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The recently developed variational discrete action theory (VDAT) provides a systematic variational approach
to the ground state of the quantum many-body problem, where the quality of the solution is controlled by an
integer A/, and increasing N monotonically approaches the exact solution. VDAT can be exactly evaluated in
the d = oo multiorbital Hubbard model using the self-consistent canonical discrete action theory (SCDA), which
requires a self-consistency condition for the integer time Green’s functions. Previous work demonstrates that
N = 3 accurately captures multiorbital Mott/Hund physics at a cost similar to the Gutzwiller approximation.
Here we employ a gauge constraint to automatically satisfy the self-consistency condition of the SCDA at
N = 3, yielding an even more efficient algorithm with enhanced numerical stability. We derive closed form
expressions of the gauge constrained algorithm for the multiorbital Hubbard model with general density-density
interactions, allowing VDAT at N/ = 3 to be straightforwardly applied to the seven-orbital Hubbard model. We
present results and a performance analysis using ' = 2 and N/ = 3 for the SU(2N,;,) Hubbard model in d = oo
with Ny, = 2-8, and compare to numerically exact dynamical mean-field theory solutions where available. The
developments in this work will greatly facilitate the application of VDAT at A/ = 3 to strongly correlated electron

materials.
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I. INTRODUCTION

The recently developed variational discrete action theory
(VDAT) [1,2] has emerged as a powerful tool to study the
ground state of the multiorbital Hubbard model [3], which
can be considered as a minimal model for a wide class of
strongly correlated electron materials [4,5]. VDAT consists of
two central components: the sequential product density matrix
(SPD) ansatz and the discrete action theory to evaluate observ-
ables under the SPD. The accuracy of the SPD is controlled
by an integer A\, and the SPD monotonically approaches the
exact solution for increasing V. In the context of the Hubbard
model, the SPD recovers most well-known variational wave
functions [1]: N' = 1 recovers the Hartree-Fock wave func-
tion, N/ = 2 recovers the Gutzwiller wave function [6-8], and
N = 3 recovers the Gutzwiller-Baeriswyl [9] and Baeriswyl-
Gutzwiller wave functions [10]. The discrete action theory can
be viewed as an integer time generalization of the imaginary
time path integral, yielding an integer time generalization of
the Green’s function and Dyson equation [1]. For d = oo,
the SPD can be exactly evaluated using the self-consistent
canonical discrete action (SCDA) [1,2]. VDAT within the
SCDA offers a paradigm shift away from the dynamical mean-
field theory (DMFT) [5,11,12], allowing the exact solution
of the ground-state properties of the d = co Hubbard model
to be systematically approached within the wave function
paradigm. The computational cost of VDAT grows with A/,
at an exponential scaling for an exact evaluation and a poly-
nomial scaling for a numerical evaluation using Monte Carlo,
so rapid convergence with N is important if VDAT is to be
a practical alternative to DMFT. VDAT using A" = 2, 3, 4 has
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been applied to the single-orbital Anderson impurity model on
a ring [2], the d = oo single-orbital Hubbard model [2], and
the d = oo two-orbital Hubbard model [3], and in all cases
N = 3 yields accurate results as compared to the numerically
exact solutions. This success is particularly nontrivial in the
two-orbital problem, where complex local interactions includ-
ing the Hubbard U, Hund J, and crystal field A were studied
over all parameter space. Therefore, VDAT within the SCDA
at N' = 3 provides a minimal and accurate description of the
two-orbital Hubbard model, but with a computational cost
that is comparable to N = 2, which recovers the Gutzwiller
approximation [8] (GA) and slave boson mean-field theories
[13-15]. The fact that VDAT within the SCDA at N =3
resolves all the limitations of the Gutzwiller approximation
and the slave boson mean-field theories without substantially
increasing the computational cost motivates a deeper under-
standing of how the SCDA works.

The SCDA provides a route for exactly evaluating the
SPD in d = oo, and the SCDA can be viewed as the integer
time analog of DMFT [1,3]. While DMFT maps the Hubbard
model to a self-consistently determined Anderson impurity
model, the SCDA maps the SPD to a self-consistently deter-
mined canonical discrete action (CDA), parametrized by the
corresponding noninteracting integer time Green’s function G,
which implicitly depends on the variational parameters of the
SPD. While the DMFT self-consistency condition only needs
to be executed once, the SCDA self-consistency condition
must be executed for every choice of variational parame-
ters during the minimization. Previously, we proposed an
approach to mitigate this issue by simultaneously minimizing
the variational parameters and updating G, and demonstrated
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it to be efficient for the two-band Hubbard model [3]. How-
ever, for some regions of parameter space, such as in the
large polarization regime, a very small step size is needed
to maintain numerical stability. Such problems are partially
due to inaccuracies of G within the iteration process, given
that G is only highly precise when the fixed point is reached.
Therefore, it would be advantageous if the self-consistency
condition of the SCDA could be automatically satisfied.

Given that N' = 2 recovers the GA, it is interesting to recall
how the GA automatically satisfies the SCDA self-consistency
condition. As previously demonstrated [1], the GA has a pre-
scribed form of G, which is fully determined by imposing that
the noninteracting and interacting local single-particle density
matrices are identical, which we refer to as the Gutzwiller
gauge. While the SCDA at A/ = 2 can evaluate an SPD with
arbitrary variational parameters, the GA is only valid when
the SPD satisfies the Gutzwiller gauge. Therefore, the GA
is a special case of the SCDA at N = 2, but the Gutzwiller
gauge does not limit the variational power of the SPD due
to the gauge freedom of the SPD [3]. In summary, the GA
provides an important lesson for numerically simplifying the
SCDA at N = 2 by exploiting the gauge freedom of the SPD,
converting the problem of solving for G into a constraint
on the variational parameters of the SPD. In this paper, we
demonstrate that the lessons of the GA can be generalized
to V' = 3, which quantitatively captures the Mott and Hund
physics of the multiorbital Hubbard model [3].

In order to demonstrate the power of the gauge con-
strained implementation of the SCDA at N = 3, we study
the SU(2N,») Hubbard model in d = oo with Ny, = 2-8.
Our successful execution of these calculations demonstrates
the viability of applying VDAT at A = 3 to crystals bearing
d or f electrons. Moreover, the SU(2N.,) Hubbard model
is interesting in its own right, given that experiments on ul-
tracold atoms in an optical lattice can realize the SU(2Ngy,)
Hubbard model [16-21]. Therefore, VDAT should serve as a
reliable tool for understanding and interpreting such experi-
mental measurements.

The structure of this paper is as follows. Section II presents
the gauge constrained algorithm of the SCDA at A = 3,
with Sec. Il A providing a high-level overview of the entire
algorithm, including all key equations, while the remain-
ing sections provide detailed derivations. Section III presents
results for the SU(2N,) Hubbard model in d = oo with
Now = 2-8.

