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Quantum anomalous Hall insulator in ionic Rashba lattice of correlated electrons
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In this work, we propose an exactly solvable two-dimensional lattice model of strongly correlated electrons
that realizes a quantum anomalous Hall insulator with Chern number C = 1. First, we show that the interplay
of ionic potential, Rashba spin-orbit coupling, and Zeeman splitting leads to the appearance of quantum
anomalous Hall effect. Next, we calculate in an exact manner the Chern number for the correlated system
where electron-electron interactions are introduced in the spirit of the Hatsugai-Kohmoto model using two
complementary methods, one relying on the properties of many-body ground state and the other utilizing
single-particle Green’s function, and subsequently we determine stability regions. By leveraging the presence of
inversion symmetry, we find boundaries between topological and trivial phases on the analytical ground. Notably,
we show that in the presence of correlations, onset of topological phase is no longer signaled by a spectral gap
closing consistently with phenomenon called first-order topological transition in literature. We provide a clear
microscopic understanding of this inherently many-body feature by pinpointing that the lowest energy excited
states in the correlated system are no longer of the single-particle nature and thus, are not captured by a spectral

function.

DOLI: 10.1103/PhysRevB.108.035121

I. INTRODUCTION

Research on the intersection of topological phases and
strongly correlated systems has attracted significant attention
in recent years [1]. This is mostly because the description
of topological properties of the correlated matter remains
an open, though intensively studied [2-4], problem, as
most available classifications concern noninteracting systems
[5-9].

Apart from rare examples, especially concerning a phe-
nomenon called first-order topological transitions [10-15],
usually correlations are taken into account together with non-
trivial topology by mapping effects of many-body interactions
into the effective single-particle picture possibly encompass-
ing symmetry breaking phases. In that manner the resulting
effective Hamiltonian is suitable for topological analysis
within the known classifications. Illustrative examples not
involving symmetry broken states are, for instance, topolog-
ical Kondo insulators where the effect of strong correlations
is mostly accounted for by renormalization of hybridization
gap and up-shift of the atomic level of f electrons [16,17].
On the other hand, a well-known example involving symme-
try broken states is the one proposed by Raghu et al., [18]
where appearance of topological state, and also opening of the
charge gap, is linked to the onset of interaction driven charge
density wave.

In the present work we address the problem of interplay
between correlations and topology from a different angle [19],
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which recently gained some attention [20-22]. Namely, we
aim to analyze the effect of correlations on a quantum anoma-
lous Hall (QAH) insulator by taking into account only part of
the full Hubbard type of interaction in the Hatsugai-Kohmoto
(HK) spirit [23], i.e., interaction term local in momentum
space, that, when strong enough, leads to the opening of the
charge Mott gap that can be analyzed with the exact calcu-
lations. In the past such a form of interaction has been used
for description of so-called statistical spinliquid [24,25] and
its instability toward superconductivity [26]. Moreover, more
recently, the same interaction was advocated to be essential
when it comes to the understanding of discrete symmetry
breaking on a Mott metal to insulator transition [27], as well
as properties of high 7. cuprate superconductors [28].

There are several systems realizing or being predicted to re-
alize QAH effect [29-39] whose topological properties derive
from the band structure character, specific form of spin-orbit
coupling, and magnetic order. Here, we propose yet another
model system realizing QAH as a result of interplay between
ionic potential, Rashba spin-orbit interaction, and Zeeman
splitting. It is promising for potential experimental realization
that mentioned ingredients of the model system can be found
altogether either in a synthetic version in the optical lattice
with engineered spin-orbit coupling [40,41] or in thin layers
of ionic insulators doped with magnetic ions.

Our exact analysis of the topological properties of the
proposed model in the presence of correlations introduced
in HK spirit performed with two complementary techniques,
based on exact many-body ground state as well as single
particle Green’s function [42,43] unveiled that (i) the QAH
state, though in narrower a range of parameters than in the
uncorrelated case, survives despite high but finite values of
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interactions and (ii) the spectral gap is not closing at the
topological phase transition even for small values of interac-
tions, consistently with the phenomenon called, in literature,
first-order topological phase transition [11-15]. The latter
finding, being a clear manifestation of the inherently many-
body nature of the considered system, is directly explained on
the microscopic ground. It also constitutes another example
[20] where analysis of single-particle Green’s function in a
correlated system can provide misleading conclusions related
to topological properties.

