 ca(0)]ga [y c4(0)]g, 5

On the other hand, according to Egs. (40)—(42), the f and c block without the f-d and c-d corrections [i.e., the f and ¢ block
that comes from Hj tpg in Eq. (22)] reads

+ . Ct kT
(€wr, Carr FLhio® ®sol conrir (B13)
Sk
with
0252 v (keTo +ikyT;) YT 4+ v, (ke T + kyTy)
hyolk) = v (kT — 1kyT,) M, v/ (kyte — kyTy) . (B14)
YT+ Ui(kxfx + kyTy) Uf(kx‘cx - kyry) 02x2

Based on Eq. (23), the Hamiltonian for the low-energy d modes around I" reads

. T T d+ak"11
(d-;-,k,q, dk R d+ k.q; )h+,1(k) ® So d+,k,q2 (B15)
d+»k,113
with
k—q)) -0 0252 0252
hy(k) = 02x2 (k—q,)-0 02x2 . (B16)
02x2 02x2 (k—gq3) -0

Now we show it is reasonable for us to treat 4, r_g r and iy g4 1 as perturbations, and then we will project out the d modes
around I'. Since A s_4r and hy .4 r depend linearly on £, we choose £ = 300 meV (EUS) and find that the absolute values
of the matrix elements of /i y_4r and hy .4 r are no larger than 0.22, while the gaps between the levels of /1, ¢(0) and the
levels of i 1(0) are no smaller than 0.87. Therefore we can treat iy r_4r and hy .4 r as perturbations. Then, according to the
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second-order perturbation theory, we may project out the d modes. Explicitly, we have

e o(k) (’“*C—“)

hyfar

(th,cd,l") h+,](k)

hyfar

® 5o (B17)

as the effective Hamiltonian around I'y, and by treating hi; 4 r and hy .4 as perturbations, i o(k) gains the following
correction according to the second-order perturbation theory [178]:

(h+,cd’r‘> 1 <h+,cd,r)T ) (B]S)
hyfar) hyotk) — hy (k) \Py f-ar

To the first order of k, Eq. (B18) brings in many different corrections. By comparing the resultant band structure of the f-c-d
model to that of the BM model, we find the most important three corrections are those in Eq. (53). Specifically, the correction
to M accounts for the increasing gap of the nearly flat bands at ", when increasing &£, the correction to y accounts for the
decreasing gap of the remote bands at I'y; when increasing £, and the correction to v] accounts for the change of the band
structure along I"y;-My, due to £. The values of B parameters of Eq. (53), which are shown in Table I are also directly given by
Eq. (B18).

3. More details on the band structure calculation

In this part, we present more details on how the numerical calculations for Fig. 1 are carried out. Owing to the exponentially
decayed factor in Hy ;, r4 and Ho ,, r., we are allowed to extend A, and A4 to outside MBZ [125]. Then, we can reexpress C;, » and
d;’ » in Eq. (54) as cj],k_G and d;, k-0 respectively, where k € MBZ, G is the reciprocal lattice vector, and Q € Q,. In this case,
the original definitions of A, and A, require |k — G| < A, and |k — Q| < Ay. For the convenience of numerical calculation, we
alter the definitions, and instead require |G| < A, and |Q] < Ay, while keeping k running over the entire MBZ. As a result, the
terms in the single-particle f-c-d model in Eq. (54) become

Ho,r=0, (B19)
_ T 02x2 v.(n(ky — Gx)To + 1(k’ - Gy)tz)
e = 2, 2 C'L"“;(v*(n(kx — Gom — itk — Gy)r.) (M + By, foenk-g, (B0
keMBZ |G|<A.
_ k=G]%\?
Hoppe= Y. Y. e * [f I +B,EH+ v,k — G)- (7. 1)ls0Cyu—c.r,
keMBZ |G|< A,
+ £ ) + By E)k — G) - (n7y, —Ty)50Ch 4., ] + Hec. (B21)
I o § ¥ o ¥
withe, o gr, = (€461 Cpr-c) A, grr, =(Cp 63:Cpp_ga)
Q1< Aq
Hona= Y Y. di, otk — Q)or + (ky — 0))0y)s0 dyi—o - (B22)
keMBZ Qe€Q,
and
Q1< Aq ot
Hoypa= Y. Y e > [l MiE(xo + nit)so dyx—g + Hee. (B23)
keMBZ QeQ,

Figure 1 is plotted by choosing A. = Ay = 2+/3, Eq. (44) and Table 1.

APPENDIX C: MORE DETAILS ON THE INTERACTION AMONG f, c AND d MODES

In this section, we provide more details on the interaction among f, ¢ and d modes, which is derived by projecting the
gate-screened Coulomb interaction Eq. (29) to the f-c-d basis. Throughout this section, we assume A. and A, to be small, i.e.,
A, Ay < 1. Owing to the assumption that A is small, we, just for the convenience, formally define

(1y,c.p(k + G)lgo = [ty pk)lg-co fork < A, only when A, < 1, (CDH

where 1, . g is defined in Eq. (35), and G is any Moiré reciprocal lattice vector. Note that if A, becomes large such that
there exists k and k + G with |k|, |k + G| < A, then Eq. (C1) cannot be used anymore, since we want CZ to be independent
from cz +G
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As the density operator p(r) can be split into two parts as
p(r) =p(r) + pp(r) (€2)
with
B(r) = Z J;”NJWJ for the TBG block and pp(r) = Y _ d} ,d . (C3)
.l "

the interaction Eq. (29) can be split into three parts as
Hin = Hip'® + H?o + Hy, €4

where

HBC = Z/dzrdzr/V(r—r/):5(r)::',5(r/):,
Hp 0P = / d*rd*r’'V(r—r): Br) = pp()

D = d*rd*r'Vr—r): pp@r) :: pp(): C5
mt_2 ‘pDr)“pD(r)" ( )

Before discussing each part in Eq. (C5), we derive the following expressions for the convenience of the latter evaluation of
the normal ordering. Based on the choice of |Gy) in Eq. (30), we have

(GO|w;!pyl,gyyIlfn/,p’,l/,a’,s’|G0) = %8nn’8pp/3ll’3ao’8m/ . (Co)
Then, combined with Egs. (9), (10), (18), and (21), we have
(Gol¥, 1 0.5V .00 1G0) = 3808100 8558
<G0|J2.k’Q,q,sdn’,p,cr’,s’|GO) =0,
(Gold) , 5 sy 0.5 1G0) = 58, 8pp BBy - ()]
Then, combined with Egs. (34) and (35), we have
(Golf, ta.s S ar.51G0) = %80 St S 855’
(Golfn-‘.k a.sCn i g 1Go) =0,
(Goleh g g € pr.|Go) = 38y 81858,
<G0|fn k,a,s n’ p’,a’,s’|GO> - O»
(Gole) 4 5oy p.or.1Go) = 0. (&)
In the following, we will discuss how we project the three parts in Eq. (C5) onto the f, ¢ and d modes. All the numerical

evaluations throughout this section are done with the parameter values in Table I and Eq. (27).

HTBG

1. Review on H,

We discuss HBS in Eq. (C5) first. Since H,"B¢ only depends on w, its projection onto the f and ¢ modes should have the

same form as the interaction terms in the ordinary MATBG as discussed Ref. [125]. This subsection is a review of the interaction
in Ref. [125], except that we use the parameter values for MATSTG. .
To do the projection, we first need to figure out the projection of I[/T T o5 to f7 and ¢'. Combining Eq. (38) with

MBZ MBZ
= a D = G T = g D T Ty (©
k QeQ, 7 k 09,7
we have
MBZ
ot —ik—Q)
1/fnrlas Z Z 1 Qrzfnkou[v'lfa(k)]Qo
k 0€Q,7 a=1,2
k| <A
_f Z Z e Z C,,k,gs[unLﬁ(k)]Q(,+... ; (C10)
k QeQ ;7  B=l.,
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where “...” means the high-energy modes. Combined with Egs. (36) and (57), we get
MBZ
o= i 2 D 2 L 0Py ¢ D g T Tl b
a 1,2 R k QEQW[ ..... QeQﬂ
(C11)
where f R.a.s 1s defined in Eq. (36), and cn rhs is defined in Eq. (57). By defining
i) = Y €M p(0)lgo (C12)
0€Q, 7
and using AK7 defined in Eq. (46), we eventually get
~ f nAK;
nrl(rr ZZfURQJ Ak nala(r—R) + Z C'I’ﬁégnﬂld()’ (C13)
a=1,2 R B=L1....,
where we use Eq. (47) and
e MAKIR _ pin(arR _ JOR g 0e Qn,T’ (C14)
and (=) = —(—)? = 1. With Eq. (C13), we can derive the projection of 0(r) to f and ¢ modes, resulting in
'O(r) Z wn r, T o, a
1, l o,
~ + —inAK+R
¥ 2| 2 2 e G ORI D 6, )
nlos|®=12 R p=l....
< | Y frwas€™ w0 =R+ D cprpsgypin ()
=12 R pr=1,..4
= D12 2 2 D hreshrase T r— Ryw, 7, (r — R
nios |@=12 R /=12 R
+ |: Z Z ! n,r.pB, ?gr;ﬂla (r)fn R, semAK~R 770170(r - R) + H.c.
p=l....4a=1,2 R
i * -
+ DY G psCn s D8 O T (C15)

At the single particle level, we mentioned that it is legitimate to neglect the hopping among f modes due to the extreme
localization of the Wannier functions, meaning that we can adopt the following approximation:

Wi, r = RW' » (r—R)~0 if R#AR. (C16)
With this approximation, we have
Py~ Y Do frrasfrranswlg, 0= Rw,, 5, = R)
" Tos |2=1.2 R o'=12
+ Z ZCI 558 ﬁl}(r)f,,Ra Ye‘”AK/anala(r R)+H.c
B=l,...4a=1,2 R
D DD DRI A (oA ) (C17)
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Furthermore, according to the symmetry properties of the Wannier functions Eq. (A31), we have

W, (1) = wh o (=r) = [(iw, 5 (O] = (—)fw” 5 @),

w_,g, () = w’ o () (C18)
with7 = t/b for1 = b/t and & = A/B for o = B/A, just as Ref. [125]. Then, we have
D w g, r—Rw ;. r—R)=—i) w5, —R)(—)w, 5 —R)=0, (C19)
7o 7o
resulting in
Y Wl r—RW o r—R)=0 for a#d. (C20)
To

This expression brings simplification to the projection of p(r) as

PO~ DD D i kefrkaswig, 0= Rw, 5, (r = R)

?7,7,0',3‘ a=1,2 R

+ Z Z Z c'l r.B, Sgnﬁla (r)f'] R.a, AemAK * r;otla(r R) +H.c.