II. GAUGE CONSTRAINED ALGORITHM AT N =3
A. Overview

The goal of this section is to provide an overview of the
gauge constrained algorithm for the SCDA at N = 3, and
Secs. IIB, IIC, and IID will derive all details of the pro-
cedure. We begin by highlighting how the SCDA exactly
evaluates the SPD in d = oo [1-3]. Consider a fermionic
lattice model having a Hamiltonian

H=K + Hloc = Zekaankaa + ZHloczv (1)
kao i
where i = 1, ..., Ny enumerates over the lattice sites, k =

1,..., Nsi enumerates over the k points, & = 1, ..., Now

enumerates over the orbitals, and o enumerates over spin. The
G-type SPD for N' = 3 can be motivated from the following
variational wave function:

exXp (Z Vkaankom) HP (u)|Wo), 2)

kao

where {y4qo} 1S the set of noninteracting variational parame-
ters, u = {u;r} is the set of interacting variational parameters,
Pu) = dor urPr, and |¥) is a noninteracting variational
wave function; and both {ys,} and {u;r} are real numbers.
The index I' enumerates a set of many-body operators {P,}
local to site i. The {Pr} used for an H,; containing only
density-density type interactions is given in Eq. (31), while
the general case is given in Eq. (B2). It will be important to
rewrite the above wave function as a density matrix, yielding
the G-type SPD [1] for A/ =3

o =PiPyPs = (K P)(Ka Py )(K)), 3)

where Ki = exp(}_1,0 Veaoftkao)s P = []; Bi(u), and K; =
|Wo)(¥y|. Here we have chosen K; to be diagonal in koo,
while the most general case is addressed in Ref. [3].
Evaluating expectation values under the SPD is highly
nontrivial, and we have developed the discrete action theory
[1] to formalize the problem in a manner, which is amenable
to systematic approximations. A key idea of the discrete action
theory is the equivalence relation between an integer time
correlation function and a corresponding expectation value in
the compound space. An operator operator O in the original
space is promoted to the compound space with a given integer

time index t, denoted as QA(T) [1]. For the total energy with
N = 3, this equivalence is given as

A(N))

Hy,=(H""),. 4)

4

where 9 = Q IL P- is the discrete action of the SPD 0

D52 53)
QK < )K % )K ) is the noninteracting discrete action, Q is the

integer t1me translation operator [1,3], and the interacting
projector for site i is

p(1) p(2)

B, =P PP w) =Y urur BYEY.(5)

rrr

An important previous result is that the expectation value
in the compound space can be exactly evaluated for d =
oo using the self-consistent canonical discrete action theory
(SCDA) [1,2].

Given the common scenario of translation symmetry, the
SCDA can be presented in terms of two auxiliary effective
discrete actions parameterized by 2Nop N X 2NV matrices
Sioc and G, given as

5 (N) 5(N) (N)
(E™), =(K™), +NoelHioei), ©)
éK=Qoexp<—ZlnSlToc-@,~>, (7
Proes = EXP(=In(G™" =D -#)P,, (8)

where [72 [_ looraiorr = 01 (r)a(r )

=iao =ia'g"?

the dot product operation is

~

defined as a - b = D eelalee [b]se, the discrete action Py is
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used to compute all single-particle integer time Green’s func-
tions, and Proci is used to compute all N-particle integer time

Green’s functions local to site i. The G and S, must satisfy
the following two self-consistency conditions:

(goe = 1) = (G = DSjec, 9)

8loc :gioc’ (10)

where g, = (), and gl,, = (i) -

One challenge posed by the SCDA is that the self-
consistency condition must be satisfied for a given choice of
variational parameters, which makes the minimization over
the variational parameters nontrivial. An efficient algorithm
for VDAT within the SCDA was proposed for the multiorbital
Hubbard model for general N, referred to as the decoupled
minimization algorithm, and implemented in the two-orbital
Hubbard model up to N = 4 [3]. The decoupled minimization
algorithm begins with an initial choice of variational param-
eters {Yao }, u and an initial choice for G, which determines
the discrete action 210(:" [Eq. (8)], which yields g;,.. Using the

discrete Dyson equatidn [Eq. (9)], Sioc can be computed from

G and g;,... Then the discrete action é © [Eq. (6)] can be used to
compute g;... Using g,,. = &, in the discrete Dyson equation,
anew G can be obtained. During this self-consistency cycle,
relevant first-order derivatives with regard to {yxso}, #, and G
can be computed and two effective models can be constructed
to update {y4qs} and u. This entire procedure is iterated until
{Vkao }> u, and G are self-consistent. In a given iteration before
reaching self-consistency, the energy and its gradients contain
errors due to a deviation from the SCDA self-consistency
condition, which can yield slow convergence in some regions
of parameter space. Automatically satisfying the SCDA would
yield a dramatic advantage when minimizing over the varia-
tional parameters.

In previous work [1], we demonstrated that the gauge
freedom of the SPD can be used to automatically satisfy the
SCDA self-consistency condition at N' = 2, which recovers
the Gutzwiller approximation, and here we extend this line of
reasoning to N = 3. For simplicity, we use a restricted form
of the SPD, where the kinetic projector is diagonal in k space
and P(u) does not introduce off-diagonal terms at the level
of the single-particle density matrix. Therefore, G, Sjoc, and
8loc all have the form [gloc]aar,oz’(f’r’ = 8aa’800’[gloc]aar,aar’a
and the integer time Green’s functions of each spin orbital are
described by a 3 x 3 matrix. We begin by partitioning a local
integer time 3 x 3 matrix M,, for a given spin orbital into
submatrices as:

[Mom]ll [Moza]12 [Mom]l3
MD(U = [Mow]Zl [Moza]22 [Mcw]23 (11)
[Mow]Sl [Macf]32 | [Mow]33
_ Maa;A Maa;B
o (Mom;C Maa;D>’ (12)

where M can be G, Sioc, 8ioc» and gj,.. The main idea is to
satisfy the self-consistency condition g;,. = g, in two stages:
first for the A block and then for the B, C, and D blocks.

We proceed by outlining the logic and key equations of
the first stage, which is treated in detail in Sec. II B and IIC.

The first stage begins by considering Gos:4, @ 2 X 2 matrix,
which can be parametrized in terms of the single variable
Guo:12 Using the gauge freedom of the SPD, and G412 should
now be regarded as an independent variational parameter. The
Zioca @and Sjoc can be determined as a function of the sets
G2 = {Guo:12} and u = {u;r}, though we suppress the func-
tion arguments G, and u for brevity. The local density is also
a function of Gy, and u, defined as 1y, (G2, ) = [gloc:ao 122
For a given oo, the Sjoc.qs can be parametrized using Syo:11
and Sys.12, and we can explicitly reparametrize the kinetic
variational parameters as fyyq:0 and Ay, Where ngye.0 = 0, 1
is the single-particle density matrix of K> and m, is the
single-particle density matrix of the SPD. It will be proven
that ngee-0 determines the Fermi surface of both the interacting
and noninteracting SPD, and therefore it will be useful to
define two regions of momentum space, denoted as < or >,
where < denotes the set of k points with 74,0 = 1 and > in-
dicates ngy0 = 0; and we assume f dk = 1. For each region
X € {<, >} of a given spin orbital ao, it will be useful to
define the charge transfer Ay, and charge fluctuation Ay,
as

AXottr - / dk(nkota;o - nkom)v (13)
X

Axas = / kg (1 = irag), (14)
X

which measure the influence of the local interaction on the
given spin orbital. Given that g . ,,.4 is determined by Seo:11,
Sac:12, {Mkao}, and {nkas0}, the self-consistency condition
Zloc:A = 8loc:a Decomes three linear constraints on 7400 and
Nigo > ElVEN as

/nkat(r;odk = Ngo (G2, 1), (15)
[ hanl = s @1z 0, (16)
A<0t0’ = Aaa(g12a u)a (17)
where

Nyo (g12a u) = [gloc;ag]227 (18)

o Sam;l2
A(xd(QlZa M) = —[g]()();o(a]lz' (19)

Sow;ll

It should be noticed that the three constraints imply A_y, =
—A. 4. The three constraints have a clear interpretation.
Equation (15) indicates that the local density of the noninter-
acting reference system K; is constrained to [8ioc:00 ]22- Using
Eq. (16), we see that [gyc.40 122 = [lociao 133> dictating that
the Fermi volume is equal to the local density obtained from
the SPD. The result of these two constraints can be viewed
as the wave function analog of the Luttinger theorem [22].
The third constraint, Eq. (17), reveals how the local interac-
tion influences the density distribution. When the interacting
projector is close to the identity, Sq,:12 approaches zero while
the Syo:11 and [g)o..4, 112 approach a finite value, dictating that
Aqo (G2, u) approaches zero and therefore ny,, approaches
Nkao0- Alternatively, when the interacting projector deviates
from the identity, A, (G2, u) increases and imposes a devi-
ation of ng, away from sgye-0. In summary, the first stage
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enforces self-consistency for the A block, determining the
kinetic energy.