II. MODEL

Our starting point is a single-orbital ionic Rashba model
in the presence of Zeeman splitting on the bipartite square
lattice:

Ho = —t Zcilcjg + Z[V(—l)i 4+ oh — ulnis

(ij)o io

+ Z <lC{(ClT, u)(ru X 0)z< i T) +Hc>

(i)

ey

where ¢ is the nearest-neighbor hopping, V is the strength of
the ionic potential, (—1)4 = 1 and (—1)i€# = —1, h Zeeman
field, @ amplitude of Rashba spin-orbit interaction, rj; mea-
sures the distance between sites i and j, and o = {0, 0y, 0,}
is vector of Pauli matrices. Hereafter, we set ¢ as an energy
unit, i.e., tr = 1.

After Fourier transformation to the reduced Brillouin zone
(RBZ) above model can be cast into the following form:

= Y 0. ® D(gi)ox + J(gi)oy + el

keRBZ

+Vo, @1+ hl®o, —

. (2)
ulg)y,
where gk = 2a sink, — 20 sin kx, ek = —2t(cosk, + cosk,),
and I/fk {ck 1 cl v Clt_,'_Q 1 ckJr } with Q = {m, 7}.
At this stage we enrich the smgle particle Hamiltonian

‘Ho with many-body correlations introduced in the Hatsugai-
Kohmoto spirit [23],

H=Ho+ Z U (nynky + nkQrik+Qy )- 3)
keRBZ

Considered a many-body model due to local in momentum
form of the interaction is exactly solvable. Throughout the
whole paper we set © = U/2, what ensure half-filling inde-
pendently of the other parameters.

As a side remark we note that HK interaction can be seen
as a part of the Hubbard interaction,

U ZniTnil =
i

for k = p = q, that is responsible for splitting between Hub-
bard bands and eventually opening a Mott gap once the
interactions are strong enough [23,27,28]. At the same time,
we underline that the presence of the splitting between Hub-
bard bands by HK interaction for arbitrarily small amplitudes
U has no analogy in the system with Hubbard interaction
where Fermi-liquid behavior is expected.

Z Cktp—qt qicpTCki
k p.q

III. TOPOLOGY OF MANY-BODY GROUNDSTATE

A. Chern number of the groundstate

Our Hamiltonian can be efficiently expressed in RBZ as

He XY fa

keRBZ ne{0—4}

“

where |&,;) are vectors of Fock basestates in which Hamilto-
nian H can be exactly diagonalized, and where n stands for
the number of particles described by these states. Explicitly,
we define |&);) as

&) = {|0k,0k+Q
Gy = {11:0) . [1:0),10: 1) . (05 1)},
§)={|N 00, 10:14) . 14 1)L [ty 1) It Db ()
o) = (M4 )L 11 0L 11 1) 1t D
|a) = {114: 1)}

On the other hand, Hamiltonian sectors ’}:{]’1 in the above base
apart from trivial H) = H;\ = 0 are defined as

A

Hy = 0, ® (exlls + N(gr)ox + J(gk)oy) + hlr ® o,

U
+ VUX ® ]1-2 - 3]]-47

(6
Hk =0, (e1r — 9’t(gk)o'x - S(gk)o'y) +hl, ® g,
U
—Vo,®1, — 3]14,
and
2ek 0 0 -V 0 \%
0 —2€k 0 -V 0 \%
7:[2 _ 0 0 —2h—-U —8k 0 8k
S lv v e U w0
0 0 0 &k 2h—-U —g;
14 14 8k 0 —-g U
@)

For the reason that the chemical potential © = U/2 sets the
filling in our system to two not only on average, but at each k
in RBZ, the global many-body ground state is the ground state
[¥e(K)) of 7—2& Therefore, here we calculate the Chern number
of the whole system as the one corresponding to |,(k)), i.e.,

_ b 2
C= 5 oy @ (Bu (O )

= O, (Y (K[, | Y7 ())). ®)