+ Z > cj;,,,ﬁysc,,,,,ﬂ/,sg;ﬂ%(r)g,,ﬁ,z,(r) . (C21)
B=1,..4 B'=1,...,

Furthermore, Eq. (C18) shows that } . |w, .7, (r)|? is independent of n and «, and then we can define

np(r) =Y w7, " (C22)
Io

Then, we have

P~y py®nr—R)+ ) }:}:Z%WJMWZ&MMWMRWMrRHHa
R 7,8

p=1,...4a=1,2 R
+Z Z Z nrﬁscﬂrﬁ/ nggla(r)gnﬁlg(r) (C23)

where pf(R) is defined under Eq. (55). By further defining

prr(r) = Z pr(R)ns(r —R),

Pec(r) = ij 2:%wxmnzawmw%m

s f=l,..4B'=1,..,

pef(r) = 2)2 Z})Wummngmww W, 7, = R),

n,s p=1,...4a=1,2 R
prer) = pl, (1) (C24)

we eventually arrive at

)~ prp(r) + pec(r) + pes(r) + pre(r) . (C25)
With Eq. (C25), the expanded H,'2S becomes

HIBC ~ 5 /dzrdzr’V(r — 7)) ppr(r) o ppp(r)
1 2 920 / /
+§ drd r'V(r—r): pe(r) :: pecr):
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+ /dzrd2r’V(r =) ppp(r) it pec(r) :

1

+ 3 / &rd*f'Vir—r): Pep(r) :z per(): +H.c.]
1 2. .92 1 / /

+ 3 drd r'V(r—r): pg(r) i pos(r) - +H.c.
1

+ E/dzrdzr/"(’—”) L ppp(r) i ppe(F) +H-C}
1 2. .92 1 / /

+ 3 drd r'V(r—r): p.(r) :: pes(r) : +H.c.
1

+ 3 / d*rd* r'V(r —r'): pec(r) = pre(r) : +H.c}

+3 / d*rd* r'Vr — ) per() 2 pre@) : + 1 pre(r) = pep(r) i1 . (C26)

In the following, we will discuss each term in Eq. (C26), as were discussed in Ref. [125].

a. L [drd* V(e —r): pp(r) i ppp(r)
To simplify this term, we first evaluate the Fourier transformation of ny(r) as

. . 1 .

np(p) = /dzr ny(r)e?” = /d%Z lw, 7, (NP = v > UL k+pUy sk, (C27)

To keMBZ
where Eq. (47) is used. Based on Eq. (A31), we can derive useful symmetry properties of n,(r) and ny(p) as

np(r) = n(-r) nf(p) = s(p)
ng(r) = nsg(Gsr) and ng(p) = np(C3p) 28
np(r) = np(Car) ne(p) = np(Coup) " (€28
ng(r) =nsg(—r) ng(p) = ng(—p)

With the definition of ns(p), we have

1 1
3 / d*rd*rve—r): prrr) i prp(r) = 3 Z / d*rd*r'v(r —rngr —Rng(r —R'): ps(R) :: ps(R') :

RR

1
= EZ :pr(R) : ps(R):UR-R'), (C29)

RR

where

UR-R)= / d*rd*r'V(r —rng(r — Rn;(r — R)
= / d*rd*r'V(r —rngrns@ —R +R)

1 . . . ,
- / Prdr' 25 3 np(p)e P YV (pe ) Y np(pyge PR
P p

P

1 H !
= 2 2V @ng(peE. (C30)
p

Numerically, we find
U0)=91.50meV, U(a;)=5387meV, U(a;—ay)=0.5079 meV (C31)

in EUS, which shows that U (R) decays very as |R| increases. Therefore we only keep the terms up to the nearest-neighboring
terms and get

1
E/dzrdzr’V(r—r’) Copr(r) i prp(r) = Hinu (C32)
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where Hj, y is defined in Eq. (55). In Eq. (55), we have

Uy, =U(0) (C33)
and
1
U= YUm). (C34)
R+0

Since U(R) decays very fast as |R| increases, U, is dominated by the |R| = |a;| contribution. The reason for choosing an
expression of U, that is not equal to U (a, ) is that such choice can reduce the error in calculating the interaction-induced chemical
potential shift, as discussed in Ref. [125]. The numerical values of U; and U, are in Table II.

b. L [drd* 'V (r—r): pec(r) it pec(F) :
To simplify this term, we first derive the expression of Y 7 g’; bTo (r)g,p7,(r) as

PRI A R S S AT (D) P S AP (O1
To

To 0eQ, 7 Q’eQﬂ]
=D e e p ()]s [Tiy.c.8(0)]go
Ioc Q€Q,7 G
=Y 3D e iy p (G, . p(0)]go
Q<0 o G
_ Z e iGTy r~;] o (G)I/t,, 5(0) (C35)
G

where Eqgs. (C1) and (C12) are used. Then, we have

Y8 (D87, () =Y e (Gl e p(0) (C36)
To G
Then,
1 2. 92 1 / /
7 d7rdr'V(r—r): pe(r) :: per):
S KLAALaa) ) 3p DT e
ns g p
x ZZZ Cm v Br,sCmr Bl ngﬁlllal( )gmﬁ 110'1( )
n.st B B Loy
232 7 . .
S T 3 3 3D LTI IPT SPI
n.s B.8" m.s1 Bi.By

x e (Gl ep(0) Y e U (G )iy e, (0)
G G

MBZ

3L X VGOSN [l im0

k GG.G" n,s B.B n1.s1 Br.p;

f dr' iy g sCnrpis s €O (G O 5 (G (0) (C37)

Owing to small A, < |g,| = 1, we have
/ d’r: cn, 4Cnrfs e kHGHOT — 0ifG" + G £0. (C38)
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Then, we have

MBZ
1 / / / —ik-r
E/dzrdzrV(r—r) D Pee(P) i pec@) = ZZV(k+G)ZZZ Z /d r cnrﬂscn,ﬁ sre ik

n.s BB m.s1 i,By
/d2 & .';1 ¥, B1,51 Cnar B st : elk’jcﬁ( G)uﬂcﬁ % n cﬁl(G)Um,Cﬂf(O) :
(C39)
Furthermore, we numerically find that
Y Vik+ G, j(—G)Uy, . ONiE! . 5 (GIU,, c.p,(0) ~ V (k)3 85,5, (C40)
G
with only 8% error. Then, we have
1 232 1 / /
7 d7rdr'V(r—r): pe(r) : per):
MBZ
/d2 /d2 ' ZV(k) TN N NS el g B O Cnr s - (C41)

s Bonm.st By

Again owing to small A, we can extend the summation of k from MBZ to R?, leading to

1
3 / APrd* Ve —r) : pee(r) = pec(r) :

~ _/dz /dz / ZV(P) e ”ZZZZ Cnrﬂscﬂrﬂs "Cjnf,ﬂl,scmvr’»ﬁm o (C42)

ns o fom.st B

resulting in

1

3 [ PV E = ) ) e (c43)
where Hiy v . is defined in Eq. (56).

c. [d*rd*’rV(r—r): prr(r) it pe () :
First, by using Eqgs. (C36) and (C28), we have

MBZ

fd2 rd*r'V(r = 1) oy () pecr’) = AZ prR):D YD e E
ns BBk
x Z/ d?y kG -Gy " e (@il ep OV (k+Gnplke+G'): cn, pusCrr s -
G,G'
(C44)
Then, by using Eq. (C38) derived from the small A, we get
MBZ
[ v =y o sty = Z prR): YIS R
ns BBk

/ A e el et Y U (G s OV (k+Gonpk+G) . (C45)
G

Again owing to small A, we can choose k = 0in V (k + G)ny(k 4+ G) as a good approximation, resulting in

MBZ

/dzrdzr'V(r—r'):pff(r) Pec(r) AZ pr@®R): Y DN *"‘R/dz kTl g nw s Xy lpp . (C46)
n.s BBk
where
(X155 = Z W 5 (Gl OV (GIns(G) . (C47)
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Based on with Egs. (A29) and (C28), we have

- 2m 21
_[e'F e's% _ [ Ox Ox _ [ Ox * [ Ox _ (%= o; vk
(T (T ) () s () (et a)

(C48)
resulting in
_ ~fWiog
X, = 9( Wm) (C49)
with Wy, W € R. Then, combined with the fact that small A. allows us to extend the summation of k to R2, we arrive at
| MBZ
/dzrdzr’V(r =) ppp(r) i pec(r') s = v Z D pr(R) Z Z Z e kR / d*r'eé*r C;,,J,,g,scn,r',ﬁ/,s : QWeégp
R n.s BBk
1 . o
=Q Z tpr(R): Z Z v Ze ipR / d*r' e C:,,r',,s,scn,r’,ﬁ,s : W
R ns B 4
= Hint,w, fc » (C50)

where Hiyw, s is defined in Eq. (58).

d. L [dd> V(e —r): pop(r) 22 pre(r) 4 2 pre(r) 22 pes(r) 2]
To simplify this term, first note that

MBZ
iAK: —iQ-rpey * iAK 1 i(k—Q)ri~
2 G N i e =R =) ), el p Ol T IT= Y D T Bl
Io To 0eQ, 7 k Q’EQ”]
MBZ
1 . . N . i~
= W Z Z elk.(r_R) Z EI(Q_Q ).r[un,c,ﬁ(o)]gg[Un,f,ot(k)]Q/U
N ok QsQ/EQU_T
1 MBZ )
= ]\7—\/5 Z Z el(k_G)'(r_R) Z[ﬁncﬂ(o)]*gg rﬁn,_f,a(k)]Q+Ga
k G Q.0
1 .
=——) PR L0)T ), (C51)
N\/§ %: n.c.p ’I’f’ﬂl(p

where we use Eqgs. (47), (C12), (A25), and (C14). With Egs. (C51) and (C16), we have

1 d2 d2 / /N . .. /N .
3 rd rV—r): pr):: prr):
11 2,12 i T
~ 2 AN /d rd-r’ Z Z : C'l»’,ﬁvff”'R*/g*S : Z Z : fnﬂR,a/,S’C”””vﬂ'»s' :
n,s BaR n'.s Ba’

% Z eiP]~r—ir/-Pz—iI’1-R+iP2-RV(p)a’;’C,ﬁ(O)’l‘}‘n,.f’a(pl +P)5;/,_f-,a/ (py + Pty . p(0) . (C52)
p.p1:p>

Here p, and p, are carried by the ¢ modes, and thus we can set them to be zero in ;[Iz,c,ﬂ 0, r.o(py + p)’ﬁ:;,’f’a/ (D> + Pty ,p(0)
as a good approximation, resulting in

1
> / drd*f'Vir—r): Per(r)  pre()

1 1
~ Em / dzrdzr/ Z Z : C;,r,ﬁ,sfrl,R,ﬂ,s : ZZ : fr;r’,R,a’,s’cn’,r/,ﬁ’,s’ :

7,5 BaR n.,s po
ip,-r—ir’-p,—ip,-R+ip,-R ~t ~ ~7 ~
> Z P17 py—ip Rtip, V(P)M,,,c,g(O)Un,f,a(P)vn/,f,af(l’)”'l’,c’ﬂ’(O)
p.p.p>

Q .
— NG . S .
) Z Z L0y R psrRas Z Z ClRa O RS T e > (C53)

n,s afR n',s o'p’
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where
naporaw = 7 2V O ¢ o PV c.p Oy 9OV ;o (P) (C54)
p

which satisfies

Duaparas =g map - (C55)

Similarly, we have

1 1
E/dzrdzr/V(r—r/) Cpse(r) it pep(r) z/dzrdzr’V(r =) ppe(r’) i pey(r)

X

Q
A LT .
EZ Z Z RO BB O g g SaRas g - (C36)

R nsapBn.s.op

As a result, we have
f rd®r'V (e =) per(r) = pre) s 41 ppe() 22 pep (') ]

~—Q Z Z Z Tnapnap * fy Rasfr Ras cz,’R’ﬂ,’S,cn,R,ﬁ,S : ++const. (C57)

R n.s0,87,5.a'p

| =

Numerically, we find the biggest components of Jyug,yop are equal to Jyi3 513, Jy24,n24, Jy24,—513, and Jy13 04, Whose
magnitudes are 24.25 meV in EUS. The next biggest components of J,4g,,4'p have magnitudes being 6.478 meV in EUS,
which are roughly a quarter of those of the biggest components. Therefore we only keep the biggest components of J,4p ya/p -
Furthermore, based on Eqgs. (A24) and (A29), we find [125] that

Inzgiz = Jppama = —Jpa—niz = —Jy13, -4, (C58)

which is independent of n. Then, we define
J=Jrz413, (C59)
leading to
% / d*rd* rf'Vr—r): Per(r) =2 pre() 41 pre(r) i pep(r') 1] X Hine y + const. , (C60)
where Hjy ; is defined in Eq. (59).

e. 1[d*d* r'V(r—r): ps(r) iz pos () : +H.c.
By using Eq. (C51) and Eq. (C16), the term can be simplfied to
1
E/dzrdzr’V(r —r'): pep(r) = pep(r') : +H.c.

| <A gl <A
~ t t
M3 2 2 2D Conpaliras 2D i ias

k1 ky  n.s afR n.s op

1 . . 1 ~ ~
x e RIS TV (D)L, g O3 P+ E0)E  p (O)Fy . (=P +K2) + Hoe. (C61)
P
Then, due to the small A., we can setk; = 0 andk, = 0 in (ﬁ’;ycyﬂ 0V, ro(p+ ki ))(ﬁ’;,’c’ﬁ, (0)Vy 1,0 (—p + k»)), resulting in
1
3 / drd*f'Vir—r): pef(r) i pep(r’) : +H.c. ~ Hy 7, (C62)

where

Q A
Hy 7= 2 Z Z Z Jowpa npaCyrp.sCyrp.sfrRa s fyRas +He (C63)

R n.s.a.pn.sa.p
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LB [ard? Ve —r):pp@) i pop) s +H ) & [ [ @rd®PV (e =1) 2 psp(r) it ppe(P) 2 +H.cl]
With Egs. (25), (C16), (C24), (C27), and (C51), we can get

1 ! !
2/d2 rd> V(= 1) prr(r) = pes(r) s +Hee. ~—Z pr(R) : fdz YD g trrp f—ZV(mnf(—p)

n.s B

X E P TRy (0Y0, s (py — p) + Hec. (C64)
Uy e 0, f.o' \P2
«/QN .