In the second stage, g{ocm7 is fully determined by Sy0:11,
Soto;lZa Ngo (g127 M), Aaa (g127 M), A<a07 and -A>aaa therefore
8loc = 8loc can determine G on the B, C, and D blocks, which
is derived in Sec. IID. In summary, the self-consistency has
been automatically satisfied and the local energy determined.

In conclusion, we have an explicit functional form for the
total energy of the SPD parametrized by G5, u, and ngys,
given as

> [ dhetaotias + Enc(@u A1 20

where A ={A_4s, Asuo} and m, 1is constrained by
Egs. (16) and (17) and the volume of Fermi sea is con-
strained by Eq. (15). The total energy has been expressed as
a functional of Gia, u, {Nkao }, and {nas0}. This algorithm
can be viewed as a nonlinear reparametrization of the original
variational parameters |Wy), u, and {Viqyo}, Where {niyq0} is
a reparametrization of |W), {ni.} is a reparametrization of
part of {yi40}, and Gy, can be viewed as a set of variational
parameters which reparametrizes the remaining part of {yiq }
through condition (17).

It should be noted that {rn,, } only influences the local in-
teraction energy through 4, and is constrained by ny, (G2, 1)
and Ay, (G12, u), and therefore to find an optimized ngy,
in the region X € {<, >} of spin orbital «o, two Lagrange
multipliers ay,, and by, can be introduced

Fxoo = / dk(ekaonkaa — AXao Nkao
X

- onm\/ nka(f(l - nkaa))a (21)

3Fxao
o

and we can solve for n;,, from lkex = 0, resulting in

axoo — €kao

1
nkw|kx=—<1+ ) (22)
) 2 \/(aXom — €kao )2 + b2

Xao

Therefore, the true independent variational parameters for the
algorithm are G5, u, and b = {bx,,}, given that a = {ax.,}
can be determined as a function of Gy, u, and b through
Egs. (16) and (17). Finally, the ground-state energy can be
determined as

&= gmin </ dkékao oo (@, b) + Eioc(G12, u,b)>, (23)
12,U,

where the functional dependencies for ny, (a, b) are defined
in Eq. (22) and Ej,.(G12, u, b) is detailed in the remaining
sections. In this work, we used the Nelder-Mead algorithm
[23] to perform the minimization in Eq. (23), which is a
gradient-free algorithm. In some cases, it may be preferable to
solve a Hamiltonian with fixed density n,,, and this procedure
is outlined in Appendix A.

It is useful to give some practical guidelines for the effi-
ciency of the gauge constrained algorithm, which can roughly
be broken down into two factors. First, there is the cost of eval-
uating expectation values under Proci [i.e., Eq. (29)], which

will scale exponentially with the number of spin orbitals.
Second, there is the number of independent variational param-
eters, which scales exponentially in the absence of symmetry.

The first factor is roughly independent of the symmetry of the
Hamiltonian A, which is being solved, while the second factor
strongly depends on the symmetry. However, it is always
possible to restrict the number of variational parameters in
order to control the computational cost of the second factor,
maintaining an upper bound for the total energy compared
to the full variational minimization. Therefore, there are nu-
merous avenues for engineering a minimal parametrization
of the space of variational parameters. In the present paper,
we study the SU(2N,) Hubbard model, where the high local
symmetry results in a linear scaling for the number of vari-
ational parameters, and therefore the first factor completely
dominates the computational cost.

B. Evaluating observables within the local A block

Here we will elucidate why the block structure introduced
in Eq. (12) is the starting point for the gauge constrained
algorithm. We begin by explaining why G,,.4 is the only
block that needs to be considered when determining Sioc.
Given that P only acts on the first and second integer time
step, Sjoc only has nontrivial elements on the A block, which
are determined by G,,.4 and u (see Sec. VB in Ref. [1] for
further background). Therefore, only the form of G,,.4 needs
to be specified to initiate the algorithm.

We previously demonstrated that the gauge freedom of the
SPD allows the following simple form [3]:

1
ga(r;A = < 2 goulr;12>’ (24)
_gcw;IZ 2
where Gyoirrr = [Gaoler and Guou12 € [0, 1/2]. Since the
Guoa 18 completely determined, any observables within the
local A block can now be explicitly determined. For any oper-
ator O local to site i, the expectation value under éloc_i can be
rewritten in terms of expectations values of the noninferacting
part of élec;i as

A A

. (P,O)p
(0, = —5 2, 25)
o (Bl >Eloc:1,0
where
éloc;i,O = exp(— ln(g_l - I)T "ii)y (26)

Using the form of 1_3[ in Eq. (5), we have

A A

(£;0)

Bloc:i.()

= u" (O)un, 27

where u = (u;q, ..., uiNr)T is a Nr-element real vector, Nr is
the number of local projectors, and (O), is an Nr x Nr matrix
with elements

[(O)drr = (B BRO), (28)

Procio
It should be emphasized that the subscript in (Q), solely
indicates that this matrix and the vector u are in the same rep-
resentation, and the elements of (Q), defined in Eq. (28) are

not dependent on the values of u;; a different representation,
which is useful for constraining the density is presented in
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Appendix A. The expectation value of O under Proci is given
as |
0, = Qu 29
= Proci T T (i)uu ’

For example, the local integer time Green’s function can be
computed as

(AT(r) (' ))
M

ul (1),u

In the following, we present key formulas to evaluate Eq. (28).
Given that we have restricted the SPD to be diagonal, the local
projectors can be chosen as [3]

Pr =[] Gry,.0(l = flae) +8r,, 100),  (B1)

oo

[gloc;aa]n (30)

where 'y, € {0, 1} and are determined from the binary rela-

tion (I'j4 'y ... Ty, 4 T,y )2 = ' — 1. The matrix elements
of (i)u are given as
[(Dulrr = H Pac(Tag iy ), (32)
1
an(Faff’ F(/xo) = Z + (_1)1"M+1"M gicf;lZ' (33)

Single-particle operators are evaluated as
[(:lg)c—ll(lif))u]rl"’ = gmr (Fao, F )

X 1_[ Pa'o’ (Fa’a’ ) F:}(’o'/ )s (34)

o'o'#ac
where
8 Taos To) = Pao (Tags g )Gaoire + (= D)oo
X (5= Gagi1e
— Guo:12Gu020 ) (1,1 —
+ (3(=D" Gy
+ Gao:12Gu0:17) 82t — Gaoir2)). (35)

Any two-particle correlation function of the below form are
given as

ga(r;t])

[(’\T(Tl)a(fl) &I(‘[z) (Tz)) ]rr,

—alal 001 Z0y 0y =0202
/
7T , Tzfz ,
= 8aio Caos T 8o Fe00, T
101 1010 L a0 202 2025 L a0

<1

o'o'#a01,0200

pa’a’(ra’a’v F;’g’)’ (36)

where o 0] # ay0,. In Appendix B, we outline how to treat
a general interacting projector. In summary, we have provided
explicit formulas for evaluating local quantities up to the two-
particle level, which is sufficient to execute the algorithm. It
should be emphasized that these expressions for local observ-
ables are valid outside of the A block, but require complete
knowledge of G [e.g., see Eq. (35)].

