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Quantum quench dynamics in the Luttinger liquid phase of the Hatano-Nelson model
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We investigate the quantum quench dynamics of the interacting Hatano-Nelson model with open boundary
conditions using both Abelian bosonization and numerical methods. Specifically, we follow the evolution of the
particle density and current profile in real space over time by turning the imaginary vector potential on or off
in the presence of weak interactions. Our results reveal spatiotemporal Friedel oscillations in the system with
light cones propagating ballistically from the open ends, accompanied by local currents of equal magnitude for
both switch-off and -on protocols. Remarkably, the bosonization method accurately accounts for the density
and current patterns with a single overall fitting parameter. The continuity equation is satisfied by the long-
wavelength part of the density and current, despite the nonunitary time evolution when the Hatano-Nelson term
is switched on.
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I. INTRODUCTION

Non-Hermitian phenomena have been gaining significant
attention in recent years, mainly due to their ability to exhibit
unexpected features and their applicability to a broad range of
classical and quantum systems [1,2]. These features include
exceptional points [3–5], which refer to the points in the
parameter space where two or more eigenvalues and eigenvec-
tors of the matrix Hamiltonian coalesce. At these points the
behavior of the system can change drastically. PT symmetry
breaking [6] is another important feature of non-Hermitian
systems, leading to the eigenvalues and eigenvectors becom-
ing complex and the system becoming unstable, resulting in
phenomena such as unidirectional invisibility, nonreciprocal
energy transfer, and enhanced sensitivity. Additionally, non-
Hermitian systems exhibit nontrivial topological phenomena,
leading to the emergence of edge modes [7–17].

The Hatano-Nelson model is one of the earliest models
in non-Hermitian physics [18,19]. It features noninteracting
particles on a quantum ring, subject to an imaginary vector
potential that renders the problem non-Hermitian. Initially,
the focus was on persistent current and localization within
this non-Hermitian context. However, this field has since
experienced rapid expansion, with numerous studies being
conducted on the non-Hermitian skin effect and related phe-
nomena in the Hatano-Nelson model, as well as in other
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non-Hermitian systems such as photonic crystals [20,21] and
electronic systems [22].

The non-Hermitian skin effect is characterized by the un-
usual localization of all eigenstates, as each single-particle
eigenstate becomes exponentially localized at the bound-
aries of the system, even without the presence of disorder
[12,23,24]. While this effect is primarily observed at the
single-particle level, many studies have explored its behavior
in a many-body context [25,26] using analytical Bethe ansatz
[27,28], bosonization [29], and numerical methods [30–38].
However, the dynamics of the model, particularly in the in-
teracting case, have received less attention. In Ref. [39] the
evolution of the entanglement entropy and the transition from
a volume to an area law in the noninteracting Hatano-Nelson
model was studied during quantum quench dynamics, but
fewer studies have investigated the dynamical properties of
the interacting case.

Our motivation to investigate the quench dynamics of the
interacting Hatano-Nelson model stems from the need to un-
derstand its dynamical properties, such as the propagation
of the light cone and the spatiotemporal density and current
profiles when the imaginary vector potential is turned on
or off.

In general, in a quench problem, the initial state of the
system is prepared in the ground state of the Hamiltonian
with certain parameters, and then suddenly the parameters
of the Hamiltonian are changed. This sudden change drives
the system out of equilibrium, and the system’s dynamics are
governed by the new Hamiltonian. In general, non-Hermitian
Hamiltonians may not have a well-defined ground state in the
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traditional sense because they do not guarantee real eigen-
values or orthogonal eigenvectors. Instead, they often exhibit
complex eigenvalues and nonorthogonal eigenvectors. Con-
sequently, the concept of ground state, which relies on the
lowest real eigenvalue and its corresponding eigenvector, is
not directly applicable to non-Hermitian Hamiltonians. How-
ever, for some specific non-Hermitian systems such as the
Hatano-Nelson model, the PT symmetry [6,40] guarantees
that it has real eigenvalues and possesses a ground state.

To achieve this, we will employ bosonization, a powerful
technique used to study low-dimensional systems, including
one-dimensional systems of interacting fermions adapted to
the non-Hermitian realm [29,41–44]. Additionally, we will
use numerical tools like the density matrix renormalization
group [45] (DMRG) to obtain the ground state and time-
evolving block decimation (TEBD) [46] for analyzing the
system’s dynamics.