Since P is .carried b}{ c rpodes and thus is small due to the small A., we can set p, = 0 in ﬁ’f“ g (0)vy 1o (P, — p) as a good
approximation, resulting in

1 ,
§/d2rd2r/v(r—r) Dppp(r) ,ch(r’) :+H.c. ~ — Z pr(R): ﬂZSﬁZC RS IR p.s [Y 1gar +H.cC. (C65)
where
~ 1
Y, = — S Vpn, ()i, (0, (p). C66
: mNZp: Py (p)ity, (0Y0y, 1 (p (C66)
Based on Egs. (A24), (A29), and (C28), we find
v _ eii%na‘" v %o, _ [Ox v _ 0 v _ P
Y+ = < UO)Y+E 3 = ( O_X>Y+O'x = —< O'Z>Y+UZ = Y_ B (C67)
leading to
~ 1
Y, =0= 3 / d*rd* r'V(r—r): ppr(r) = pes(r) : +He. 0 . (C68)

Similarly, we have
1
3 / d*rd* r'Vr—r): ppr(r) = pre(r) : +He. 2 0 . (C69)

& S rd* rV(r—r) : pee(r) it pog () 2 +HCD + [5 [ dPrd*r'V (e = 1) 2 pec(r) 22 pre(r’) : +H.c.]
By using Egs. (25), (C24), (C36), and (C51), we can get

B/dzrdzr,‘/(r TPl s ) +H.C.] * B [ rd®r'V(r —1) : pec(r) = pre(r): +H.c}
= %[erer/V(r _r/){: Pcc(l') - ;ch(r,) :} 4+ He.

/dzrdz ’ZZ Z Z{ Cnrﬂscﬂ"ﬂ' s, mr’ﬂlslf'“Ra] s}

n.s B, ni,si,B,e1 R

X Z ; D eV (p— G, (Gl (0)e" P PPRYT L (0)U, o, (P — P+ G) (C70)
P Py

Clearly, both p and p, are carried by ¢ modes, and are small due to the small A.. Then, we can set p=p; =0 in
m B Oy, f.a,(p; — p + G) as a good approximation, resulting in

1 1
|:§ / d*rd*r'V(r —r) : pe(r) = Per(r'): +H.c.i| + [E / d*rd*r'V(r —r) : pe(r) = pre(r'): +H.c.i| ~ Hpg, (CT71)
where

1 .
Hinx = 593/2 ZZ Z Z{: Cp R BSCIRB s 5 Co R gy s S Rearsi K proy + HoC. (C72)

n.s B, ni,si,Br.ar R

and
Ko mipro = Z V(G)un c, ﬁ(G)Mn e.p (OU ,“ B (O)Er],f.atl G). (C73)
Numerically, we find the biggest components of K, gg' ;, 8,«, have magnitudes being 7.054 meV in EUS.
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h. In sum

In sum, we have

HIPC % Hin y + Hinv,e + Hinow, fe -+ Hinoy + Hyn 7+ Hin k + const. , (C74)

nt

where the definitions of Hin,v, Hint,v.c» Hint.w. fe» Hint.s» Hip 7> and Hiy g can be found in Egs. (55), (56), (58), (59), (C63), and
(C72), respectively. Among all these terms, only H,,, 7 and Hiy x do not preserve the number of f modes. Moreover, according
to Table II, the strengths of H,, 7 and Hy x are small compared to the onsite interaction among f modes in Hiy v, as |J| ~ U /4
and |K,gp' gy | < U1/10. Therefore we neglect H,, 7 and Hiy x. We can also neglect the const. in HIBG since it is just a shift

int
in the total energy, leading to
HiE?G ~ int,U + I{int,V,c + I-Iint,W,fc + [']int,J ) (C75)

At the end of this part, we address the issue of the /2 scaling. As discussed in Sec. IIT A 1, the parameters values of the
single-particle TBG block of MATSTG are +/2 scaled compared to those of the ordinary MATBG discussed in Ref. [125].
As shown in Table II, the same /2 scaling does not necessarily occur to the interaction strengthes in HiE?G of the MATSTG
compared to those in Ref. [125]. It is because we choose the gate distance [Eq. (27)] for MATSTG to be the same as that for
MATBG, since there is no obvious reason for us to decrease the gate distance by a factor of +/2 when switching MATBG to
MATSTG. Therefore the relative ratios among the interaction strenghes in H'2¢ of the MATSTG are not the same as those in
Ref. [125], allowing W, and W3 to be slightly larger than U;. Nevertheless, we should still expect U; dominates the low-energy
physics since W and Wj involve ¢ modes with relatively higher energies, while U; only involves the low-energy f modes.

2. Details on HB6? and HP

int int

Now we turn to the other two terms in Eq. (C5), i.e., H'BS? and HP , which are not covered in Ref. [125]. First note that

int int?
1 IpISAq N
dl = Ze‘il’"dT - Z e gt +oe=d 4. (C76)
n.r,o,s n,p,o,s n,p,o,s n.r,o,s ’
VAL VA 5
where d;’r’(,,s is defined under Eq. (60), and . ..” represents the higher-energy d modes. Then, we know
pp(r) = pa(r)+ ..., (CT7)

where p,(r) is defined under Eq. (60). Combined with Eq. (C25), we have

HIBOD — fdzrdzr’V(r —r):p@r) : ppr'): =~ /dzrd2r’V(r —r) i ppp(r) i pa(r')

+ [/ d*rd* r'V(r —r'): pes(r) = pa(r') : +H.c.:| —i—/dzrdzr/V(r =) pee(r) = par) : . (C78)
Furthermore, we have
1 1
HP = 3 / d*rd*f'Vr—r): pp(r) = pp(r'): = 3 / Ard*r'V(r—r): pg(r) i pa(r) := Hiny.a (C79)

with Hjy v 4 defined in Eq. (60).
In the following, we will discuss each term in Eq. (C26).

a. [drd* r'V(r—r): prr(r) s pa(r)
With Egs. (25), (C24), and (C27), we have

/ d*rd*r'Vr—r): prp(r) i pa(r') :
= /dzrdzr/V(r —l‘/)z cprR) :np(r—R): pg(r'):
R
1 ) , 1 ;
_ /dzrdzr’z Ze—lp(r—r)V(p)Z cpr(R): ./_4 an(p])e—lpr(r—R) L 0a(F) :
P R )41

1 . .
= pr(R): / dzr’zlZelp"V(p)nf(—p)e_‘p'R cpa(r) (C80)
R p
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Since p is carried by d modes here and A, is small, we can adopt V (p)n f(—p) ~ V(p = 0)ny(p = 0). This approximation is

rather good since if we choose p = ¢ with ¢; defined in Eq. (6), the error is less than 6%, i.e.,
V(L\n (-2
(@) () o4 (C81)
V(ip=0)ns(p=0)
Then, by defining
1
Wra = GV(p=0)ns(p=0). (C82)
we have
/ drd® 'V r =) : prp(r)  par): =Y pp(R) : pa(R) : V(p = 0ng(p=0)=Q) : ps(R) :: pa(R) : Wra=Hinsw.sa-
R R
(C83)

where Hiyw, rq 1s defined in Eq. (61). The numerical value of Wy, is listed in Table II.

b. [d*rd’PV(r —7): ps(r) it pa(r’) : +H.c.
With Egs. (25), (C24), and (C51), we can get

/dzrdzr’V(r — 1) pre(r) = pa(r') - +Hec.

1 ~
— /erer/JTlZ —ip-(r— r)V(p)Z Z r]rﬁ gfnRozs . N\/—Zelp] (r— R)lecﬁ(o)vrl,f,vt(pl) . ,Od(r/) - +Hec.

14 n,s B,a,R
/dzrdz / A2 Z Z nrﬁ SrRas Zei(p]7p)'rv(p)eiipl-Rm],c,ﬁ(o)?)"l.f,a(pl)eip‘r, pa(r’) : +H.c.
n.s B,a,R p:p
/ aratr V2 i Z el g fokas T Y EPTV () PIPRET (OND, o (p) + PP pa(r) t +He.  (C84)
n.s B.a.R p.p

As p, is carried by ¢ modes and p is carried by d modes, both of them are small, and we can adopt

0 o g OV pa(p +p) =T, 40T, 7.a(0) =0 (C85)

as a good approximation, where the second equality comes from the orthogonality of % and 7 at the same momentum. Then, we
know

/dzrdzr’V(r =) pep(r) = pa(r) : +Hc. 0. (C86)

c. [Ard’rV(r—r): pe(r):: pa(r'):
With Egs. (25), (C24), and (C36), we can get

/ d*rd* r'Vr—r): pec(r) = pa(r') :

/d2rd2 ’ Ze—lp(r r)V(p) Z nrﬂ Cor s Ze—lGrNI ﬁ(G)ur/cﬁ’(O) pd(r)
1.5,8.8 G

f d*rd*r AZZ e POy () Z ChygiCnrprs s €07 (Gl e p(0) : par) : (C87)
n,5.8.8

As p + G is carried by ¢ modes and p is carried by d modes, both of them should be small, and thus we should only keep G = 0
in summation, resulting in

[ v =y oty patrys = [ e ALVD e T Oy O )

n.s.8,8'
/dzrdz/ Ze—lp(r r’)V(p)Z Cnrﬁxcﬂrﬂs' 0a(r)
n.s5,8
= f d*rd®r'V(r —r): pe(r) : pa(r') := Hiniy.ca » (C88)

where Hiy v ¢ 18 defined in Eq. (62).
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d. In sum

In sum, we have
HiP9P ~ Hiw fa + Hinevied » (C89)
where Hiy w, rq 1s defined in Eq. (61), and Hiy,v,cq is defined in Eq. (62). Furthermore, we have
H2 ~ Hiyy.a (C90)
with Hiy y 4 defined in Eq. (60).

APPENDIX D: MORE DETAILS ON THE NUMERICAL HARTREE-FOCK CALCULATIONS

In this section, we provide more details on the numerical Hartree-Fock Calculations.

1. Hartree-Fock Hamiltonian

We first present more details for the Hartree-Fock Hamiltonian. In general, given an interacting Hamiltonian of the form
N 1
f i
H= Zj vt + 2 Z Ui ivuinis Wi Vi 0 Wi, (D1)
’ 1,12,13,14

with some generic fermion annihilation operator ;. The Hartree-Fock approximation is to choose the ground state as a single
Slater determinant:

W) = alaidl...a,|0), (D2)

where a:g =) W,T(é—n)i and ¢, &,..., ¢y are orthonormal vectors. Then, the Hartree-Fock Hamiltonian is derived as

. 1 .
Hyr = Z Vit + 2 Z Ui1i2i3i4(¢,'t Vi, Oiiy + lﬂi: Vi, Oiyiy — 1/4-1 Vi, Oiiy — ¥, Vi, 0ii) — Eo (D3)
i,j iy,0n,i3,i4
where Oy;, = (W] i, |W) = S0 (¢5¢ ] )i and
1
Ey = E Z Uiiiyisia (0i1i40i2i3 - Oi1i30i2i4)~ (D4)
i1,0i2,13,14

Hyr satisfies (W |Hyg|W¥) = (W|H|W). Note that Hyg has the same form as the mean-field Hamiltonian; in fact, the Hartree-Fock
approximation is equivalent to the mean-field approximation. O;,;, is called the order parameter or the density matrix. (¥ |Hyg|W)
is also called the Hartree-Fock energy.