The above topological invariant is directly linked to the
anomalous Hall conductance, as shown in Ref. [44]. In Fig. 1
we show phase diagrams obtained by direct integration with
the use of discretization of RBZ [45]. We note that although
the presence of the Rashba spin-orbit coupling mixing spin
channels is critical for the onset of the QAH phase, the topo-
logical phase boundaries do not change when the value of
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FIG. 1. Topological phase diagrams (“C” on the plots denotes Chern number) on V — h plane for (left panel) uncorrelated system and
(right panel) correlated systems characterized with selected values of interaction amplitude U. Phase boundaries marked with dashed lines
denote standard topological phase transition, while those with solid lines denote topological phase transitions at which spectral gap doesn’t
close (see Sec. IV). On the left panel we have included an exemplary band structure for each of the phases along the RBZ high-symmetry path

(cf. inset of Fig. 2). The specific parameters are « = 0.5,V = 1 and h € {0.5, 2, 5} for the bottom, middle, and top inset, respectively.

«a is varied. We rigorously support this statement in the next
subsection. Nevertheless, for all numerical calculations we set
a=0.5.

Furthermore, as it can be seen in Fig. 1, even for extremely
large values of interaction amplitude, the Chern insulator sur-
vives, though in a very restricted region that asymptotically
reduces to a line. In the following we analyze that behavior on
the analytical ground.

B. Parity eigenvalues analysis

Analysis of 7:[]2( at time reversal invariant momenta (TRIM)
k}, due to presence of inversion symmetry, can be useful
in determination of borders between topological and trivial
phases, provided that they differ by the parity of the Chern
number. Here this seems sufficient as our numerical analysis
unveils the presence of only one type of topological phase
(cf. Fig. 1) withC = 1.

First, we find eigenstates |"ki*> and eigenvalues Enk; of
7%,2(* where TRIM in RBZ can be chosen as k¥ € {I", X}. Two
lowest energy states are |lx:) = ||, |) with the eigenvalue
Ey =-U — 2h and |2ki‘>’ with eigenvalue Ezk;; the latter
being the lowest eigenvalue of the matrix

0 \/§6ki* u_ \/Efki* U4
Veu_  “U=STEIR 0

\/Eék;* Uy 0 —U+VU+16V2 Vléz""mvz (9)

U
o= [l ——
- \/ JUT T 16V2

that is simply one of the blocks from block-diagonal form
of Hj. obtained with a suitable unitary transformation

and spanned by {|1},0), 10, 1), 75(I1. J) — 4. 1))} Fock
states.

At TRIM states, |ny;) are also eigenstates with eigenvalues
n, of parity operator

1 0 0 0 0 O
01 0 0 0 0
00 -1 0 0 0
P=lo 0 o 1 o ol (10)
00 0 0 -1 0
00 0 0 0 1
as PHIP = H?, implies that [P, H}.] = 0. At both TRIM we
have that n; = —1 and 1, = 1. Formally, by defining
(1)’ = [] sen[Ew: — Exe]. (11)
iel, X

v = 0 signals trivial insulator and v = 1 topologically non-
trivial state. In other words, phase transition between trivial
and nontrivial topological states takes place when ground state
and first excited state, having opposite parity, interchange.
Note that, although presence of Rashba spin orbit entails
presence of states with opposite parity, its amplitude does not
enter Eq. (11). This proves our statement from the previous
subsection that boundaries between topological and trivial
phases do not depend on Rashba spin-orbit amplitude.

Leveraging supplementary topological invariant (11) al-
lowing for straightforward discrimination between topolog-
ical and trivial phases in the following we analyze specific
phase boundaries displayed in Fig. 1.

First, we examine conditions for transition from the trivial
insulator to the Chern insulator with increasing Zeeman split-
ting A, i.e., from the “bottom”—cf. Fig. 1. At critical Zeeman
splitting, which we denote %;,, two lowest energy levels at
TRIM X cross. At this momenta these energy levels are found
exactly: Eyy = —U — 2hand Ex = —1(U + VU? + 16V?).
Critical Zeeman field at which bottom topological transition
takes place can be obtained from a condition that Exy = Erx

and reads
hy(V,U) = 2(/U2 + 16V2 — V). (12)
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Second, topological phase transition into the same Chern
insulator phase but with decreasing 4 (from the “top”—cf.
Fig. 1) takes place at critical » = h, when E\r = Eyr, i.e., is
associated with crossing between lowest lying energy levels at
[' TRIM. Here, Er can be obtained exactly only for the U =
0 case, for which we find Eor = —2v'V? + €2 [lowest eigen-
value of (9)], where er = €. Thus, critical Zeeman splitting
for the “top” topological phase transition in the uncorrelated
case reads i, (V,U = 0) = vVV2 + 612“ On the other hand, in
the opposite limit (i.e., large interaction limit, ﬁer /U KL 1),
we resort to the second order perturbation theory when obtain-
ing E>r and we find