Normally, evaluating expectation values under Proci [i.e.,
Eq. (29)] will be the rate limiting factor in the SCDA and
given that N scales exponentially with the number of spin or-
bitals, the overall computational cost will scale exponentially.

There are two possible routes to mitigate this exponential
scaling. First, one could reduce the number of projectors,
though this must be done carefully as it will limit the varia-
tional freedom. Second, one may use Monte Carlo to evaluate
Eq. (29).

We now proceed to evaluate Sioc 0. Given the choice of
Gao:4 and using Egs. (32) and (34), we find that g,,., has the
following form:

Ngo 8ao:12
0= ), 37
gloc,aa,A <_gaa;12 Noo ) ( )

where ny, and gq.:12 are functions of Gy, and u. Given that
the local interacting projector only acts on the A block, the
discrete Dyson equation simplifies to

(g;)i,aaﬂ ) (gzxa,A )Sloc,aa;A ’ (38)
which yields an integer time self-energy of the form
Sa(r;l 1 Som; 12 O

—Pao;12 Som;]l 0 5 (39)
0 0 1

Sloc,aa -

where
1

(4950,12 + 1)(6%0,12 +n,)
x (= ggm,u + 4840,12G00,12 —
+ 4G5 12(&oi2 + (Maw — Diiag)), (40)
1
(4g021<7 nt )(glz)to',12 + ”gm)
X (800.12(4G00.12(Gao.12 — 8uo,12) — 1)
— 4(nge — Do Yoo, 12)- (41)

In summary, Egs. (40) and (41) express the local integer time
self-energy as a function of Gy, and u.

Saa;ll -

2
Ny + Nao

Sozn;lZ

C. Parametrization of the integer time lattice Green’s function
and self-consistency of the A block

In the preceding section, we determined Sjoc, which com-
pletely determines p  via Eq. (7), allowing the computation of
oo = (1 kw) . We will demonstrate that g, . can be written
analytically in  terms of Ykao» the expectation value ngqe:0 =
(Akao ) ,» and Sioc 0o - It s natural to reparametrize yrq, using
Mao = (Arao) g, = [1 + eXp(—Viao)] ™! € (0, 1) [1]. In gen-
eral, K, can be a mixed state, where Nkao0 € [0, 1], and an
analytic expression for g.,, in terms of Yo, and ngge0 1S
given in the Appendix. At zero temperature in the metallic
phase, K> will be a pure state after minimization and ngg40
is either zero or one. For the insulating phase at zero temper-
ature, g,,, does not depend on n4qs0, and therefore we are
free to choose 7460 € [0, 1], though for convenience we still
choose zero or one. A general expression for g, is presented
in Eq. (S8) in Supplemental Material [24], which in the case
of ngye0 = 1 reduces to

C 0 0
-1
8kao |y ge1 =C | 721 M2 3, (42)
—m3  —mzp My
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where
my1 = (hao = 1*Saau, (43)
My = Mgy (44)
M3 = (I — Aao MAkao s (45)
m31 = (1 = Ao koo Saoi11,s (46)
mz = (1 = Atao VAkao Sac;12, 47)
C = Ao + (htao — 1)*Suci12- (48)

Furthermore, it is natural to reparametrize Ay, USING Aggy =
(8ao 133 = (ﬁ,ﬁ?,,) ».» Which is the physical density distribution
(Akao ) Within the SCDA, as

Nkao Som;12

nthO'SOtU;lz + \/(1 — Nkgo )nkaGSaa;IZ

)\kom = P (49)

resulting in

8kao Hra0=1
1 0 0
_ Swoitt 1 _ _A
Sota:lZ (1 nkda) nkOlU A/ Smr:lz ’ (50)

_ Sac:1 A _

A Saoi12
where A = /(1 — Bkao )Nkao- For the case of nge.0 = 0, we

have

Sata;lZA Nkao

8rao =C'0 mn mnl|, (51)

Pio0=0 0 —mzp myp

where

M2 = Ay Suc:ils (52)
miz = (1 = Ao Y kao Sao:11, (53)
My = Ao Suoii2, (54)
mys = (1 = Ao Vhkao Sas:12, (55)
my = (1 = oo koo (Saaitt + Sacz)s— (56)

C= ()\kaa - 1)2(‘950;11 + 550;12) + )‘iowSO“’;lz' (57)
We can similarly reparametrize Aiq, in terms of ny, as

N koo Sao (58)
A/ nkomSam + (1 — Nkao )Som;12 ,

Moo =

where Sy = /82, + 52,5, yielding
Som;ll Sad;l]
O S”‘”;lzn @7 A/ Saa:lZSuJA
— A/ Sec:12
8kao -0 =10 Nigo S A s (59)
Nkao 0= S ao
0 - oA Hkao

Saci12

where A = /(1 — Ngao )Mias- The local integer time Green’s
function can now be constructed as an average over the Bril-

louin zone as
gioc,om = <ﬁiom>ék = /dkgkcw’ (60)

using the convention f dk = 1.
Using the self-consistency condition on the A block,

gloc,om;A = glOC,OtO‘;A’ (61)

we can determine the resulting constraints on ngggs:0, Hkaos Us
and Gys.12. There are four constraining equations from the
four corresponding entries of the A block, but only three
of them are independent. The first constraint is [g] . ., 11 =
[81oc.ao 111, Which yields '

fdknkam;o = f dk = nys (Gia, u), (62)

where 740 (G2, u) = [gloc.aa]ll = [gloc,om]22’ the Symb01 <
denotes the region where ny,0 = 1, while > denotes the
region where ny,.0 = 0. The first constraint requires that | W)
has the same density as given by ny, (G2, 1), and we refer to
this as the Fermi volume constraint. The second constraint is
[glom]zz = [joc.¢0 122, Which yields the density constraint

/ dknyey = / ks + / dKNiay = Moo Gras ). (63)

The third constraint is [g] = [&ioc.a0 112, Which yields

oc,aa]12

/ ks = Auo (G, 1), (64)

where Ayy (Gia, 1) = i"“’:] [8ioc:06 112+ The fourth constraint is

[gioc:,ozo]21 = [gloc,aahl’ which yields

/ k(1 = Mias) = Dao (Gras 1), 65)

The third and fourth constraint are identical as long as the first
and second constraint are satisfied,

[kt = ma) = [ i, = duo G, (66
< >
which we refer to as the charge transfer constraint.

We now discuss how to satisfy these three constraints, us-
ing constraints on sig4e-0 and 1. One can start with arbitrary
u and Gyo.12 € [0, 1/2], which yields some n4, (G2, 1) that
determines the Fermi volume and #njyq0. Furthermore, one
must choose nyq, such that Egs. (63) and (66) are satisfied.
To simplify the expression for g| , it is useful to define the
following quantities:

Aar = / (k0 — M) = / k(1 = meay), (67)

oc?