The structure of the paper is as follows: Section II provides
an introduction to the bosonized version of the Hatano-Nelson
model, including the construction of the vertex function,
which enables the calculation of the spatiotemporal depen-
dence of the average occupations. Sections IV and III are
dedicated to the discussion of two types of quenches, in which
the imaginary vector potential is either switched on or off. The
relationship with the continuity equation is explored in Sec. V,
and a comparison between the bosonization and numerical
approaches is presented in Sec. VI.

II. BOSONIZED HATANO-NELSON MODEL

One can construct an effective low-energy Hamiltonian
in the presence of an imaginary vector potential [29,47–49]
using standard Abelian bosonization as

H =
∫ L

0

dx

2π
v

[
K[π�(x) − ih]2 + 1

K
[∂xφ(x)]2

]
, (1)

where �(x) and φ(x) are the dual fields satisfying the reg-
ular commutation relation [48], [�(x), φ(x′)] = iδ(x − x′).
This non-Hermitian Hamiltonian is brought to conventional
Luttinger liquid (LL) form by applying a similarity transfor-
mation [29], which eliminates the vector potential terms using
S−1HS, with

S = exp

(
h

π

∫ L

0
φ(x′)dx′

)
, (2)

and S−1 is obtained from S after the h → −h change. The
resulting Hamiltonian is diagonalized after introducing canon-
ical bosonic fields [47,50] as

Hb =
∑
q>0

ω(q)b†
qbq, (3)

and the long-wavelength part of the local charge density is
∂xφ(x)/π , with

φ(x) = i
∑
q>0

√
πK

qL
sin(qx)[bq − b†

q] (4)

for open boundary conditions (OBCs) [51]. K is the LL pa-
rameter [47], which carries all the nonperturbative effects of
interaction, and ω(q) = vq, with v the Fermi velocity in the

interacting systems and q = lπ/L with l = 1, 2, 3 . . . . From
Eq. (3), the model has gapless and real spectra within the
realm of open boundary bosonizaton; only the Fermi velocity
can get renormalized by both interactions and imaginary vec-
tor potential. Therefore, when studying quantum quenches,
the spectrum retains its essential characters. The ground state
of Hamiltonian (3) is the bosonic vacuum |0〉, and the ground
state of the original non-Hermitian Hamiltonian (1) is ob-
tained by applying S to the vacuum state |0〉:

|�〉 = S|0〉√
〈0|S2|0〉

, (5)

where in the denominator we use the Hermiticity of S as
defined in Eq. (2). This indicates that the low-energy effective
theory of the interacting Hatano-Nelson model is a Luttinger
liquid with collective bosonic excitations, similarly to Hermi-
tian systems [47,51,52].

We investigate the vertex operator [53], given by

Gλ(x, t ) = 〈�(t )|exp [iλφ(x)]|�(t )〉, (6)

where |�(t )〉 is the time-evolved wave function after the
quench, as we discuss below. From this, the long wavelength
and 2kF oscillating part of the density are obtained as

n0(x, t ) = 1

π
lim
λ→0

∂xGλ(x, t )/(iλ), (7a)

n2k f (x, t ) = G2(x, t ). (7b)

For the quench problems that we address, we are able to
provide analytical expression for the vertex function in Eq. (6)
and consequently, for the time-dependent particle densities.

III. SWITCHING OFF THE NON-HERMITIAN
TERM (h �= 0 → h = 0)

In the first configuration we prepare the system in the
ground state as defined by Eq. (5) with an imaginary vector
potential present. The quench consists in turning off the vector
potential and allowing the system to evolve unitarily under the
Hermitian Hamiltonian (36) with zero imaginary vector po-
tential, h = 0 [54]. We coin this as the “switch-off” protocol.
The time evolution is therefore

|�(t )〉 = exp(−iHbt )S|0〉√
〈0|S2|0〉

. (8)

The vertex operator is evaluated by realizing that for any A
and B, two operators that are linear in the bosonic field, such
as, for example, in Eq. (4), the identity

exp(A) exp(B) exp(A) = exp(2A + B) (9)

holds. (Its derivation follows from using the Baker-Campbell-
Hausdorff formula [53] twice.) Then eventually we get

