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Photoinduced nonequilibrium states in the Mott insulators reflect the fundamental nature of competition
between itinerancy and localization of the charge degrees of freedom. The spin degrees of freedom will also
contribute to the competition in a different manner depending on lattice geometry. We investigate pulse-excited
optical responses of a half-filled two-leg Hubbard ladder and compare them with those of a one-dimensional
extended Hubbard chain. Calculating the time-dependent optical conductivity, we find that strong monocycle
pulse inducing quantum tunneling gives rise to anomalous suppression of photo-induced in-gap weight, leading
to negative weight. This is in contrast to finite positive weight in the Hubbard chain. The origin of this anomalous
behavior in the two-leg ladder is attributed to photoinduced localized exciton that reflects strong spin-singlet
dimer correlation in the ground state.
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I. INTRODUCTION

The nonequilibrium-induced insulator-to-metal transition
is a fundamental issue associated with competition between
itinerancy and localization of charge degrees of freedom.
Photoinduced insulator-to-metal transitions due to photon ab-
sorption have been observed in one-dimensional (1D) Mott
insulators [1–5]. Nonabsorbable terahertz photons with strong
intensity have also been suggested to induce a metallic state
[6,7] via quantum tunneling [8–13]. Very recently, the emer-
gence of glassy phase in quantum tunneling has been proposed
for a 1D Mott insulator through an insulator-to-glass transition
when mono- and half-cycle pulses are applied [14].

In contrast to well-studied 1D Mott insulators, photoin-
duced nonequilibrium properties in two-leg ladder Mott
insulators have not been elucidated, although doped two-leg
Mott insulators Sr14−xCaxCu24O41 have been examined exper-
imentally [15] and theoretically [16,17]. A crucial difference
in Mott insulators between 1D chain and two-leg ladder is
spin excitation from the ground state: There is a spin gap
in the ladder but gapless excitation in the chain. The spin
gap in the ladder is qualitatively ascribed to an energy to
break spin-singlet dimer predominately formed along the rung
[18]. Because of strong spin dimer formation in the two-
leg Mott insulator, dimer-dimer correlation is also strong as
compared with the 1D Mott insulator. Under the presence
of strong dimer-dimer correlation, photoexcited doublon and
holon tend to form a localized exciton not to break spin
dimers. Such localized exciton formation appears in optical
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absorption as a large peak at a high frequency slightly above
the on-site Coulomb energy U of a large U Hubbard lad-
der [19]. In contrast, there is a small hump at U in a 1D
Hubbard chain [20–22]. Therefore, one can expect different
photoinduced nonequilibrium properties in Mott insulators
between 1D chain and two-leg ladder if the localized exciton
contributes to photoexcitation. In particular, it is interesting
to know whether photoinduced glassy dynamics proposed in
a Hubbard chain [14] remains or not in a two-leg Hubbard
ladder.

In this paper, we investigate pulse-excited states of a
half-filled two-leg Hubbard ladder using the time-dependent
density-matrix renormalization group (tDMRG) implemented
by the Legendre polynomial [14] and time-dependent exact
diagonalization (tED) based on the Lanczos technique [23].
We find that nonabsorbable monocycle pulse induces quan-
tum tunneling as in the case of a 1D chain but photoinduced
in-gap optical weight inside the Mott gap behaves differently
from the 1D case with a glassy behavior. The spectral weight
becomes negative if the monocycle pulse is strong enough.
The origin of this anomalous behavior in the two-leg ladder is
attributed to photoinduced localized exciton.

This paper is organized as follows. We introduce a two-leg
Hubbard ladder and a method to calculate the time-dependent
optical conductivity in Sec. II. In Sec. III, we investigate pho-
toinduced nonequilibrium properties of the two-leg Hubbard
ladder after applying a monocycle pump pulse. To under-
stand the origin of photo-induced in-gap weight discussed in
Sec. III, we examine the time-dependent optical conductivity
for a multicycle pulse in Sec. IV. Finally, we give a summary
of this work in Sec. V. Note that in this paper, we set the light
velocity c, the elementary charge e, the Dirac constant h̄, and
the lattice constant to be 1.
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II. MODEL AND METHOD

A two-leg Hubbard ladder with a vector potential Aleg(t )
applied along the leg direction is modeled as

H = − th
∑
i,σ

(
eiAleg (t )

∑
α

c†
i,α,σ ci+1,α,σ + c†

i,1,σ ci,2,σ + H.c.