Now we come back to MATSTG. We only consider the states that are invariant under the Moir€ lattice translations. Moreover,
similar to Ref. [125], we only care about the following averaged density matrices for simplicity

1
Jff — i
0”10‘13],7}20‘232 - N Z(fm,R,a1,31f"2’R’“2~Y2>’
R

IPISAc

. ny,
cC T c
n1B151.12B252 z : (cm,p,ﬂl,ﬁC'?LP»ﬁZJZ) - ) 87117728,3152351327

z| -

P
IPISAq

n
dd _ ¥ Ag
0'701‘?1,'702-?2 - N Z <dn,p,tf].,x1dfl~17.02,52>_ B 501025s1s2,
4

0 - L Sp—p.Cong () .1 5, )
nB1s1,—nPasy — 3 p—p'.C3nq:\%n,p.o1 .51 %4 —1.P' 02,52
)4 p  n=0,12
1 IPISA.
cf _ ¥
0771/3|~Y|,7720t2-Yz - N Z (Cﬂl,P,ﬂl,slfm*p'“z'rh)’
P
ofc = [OC.)‘]T,
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|p\<A
df —
Omclsl,ngazsg - N Z m D01, slfﬂz p+mKu,aa, S?)
fd _ [Odf ]T’
1 IPISAc&|p—mCiq,I<Aa
cd _ T
Omﬂm mos2 T 3N Z Z <Cm.p,51.51d'72’1’_"2C§1‘11’”2’52)’
n=0,1,2 p
0 =0T, (D5)
where (.. .) is the expectation done with respect to Hartree-Fock ground state, n,, = + Z‘p ISAc and ny, = % ZKKA“ . We note
that the expressions Off, 0°¢, 0F¢ and O are the same as those in Ref. [125]. We also note that for dj; o8 andd_, 5,5, in
Oggmﬁn pasy» P and p’ must be different in order to preserve the Moiré lattice translations, owing to the fact that dl. p and di, »

are around Kj; and KM points, respectively, as discussed in and below Eq. (A30). Because of the same reason, we choose the

d and f modes in Om[ml Toas, S dm povs A fo pin Ky a5, to preserve the Moiré lattice translations.
Then, combining Eq. (64) with Eqs. (DS) and (D3), the Hartree-Fock Hamiltonian reads

Hyp = Z H§f£ +Hy +Hy,.+Hyy+ Hycq + Hy g + Hy rq + Hy
n

—(Ey +Eve+Evg+Evea + Ew ge + Ew ra + Ey) + const. , (D6)

where H; eff y 1810 Eq. (54), “const.” stands for a scalar that is independent of the ground state, and the rest of the terms are discussed
in the followmg Before going in to details, we define fk = "frj,k,a,x’ ), f; =(.., fnT,R,a,sv ), cT =(..
anddT—( ., ,”,M,...).

F1rst we go over Hy, Hy ., Hy sc, Hy, Ey, Ey ., Ew, s, and E;, which are the same as the corresponding Hartree-Fock terms
in Ref. [125] since they only involve the f and ¢ modes derived from the TBG part. For more details, one can refer to Ref. [125].

npﬁv"")’

Hy =Y {pr(RIU(TH[0] = 3.5) + 6Uy(Tr[0/] — 4)] — Ui £3 1071 fa} | (D7)
R

N 5 N

Ey = 3 TOY P (U, +6Uy) — Uy 7 {07 017, (D8)
IpISAc
Hy, = —V(p 0) Z chep O], (D9)
and
N cc12 cc

Eye= 5=V (p = 0)(Tr{O“T + 16ms, T{O“]) . (D10)

Here we neglect the Fock channels for Hy . and Ey ., same to Ref. [125], since otherwise the Hartree-Fock calculations would
heavily depend on the cutoff A. due to the simplified density matrices chosen in Eq. (D5).

[PISAc

«(WinoToso Winotoso T
H c = T T OLL . T Ofc
o ke%ﬂfkfk f[ < W377°TOSO>] ; C,,( W3n0T0s0 [O71 o
IPI<A, WinoTos IpI<A. Winotos
— cf1T [ ¥170toS0 + (WinoeToso o
Z f [0 ] ( W3rIOTOsO)Cp + ; cP( W3)70-[0S0>CP(TI[0 ] 4) ) (Dl 1)

10,x,y,- are Pauli matrices for the valley index, and

o[ WinoTos
ff ce [ W10 ToSo £
Ew rc =NTr[O//]Tr [0 ( W3770T050)i| + 2Nny, Eﬂ Wpg (Tr[O//]—4)

Winoetos
_ cf nfc 17107050
NTr |:0 (0] ( Wsnofos())] . (D12)
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J T T
Hy=—3 Z f;[nztoso(of‘clrzvrlrz) N:ToSo + 7]07:50(016“6;[‘2,1*11"2) nOTzSO]fk
keMBZ
|p|<A 0 0
fc 8x8 fc 8x8
+ Z Cprirs |:’7ZTOSO Tr |:0 (nzfoso>] + notzso Tr [0 (nofzso)ﬂfp
IpI<A, 0 * 0 *
v + fc 8x8 fc 8x8
+ > Z Ip [nzfoso Tr |:O <77ZT0S0)} + not.s0 Tr |:O <770TZS0)} i|cp,r|r2
I1'I<A 3 3
-3 Z Cp, 0 [1:7050 (07 27050 + no250(0"") Mot250 — noTosoleprir, »
and
, Tr[O77]
Z Y O O tarsarwmiasys (0 + (= 1)) = INny, 2
nm' ao'ss’
JN ,
Z 0n(a+2)s nos n a's' ' (o' +2)s' (nn, + (_I)OH_O[ ) ?
nn',ss’ ,aa’

where OF 1, 1, is the 8 x 8 diagonal block of O that correspond to Cn k. f=34.5°
Now we move onto the terms that are not covered in Ref. [125]. First, Hlm v.a in Eq. (60) can be rewritten as

f d*rd*r'Vr —r'): pa(r) = par')

4 4
f d*rd*r'v(r — r/)(pd(r) — 5nAd> (pd(r’) - ﬁnAd)
1

4
=3 / d*rd*r'V (r — >[pd<r>pd(r)— —=n,(0a(r) + pa(r >)}+const

N =

Hinva =

N =

2 : z : 8P4 p+p, Pz P+P2V(p)§ : z :dnp, o,s ;7 P20, Yd77’,p3,0/,s’d7],p4,0,s

P P\P2P3Ps4 nos n'o’s'
4}1A :
+——ZV(P1 p)ZdTpas r]pas_ dV(p—O)ZZd n,p,0,s ﬂpas’
pp nos nos

which leads to the following Hartree-Fock Hy 4

Hya =5~ Z Z Sp.p+p,8ps. 040,V (P) Z Z n.oy.0.snpio, S(dr; 2.0’ vd’i"l’s"’”s'>

P Pp\P2P3Py nos n'o’s

gt i _ gt T
o poor sy or oy pyos) d,,, oo pao sl oy prors)

¥ ¥
+ dr; P20, dﬂ/vphf"’vs/(dn,pl,U,sdrlvpzba s 2 A Z V(pl p) Z dr] P.0.s 77 p.o.s

pp nos

4nAdV( _O)szwm n,p,0,8

P nos

neglecting Fock channel

Ag
1 T dd
SV@e=0 %:dpdp Tr[0"]

where we have used Eq. (D5). Similarly, we get Ey 4 as

N
Evy= Ev(p = 0)(Tr[0Y]? + 8ny, Tr[09]) .
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Second, Hiy y.cq in Eq. (62) can be rewritten as

8 4
Hinv,ed = / d*rd*r'V (r — r’)(pc(r) - §nA[.> (pd(r’) - 5n1u>

8 4
= /d2rd2r/v(r — r’)|:,oc(l‘)i0d(r’) _ _nAde(r’) _ §nAde(r)i| + const.

Q
Ae Ag
= _ZZZSP2P+P1 P3P+P4V(p)z Z Cr]pl /33 r] D307, sdﬂ P4,0",5Cn.p.B.s
P PPy P3Py nos n'o's'
8n A 4n A
A + A
— 5 V=0 ddy = =1V(p=0)) cjc, +const., (D18)
p P
which leads to the following Hartree-Fock Hint,v,ca:
Ae Ag
HV cd = 74 Z Z Z 8172 P+p, I’z P+P4V(p) Z Z [Cn P18, sCn.p2.B, 5<dn P3,0,s d'l P40’ Y’)
P PPy P3ps nos n'o’s
i T f T
+ (Cn,pl,ﬁ,scﬂqu’ﬂ’s)dn’,m,a’,s/d’]’spm‘”»sl - <C7).p|,ﬂ,st”Pw‘T’sS/)dn \p3,0’ A/CW P2.B.s
T
- C; P1.B, xdn’,pA,(r/,s’(dnr P3.07, As’C’IqPZvﬂvé')]
4
”A ey p= O)Zdu _ "V(p = O)Zc ¢p + const.
Neglecting Fock channel Ipl<Ae lplstd
g —V(p =0) Z chep Tr[07] + V(p 0) Z did, Tr{O0] , (D19)
Similarly, we get Ey .4 as
Eyeq = EV(p 0)(2 Tr[0Y) Tr[0°] + 8np, Tr[O] + 1614, Tr[0]) (D20)
Third, Hine,w, r4 in Eq. (61) can be rewritten as
4
Hiw.pa = QWi ?(pf(m = pa®) = Sna,
= QWra ) pr(R)pa(R) — 4QWyra ) pa(R) — 4na,Wra ) py(R) + const.
R R R
W MBZ A4
Wya
ZZ 2228k1+p2p;+k4+ankl a,s 7] D208 r] p3,0' sfnk4ots
nas n'os’ kiky pap;
Ag MBZ
— AWy > didy —4np,Wra Y £ fi + const. (D21)
P k
which leads to the following Hartree-Fock Hiy w4
MBZ A4
HWfd = _ZzzzzakﬂrpzmekmLG fr;k| agfr]kuxs( 0.ps.0’ Adn P30’ s)
nas n'os’ kiky pap3
Il il T T
+ <fr],k1 ,a,sf'lvk%""s)dn’,pz,U’,s’d’fﬂp,%v”/vs’ - (fn,kl ,a,sd’llvpsv"’vs/>dr;’,p2,a/,x’fﬂvkm“»?
Aq MBZ
- ,j’kl,a"vdn’,p3,a’,s’(d;/ﬁpz’(;f,sfﬁi,k4,a,s>] - 4Wfd Z d;dp - 4”A4Wfd Z fk' fk
p k
IpISAq IPISAq
=Wy THOY] Y fifo + Wya(Tr[0%) = 4) Y didy — Wya Z Z di, 014 fypiwky +He |, (D22)
R P
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(a) (b) °
[ ] [}
[ ] [ )

[ ]

FIG. 4. The edge of the MBZ is shown in (a) as the black solid
line, where the cornors are excluded. The corners of the MBZ are
shown in (b) as the black dots. Only half of the edge in (a) belongs
to MBZ, and only one third of the corners in (b) belongs to MBZ.

where we have used Eq. (D5). Similarly, we get Ey, ¢4 as
Ew, fa = NWsa(Tr[O Tr[0/7] + dnp (Tr[07/] — 4))
— NWyq Tr[O0Y 074). (D23)

Comparing Eq. (D22) to Eq. (D11), we can see d,; p» couples
t0 fi p+nky» While c; couples to f,, showing that d modes are
around the nKj, points and ¢ modes are around the 'y, point.

For the calculation of Hartree-Fock density matrices,
we choose A, = Ay =+/3 [Ibm.1] = lbm2] = /3 accord-
ing to Eq. (21) as a comparison], and the iteration for the
self-consistent calculation stops when the error of the Hartree-
Fock ground state energy is smaller than 10~ meV in EUS.
The initial Hartree-Fock density matrices are given by the
initial states, which are specified below. To rule out the sym-
metry breaking induced by the artificial cutoffs, we address

J

_ 1 . . . . " .
|IVC3_0> = H Z(f-:R,l,T - 1fj,R,2,¢)(fi,R,l,¢ - 1fj,R,2.¢)(_1f:R,l,T + fi,R,z,T)(_lfi,R,1,¢ + f{ g )|Fermi Sea) ,
R

_ 1. : ,
K-IVCG™) = [Tyl T ra )y + 7 2 D F ki T FLra ) F gy + ] g,y )IFermi Sea)
R

R

and

the momentum points in MBZ in a symmetric way. Specifi-
cally, when we need to sum k over MBZ for determining the
density matrices in Eq. (D5), instead of actually summing k
over MBZ, we sum k over the completion of MBZ, i.e., the
union of MBZ with its all edges and corners (shown in Fig. 4),
and include a factor of 1/2 for terms with k on the edge and
1/3 for terms with k at the corners.

The Hartree-Fock band structures are plotted for A, =
Ag = 2+/3, in order to compare with the single-particle band
structure.

2. Initial states

Now we specify the initial states for the self-consistent
Hartree-Fock calculations for v = 0, —1, —2. The choice of
the initial states are inspired by the numerical results in
Ref. [149], which show that (i) the ground state at low-&
is similar to TBG, and (ii) the ground states at high-£ have
zero intervalley coherence. Therefore, for all the considered
fillings, we will include all the initial states that correspond
to those used in the study of TBG in Ref. [125] and include
representative states without intervalley coherence.