A>aa = / dk(nkao';o - nkaa) = _/ dknkoms (68)
Acar = [ s (0= 1) (9)
A>u¢0 = / dkv nkaa(] - nkao)~ (70)
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Using Egs. (62) and (63), we have A_,, = —A.4,. Equa-
tions (62) and (63) are treated as independent conditions,
and Eqs. (64) and (65) become the single condition given in
Eq. (66). For convenience, we define

Ago = Age = —Asgo, (71)
Nuo k

_ f dk — / Ay, (72)

which should not be confused with the corresponding quan-
tities Ayy (G12, 1) and nyo (G1o, u) determined from the local
discrete action. The quantity A,, measures the total charge
transfer generated by the projector K;P; across the Fermi
surface determined by |Wy), and is uniquely determined from
éloc;i. The noninteracting case yields A,, = 0, while the
strong coupling limit of the Mott insulating phase yields
Nikao = Nao and Ayo = n(xa(l - nottr)- Once Nioo and Nkao ;0
have been constrained by Egs. (62), (63), and (66), the total

kinetic energy can be evaluated as

K=Y [ dhetunmas. 73)

We now discuss the properties of A_,, and A.,,, which
are relevant for evaluating the B, C, and D blocks of g ..., -
The noninteracting case yields A.yo = Ao =0, while
for a given n,, and A,, the maximum value of A_,,
is reached when njyslre< = 1 — Ago /e, and therefore
Ao €0, /(ngo — Ay )Ayo]. Similarly, the maximum of
A. 4o is reached when nygq |res = Ago /(1 — nye ) and there-
fore A.yo € [0, /(I — Bos — Ago )Ags]. Using these defini-
tions, we have

f dkgkow

Nao 0 0
Sao:l1 A w0
= _Sn:,lz o Nao ~ Bao Saci12 ,
Sao:11 /
_\/S——2A<,aa - Saa;12A<,a0 Nye — Aaa
ol
(74)
and
[ dksie,
>
Sac:11 Sao:11
L Y e
_ A/ Saai12
=10 Ago S:: A>,a(f ’ (75)
Sao
0 — A>,ag Aaa
N Sac:12
yielding the local lattice Green’s function
Sac:11
Ngo SZ:~12 Aaa 813
/ — Saoi11 '
gloc,aa - _mAaa Nyo 823 |» (76)
831 832 Nao

where

Saa;ll

813 = —F7—7———
vV SC(J;IZSO(O

As a0, 77

1 SOtU;
P S I . S
N Sus
Scw;
831 = — 1 -A<,oma (79)
Saa;lZ
Soo
832 = _\/mA<,aU - S—A>,a0'- (30)
ao;12

The above equations provide explicit expressions for all
blocks of g;

oc,xo *

D. Determining the B, C, and D blocks of G and evaluating
the total energy

Assuming that Sj,. and gj,. have been completely deter-
mined, the self-consistency condition g;,. = g}, can be used
to determine the remaining blocks of G via the discrete Dyson
equation as

_ _1\—1
g= (1 + (gloé - l)Sloé) s (81)
which yields
G5 = GAgloen8loc:b: (82)
Ge = goec(l — &ioen) (1 — Ga), (83)

gD = 8loc:D + gloc;C(l - gloc;A)_1 (gloc;A - gA )glz)i;Agloc;B'
(84)

The individual matrix elements of G are provided in Supple-
mental Material [24].

We now proceed to compute the total energy. Having com-
pletely determined G, the local interaction energy can be
computed using Eq. (29) as

u? I-?G) u
Ejoc = & (85)
ul (1),u

where the matrix (F_7 Sc))u depends on G and the matrix (i)u
depends on G,4. It should be emphasized that the density
distribution ny,, will influence E), through Gz and G.

III. RESULTS FOR SU(2N,;,) HUBBARD MODEL

We now proceed to illustrate the gauge constrained im-
plementation of VDAT within the SCDA at A/ =3. We
choose to study the SU(2N,;,) Hubbard model, where Hio..; =
U, p iy and £ =1, ..., 2Ny, in order to showcase
the advantages of VDAT over DMFT for obtaining zero-
temperature results at large Noy,. It should be noted that the
SU(2Ny,) symmetry can be exploited when evaluating the
expectation values of local observables [i.e., Eq. (29)], but for
purposes of benchmarking the computational cost, we utilized
the general algorithm, which does not exploit the SU(2Ny,)
symmetry. Therefore, for a single evaluation of the SPD, the
computational cost is the same as the general case. To provide
a rough idea of the computational cost on a typical single pro-
cessor core, when Ny < 3 the cost of a single evaluation of
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the SPD is 10~ seconds. For Ny, > 3, the computational cost
scales exponentially, requiring 1073,0.02,0.1, and 3 s for Noy,
of 4, 5, 6, and 7, respectively. The timing difference between
N =2 and N =3 is negligible in all the aforementioned
cases. We study the SU(2Ny,) Hubbard model on the d = oo
Bethe lattice for Ny, = 2-8 at half-filling and 2N, = 5 for
all fillings. At half-filling for Ny, = 2, 4 we compare to a
zero-temperature extrapolation of published DMFT results
using a quantum Monte Carlo (QMC) impurity solver [25],
while for 2N, = 5 we compare to published DMFT results
using the numerical renormalization group (NRG) impurity
solver [26]. All VDAT results in this paper are generated by
a Julia implementation of the gauge constrained algorithm,
which can treat general density-density interactions, and is
available at Ref. [27].

We begin by considering the case of half-filling for
Norb = 2-8, exceeding the number of orbitals that would
be encountered for a d or f electron manifold relevant to
strongly correlated electron materials. The basic aspects of
the SU(2Ny,) Hubbard model in d = oo are well understood:
there is a metal-insulator transition (MIT) at a critical value of
U, and this transition value increases with N, The signature
of the MIT can be seen in the variational parameters of the
SPD, and therefore it is instructive to examine Gyo:12, Doo <
and the local variational parameters u = {ur} (see Fig. 1). It
is also useful to explore the intermediate parameters dgq <,
which can be determined from the variational parameters.
Because of the SU(2Nyp) symmetry, the Gyp:12, boo<, and
dys < are independent of oo, while ur only depends on the
particle number of I'. Furthermore, particle-hole symmetry
at half-filling dictates that byy - = byo>, Ayo< = —Ago>, and
ur = ur if the sum of the particle numbers of I" and T' is
2N Considering Gys:12, it begins at U = 0 in the metallic
phase with a value of roughly 0.37 and monotonically in-
creases to 0.5 at the MIT, and is fixed at 0.5 in the insulating
regime [see Fig. 1(a)]. Increasing the number of orbitals from
No» = 2-8 has several effects. In the small U regime, G,.12
increases with Ny, enhancing the electronic correlations for
larger Nyg. Alternatively, increasing N, will increase the
critical value of U for the metal-insulator transition. The vari-
ational parameter b, . turns out to be approximately equal
to U, and therefore we also plot by, — U [see Fig. 1(b)].
The intermediate parameter a,,, which can be computed
from the variational parameters, has a value of 2t for U = 0,
independent of N, and goes to zero in the insulating phase
[see Fig. 1(c)]. The latter can be appreciated from Eq. (22),
which dictates that the quasiparticle weight becomes zero
when ayo <« = dgo> and byy - = byo- . For a given Ny, there
is an arbitrary coefficient for the interacting projector, which
can be fixed by choosing ur = 1 when the particle number
of I' is Ngyp. Therefore, there are Ny, independent local
variational parameters ur for I' with particle number equal
t0 0, ..., Nop — 1. For a given N, we plot the ur where the
particle number for I' is No,—1 [see Fig. 1(d)], in addition to
all ur for Ny, = 5. The ur for I with particle number Nyp,—1
goes to zero in the insulating phase.