(WU?+16V2 — U)(2er)?
VUTF16VE(JUZ +16V2+U)

Consequently, approximate critical Zeeman splitting for the
“top” topological phase transition in the strong interaction
limit reads

h(V,U > 2er) = hy(V, U)
(VUZF16V2 — U)2é2
VUTF16V2(VUZ+16V2 +U)
(14)

Eor >~ Ep)x —

(13)

As aresult, the region on the V — h plane where the Chern
insulator with C = 1 is realized, lies between boundaries set
by h,(U, V) and (if U is sufficiently large) h, (U, V'), and only
asymptotically vanish when U — oo, while for large but finite
U forms a sharp edge (cf. Fig. 1).

IV. SINGLE PARTICLE GREEN’S FUNCTION
PROPERTIES

Knowledge of the exact ground state wave function of
the considered system is a necessary factor enabling for the
analysis presented in the previous section. Nevertheless, in
generic situations with more realistic many-body interactions
the system properties are usually captured at the level of sin-
gle particle Green’s function. Therefore, topological invariant
defined through single-particle Green’s function [43] is con-
sidered as the default one when it comes to description of the
topological properties of the many-body system. However, it
has been recently proven [20] that it needs to be treated with
care as it can give false positive topological properties even
if the system is trivial. For that reason, in the following we
analyze topological and spectral properties of the considered
system at the level of single-particle Green’s function and
carefully compare findings with the precise analysis of the
many-body ground state.

A. Spectral function and absence of gap closing

In the previous section we have shown that the topological
phase transition is signaled by crossing between ground state
and first excited state, both many-body Fock states, that takes
place at one of the time-reversal invariant momenta. As we
are going to analyze in this section, this usual and expected
behavior, due to the presence of correlations, does not entail
closure of the spectral gap.

1.00 7
0.75 1

0.50 1

0.25 1

3 0.00 .

c cc
|
N = O

—0.25 A

—0.50 A

-0.75 A \

—1.00 1}

X r
K

FIG. 2. Plot of the spectral function in the vicinity of the Fermi
level along a high symmetry path (cf. inset) for values of & = hy, i.e.,
at the topological phase transition. Note the lack of a gap closing in
the spectral function for nonzero interaction strength. The spectral
weight for bands visible in the plot is close to one.

We first define
4 4
Tho=P A and &) =P |a). (15)
n=0

n=0

Now, we can find unitary transformation 7k, such that
TkT”Hka = E is diagonal. As a result, we can obtain spectral
function as

Ak, w) = %3 Tr[Gy(w — i8)], (16)

where Matsubara Green’s function reads
1.1 1.1 1.2 1.2
Gry Gry Ory Gpy
1,1 1,1 1,2 1,2
GLT Gl-l G%T G¢,¢ (17)
21 G2l 22 522
tr o Irl U Ury
2,1 2.1 2,2 2.2
Goy Gy, Gy G

Gi(iw) =

with matrix elements obtained from Lehmann representation
as

(Olcn.q lm)(mic), ,,10)
iw — (E, — Ep)

G (iw) = [

m

<m|cn,a|0><0|c;,[,,|m>} ()

iw+ (Em - EO)

In the above |m) are the exact eigenvectors (|0) being
ground state) of 7:[k with eigenvalues E,,, and c¢;, = ck, and
C20 = Ck+Qo -

In Fig. 2 we show spectral function around the Fermi
level for parameters providing “bottom” topological phase
transition, i.e., for h = h,(V, U), for three selected cases: un-
correlated U = 0, and correlated U = 1 and U = 2 ones. It is
evident that the spectral gap closes at the topological phase
transition only for uncorrelated states. Such observation is
consistent with a phenomenon called first-order topological
transition found in other many-body topological systems with
more realistic, usually Hubbard-type, interactions [10-15] for

035121-4



QUANTUM ANOMALOUS HALL INSULATOR IN IONIC ...