Recall that we choose the initial states to have the form of
Eq. (65), where |Fermi Sea) stands for the hall-filled Fermi
sea of the free ¢ and d modes. For the initial states without
intervalley coherence, the filling in each valley is well-defined
and can be evaluated as v, = Tr[¢, ;“; ] — 2 for the n valley,
where ¢, is defined in Eq. (70); we have v, 4+ v_ = v. Then,
we choose certain representative initial states without interval-
ley coherence for all combinations of (v, v_) with vy < v_,
since the vy < v_ subspace is related to the v, > v_ subspace
by the TR symmetry. The initial states that we choose for the
self-consistent calculations at v = 0 are

\VP=) = [ [ £1 ki1 fik1s Sl k21 S LR, [Fermi Sea) , (D24)
R
(D25)
(D26)
PV =) = [ [ /L pinflkay Sl 2y S 1, | Fermi Sea) (D27)
R
[PVPS"=") = [ Al ki Sl ko figos S ko |Fermi Sea) . (D28)
\VHY™) = [ [ 1 o fimi /o s g, [Fermi Sea) . (D29)
R
|Cherny=) = [ [ £{ g1/l r1f kot Ro, |Fermi Sea) . (D30)
R
half-Cherny=") = [ [ £1 1+ i k1 p1 T goq |Fermi Sea) , (D31)
R
(D32)

|CyT-invarianty=™) = [ [ £{ g1 /1 rorf &1 S gy |Fermi Sea) .
R

Here |VP5:O), |IVC3:O) and |K—IVC3:0) are chosen because the corresponding states are used in Ref. [125] for TBG. |VP5:O)
is also a representative state without intervalley coherence for (v4, v_) = (2, —2). We choose |PVP(1)’”:0) and |PVP3’”:O) as
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the representative states without intervalley coherence for (v, v_) = (1, —1). We choose [VH; =), |Cherny="), |half-Chern)=°)
and |C2’T—invariant(‘j=0) as the representative states without intervalley coherence for (v4, v_) = (0, 0). The initial states that we
choose for the self-consistent calculations at v = —1 are

\VPe="") =[] fi ki fig1 S ko s |Fermi Sea) . (D33)
R
— 1. - - . , .
|IVC07 l) = 1_[ m(fj_,R,l,T - lfi,R,ZA,T)(fi,R,l,\L - 1f1$R$2,¢)(_1f:R,l,T + fj_,R,z,¢)|Ferml Sea) , (D34)
R
y=— 1 T T 1 + + .
VPHVC™ ) = [T 5 ras + 1 ko) F L iy + FLra)fL gy, [Fermi Sea) (D35)
R

PVPy="") = [ [ £l giafimi fo ., [Fermi Sea) , (D36)

R
PVPyY="") = [ A ko Sl ko /T k1. [Fermi Sea) , (D37)

R

and

PVPy =) = [ £ k1Sl Rorf &1, [Fermi Sea) . (D38)

R

Here |VP8:_1), |IVC5=_1) and |VP+IVC8=_1) are chosen because the corresponding states are used in Ref. [125] for
TBG. |VP(‘;=’1) is also a representative state without intervalley coherence for (vi, v_) = (1, —2). We choose |PVP(1)"’=_1),
|PVP§’”:_1 ), and |PVP(3)’”:_I) as the representative states without intervalley coherence for (vy, v_) = (0, —1).

The initial states that we choose for the self-consistent calculations at v = —2 are
= 1 T .
‘K-IVC(‘;— 2) — H E(fi,R,m + fiR,Z,?)(ff,R,l,T — fl’R,z’T)|Ferml Sea) , (D39)
R
— 1 . - .
|IVCO— 2) = 1_[ E(fl,R,LT — lfj,R,Z,ﬁ)(_lf—,R,l,T + fLR’Z’T)|Ferm1 Sea) , (D40)
R
\VP="%) = [ [ f1 x.1.1 /] k. [Fermi Sea) . (D41)
R
(VP ="2) = [ [ f] g1, 1 k2., [Fermi Sea) . (D42)
R
[VPy'=7%) = ]_[ et R et , [Fermi Sea) , (D43)
R
|valley-unpolarizedy"="*) = [ | f{ g .1/ x| 4 [Fermi Sea) , (D44)
R
and
|valley-unpolarizedy*="?) = I_Iﬁ,le.l,T YA ,|Fermi Sea) . (D45)
R

Here |K-IVC5:_2), |IVC3:_2) and |VP3:_2) are chosen because the corresponding states are used in Ref. [125] for TBG. We
choose |VP(1)"’:_2) and |VP(2)’”:_2) (as well as |VP(”)=’2)) as the representative states without intervalley coherence for (v, v_) =

(0, —2). We choose |valley-unpolarized(l)‘“:_2) and |va11ey-unp01arized(2)‘”:_2) as the representative states without intervalley
coherence for (v, v_) = (—1, —1).

APPENDIX E: MORE DETAILS ON ANALYTICAL UNDERSTANDING

In this section, we provide more details on the analytical understanding.

1. One-shot Hartree-Fock Hamiltonian

We develop the analytical understanding by using the one-shot Hartree-Fock Hamiltonian, which is derived as the follows.
First, based on the initial state Eq. (65), we can derive the initial density matrices as

ini

[Oic;fi]nﬁs_n/ﬁﬁy/ = Sy [Zy)pp Sy With [Zy]pp =0,
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0% =

ini

o =0, o0l<=o,

ini ini
oY =0, 0¢=0
O=0, OF=0, (E1)
where Z, is a 4 x 4 matrix. Then, we can substitute Eq. (E1) into the Hartree-Fork Hamiltonian Eq. (D6), and the resultant
Hartree-Fock Hamiltonian is the one-shot Hartree-Fock Hamiltonian, which reads

Hyr.0s = Z H&f; + Hy.os + Hy.c.os + Hw fc.0s + Hy.os + Hy.a.0s + Hy.ca.0s + Hw ra.0s — EQ® + const. (E2)
n

where Hgff’ is in Eq. (54),

EDS = Ey.os + Ev.c.os + Ew.fe.0s + Er.0s + Ev.a.0s + Ev.ea.0s + Ew.fa.0s (E3)
Hyos =Y fahufe . (E4)
R
1
hy = SUr + U + 60U = Urg¢' (E5)
N N
Ey.os = 5(4+v)2<U1 +6U2) — U7 (4+v), (E6)
Hy.os =0, (E7)
Eyc.os =0, (E8)
IPISAc
Hy feos = . Chhw.secp . (E9)
P
vWinoToSo
hw e = , E10
I ( VW3770f0S0> E10)
EW.fc,OS = 2,1\71)1’11\L (ZW] + 2W3) -+ const. , (El 1)
IpISA.
Hyos= Y cjhcy. (E12)
P
0Ogxs
hy = . , E13
/ ( 1:7050 £ 127080 + 10Te80£ ¢ 10 T250 — ﬂoToSo> EL3)
J
Ejos = _EUNHAC + const. (E14)
Hy 4.0s = Hy,caos =0, (E15)
Ev.4.0s = const. Ey .4.0s = const., (E16)
pI<Aq
Hy 4.0 = Wraqv Z d;d , (E17)
P
and
Ey t4.0s = 4vNWygny, + const. (E18)

Here “const.” consists of scalar terms that do not depend on the density matrices. It is clear that the dependence of EOOS on the
ground state is only through the filling v, which is solely determined by the f modes at the one-shot level. Therefore the energy
difference for different states with the same filling only comes from the operator part, which we will focus on in the following.

2. Simple rule for high-£ states: high-£ limit

Now we provide more details on the analytical understanding of the simple rule for high-£ states, under the high-£ limit.
Here high-£ limit mean that we choose |£| to be infinitely large compared with all other energy quantities. We also approximate
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the chemical potential as
w=vlU +6l,), (E19)

which is the correction of the chemical potential due to the density-density interaction of f modes [125]. The validity of these
simplifications will be discussed in Appendix E 3. In Appendix E 3, we will demonstrate the validity of those approximations
forv =0.

Throughout this part, we choose v € {0, —1, —2}. As an effective theory, we will focus on the Hartree-Fock Hamiltonian at
+K,, and I'y;. We will first consider =K, and then consider I'y,.

a. :l:KM

The one-shot Hartree-Fock Hamiltonain around +K), reads

oK lpl<2d oK R
HHF%S Z (f+ nKy+p? f— nKy+p’ “n p)hHFIt/Ios(p) ff,nKMer ’ (EZO)
n.p
M\ E(tg +ity)s
1 + 1 0 z)50
U U +6U,) —U
hll?é,os(l’) _ | 22U +vl + 2) —Ui¢ ‘ Osra ’ (E21)
M\ E(to —it)s0  Oaxa | Wrav + (prox + pyoy)so
and
0.
1 t 4x4
U +v(U; +6U,) —U .
hapas@) = 2! v 2)—Uigs ‘ M E(to —iT)so . (E22)

O4q MiE(ro+iT)s0 | Wrav + (—piox + pyoy)so

By performing cfr — dT € ~i%% 50, we have

1 T \/EM]S‘L'()S()
;UL +vU; + 6U,y) — Uit ‘
h1H<F os(P) = hHF s =|_2" @ 2) —thte 044 (E23)
V2M Etos0  Oaxs | Wrav + (= pxoy + pyox)so
and
—Ky =Ky LU + v(U; 4 6U>) — Uyt ¢t ‘ Ot
Ik s (P) = hyk o5 (P) = V2M, E1s0 : (E24)
Osxs  V2METos0 | Wrav + (= pxoy — pyox)so
which are convenient to use. , .
Since we focus on =K}, in this part, we only consider p = 0 for f;n Ku+p° f_T’ nKni+p and d;ﬂ - To proceed, let us define the

following two unitary matrices:

- Xo1 X1l _ 1
Uik, = 1l ®14xq and Uk, = | X01 Xia ® Luxs , (E25)
X0,2 X1,2 X0,2 X1,2
where
V(U +6U,)  V2M\E
= , E26
< \/leg Wyqv Xy = € Xy ( )

Yy =0,1, x, = (xy.1, Xy,2) is real, and

Uy +6U, + W Uy + 6Us, — Wpg) T
. = v(U; + 22+ fd)+(_)y\/|:\)( 1+ 22 fd)] +om2e? (E27)

Then, we use U,]KM to unitarily transformation hHF os(0) to

hglllgMOS (O)U Ky
collyna o> xGix1 & (60 - 1) Xoatntl,
= €1lyng -U Xiixon  Ixial s X6l - (E28)
VWi +6U2)1axa X018-nCy  X118-yC, | cntly— 3

We perform the transformation in Eq. (E28) because (i) it gives a block-diagonal term (i.e., the first term) that has the three blocks
with energies €y, €; and v(U; 4 6U,), and (ii) the gaps among €y, €; and v(U; + 6U,) are of order |£| according to Eq. (E27),
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which is much larger than U in the high-£ limit. Therefore, in Eq. (E28), the elements (of the second term) that couple different
blocks in the first term can only change the eigenvalues at the order of O(|U,/&]).

In the following, we will neglect all corrections to the energies that are of order O(|U;/£?|).