We now consider the total energy, where we explore both
N =2 and N = 3 [see Fig. 2(a)]. For clarity, we plot AE =
E(t,U)— E(0,U) divided by the number of spin orbitals.

U/t

FIG. 1. Optimized variational parameters of VDAT within the
SCDA at N = 3 for the SU(2N,,) Hubbard model on the d = co
Bethe lattice at half-filling and T = 0, with Ny, = 2-8. The vari-
ational parameters Gyy112, Do <, and ur for I' with particle number
Now — 1 are shown in (a), (b), and (d), respectively, while the depen-
dent parameters a,, . are shown in (c). The inset of (d) shows all ur
for Ny = 5, and the value monotonically decreases as the particle
number of I" decreases from four to zero.

The N = 3 results are always lower in energy than the A = 2
results, as is required by the variational principle. Further-
more, the A = 3 results resolve the well-known deficiency
of the N' = 2 results in the insulating regime. Interestingly,
in the small and large U regimes, the quantity AE /(2Noy,) is
largely independent of N, while in the intermediate regime
it decreases with Ng,. Similar behavior is observed in the
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U/t

FIG. 2. Static observables computed from VDAT within the
SCDA at N =2 (dashed lines) and N =3 (solid lines) for the
SU(2N,y) Hubbard model on the d = oo Bethe lattice at half-filling
and T’ = 0, with N, = 2-8. The legend colors are identical to Fig. 1.
(a) Total energy difference per spin orbital vs. U/t, where AE =
E(t,U)—E(,U). (b) Kinetic energy per spin orbital vs. U/t.
(c) Scaled double occupancy vs. U/t, where D=(D- D)/ (Dy —
D,); D, Dy, and D,, are the double occupancies at the given U /¢, the
noninteracting value, and the atomic value, respectively.

kinetic energy per orbital [see Fig. 2(b)]. The double
occupancy D determines the interaction energy, and for con-
venience we plot the scaled double occupancy D = (D —
Dg)/(Dg — D), where Dy and D, are the noninteracting and
atomic double occupancy, respectively [see Fig. 2(c)]. In the
small U regime, the scaled double occupancy decreases with
Norb, While in the large U regime it is independent of Noy.

-N=3
N =2
— DMFT fit

Norb

FIG. 3. Results for VDAT within the SCDA at N' =2 and N =
3 for the SU(2N,,,) Hubbard model on the d = co Bethe lattice at
half-filling and T = 0, with Ny, = 2-8. (a) Quasiparticle weight.
The legend is identical to Fig. 1. (b) The critical value of U for
the MIT, denoted U., as a function of N,. The DMFT curve is a
plot of a previously published fit to DMFT results [25], given as
U/t = 1.72Now + 1)(1 + 0.166N_ ).

It is also interesting to evaluate the quasiparticle weight as
a function of U/¢t, which determines the critical value of U for
the MIT [see Fig. 3(a)]. The N = 2 result always produces a
large quasiparticle weight than N = 3, and therefore produces
a larger critical value of U for the MIT. Interestingly, for
N =3 at approximately U/t = 1, the quasiparticle weight
is insensitive to Ny, and a similar effect is observed for
N =2 at a slightly large value of U/t. We also examine
the transition value U,./t as a function of Ny and com-
pare to the previously published scaling relation [25] U, /t =
1.72Ngw + D(1 + 0.166N;r|13) extracted from DMFT calcu-
lations, which use QMC as the impurity solver [see Fig. 3(b)].
The A = 2 case recovers the previously published results of
the Gutzwiller approximation [28,29], yielding a linear rela-
tion. Interestingly, N = 3 also produces a nearly linear result,
but the result is shifted downward, nearly coinciding with the
DMEFT extrapolation.

We now proceed to compare the total energy at half-filling
and zero temperature from VDAT and DMFT. Given that the
previously published DMFT results are at a finite temperature
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FIG. 4. The total energy of the SU(2N,) Hubbard model on
the d = oo Bethe lattice at half-filling from published DMFT cal-
culations solved using QMC at a finite temperature [25] and VDAT
within the SCDA at zero temperature using N = 2—4, with Ny, = 2
in (a) and Ny, = 4 in (b). The lines are a fit to the DMFT results
assuming E(T) — E(0) oc T2

[25], a quadratic fit assuming E(T) — E(0) o< T? was used
to extrapolate to zero temperature (see Fig. 4). We were only
able to examine select cases where the QMC data sufficiently
resembled a quadratic. For Ny, = 2, we present VDAT re-
sults for ' =2 — 4, which were previously published in
Ref. [3], while for Ny, = 4 we present VDAT results for N =
2 — 3. As required by the variational principle, the energy
within VDAT monotonically decreases with increasing N
The dramatic improvement of A" = 3 over N' = 2 is clearly
illustrated, and it should be recalled that these two cases have
a similar computational cost.

Finally, we evaluate the doping dependence of the total
energy, in addition to the corresponding first and second
derivatives, using VDAT with ' =2 and N/ = 3. We com-
pare to a previously published DMFT study which used the
NRG impurity solver [26] to study 2Ny =5 for U/t = 6
and U/t = 14 (see Fig. 5), where U/t =6 is a metal at
all densities and U/t = 14 undergoes an MIT at the integer
fillings of n = 0.2 and n = 0.4. We first compare the total
energy, where the variational principle guarantees that the
energy monotonically decreases from N =2 to N' =3 to
the numerically exact solution given by DMFT solved within
NRG [see Fig. 5(a)]. It should be noted the DMFT study

(a) O , ~
-0.25F =
§ 0.5 -
L U/t =14 |
<
-0.75+ _
- DMFT |
Lo N= 3
B - N=3 U/t="56
| | | | | | | | |
(b) 0 : Ut = 1.‘1 : : ‘ ‘ ‘ ‘ ‘
0.02r
[ ool f il
5o e '
-0.5 7570.01— \\ N / B
-0.02r !
[ -003f ) il
0.1 0.2 0.3 0.4 0.5
=) -1 1A —
3 Ut =
3 | ; i
q h N
L A\ 77i=6]
-15 oV =9
L : JUPN Co e M
5 o N TRy
2+ S o0 ( =
E 00703 0F 05 1
. | . | . | . | .
T ‘ T ‘ T ‘ T ‘ T
C _
(©) o3 Ut =14
0.6 -
IS
m‘@ 0.47U/t:6 =
0 | | | |
0 0.1 0.2 0.3 0.4 0.5

FIG. 5. Doping dependent results of the SU(2N,;) Hubbard
model on the d = oo Bethe lattice at zero temperature from pub-
lished DMFT calculations solved using NRG [26] and VDAT within
the SCDA using N' = 2 and N/ = 3, with 2N, = 5. (a) Total energy
difference AE vs. density, where AE = E(¢t,U) — E(0,U). The
DMEFT curve is obtained by integrating the chemical potential over
density. (b) Au/U vs. density, where Au = o — 2U . The insets plot
the absolute error in Au/U vs. density. (c¢) The derivative on/du
times U vs. the density.