)

+ U
∑
i,α

ni,α,↑ni,α,↓, (1)

where c†
i,α,σ is the creation operator of an electron with spin

σ (=↑,↓) at the ith rung of the α leg, α = 1, 2; ni,α,σ =
c†

i,α,σ ci,α,σ ; th is the nearest-neighbor hopping; and U is
the on-site repulsive Coulomb interaction. Spatially homo-
geneous electric field Eleg(t ) = −∂t Aleg(t ) is incorporated
via the Peierls substitution in the hopping terms [24]. In
the following, we set th and t−1

h as energy and time units,
respectively.

We assume that pulses have time dependence deter-
mined by Aleg(t ) = Apump(t ) + Aprobe(t ) with Apump(t ) =
A0e−(t−t0 )2/(2t2

d ) cos[�(t − t0)] for a pump pulse and
Aprobe(t ) = Apr

0 e−(t−tpr
0 )2/[2(tpr

d )2] cos[�pr(t − tpr
0 )] for a probe

pulse. The electric field amplitude E0 of a pump pulse is
obtained from −∂t Apump(t ). We set Apr

0 = 0.001, �pr = 10,
tpr
d = 0.02, and tpr

0 = t0 + τ , where τ indicates the delay time
between pump and probe pulses. We obtain time-dependent
wave functions by the tDMRG implemented by the Legendre
polynomial [19] employing open boundary conditions and
keep χ = 8000 density-matrix eigenstates. We also use the
tED based on the Lanczos technique [23].

We obtain the optical conductivity in nonequilibrium [23]

σ (ω, τ ) = 1

L

jprobe(ω, τ )

i(ω + iγ )Aprobe(ω)
, (2)

where Aprobe(ω) and jprobe(ω, τ ) are the Fourier transform of
Aprobe(t ) and that of induced current jprobe(t, τ ) (t > tpr

0 ) due
to a probe pulse along the leg direction, respectively, L is the
number of lattice sites, and γ is a broadening factor.

III. MONOCYCLE PULSE

In a one-dimensional Mott insulator described by a half-
filled extended Hubbard chain, the change of doublon density

nd induced by a monocycle electric pulse follows a threshold
behavior [14] given by the form [13]


nd ∝ E0 exp

(
−π

Eth

E0

)
, (3)

where Eth is the threshold field. To clarify whether a half-filled
two-leg Hubbard ladder shows a threshold behavior, we apply
an � = 0 monocycle pulse with (td, t0) = (2, 10) to an L =
16 × 2 Hubbard ladder, and perform tDMRG calculations of

nd defined as 
nd = [〈N〉t=22 − 〈N〉t<0]/L, where 〈N〉t=22

is an expectation value of N = ∑
i,α ni,α,↑ni,α,↓ just before

a probe pulse with tpr
0 = 22 is applied and 〈N〉t<0 is for the

ground state.
Figure 1 shows that 
nd for a two-leg Hubbard ladder

(black squares) also follows a threshold behavior as evidenced
by a fit using Eq. (3) (black line). Here, we assume that Eq. (3)

FIG. 1. Photoinduced doublon density 
nd of half-filled Hub-
bard lattices as a function of the strength of a monocycle pulse with
� = 0 and (td, t0) = (2, 10). The density is calculated at t = 22.
Black and red symbols are data for the L = 16 × 2 two-leg ladder
(U = 10) and L = 32 chain (U = 10 and V = 3), respectively. The
black and red lines show a fitted curve using Eq. (3) with Eth = 4.0
and 2.1, respectively.

obtained for a one-dimensional Mott insulator is applicable
for a two-leg ladder, since the electric field is applied only
along the leg direction. From the fit, we find that an estimated
value of Eth = 4.0 for the two-leg ladder is larger than Eth =
2.1 for a half-filled extended Hubbard chain with U = 10 and
the nearest-neighbor Coulomb interaction V = 3 (red circles
and red line) [14]. We note that almost double difference in Eth

cannot be explained by only 1.25 times difference in the Mott-
gap value, Egap = 7.5 for the two-leg ladder and Egap = 6
for the chain [25]. The correlation length between photoin-
duced doublon and holon can be estimated from a relation
ξ � Egap/(2Eth) [13]. We find that ξ ∼ 0.91 for the two-leg
ladder, which is shorter than ξ ∼ 1.5 for the chain. The shorter
correlation length might be related to spatial extension of a
doublon-holon pair on a rung, which effectively reduces an
extension toward the leg direction. This is consistent with
a view that photoexcited doublon and holon tend to form a
localized exciton under the presence of strong dimer-dimer
correlation, as mentioned in the introduction.