Then, we only need to consider the following Hamiltonian:

~. o~ ~
Uk, IrZIFl:/IOS(O)U’IKM
€ollaxa — Urlx0.11* (848 — 3)
~ é1llas — Urlxial*(6n8) — 3) . (B29)
(U + 6Un)ass — Ui (£¢ ", — 1)
Recall that €; < v(U; + 6U;) < €y and the gaps between them are of order O(|€]), which is much larger than U;. Then, based

on the expression of the chemical potential in Eq. (E19), the € block should be fully empty, while the €; block should be fully
occupied. Eventually, we know that the occupied states of Eq. (E29) are all eigenstates of

le) — v(Ur + 6U2)axa — Urlx11 17 (858, — 3) for both n = =, (E30)
and all negative-energy states of
—Uy(&yg,) — %) forboth n = +. (E31)

We have subtracted the chemical potential in Egs. (E30) and (E31) compared to the corresponding block in Eq. (E29). We label
the total energy of all those occupied states as E,, .
We want to minimize E.g, . Recall that Eq. (E30) should be fully occupied for both n = £. To express the remaining

contribution to Eyg,,, weuse A; (i = 1,2, ..., 8) to label the eight eigenvalues of
§+d )
, (E32)
( [
since all negative-energy states of Eq. (E31) are all negative-energy states of
e > 1]
—U ——. (E33)
‘ [( ¢¢t) 2

We choose Ay > A, > --- > Ag without loss of generality, and choose n to be the largest integer that gives A, > 1/2. Then,
according to Egs. (E30) and (E31), we have

.1 - 1
Esix, = 8[ey — v(Uy + 6U)] = Ulx11* Y Tr [;nc,; - 5} -0y (xi - 5) +Oo(UI/IED
n i=1

. 1
= 8l — v(U) + 6U)] — UrlxiaPv = Up Y (Ai - 5) +O(UP/IED (E34)
i=1
where we have used
D Trlg 1 =Trigc N =44v. (E35)
1
N
To proceed, let us derive the constraints on A;. First, as (§+§+ ¢ CT) is positive semi-definite, A; > 0. Second, A; < 1. To
see this, recall that ¢ defined in Eq._ (69)_is a 8 x (4 4+ v) matrix who_se cplumzls (¢1, - -+, Ca4v) are orthonormal. Then, there
exists 4 — v 8-component vectors, {i,...,{a—v, such that ¢y, ..., {4y and ¢p,...,¢4—, form an orthonormal basis Of I(CS. Let us
define the ¢ = (¢ ... &4—y) as a 8 x (4 — v) matrix, whose columns are orthonormal and which satisfies ¢"'¢ = 0 and
¢¢" 422" = 1g,5. Then, we have
ool o\ (il il _
( T U T ) = sa = G A 58 = T (E36)
[ G ¢y L-¢

Combined with the fact that g:,, Z,; is also positive semidefinite, we can get A; < 1. Third,
8
D ai=) Trigeil=4+v. (E37)
i=1 n

In sum, we know A; € [0, 1] and Z?:] Ai=4+v.
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With the constraints on A;, we have

n 4
Y h=4+v< Jz”’. (E38)
i=1
To see this, we first consider n > 4 + v, which gives
" 1 " n n n 4+v 4d4+v—n 4+v
M—= )= h—=<Y h—-=d44v—== . E39
Z( 2) D D I R T s S (E39)

i=1 i=1 i=1

Forn < 4 + v, we have

Bt gt

For n = 4 + v, we have

n 1 n n 44 v
Z(Ai—5>=ZAi—g<ZAi—g= — (E41)

i=1
Therefore we proved Eq. (E38) and we know the equality in Eq. (E38) only happens when n = 4 + v.
Equations (E38) and (E34) give
) 44v 2
Eik, = 8[e1 —v(U; +6U)] —Uilxi1l7v — UIT + O(UI7/1€)) . (E42)

Then, we know that the lowest Eg,, is achieved if and only if > ";_, A; = 4 + v, which only appears for n = 4 + v. Owing to
Z?zl A =4+ v, we have

Xn:)\.l‘=4+v
i=1

<:>ZAi=4+v and n=4+v

i=1
<$)"l=)"2="'=)"4+1)=1
Srh=l=-=Mp=1 and Appy1 =Mppp2=--=2%3 =0. (E43)
Therefore the lowest E1g,, is achieved if and only if
e .
+ + | Ediag(1,1,...,1,0,0,...,0), (E44)
el SELASALE

———
4+v 4—v

where = stands for matrix similarity defined by unitary transformations in U(8). Equation (E44) suggests that ({*d r t*) isa
projection matrix. Then, we know

il + ¥
Tr |:<C+§+ §§T> <§+§+ {(T):| =Tr |:<§+§+ {{T)i| — Tr[;gT] _ Tr[g;ngT] i (E45)
which results in
Trigyele {1+ Trie ¢ e 11 = Trigogle el + Trle ¢le ¢+ Trign el e 1+ Trie ¢ley e, (Bd6)
which results in
Tel¢ ¢ ¢ ¢ 1=0= ¢80 =0, (E47)
Combined with
¥ el ¥ vl ~
Gl =0= (T ) =edt s () EdiasL L 1,00..,0), (E48)
o T 4+4v 4—y

we know ¢,.¢" = 0 is equivalent to Eq. (E44). Therefore, in the high-£ limit, the lowest E.k, is achieved if and only if ¢ tf=0
(i.e., the intervalley coherence is zero), if we neglect all corrections to the energies that are of order O(|U; /£?|).
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b. Ty
Now let us turn to the I'y; point. The one-shot Hartree-Fock Hamiltonian at I"y; reads
sUL+ (U, + 6Uy) —Uigc™ g
ylg vW, , (E49)
vWs + h[‘lrz

where ¥ =y + B, &2,

. J
hr,r, = Mnoo.so — z(nzcrosoé ¢ n.0080 + 100508 ¢ "o0sy — 1) | (E50)

and M = M + By E2. Owing to

! (=301 + (U1 +6U)) 1
~U) +v(Uy +6Uy) —Uyget = (172 e : Bl
S (& 2) —Ui5¢ ( (FU1 +v(U; + 6U2)) L4 (=D
the eigenvalues of

1 Ty

;U +v(U +6U,) —Uig¢" yls

2

( o T (E52)

does not depend on the ¢ as long as v is given. Therefore we will focus on A, .

Since we consider the high-£ limit, we have [M| > J. Then, the energy difference between different states given by hr,r,
should be of order J, which is generally much smaller than the energy difference at =K, which is of the order U;. Therefore we
should only focus on the states with lowest E.g,,, i.e., states with zero intervalley coherence. In other words, the discussion at
+K), already suggests that only states without intervalley coherence are favored at large £.

Now we show that ir,r, further picks out the favored high-£ states among all states without intervalley coherence. Since we
now only care about the states without intervalley coherence (i.e., {4 {j = 0), we have

i
T §+€+ ) (E53)
¢ < el
In general, ¢, ;‘,';' has the following form:
Gl = D ()0us s (E54)
nve{0,x,y,z}

where (y,),, are the real coefficients. Owing to the spin-charge U(2) symmetries in each valley, namely, U(2) x U(2), we

can always first rotate 3, . 4 Vn)20z80 10 D 10y (V)ev 02y, and then rotate Y, 1o o (n)ov00Sy 10 32, 10 1 1 (M ovTosy.-
Therefore we have

(Yn)zx = (yr])zy = (Yn)Oy =0 (ESS)
up to U(2) x U(2). With this observation, we have the following expression:
by + b3_ by_, — b;_
§n§,j = ao,y + a,008; + ;008 + 20 ) s 770'150 + 20 ) s nazsz + Z (yn)uvausv (E56)

nef0,z},ve{0,x,y,2}

up to U(2) x U(2). Then,

h
hr,r, = ( + Z ) (E57)
up to U(2) x U(2), where
~ ~ by_ bs_ by_, — bs_ J
hy = Moysy — J|:110J7 + a,00s; + ¢,008; + %Qso + %azsz] + 5 (E58)

According to Eq. (E49), the eigenstates of hr,r, with energies lower than v(U; 4+ 6U, — W3) are occupied. Before proceeding,
we list some useful constraints derived from ¢ ¢ being a projection matrix of rank 4 + v. First, &y (J e ;‘r"" =1 gr']" gives

Bt
2

m m
ag,y = T" ay, +a, +c; + S =2, (E59)

4
1el0,z},ve{0,x,y,z}
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where m, = Tr[¢, ;; 1€ Z and my + m_ = 4 + v. Then, owing to the fact that the diagonal elements of {,7{,]* are in [0,1], we
have

ao,y + ay + by, a0y +ay —br_y, a0y, —ay +b3_y, a0, —a;, —bs_,; €[0,1]

a’i+b2—"€[_%’l_%]&an_b2—nE[_H}Tnvl_%]
—an+b3,ne[—%,1_%]& —Cln—b3,n€[—%,1—m7]

e[- mT T]]&inrle[_ﬂ_“n’l_%_an]
[ T” ]&:l:b;ne[ ”—i—an,l—mT”—i—an]
my m . /m m
= |ay| € [ <T - T")] & |by_y| € [o, min (T” +ap1- =t —an)] & |bs_y|
e [0. min (% —a,1— T"—}—a,,)]. (E60)

Then, since we only care about v € {—4, —3, —2, —1, 0}, we have
|a,,| = |b2,n| = |b3,n| = O, for my, = O;

B m m m
lay| € O,T"], |b2,,,|€[0,7"+a,7], |b3,,7|e[0,7"—a,,], for m, = 1;

1 1 1
lay| € {0, —} o byl € [0, 7~ Ianl] b3yl e [0, 3~ Ianl] . form, =2;

2
lay) € 0,1 - %] . lbayl € [0, 1— % —a,,] L lbsyl € [o, | — % +a,,] . form, = 3;
lay| = 1ba—y| = |b3—y| =0, form, =4, (E61)
which leads to
m m
B+ bR ( My —”) . E62
oyt < min 1 1 (E62)
In sum, the constraints that we will use are summarized as
ny
ag,, = 7 my € Lizo, my+m_=4+v;
by +bi m
ag,n+a§+cg+%+ > =g
nef0,z},ve{0,x,y,z}
la,| € [0, min ("% 1 "%)] byl € [0, min ("% ay1— % - an)] ,
. o/m m m m
|b3_p| € [O,mln<f—aﬂ,l—7"+an>]; b% ﬂ—i—b m1n(4" l—f). (E63)

We label the four eigenvalues of h as E; 1< EFM E; 4 < E: %. Owing to |1\7 | > J, we can solve the eigenvalues

perturbatively to O(M 2), where M; = [M /J1. To do so, we use the following unitary matrix:

~ 1 /1 1
U’I = ﬁ(l _1) ® 50, (E64)
—b,_
B~ 2 —m —M; — ays; — ¢ ( o —b; )
T_"Un - T o (E65)
n J 4 _b2—r] M
by, ] — ayS; — CpSy

where we used the fact that M < 0 and J > 0. Then, we can project the off-diagonal b,_, and b3_, terms to the diagonal block,

and get two effective Hamiltonians from l7,;’ }%ffn as

2—m 1 [(—b,_ 2 _
1 1 iM,—ansZ—c,,sx:i:Z—MJ< 2 _b3—n> +0(M;?) (E66)
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leading to

2 — )
E)Y /] ===+ (=D [MJ + (b2, +B5,)M; ] + D[+ +oM )] +0M7?),  (E6T)
where i = 1, 2, 3,4 and [i/2] is the smallest interger that is no smaller than i/2. Since we have |1\71| > [v(Uy + 6U, — W3)| in

the high-£ limit, E,l; ¥ with i = 1, 2 are the only occupied levels, leading to

Er, /] = —4M; — 1(b] + b3 + b5 + ;)M ' + E, 1, /] + O(M;?) (E68)

where E,—o, contains the other contribution that does not rely on ¢ as long as v is fixed. To lower Er,,, we just need to
maximize b% + b% + b% + bﬁ. In the following, we will do it for v = 0, —1, —2, separately.

For v = 0, we have three cases distinguished by the values of m., i.e., there exists ng € {+, —} such that (m,,, m_,,) =
(4,0), (3, 1), (2, 2), which respectively leads to

. 1
Xn:mln<n%,l—%)=0,§,l. (E69)

Owing to Eq. (E63), we then have
Er,/J > —4M; — iM;' + E,—or, /J + O(M;?) . (E70)
Then, by exploiting Eq. (E63),

1
Er, /] = —4M; — EMII +Evor,/J + O(Mfz), i.e., minimizing Er,, for v = 0 states without intervalley coherence

N my=m_=72
B+ b3+ b3+b=1

my=m_=2
TR+ =R+ =1

my=m_=2
& |b1|—|b2|—|b3|—|b4|—- (E71)
a +C +Zu€02 very7(yTI);w_OVn€{+ _}

Then, combined with Eqs. (E63) and (E54), it means that Er,, is minimized if and only if ¢¢t s [up to U(2) x U(2)] spin-
diagonal with each of the 4 valley-spin blocks being %(1 + o).