did not provide the total energy, and we obtained it by nu-
merically integrating the chemical potential over the density.
For clarity, we plot AE/t where AE =E(,U)—E(0,U)
and E(t, U) is the total energy evaluated at a given density.
Overall, ' = 3 yields a dramatic improvement over N = 2,
especially at integer fillings. Interestingly, the trends in the
absolute error of the total energy are notably different for
N =2 and N = 3, where the former has the largest absolute
error at integer filling while the latter has the largest absolute
error midway between integer fillings. The trend for A/ = 3
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might be attributed to the efficacy of the kinetic projector
for capturing superexchange at integer filling. We proceed to
compare the chemical potential, which is the derivative of the
energy with respect to the density, as a function of density [see
Fig. 5(b)]. Within VDAT, the chemical potential was obtained
using finite difference to take the first derivative of the total
energy with respect to the density, and a grid spacing of 0.002
was used for 0.02 < ng, < 0.5 while 0.0001 was used for
nye < 0.02. For clarity, we plot A /U where Ap = pu — 2U.
The Mott transition can clearly be identified as a discontinuity
in the chemical potential at integer fillings. While N =2
is reasonable overall, there are clear discrepancies near the
MIT (see insets for absolute error in Au/U), and N =3
largely resolves these issues. However, it should be recalled
that unlike the total energy, the convergence of the chemical
potential is not necessarily monotonic in N. For example,
in the case of U/t = 14 and n — (.27, the total energy for
N =2 is substantially larger than A/ = 3, yet the chemical
potential for A" = 2 is much closer to the exact solution. To
further scrutinize these same results from another viewpoint,
we examine Udn/du as a function of density [see Fig. 5(c)].
Within VDAT, 9 /dn was obtained using finite difference to
take the second derivative of the total energy, and the same
grid spacing was used as in the case of the chemical potential.
For the low-density region g, < 0.1, the N' = 3 results were
smoothed using a spline interpolation. Similar to the chemical
potential, the convergence of this quantity is not necessarily
monotonic in A/, and the same conclusions can be drawn.

IV. CONCLUSIONS

In this paper, we proposed a gauge constrained algorithm
to evaluate the SPD ansatz at A" = 3 within the SCDA for the
multiorbital Hubbard model. The key feature of this algorithm
is that it automatically satisfies the self-consistency condition
of the SCDA using the gauge freedom of the SPD, greatly
facilitating the minimization over the variational parameters.
Interestingly, the gauge constrained algorithm yields a simple
analytical form of the single-particle density matrix of the
optimized SPD ansatz. The convenient mathematical form of
the gauge constrained algorithm greatly simplifies the imple-
mentation of VDAT within the SCDA when treating a large
number of orbitals. In order to showcase the power of the
gauge constrained algorithm, we studied the SU(2N,) Hub-
bard model at zero temperature on the Bethe lattice in d = oo
for Ny = 2-8, and compare to numerically exact DMFT
results where available. While the symmetry of the SU(2Nqy,)
Hubbard model greatly reduces the computational cost for
solving the DMFT impurity model, computational limitations
still restrict most studies to relatively small values of Nyg.
A DMFT study using a numerical renormalization group im-
purity solver presented results up to 2Nq, = 5 [26], while a
study using a quantum Monte Carlo impurity solver presented
finite-temperature results up to Ny = 8 [25]; though the lat-
ter results were at relatively high temperatures and appear
to have nontrivial stochastic error. Therefore, our success-
ful execution of Ny, = 8 showcases the utility of the gauge
constrained algorithm for executing VDAT within the SCDA
at N = 3. At half-filling, we evaluated the kinetic energy,
interaction energy, and quasiparticle weight as a function of

U /t. For the doped case, we evaluated the density as a function
of the chemical potential, in addition to the derivative, at
various values of U/t. As expected, ' = 3 yields a dramatic
improvement over A" =2, at a similar computational cost.
The successful computation of the ground-state energy for the
Norb = 7 Hubbard model on a single processor core in under
one hour demonstrates the viability of VDAT to study realistic
f-electron systems. The technical developments in this work
are a key step forward towards studying realistic Hamiltonians
of complex strongly correlated electron materials.
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APPENDIX A: SOLVING MULTIORBITAL HUBBARD
MODEL WITH A DENSITY CONSTRAINT

It is often desirable to solve a Hamiltonian with fixed
densities for the spin orbitals, which can be efficiently ex-
ecuted by reparametrizing the variational parameters u. We
begin by realizing that the vector space associated with u can
be constructed as a direct product of two-dimensional vector
spaces associated with each spin orbital. For an operator in
the compound space O = I1 the representation in the
u basis can be constructed as

A
oo Q(X(f’

O =01t ® - ® Oy, Do) (AD)

Using this relation, Egs. (32) and (34) are recast as
D =Duerr ® - ® M (A2)

(@5'2), = (1), ®
x ©(aL5a5)) 00 ® D, (A3)
where

[(Duseo Iror, = Pao (Taos Too)s (A4)
[(@985) 0 o, = 5 Tar Th)e (A9)

where puo(Taos I,) and g5% (Tyo, [V,,) are defined in
Egs. (33) and (35), respectively. The relevant matrices, which
will be needed to constrain the orbital density are

R Gointi 1—9%
(l)u;aa=<1“ R FE O

2 1
4~ Yao,12 gao.]Z + 1

0 0
~AT(1) ~(1) = AT
@ =1 g, aet) @
A 0 %— : 12
A1) A(2) . ao,
415 _ . A8
(_om —om)u;aa 0 gozm,IZ =+ i (A9

In summary, Eq. (A1) provides a simple mathematical struc-
ture to construct (Q),.
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We now proceed to reparametrize the variational parame-
ters u. In general, one can introduce a linear transformation
over the variational parameters as u = Vw, and by requiring
w! (0)pw = u” (0),u, a new matrix form is obtained as

(D) =V (O)V. (A9)

In order to preserve the direct product structure of (QA)w,
the transformation is constructed as V =Vi; @ -+ @ W1
resulting in

0 = ® (Ox (A10)

(QIT)w;lT Q- 0,b¢)w;Nom¢v

(Qag )w;om = (

In order to ensure that (i)w .wo 18 the identity matrix and the

symmetric part of (QLE,”_&L))W .o is diagonal, we have

1
Ve = L <2gaa,12 -li_ 11 _1 2gn0,12>
ﬁ 1- 264012 2G40 12 +1

thus completely defining the reparametrization. One of the
necessary reparametrized matrix elements is

(Al1)

)M oo 0{0’

(A12)

afMaMm AT~ (1)

nw;ao’ = 2((_0¢g _c(o')w;ag + (—C{O‘ —OtO')w o(o')

_ (1-2Gus.12)* 0
_ 8Guo.12 (A13)
- 0 2Guo12+1)? |’
8Guo.12

and the others are provided in Supplemental Material [24].