We show Re σ (ω, τ ) excited by a monocycle pulse with
(�, td) = (0, 2) for various E0 in Fig. 2. The thin solid line in
each panel represents Re σ (ω, τ < 0) before pumping. The
equilibrium optical conductivity exhibits a broad two-peak
structure above the Mott gap. A high energy peak at ω = 12
is due to a localized exciton originated from dimer-dimer
correlation in the ground state [19]. We call this peak the
localized exciton peak with energy ωL. At E0 = 2.4 shown
in Fig. 2(a), the spectral weight of the two-peak structure is
reduced almost uniformly and small weight below the Mott
gap emerges due to the presence of photoinduced doublon
and holon. At E0 = 2.7, more suppression of the broad peak
as well as weight transfer to low-energy Drude components
is seen in Fig. 2(b). With further increasing E0, the localized
exciton peak is completely suppressed and negative weight
inside the Mott gap becomes significant as shown in Figs. 2(c)
and 2(d). Such negative weight ranging whole in-gap region
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FIG. 2. Re σ (ω, τ = 12) of the half-filled L = 16 × 2 two-leg
Hubbard ladder (U = 10) excited by the � = 0 monocycle pulse
with (td, t0) = (2, 10). (a) E0 = 2.4, (b) E0 = 2.7, (c) E0 = 3.0, and
(d) E0 = 3.3. Black thin line on each panel is the case t < 0 before
pumping. The broadening factor is γ = 0.4.

has not been observed in a one-dimensional extended Hubbard
chain [14], where in-gap weight at finite frequency increases
with increasing E0. Therefore, anomalous suppression with
negative weight with increasing E0 is characteristic of a pho-
toexcited two-leg ladder. The anomalous suppression seems to
be related to the disappearance of the localized exciton peak.
We will discuss this point in Sec. IV.

Integrated photoinduced in-gap weight defined as Igap =∫ 5
0 Re σ (ω, τ = 12)dω is shown in Fig. 3(a) as a function of


nd for both the two-leg ladder (black squares) and chain (red
circles). For comparison, in-gap weight for an electron-doped
two-leg Hubbard ladder (blue triangles) is also shown, where

nd is set to be a half of electron-carrier density to compare
with carrier density of pulse-excited systems where the same
number of doublon and holon are excited. While Igap for
the chain and doped ladder increases with 
nd, Igap for the
ladder changes from almost zero to negative values.

To understand this anomalous behavior of in-gap weight,
we calculate the kinetic energy along the leg direction at t =
22 (τ = 12):

K = − th
L

∑
i,α,σ

〈c†
i,α,σ ci+1,α,σ + H.c.〉, (4)

whose absolute value is expected to be proportional to total
integrated weight of Re σ (ω, τ = 12) according to the optical
sum rule in the equilibrium case [26]. Figure 3(b) shows K as
a function of 
nd. For the electron-doped ladder, |K| increases
with 
nd as expected from doped Mott insulator [27]. On
the other hand, |K| for both the photodoped ladder and chain
decreases, indicating the decrease of total integrated weight
of optical conductivity. In the chain, the decrease of |K| is
also related to the emergence of glassy dynamics when the
strength of a monocycle pulse increases [14]. Interestingly,
|K| for the two-leg ladder approaches zero more quickly than
that for the chain. This small |K| means a strong localiza-
tion effect of photoinduced doublon and holon in the two-leg

FIG. 3. (a) Integrated spectral weight Igap of the real part of
optical conductivity inside the Mott gap (ω < 5) and (b) the kinetic
energy K along the leg direction, as a function of 
nd. Black and
red symbols are data for the half-filled L = 16 × 2 two-leg Hubbard
ladder (U = 10) and the L = 32 Hubbard chain (U = 10 and V = 3),
respectively. Blue triangles are the data for the electron-doped L =
16 × 2 two-leg Hubbard ladder (U = 10). The solid line is a guide
to the eye.

ladder. Since spectral weight above Egap remains significant
in Re σ (ω, τ = 12), the small |K| inevitably leads to negative
in-gap weight.

IV. MULTICYCLE PULSE

It is necessary to clarify whether such strong localiza-
tion effect in the two-leg Hubbard ladder appears only for
a monocycle pump pulse or not. A hint would lie in the
strong suppression of the localized exciton peak at ωL = 12 in
Figs. 2(c) and 2(d). It is expected that negative in-gap weight
will appear if one strongly excites states corresponding to
the peak. To confirm this speculation, we perform the tED
calculation of Re σ (ω, τ ) at τ = 20 using a multicycle pulse
that excites states above the Mott gap [28]. We apply the pulse
with (t0, td) = (5, 1) to a 8 × 2 Hubbard ladder with U = 10.
To compare resonant and off-resonant cases with the localized
exciton peak around ωL ∼ 12 shown in Fig. 4, we consider
two pumping frequencies: � = 10 [Fig. 4(a)] and � = 12
[Fig. 4(b)]. The two cases exhibit a clear difference inside the
Mott gap: In-gap weight for � = 10 increases with increasing
the strength of pump pulse A0, while it decreases and becomes
negative for � = 12.