For v = —1, we have two cases distinguished by the values of m., i.e., there exists ny € {4+, —} such that (m,,, m_, ) =
(3,0), (2, 1), which respectively leads to

.My my, 13
Y " min (—, 1 — —) e (E72)
- 4 4 4" 4
Owing to Eq. (E63), we then have

Er,/J > —4M; — iM;' + Eo__y 1, /] + O(M}?) . (E73)
Then, by exploiting Eq. (E63),

3
Er, /] = —4M; — ngl +E,—or,/J + O(Mfz), i.e., minimizing Er,, for v = —1 states without intervalley coherence

My, =2, m_p, =1
<152 2 2, 12 3
by +b2+b3+b =3
my,, = 2 m_ = 1
& 10" "o 2 _ 1
b2 1o +b3 n 27 b2+'lo +b3+fl0 — 3
N |b2 770|_|b3 ’I0|_1§’ang+cn0+ZM€0z}v€0xy (y’lo) )
m*ﬁo - l ’ |a*710| € [0’ 4] 4 < ( +a?70)2 + (4 —a- 770)2 2+no +b3+7]o =1
1
N =2, |b2—flo| = |b]3—no| =2 ano + Crio + Z,ue{o,z},ue{o,x,y,z}(y')o)/éu =0 )
Moy, =1, a_, = :tZ’ 1bo—y| = a—p, + e |b3—py| = —a—p, + 1 + Zue{o,z},ve{o,x,y,z}(y—'Io);w =0
(E74)

Then, combined with Egs. (E63) and (E54), it means that Er,, is minimized if and only if ¢¢" is [up to U(2) x U(2)] spin-
diagonal with 1 valley-spin block being zero and each of the remaining three valley-spin blocks being %(1 + ;).
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For v = —2, we have two cases distinguished by the values of my, i.e., there exists ny € {4, —} such that (m,,, m_,,) =
(2,0), (1, 1), which both leads to
" min (m" m”) _1 (E75)
4’ 4) 2"
1
Owing to Eq. (E63), we then have
Er,/J > —4M; — iM;' + E\_ o r, /T + O(M;?) . (E76)

Then, by combining Eq. (E63) with the discussions for v = 0 and v = —1, we can get that Er,, is minimized if and only if ¢¢*
is [up to U(2) x U(2)] spin-diagonal with two valley-spin blocks being zero and each of the remaining two valley-spin blocks
being 1(1 + o).

Therefore we obtain the statement that for states without intervalley coherence, Er,, is the lowest if and only of ¢¢7 [up to
U(2) x U(2)] has a spin-valley diagonal form with 4 4+ v blocks being (oy & 0,)/2 and 4 — v blocks being zero.

c. In sum

Let us summarize the whole procedure. In the high-£ limit and given v € {0, —1, —2}, we require the ground states to first
minimize the total energy of the occupied levels of Eq. (E29), which make them have zero intervalley-coherence, and then
minimize the total energy of the occupied levels of Eq. (E49). Then, we arrive at the proposition 1.

We numerate all initial states that satisfy proposition 1 for v = 0, —1, —2. All the states we found are [up to the symmetries
of the total interacting Hamiltonian Eq. (32)] included in Appendix D 2.

Explicitly, at v = 0, the states that satisfy proposition 1 are |VH5:0), |Chern3=0), |half-Chern5:°), |C2T—invariant8:0) and
their symmetry-related states.

At v = —1, the states that satisfy proposition 1 are |PVP(1)"’=71), |PVP§’”=71) and IPVPS"’:*l) and their symmetry-related
states.

At v = -2, the states that satisfy proposition 1 are |VP(1)"’:_2), |VP3’”:_2), |valley-unpolarized(l)’":_2),
|va11ey-unpolarizedg’”:72) and their symmetry-related states.

According to Sec. IV, these inital states, after performing the self-consistent calculations, give the high-£€ low-energy states
with very similar energies (similar for a fixed v).

3. Simple rule for high-£ states: £ = 300 meV in EUS

(Recall that EUS is the unit system in which A is the length unit and meV is the energy unit, as discussed at the beginning of
Sec. I1.)

In Appendix E 2, we analytically derive proposition 1 by looking at £K), and I'y; in the high-£ limit, i.e., assuming an
infinitely large £. Furthermore, we assume u = v(U; 4 6U,). However, as shown in Fig. 1, we can only claim the validity of the
f-c-d model in £ € [0, 300 meV] (EUS). Therefore, in this part, we will discuss the validity of Appendix E 2 for £ = 300 meV
(EUS). _ N

First, we note that |M| > |v(U; + 6U, — W3)| need to hold in order to use Eq. (E68). For & =300 meV (EUS), we have [M| ~
0.14. However, for v = —1, we have [v(U; + 6U; — W3)| ~ 0.12, which is close to [M|; for v = —2, we have [v(U; + 6U, —
W3)| & 0.24, which is larger than |M|. On the other hand, the same issue does not occur for v = 0 since |v(U; + 6U, — Ws3)| = 0.
Therefore the simplifications in Appendix E 2 are not all valid for v = —1, —2.

Now let us focus on v =0, for which = v(U; + 6U,) = 0 is exactly correct. We discuss £K), first. We have €, =

(—)V|ﬁM1£| and x, = %(1, (—)"sgn(M,E)) according to Eq. (E27). Then, Eq. (E28) becomes

1 1 1 ¥
~ - 60]14><4 2 2 ® (; é_T _ l) Tigng;ﬂ
U,k i 0s (OUnk,, = €1laxa -Uu| \L ! S A (E77)
I I T
OLaxs Sty 5ty | il -3

Since P; € [0, 1] and |P;| € [O, %] for any hermitian projectoin matrix P, the elements that couple different €glyx4, €1 1gx4

and 0144 blocks have amplitudes no larger than ﬁiul’ while the gaps among those blocks are no smaller than |/2M,E|. The

energy contributions of the elements that couple different €144, €] 14x4 and 0144 blocks are of the order uﬁ# |2 ~ 0.3, which
can be neglected. Then, it is legitimate to only consider the Eq. (E29), which eventually leads to the fact that only states without
intervalley coherent should be considered.

Now turn to I'y;. In Eq. (E67), the terms that we neglect compared to the largest-order term are of order MJ_3 ~ (.29, which
is also reasonable. Then, the later derivation based on Eq. (E67) in Appendix E 2 should all be valid, leading to proposition 1.

Therefore the derivation in Appendix E 2 should be valid for v = 0 even if £ = 300 meV (EUS).
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TABLE III. This table shows the energies of the occupied levels of the one-shot Hamiltonian at &K, and I'y, for the initial states in
Appendix D2 at v = 0 and £ = 300 meV (EUS). The first column specifies the initial states. The second, third, and fourth columns specifies
the energies of the occupied levels of the one-shot Hamiltonian at Iy, K);, and —Kj,, respectively. The fifth column shows the total of the
second, third, and fourth columns. The states with the lowest total are the lowest four, which are the high-€ ground states found in the numerical
calculations described in Appendix D.

Initial States Ty Ky —Ky Total
IK-IVC;=) —1.30093 —1.15152 —1.15152 —3.60397
vey=) —1.27088 —1.15152 —1.15152 —3.57392
[VPy=0) —1.27088 —1.32885 —1.32885 —3.92858
[PVP; =) —1.28591 —1.32885 —1.32885 —3.9436
[PVP;"=") —1.28591 —1.32885 —1.32885 —3.9436
[VH;=) —1.30093 —1.32885 —1.32885 —3.95863
|Cherny=0) —1.30093 —1.32885 —1.32885 —3.95863
|half-Chern}=") —1.30093 —1.32885 —1.32885 —3.95863
|C, T -invariant} =) —1.30093 —1.32885 —1.32885 —3.95863

The numerical evidence for the validity for v = 0 and £ = 300 meV (EUS) is that if we only compare the energies of the
occupied levels of the one-shot Hamiltonian at £K), and I'y, for the initial states in Appendix D2 at v = 0 and £ = 300 meV
(EUS), we can get the right ground states, as shown in Table III.

4. One-shot Hartree-Fock energies for high-£ states

The competing energies of the high-£ Hartee-Fock ground states with fixed v can also be understood analytically at one-shot
level. At v = 0, the one-shot Hartree-Fock Hamiltonains for different high-£ initial states are related with each other:

VH,0S __ 7y VH,0S VH,08 VH,08 VH,0S 0s
H =H U +H U +H T +HD T —Ey (E78)
HEOmOS = g0 4+ BN + OTH S GT) ™ + GTHSGT) ™ — Eg° (E79)
Hhalf—Chern,OS — HX’I—,]I\’OS + HXE,OS + C27_dHY!},]I:OS (C27)71 + HYEOS _ E(S)S , (ESO)
HCzT—invaraint,OS — CZT—HX};\,OS(CET—)_] + HIR,OS + C27_—HY’[‘;,OS(C27-)—I + H:il—i,OS _ EOOS , (ES])
where
1 T\
Hn\’]rl,os = Ho s + (_§U1> ny;’RM,_y‘CZfV],RM,S + <_§> ZC;,k’rlrz,sfzcn,k,l“lr‘z,s ) (E82)
Ry k
Hy, ., is the spin-s part of Hy , which is specified in Eq. (54), and T is the spinless time-reversal symmetry.
., pin-s p N p q
At v = —1, the one-shot Hartree-Fock Hamiltonians for different high-£ initial states are related:
HPVPI.OS _ HJI:,VTP“OS +H+P?1P1,OS + HSYTPI,OS +H7P?1P1,OS _ EOOS ’ (E83)
FPVP2.0S _ C27_-H:V¢P"OS(C27')71 + CZT—HEXP,,OS(CZT-)A + HEYTP,,OS +H—P?1P|,OS — ESS (E84)
HPVP},OS — C27_‘H£,\{TP1,OS(C27_-)—I + HJEYLP%OS + HE?;PI!OS + HE?&Pl,OS _ EQOS , (ESS)
where
Ac
1 1 1 -
HEYTP"OS = Ho 41 + Zfi,RM,T(_EUl —6U, — EUI + §U11’1>f+,RM,T + (—Wl)chkﬂ,ﬂzcﬁk,rm
Ry k
A, J Aq
+Y (—W3 * 2>T W) YL dip (ES6)
k 4

A,

1 1 1 S

HYPOS =Ho oy + > fl g <—§U1 —6U> — SU1 + zUlrz)f+,RM,¢ + (W)Y el r Tk
Ry k
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A, Ay
N J N
+ iy <_W3 * ETZ)C+""F‘F2’¢ + (Wra) Y d, ydip
k 4

A
l C

H_PYVTP"OS =Hy— 1+ ZfiRM,T <—§U1 - 6U2>f—,RM,¢ + (=W1) ZCT_,k,rmsz—,k,rm
Ru 3

A, Ag
»i- J N
+ :C—,k,l“ll“z,T(_W3 + E)C—Jc,rlrm +(Wr) Y dl,dopy
k p

and

A

1 1 1 -

HEYLP]’OS — H0,7’¢ —+ g ijRMnL(_EUl — 6U2 — zUl - 5U1T1>f,RM,¢ + (_Wl) § Ci,k,rg,itch,hrfbl
Ry k

Ac Aa
J
t t
+ :C—,k,F,F2,¢<_W3 - Efz>0—,k,rlrz,¢ + (W) d', dpy
k p

At v = —2, the one-shot Hartree-Fock Hamiltonains for different high-£ initial states are related:
VP;,0S _ 77VP;,0S VP,,08 VP,,0S VP;,0S _ 1-0S
HY S =g B O - BT - S
VP08 _ C27_‘HXPT"OS(C27T)71 +HJY,P¢"OS +HX]?,OS _'_HXPJ,OS _ E(?S ’
— — . = —1 = —1
g VUPLLOS _ CzTHX})T"OS(CzT) Ly THYi"OST + THL/,PTI,OST + Hi/i,,os _ E(?S ’

= — = —1
HYUP208 — o, THYPLOS (0, 7)1 4 THYZ"OST +HY}>T1,OS + CzHXi"OSC{l _ E(?S ’

+.1
where
3 1 1 <
H S =Hop + > flgs (—5U1 — 120, = SU1 + 501r2>f+,RM,¢ + (=2W) ) el TeChk st

Ry k

A, J Ag
+ D g <_2W3 - 5TZ>C+’k’F‘F2’¢ +(2Wi) YL it

k p

3 1 1 <

HX}’J,OS =Hy, |+ Z‘fi»RMnL(_EUI — 120, - SUL = EUITz>f+,RM,¢ + (_2W1)ZciykyryltZCJﬁ,k,Fg,L

Ry k

A, J Ag
+ Z C:,k.l"ll”z.i <—2W3 - ETZ>C+,k,I‘]F2,¢ + (_ZWfd) Z diyp!¢d+,p,¢ E
k p
3 A,
HY S =Hy 4+ f e (—EUI — 12U2>f_,RM,T +(=2W) ) el Tkt
Ry k
A, J Aq
+ Zk:CL,k,r,rz,T <—2W3 + §>C—,k,r1rm + (=2Wpa) ;d'—,md—m ;
and

A
3 c >i<
HYZ"OS =Hp,— | + ZfT,RM,i(_EUl - 12U2>f—,RM,¢ + (—2W1)ZC,yk,ps,isz—ﬁk,r3,¢
Ry k

Ac Aq
; J
I D ) S
k p

(E87)

(E88)

(E89)

(E90)
(E91)
(E92)

(E93)

(E94)

(E95)

(E96)

(E97)

Combined with the fact that the dependence of E(?S on the states is only through the filling v, all the listed high-£ initial states
with same v have exactly the same Hartree-Fock energies. The exact degeneracy will be broken in the self-consistent calculation.
It is because the density matrix obtained from the self-consistent calculation will have nonzero O/¢ [defined in Eq. (D5)], while
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07¢ = 0 for the initial states shown in Eq. (E1). To be concrete, let us consider the VH state and the Chern state for v = 0, whose
exact same energies at one-shot level require

VH,0S VH,0S __ Chern,OS Chern,OS
HI W™+ H 7 =H[Y +H, (E98)
according to Eq. (E79), which further requires
fe [ Ogxs _ fe Ogx8
ot 22)] = 1ot )] -
according to Eq. (D13). As Tr[O{}i{(n(jizﬁ,o)] is not necessarily equal to Tr[Oéflem(n(ji:ﬁo)] beyond one-shot level, the energies of the

VH state and the Chern state for v = 0 are not necessarily the same in the self-consistent calculation. However, the self-consistent
calculation shows that the degeneracy breaking effect is very small.