We now proceed to constrain the density for each spin
orbital, and we begin by considering the case where the in-
teracting projector is a noninteracting density matrix, which
can be written as

wko =[]0 = Raoer)( = Tao) + noaetiTao).  (A14)
where nm;:facan be determined from
Tr(nw;aa (1 ™ Pl noﬁ)) NN )
which can be solved as
Martt = 2(222}&1;)5? 2l e

Subsequently, 2*No® — (1 + 2N,y,) variational parameters x,
can be introduced to describe the deviations from wlz-;o, which
do not change the density or the normalization. It is then
useful to define a 22Now x 22Now matrix V-, as

n
1
Vi) = l—[ <F°‘f”.f - 5),

j=1

(A17)

22New s a convention for

where i({oj01, ...,0,0,}) =1,...,
indexing all subsets of {1 1,1 J,...,Now 1, Now |}, and
n=20,...,2Nyp denotes the number of spin orbitals con-
tained in a given subset. A convenient convention for sorting
the subsets is first sorting by increasing cardinality and then
by the binary interpretation of the subset. The subsets with
cardinality greater than one form 2*Nev — (1 4 2N,,) orthog-

onal vectors that do not change the normalization or the orbital

occupation. A similar approach has been used to represent
the Bernoulli distribution [30]. A general interacting projector
that is constrained to the given orbital occupation can be
parameterized as

22Norb

2.2
Wr = Wry + E , VrnXy,
n=2+42No

(A18)

where x, are real numbers that are constrained by the con-
dition that w% > 0. For example, Ny, = 1 results in one
independent variational parameter x, yielding

wi = (1 — nperr)(1 — nyesr) + 3, (A19)
w3 = (1 — My e )ttt — i, (A20)
w3 = Nperr(l — nyer) — 1, (A21)
W3 = Npeiifyefr + 33, (A22)

where X € [Xmin, Xmax] and
Xmin = —4min((1 — npere)(1 — nyer), Nperntyerr),  (A23)
Xmax = 4mMin((1 — nyef ) efr, Npeft (1 — nyer)).  (A24)

Finally, the ground-state energy can be obtained as

Gi,x.b

E = min (/ dkekaank(xa(a» b) + Eloc(g12s X, b)), (AZS)

where x = {x,} and a is determined from {rnqs}, G2, x, and b.

APPENDIX B: GAUGE CONSTRAINED ALGORITHM
USING GENERAL LOCAL PROJECTORS

In this paper, we have assumed that the interacting pro-
jector can be written as a linear combination of diagonal
Hubbard operators in the basis «o, and that G is diagonal
in basis «o. Here we outline how to treat the general case,
starting with the first assumption. A general local interacting
projector can be an arbitrary linear combination of all possible
Hubbard operators, including off-diagonal Hubbard operators.
A general Hubbard operator can be constructed as

Pr =] ]Gr,, 001

— Nigo ) + Sl“m,,lniaa

+ 61" 2aw¢a + 81",1{, 3ala0) (B])
=[] Paor..- (B2)

where I' — 1 = (I'jy ... I'x,, )4 and T'=1,...,4%Nv. The
most general interacting projector can be constructed as
Pu) = d>r urP.r. However, given that we require P) to
obey certain symmetries and conservation relations, some ur
may be zero. In order to evaluate (1_3(»1)13@0) Do’

. PO we first
consider

]_[_w, (B3)
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where O, is a single product in terms of aw) and Al(;l,
yielding
A1) A(2) A (1) (2)
(BEP0) =Y wrur(PVERO) . B4y
Blnc;i 0 T 'Oloc i,0
where
(1) p(2) A (1 (2) A
| N § L P S
—loc:i,0 oo

BIoc;LO

—6(0.T.T )1’[( Plvir, Pniry, Ou)

plom 0

(B6)

where 6(0, ', T") = %1 and is determined by tracking the
sign when ordering the expression from Eq. (B5) to Eq. (B6).
For a general operator O, one can always decompose it into
a sum of operators, which has the form of Eq (B3) and apply
the above formulas.

In order to treat a general G and a general operator O,
one must straightforwardly apply Wick’s theorem to evaluate
expectation values [1], though the resulting gauge constrained
algorithm will be more complicated. For example, simple
closed form equations such as Eq. (22) may not be obtained,
requiring a numerical minimization to obtain the density
distribution.

APPENDIX C: UNDERSTANDING HOW THE N =3
GAUGE CONSTRAINED ALGORITHM WITH A
RESTRICTED KINETIC PROJECTOR REDUCES TO N = 2

In Ref. [1], we illustrated how the SCDA at N = 2 using
the Gutzwiller gauge recovers the Gutzwiller approximation.
In the present work where we address N = 3, the gauge
constrained algorithm uses a different type of gauge. There-
fore, it is interesting to see how the A" = 3 gauge constrained
algorithm with a restricted kinetic projector can recover the
Gutzwiller approximation. In particular, the restricted kinetic
projector will force the density distribution to be flat both
above and below the fermi surface. We begin by assuming

1 1 1
2 2 2
1 1 1
gaa = -2 2 21 (C])
1 _1 1
2 2 2

which is motivated by the Gutzwiller gauge. The canonical
discrete action of G,, corresponds to an SPD [1], which is
the product of three identity operators, and we can write the A
block for interacting Green’s function as

Nyo Ao rom) (C2)

—AyoTao Ngo

8loc,a0:A = (

where dye = /(1 — ngs )y and ry, denotes the renormal-
ization for the off-diagonal elements of the A block compared
to the reference interacting Green’s function

Nao oo
8loc,aoAiref = < “ * >, (C3)

—dgo Ngo

which corresponds to the case where P is noninteracting,
denoted as Py. The P, is chosen such that

Tr(Pligs)  Tr(P2hg,
( 0/\01 ) = r( f’:l ) = Nyo, (C4)
Tr(£7) Tr(P?)
and r,, 1s given as
- Tr(ﬁa;iﬁaw) Tr(ﬁoéz;iﬁo&w)’ ©3)
Tr(P?) Tr(P3)

The point of introducing the reference 7, is to allow com-
parison with the Gutzwiller approximation. Given that the
local energy can be computed as

Tr(pzﬁloc)

Tr(P?) (€6)

loc =

which is the same as in the Gutzwiller approximation, the
remaining task is to confirm that the kinetic energy recovers
the Gutzwiller approximation when restricting the density
distribution to be flat, and confirm that the self-consistency
of the SCDA is maintained.

We begin by computing the A block of the local integer
time self-energy as

Sloc QoA — (gao' AT ) l(gi)é,aaﬁ - 1)’ (C7)

which yields the integer time self-energy as

Sa(r;ll Som;lZ O
Sloc,aa - _Som;12 Som;ll 0 s
0 0 1
where
Qoo Tao
Sa(r‘ll = s
Nyo (ncw - (ncw - 1)r§g)
1
SO[O';12 -

Ngo — (nom - 1)1‘5

Assuming the kinetic projector is the identity, corresponding
to Aws,1 = 1/2, we get a flat distribution in both the < and >
region, yielding

Moo lke< = Moo (1 — 125) + 1oy (C8)
nkoza|k€> = nvta(l - rég)~ (C9)

One can verify that the integral of the density distribution
yields the corresponding local density as

/ nkvtadk"f'/ Mo dk = Ny,

and the real-space renormalization of the hopping parameter,
Zys, can be computed as

(C10)

(C11)

2
ZDtU = nkozo'|k€< - nkoza|k€> =Ty

which recovers the Gutzwiller approximation.
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We now confirm that the self-consistency condition of
the SCDA is maintained. Computing the local integer time
Green’s function yields

Nao oo Tao oo Tac
/
8loc = | —CQactao Nyo Nyo s (C12)
—AaoTao Nge — 1 Nao

which yields
1 1
2 2 2
g=1- 5 1) (C13)
1 _1 1
2 2 2

which indicates that the SCDA self-consistency is satisfied.
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