PHYSICAL REVIEW B 108, 035121 (2023)

which it has been also found that correlations can entail ab-
sence of the spectral gap closing on the topological transition.
Here, relying on the previous analysis of the exact ground
state, we shall simply explain microscopic reasons for such a
situation and briefly elaborate on the misleading notion coined
for this phenomenon.

Spectral function is a single-particle property of the system
and, as such, tells us how the injected electron behaves in our
system. That means that the spectral function holds informa-
tion about processes that involve excitation that change the
number of particles in the system. On the other hand, as our
analysis of the exact many-body ground state unveils, the first
excited state in the presence of interactions does not involve
a change of electron number. Therefore, spectral function is
unable to capture crossing of the ground state and first excited
state that signals regular continuous topological phase transi-
tion without any feature suggesting first-order character.

In this light, given that spectral function already can pro-
vide misleading signatures on the character of topological
transition, there is a natural question whether single particle
Green’s function in a correlated state beyond Fermi liquid
theory still contains enough information to calculate correct
boundaries of topological phase. In the next subsection we
affirmatively answer this question.

B. Topological invariant from Green’s function

Here we calculate the topological invariant of our system,
following the approach in Ref. [43]. In general words, in
this method one can treat the inverse of Green’s function
for zero frequency as an effective low-energy single-particle
Hamiltonian,

H™ = —Gy(0)™". (19)

In such a situation, determination of the topological invari-
ant of the system reduces to analysis of H° [which is
Hermitian—cf. Eq. (17)].

We first find eigenvectors and eigenvalues of effective
Hamiltonian

H{ (k) = 1ty (K)|n(K)). (20)
Then the many-body topological invariant can be obtained as
5 1
C= —/ APk (O, Ay — O, Ay), @2n
21 Jrez ’

where A; = —i Zn(un<0) (n(k)|9, |n(k)).

We numerically confirm that the above approach provides
the same topological phase borders as the approach utilizing
true many-body ground states presented in Sec. III and in
principle C = C. We note that, although here spectral function
is unable to visualize inversion between ground state and first
excited state, single-particle Green’s function holds correct
information of the system’s topology.

In the following we shall analyze more deep properties
of the low-energy effective Hamiltonian. We found that the
topological phase transition is again not associated with the
bulk gap closing, as it is demonstrated in Fig. 3, and clearly
the system develops singularity at X TRIM. To understand it
in more detail, in Fig. 4 we plot bands around TRIM X just
before and after transition, which confirms the expectation

T T

ky 0 kx

FIG. 3. Eigenenergies of effective low-energy single particle
Hamiltonian around Fermi level for parameters providing “bottom”
topological phase transition, i.e. & = h; [cf. Eq. (12)]. Note the ab-
sence of the gap closing.

that the phase transition takes place through the discontinuous
jump of eigenenergies at X. Particularly this feature has been
responsible for calling such observation fopological phase
transition with first-order character in the first place [11].

This brings us to a following question: if topological and
trivial phases are not separated by gap closing, is the topolog-
ical phase inside the bulk separated from the trivial “outside”?
To resolve this issue, in Fig. 5 we plot bands of H¢, but
with the open boundaries along the y direction, and we obtain
a rather standard scenario. Namely, that edge states are not
gapped and clearly connect bands from below the gap with
those from above, and their number per one edge agrees with
the Chern number.

C. Properties of H* at TRIM

In this section we shall again leverage inversion symmetry
as a good tool for determining phase transition between trivial
and topological phases [42] with an odd Chern number. We
start our analysis by finding the parity operator for the full

h=h,—0.001 h=h,+0.001
i 1—W
W 01 Wy 01

/\/\

B R -14 —
157/16 n 177/16 15m/16 nm  171/16
ky ky

FIG. 4. Bands of H{" around TRIM X i.e. for k, = 0 (left panel)
for trivial phase (h < h;) just before transition and (right panel) for
topological phase (h > h;) just after the transition. At the transition
bands are characterized by a discontinuous jump at TRIM X.
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-77/2 0 7T/2
Kx
FIG. 5. Bands of H™ with open boundary conditions in the y

direction in the topological phase. Edge states are clearly visible. The
parametrs are U =V =0.5and h = h, + 0.1.