5. Treating £ as a perturbation at v = 0

In this part, we will treat £ perturbatively at v = 0 in order to analytically answer two questions: (i) why there is a phase
transition as we gradually increase £? (ii) and what are the Chern numbers for the high-€ ground states?

Let us discuss (i) first. To answer this question, we again try to develop effective models at £K), and at I"j;. Since we consider
€ as a perturbation, the low-energy modes at +Kj, should be the d modes, since the f modes have energies :E%U 1 at nKyy. Then,
based on Egs. (E23) and (E24), we can project £ to the d modes via the second-order perturbation and get the following effective
Hamiltonian at nKj,:

8MiE?
U

The effective energy at +K)y is given by occupying the lowest 4 bands in each valley. Then, by using Eqs. (D26) and (D30), the
effective energy at £K), reads

. 1
(Cné‘q‘ - 5]14) — Px0ySo + NPy0ysSo - (E100)

Aa
EXVC=0 = —43 " |p| for the K-IVC state,
P

a 16M4E4
ESRi=0=—4>" |Ipl? + U; for the Chern state. (E101)
P 1

We mention that our Eq. (E100) is similar to Eq. (29) in Ref. [156], though Ref. [156] was only able to derive their Eq. (29) for
Chern-diagonal states.
On the other hand, around Ty, the matrix form of the one-shot Hartree-Fock Hamiltonian in the basis (f;, c;’m, C;,rl r,) reads

. 3UI = Ui5g™ Y + vl (paneteto + pynotyso) .
A2 (k) = H.c. 0Tgys v(kyn;ToSo + kyinoT:So) ,

H.c. Mrot,.so — %[ﬂzfosoiﬂﬂzfoso + 1072508 ¢ M0 T250 — MoTos0]
(E102)

where fif = (... fl o eh =Cocl o ) with B=1,2,¢) o= (...c| 5 ...) with =34, % =y +
B,E*, M = M + By E?, and we neglect v/ and B,»E? since v/ is small and we consider a perturbative €. Note that

U@ (U™ (0) = h2> (k)| ~u;0c when v, =0, (E103)
where U (0) is a chiral U(4) operation [125] with the form
Uz(6) . _
U®) = Uz (0) with Ug(0) = exp [ 1) _0""A,, | and Up(0) =exp | iy _6"'By, | . (E104)
UB(O) v JLv

and

A_;w = (7707:051) > MxTxSvy NyTeSv, Nz T0Sy );u

Byw = (10T0Sv, —MxTxSv, —NyTeSu, MT080 )y - (E105)
Since M™% Ck-1ve.v=0 = {vH.v=0 derived from the initial states in Appendix D 2 and we know VH and Ch states have the same
energies at the one-shot level, the energy difference between Ch and K-IVC states around I'y, relies on v,. Then, we focus on

1 T ~ /
UL =ULe" vy + v, (pan;teto + pynoTyso)
2 * Y y
< H.c. OIlgxg ) (E106)
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Filling the lowest eight bands would give the effective energy at I'y, resulting in

EFNVE=0 = — \/UZ + 16(|v.p| — |7])? +\/U2 +16(|v,p| + 171)2] ~ for the K-IVC state,
k
ES=0 = ZZ|\/U2+ 16]v.p|? —i—z\/Uz—i- 16y2|  for the Chern state. (E107)
k =%

Then, we know E}(A;IVC’”zo < El%l;’”zo, since

Va2 + (b= cP+y/a + b+ P > 2/a + 1?2

= |\/a2 + 02— a2 + 2| + |\/a2 + 12+ Va2 +c?| fora>0 and b>c>0 (E108)
derived from
S JET b=+ VT broR) = o ®  yas0b3cs0. (EL09)
dc a?+ (b + c)? a2+ (b—c)? ’
In sum, the total effective energy is
E;(ft-_rvcﬁuzo _ E;(ﬂ;lvc,v 0 _}_EJZ(KIVC V=0 Ec_l_q,uzo _ ECh,v:O +E3C51}¥,;:0- (E110)
Clearly, at £ =0, we have Ef"V"=0 < ESM=0 since ELVC"=" < EF™=" and EXQV"=" = ECR"=". Moreover, at £ =
e € M M M
& (~294.816 meV in EUS) that satisfies y + B,E> =0, we have Egtlch =0 Eecf?” =0 Since EK -IVC,v=0 EE;'":O and
E K}(IVC"’ =0 Ef;(“ =0 , demonstrating the existence of the transition (as increasing £ from £ =0 to £ = £.). Now we turn to

the question (ii). Before answering the question, let us first specify our convention for the Berry connection. Given a isolated
band with the cell-periodic part of its Bloch state being |u ), the Berry connection is defined as

A(k) = —i{ug|Viclug) - (E111)

The berry curvature is just the curl of the Berry connection.

With the conventlon spemﬁed let us answer the question (ii). As discussed in Appendix E2, |[VH;~ 0, |Chern5:0),
|half-Cherng™ 0y, |C, T -invarianty; ™~ %y and their symmetry-related states are the v = 0 states that are energetically favored at high
E. If we plot the Hartree-Fock band structures of |VH5:0), |Chern(‘;:0), |ha1f—Chern(‘;=0) and |C2T—invariant(‘;:0), we find that their
Hartree-Fock band structures remain gapped even for small £. Therefore we are allowed to use determine the Chern numbers
of IVH})’:O) |Chern 0y, |half-Chern?=®) and |C, T -invariant!=°) at small £ Since the one-shot Hartree-Fock Hamiltonians of
|VH3:0), |Cherng™ 9y, |half- Cherny™") and |C,T -invariant;™") are related with each other, let us consider the VH state first.
Recall that the one-shot Hartree-Fock Hamiltonian of VH state is spin-valley diagonal as shown in Eq. (E78). Moreover, owing
to the U(2) x U(2) symmetry and TR symmetry of the VH state, we have

VH,0S _ zyVH,0S VH (O VH,OS_—]
H{ ™ = H e spin =THYOT (E112)

where T is the spinless TR operation. Thus we only need to study the Chern number of H V}; 8 at small £.
Since we are considering the small £, we can study the TBG part and the d modes separately. We first determine the Chern
number of the TBG part of H V}{ 08 , following Ref. [125]. The TBG part of H V}{ 95 has the following matrix form:
_%Ul . v+ vi(prx + pyfy)
H.c. 0L,y v(keTo + kyit;) (E113)
H.c. M T — 3T

: : v ¥ T ¥ T T
in the basis (p’cp,l"g’cp,l"ll"z)’ where  f; _(""fn,k,oz,s"")’ Cp1s _(...,cn,p’ﬂ’x,. .) with g =1,2, and Cprlrz

(G cj;’p, g5 ---) with =3 and 4. By projecting the f modes to ¢ modes via second order perturbation (which is allowed

since f modes have high energies (U, /2) and are topologically trivial), we get

(U%VZTZ v(kyTo + kyitz)>

~ ; (E114)
H.c. Mz, — 57,

where we have neglected the k* term. Since the gap stays open as we tune (U%yz, —%, M) to (m > 0, —m, 0) based on Tables I
and II, we can determine its Chern number by
(mtz v(keTo + kyl‘l,'z)) ’ (EL15)

H.c. —mt;

which gives Ch = 1 owing to v > 0.
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Now we turn to the d modes. Around K}y, HX?’OS has the following matrix form:

1 .
sUj o M (19 +i0,)E
27z ‘ . El116
(MI(TO —io)E Px0x + DyoOy ( )
Again, by projecting the f modes to d modes via second order perturbation, we get
4 2
FMI(C; o; + PxOx + PyOy » (E117)
1

giving Ch = —1/2. Therefore we have Ch = 1/2 for H}:’};‘OS. Owing to the U(2) x U(2) symmetry and TR symmetry of the VH
state, we have

Ch = 3n for H' "% . (E118)

The Chern number is not an integer for H,X H.05 pecause H,X H.05 is built from three Dirac cones of at 5 valley. If such up
both valleys (and include the trivial high-energy completion), we should have well-defined interger Chern numbers. By using
the relations between different high-& states below Eq. (E78), we have

Ch=3+3;—5—3=0 for|VHy™)
Ch=3+3+5+3=2 for|Cherny=),
Ch = % + % + % — % =1 for |C27'-invariant(‘;=0),
Ch=-14+1+1-1=0 for|CT-invariantf=). (E119)
If we include the symmetry related states, we have
Ch =0 for VH states,
Ch = +2 for Chern states,
Ch ==+1 for half-Chern states,
Ch =0 for C,7 -invariant states . (E120)

APPENDIX F: LOCAL TR-ODD C;-even
U(2) x U(2)-INVARIANT PERTURBATION
ON HIGH-£ STATES AT v =0

In this section, we present general symmetry arguments
on how local TR-odd and C,-even perturbations affect high-&
states at v = 0 to the leading order. We also assume the local
perturbation to preserve U(2) x U(2) symmetry.

For the VH states, if we keep the tensor-product nature of
the states, we have the symmetry rep as

IVH) = (|VH, 1), |VH, 2)) (F1)
with
G:|VH) = |VH)o,, T|VH) = |VH), (F2)
leading to
(VH|H;|VH) = 0. (F3)

For the Chern states, if we keep the tensor-product nature
of the states, we have the symmetry rep as

|Chern) = (|Chern, 1), |Chern, 2)) (F4)
with
C,|Chern) = |Chern),
T'|Chern) = |Chern)o, , (F5)
leading to
(Chern|Hs|Chern) = bo,. (F6)

(

For the half Chern states, if we keep the tensor-product
nature of the states, we have the symmetry rep as

|half-Chern) = (|half-Chern, 1), |half-Chern, 2),
|half-Chern, 3), |half-Chern, 4)) (F7)

with

(C, |half-Chern) = |half-Chern) .0y,
T |half-Chern) = |half-Chern)tyo, , (F8)

leading to
(half-Chern|Hjs|half-Chern) = by 9o, + by T0; . (F9)

For the C, 7 -invariant states, if we keep the tensor-product
nature of the states, we have the symmetry rep as

|Gy T -invariant) = (|C, T -invariant, 1), |C, 7T -invariant, 2)
(F10)
with

G,|C, T -invariant) = |C, T -invariant)o,,

T'|C, T -invariant) = |C, T -invariant)o, , (F11)

035129-48



MAGIC-ANGLE TWISTED SYMMETRIC TRILAYER ...

PHYSICAL REVIEW B 108, 035129 (2023)

leading to
(G, T -invariant|Hg|C, T -invariant) = 0 . (F12)

Here among the four types of states (i.e., VH, Chern, half-
Chern and C,7T), we neglect the mixing between different

types of states induced by Hs, since it is exponentially small
due to the local nature of the perturbation Hs. Moreover, the
off-diagonal terms in Eq. (F9) are exponentially small for the
same reason. As a result, we see that H; can shift the energy
of certain Chern states by —|b| energy, favoring it.
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