If we excite states corresponding to the localized exciton
peak by a pumping photon, the time-dependent wavefunction
starts to have the component of a localized doublon-holon
pair. As a result, the absolute value of kinetic energy along
the leg direction |K| is expected to be significantly reduced.
This is the case for Fig. 4(b): K = −0.45 before pumping
changes to K = −0.07 at A0 = 0.6. Therefore, in-gap weight
has to be negative to achieve a small value of total integrated
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FIG. 4. Re σ (ω, τ = 20) of the half-filled L = 8 × 2 two-leg
Hubbard ladder (U = 10) excited by (a) � = 10 and (b) � = 12
multicycle pulses with td = 1. Black solid, red solid, and blue solid
lines are for A0 = 0.2, 0.4, and 0.6, respectively. Black thin line on
each panel is the case for t < 0 before pumping. The broadening
factor γ = 0.07.

weight (proportional to |K|) in the presence of a large amount
of spectral weight above the Mott gap. This mechanism does
not hold when we excite states below the localized exciton
peak as shown in Fig. 4(a). The suppression of the localized
exciton peak and emergence of negative in-gap weight are
qualitatively similar to the case of a monocycle pulse men-
tioned in Sec. III. This correspondence clearly evidences the
fact that the suppression of localized exciton peak induces
photoinduced negative in-gap weight.

We note that negative spectral weight is not necessarily
a common phenomenon when spin-singlet dimer correlation
is strong in the ground state. In a large U Hubbard chain
with second-nearest-neighbor hopping t ′ = 0.7, an effective
low-energy spin model is expected to the J1 − J2 model with
J2/J1 ∼ 0.5, which is known as the Majumdar-Ghosh model,
whose ground state is a product of singlet-dimer pairs [29],
where J1 (J2) is the first (second) nearest-neighbor antiferro-
magnetic exchange interaction. In this Hubbard chain, a local-
ized exciton peak emerges as for the two-leg Hubbard ladder.
However, we did not find in-gap negative weight even if we
selectively excite states corresponding to the localized exciton
peak (not shown here). Therefore, the presence of spin dimer
correlation is not enough for realizing negative in-gap weight.

From these results, we can take a following view of pho-
toexcitation using a monocycle pulse for a two-leg Mott

insulator. The strong monocycle pulse creates photoinduced
doublon-holon pairs but strong spin dimer-dimer correlation
inherent in a two-leg ladder geometry prevents from extend-
ing the doublon-holon pairs. This results in the increase of
localized doublon-holon components in the time-dependent
wavefunction, inducing both the reduction of |K| and the
suppression of the localized exciton peak in the optical con-
ductivity. Since a large amount of optical absorption still
remains above the Mott gap, photoinduced in-gap spectral
weight inevitably becomes negative due to the reduction of
|K| through the optical sum rule.

V. SUMMARY

In summary, we have investigated Re σ (ω, τ ) of pulse-
excited states of the half-filled two-leg Hubbard ladder using
tDMRG and tED. We have found that strong monocycle pulse
inducing quantum tunneling gives rise to anomalous sup-
pression of photoinduced in-gap weight, leading to negative
weight. This is in contrast to finite positive weight in an
extended Hubbard chain. Examining multipulse pumping for
states above the Mott gap, we have attributed the origin of
this anomalous behavior of in-gap spectral weight to photoin-
duced localized exciton that reflects strong spin-singlet dimer
correlation in the ground state. This contrasting behavior be-
tween the 1D chain and two-leg ladder Mott insulators can
be confirmed if one applies a monocycle terahertz pulse to
a 1D Mott insulator such as Sr2CuO3 and a two-leg ladder
Mott insulator such as SrCu2O3 [30] and La6Ca8Cu24O41

[31], increases pulse strength, and observes how in-gap weight
evolves with the strength. Using typical parameters (lattice
constant ∼0.4 nm and th ∼ 0.4 eV) for the two-leg ladder
cuprates, we estimate center frequency to be 30 THz and field
strength to be 30 MV/cm for our monocycle pump pulse with
E0 = 3. Such a monocycle pulse would be accessible using
current laser technology.
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