Green’s function,

P= , (22)

(=)

0
-1 0
1
0 -1
ie., PGy (iwy)P = G_(iw,). The form of operator P fol-
lows from the symmetry of the Rashba coupling in H.
Following the approach presented in Refs. [42,43] we note
that zero-frequency single-particle Green’s function at TRIMs

is Hermitian, commutes with the parity operator, and, specifi-
cally for our situation, reduces to

Gy (0) 0 Gy (0) 0

0 G, (0) 0 G, (0)
Gi}'T(O) 0 Gf(:,?T (0) 0

0 Gi}i(O) 0 Giﬁ (0)

Gi: (0) =

(23)

Note that we can diagonalize above Green’s function with
a transformation that leaves the parity operator intact. Trans-
formed and subsequently inverted, Green’s function defines
effective Hamiltonian at TRIM

— i1+ 0 0 0
0 — Mk 0 0
eff __ k| +
HE =] | A
0 0 0 —,ukm_
where
B Gl,l* + Gz,z* Gl’l* . G2’2* 2 )
e 7 o+ (—“k 5 ”k> + G

(25)
that still commutes with a parity operator Eq. (22), and there-
fore both operators have common eigenvectors, i.e.,

Hl'lo, &, K*) = —pto 40 |0, £, k¥)
Plaa :l:a k*> = na,k*|07 :|:7 k*>' (26)

1.0F 1

05F ]

o 00f

_0.5:_ ]

-1.0f 1

1 P T S S S S S R

0.30 0.35 0.40 0.45
h

FIG. 6. Evolution of eigenenergies of H{™ at TRIM X across
the topological phase transition with increasing /4. Color denotes
different parities of the eigenstates. The topological phase transition
takes place through the singularity instead of energy level crossing.
Parameters for the plotare U =V = 0.5.

Because of the inversion symmetry [42] we can define invari-
ant v by

b =]] Ny e @7)

k* {o,£}eR—zero

where R — zero is defined by eigenstates |0, &) with negative
eigenvalue —u, 1+ < 0. As a result, we find that the topo-
logical phase transition is signaled when invariant v changes
between zero and one, i.e., when eigenvalues for states with
different parities change sign at TRIM. In Fig. 6 we plot
eigenenergies [, 1 for increasing field £ across the topologi-
cal phase transition at &z = h;, and we found, peculiar for the
single particle picture, discontinuous jump of eigenenergies
at the topological phase transition, associated with a change
of parities of states with positive energies. Such behavior can
be understood on the following grounds. Although, at the
topological phase transition, the ground state energy remains
continuous the state itself changes vastly due to the level
crossing with the first excited state within the I&ﬁ) manifold.
This makes the spectrum of the single particle excitations
discontinuous as it is visible in Fig. 6.

V. SUMMARY AND CONCLUSIONS

In the present work we have proposed the model in which
the interplay between ionic potential, Zeeman splitting, and
Rashba spin-orbit interaction realizes quantum anomalous
Hall state. In our opinion, the model has an advantage of being
potentially realizable experimentally. In future works we are
going to explore its potential to govern underlying physics of
thin layers of semiconductors having rocksalt structure and
negligible internal spin-orbit coupling, epitaxially grown on
the substrate ensuring presence of Rashba interaction due
to lack of spatial inversion, and doped with magnetic ions
providing sizable Zeeman splitting.

Moreover, we have studied the influence of the many-body
interaction, introduced in the Hatsugai-Kohmoto spirit [23],
on the stability of the topological phase by two complemen-
tary techniques leveraging the closed form of the ground state
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and Green’s function approach. Interestingly, in the presence
of correlations we have found that topological phase transition
accompanied by expected crossing between ground state and
first excited state at the same time is characterized with the
absence of a gap closing in the spectral function. The latter
feature has been, in light of our results, misleadingly called
first order topological transition. We explain the absence of
spectral gap closing at the topological transition by referring
to the many-body nature of lowest energy excited states. To
analyze this feature further, by considering the inverse of zero
frequency single-particle Green’s function as an effective low-
energy Hamiltonian, we demonstrated that topological phase
transition takes place through a band discontinuity at the time

reversal invariant momenta. Thus, our work constitutes an-
other example [20] where analysis of single-particle Green’s
function in a correlated system can provide misleading con-
clusions related to topological properties.
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