Gλ(x, t ) = 〈0| exp(iλφ(x, t ) + 2h
π

∫ L
0 φ(x′)dx′)|0〉

〈0| exp
(

2h
π

∫ L
0 φ(x′)dx′)|0〉

, (10)

where φ(x, t ) = exp(iHbt )φ(x) exp(−iHbt ) is the time-
dependent bosonic field. This amounts to using bq(t ) =
bq exp[−iω(q)t] and b†

q(t ) = bq exp[iω(q)t] in Eq. (4).
Using the standard trick of 〈exp(A)〉 = exp(〈A2〉/2), which

is valid for a Gaussian wave function and an operator A being
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linear in the bosonic field, the expectation value of the vertex
operator is evaluated to yield

ln Gλ(x, t ) = − λ2

2
〈0|φ(x, t )2|0〉

+ ihλL

π

∫ L

0

dx′

L
〈0|{φ(x, t ), φ(x′)}|0〉, (11)

where the expectation values can be easily evaluated [47],
and {A, B} denotes the anticommutator. Altogether, it is
rewritten as

ln Gλ(x, t ) = −λ2

2
Cφ (x) + 2iλhL

π
g(x, t ), (12)

with

Cφ (x) = 〈0|φ(x, t )2|0〉 = K

2
ln

[
2L

πα
sin

(
πx

L

)]
(13)

being time independent, since exp(−iHbt )|0〉 = |0〉, and valid
for α � x � L with α as the short-distance cutoff, a remnant
of the lattice constant when taking the continuum limit. The
second term involving the anticommutator gives

g(x, t ) ≡
∫ L

0

dx′

2L
〈0|{φ(x, t ), φ(x′)}|0〉

= K

2π
Im

∑
β,σ=±

β polylog

[
2, β exp

(
iπ (x + σvt )

L

)]
,

(14)

where polylog (2, x) is the second-order polylogarithm [55].
This is valid in the scaling limit, when the space-time pa-
rameters x and vt and their combinations, including the
light cones at x ± vt, differ significantly from α and L. The
g(x, t ) function is periodic in both x and vt with period
2L. The expectation value of the vertex operator, Gλ(x, t ),
is also related to the generating function of the quantity
φ. It features the usual contribution from a LL with open
boundary condition, Cφ (x), and an additional piece coming
from the Hatano-Nelson term, g(x, t ). As we show below,
similar properties characterize the dual field  as well. In
Fig. 1 we plot the function g(x, t ), which captures all ef-
fect of non-Hermiticity within the validity of a low-energy
theory.

The homogeneous part of the particle density exhibits
ballistic propagation of the initial non-Hermitian-parameter–
induced density profile as

n0(x, t ) = −Kh

π2

∑
σ=±

ln

∣∣∣∣tan

(
π (x + σvt )

2L

)∣∣∣∣, (15)

and is directly proportional to ∂xg(x, t ) through Eq. (7a). Ini-
tially, light cones appear at and around the boundaries of the
system and start propagating to the other ends with time. For
vt = L(k + 1

2 ) with integer k, this homogeneous part vanishes
identically, and we are left only with the 2kF oscillating part
of the density, as shown in Fig. 2. Putting everything together,
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FIG. 1. The time evolution of g(x, t ) from Eq. (14) is visual-
ized, carrying all the effects of the Hatano-Nelson term for the
quarter-time period. For longer times it exhibits a sign change before
reverting to the above pattern.

the total time-dependent particle density is

ρ(x, t ) = ρ0 + n0(x, t )

+ c

(
πα

2L sin
(

πx
L

)
)K

sin

(
2kF x − 4hL

π
g(x, t ) + δ

)
,

(16)

where ρ0 represents the homogeneous background, c is an
overall constant, which cannot be obtained from the low-
energy theory, and δ denotes the phase shift.

The redistribution of charge is accompanied by local cur-
rents flowing in the system. Their effect can be captured by
evaluating the other vertex operator,

Fλ(x, t ) = 〈�(t )|exp [iλ(x)]|�(t )〉, (17)

where

(x) =
∑
q>0

√
π

KqL
cos(qx)[bq + b†

q]. (18)

Within the low-energy effective theory, the 2k f oscillating
part of the particle current is usually highly irrelevant (its
scaling dimension is large compared to its long-wavelength
counterpart), and therefore we refrain from analyzing it. This
yields the local current [47] through

j0(x, t ) = vK

π
lim
λ→0

∂xFλ(x, t )/(iλ). (19)

Following similar steps, we obtain

ln Fλ(x, t ) = −λ2

2
C(x) + 2ihλL

π
f (x, t ), (20)

where

C(x) = 〈0|(x, t )2|0〉 = − 1

2K
ln

[
2πα

L
sin

(πx

L

)]
(21)
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FIG. 2. Real-space density profile (left) and current (right) for
the interacting Hatano-Nelson model with U = 0.5J , L = 52, and
times t = k L/8v, with k = 0 : 1 : 8 from top to bottom after switch-
ing off h = 0.1. The Friedel oscillations are plotted using c = 0.42
and δ = 0. The circles denote the numerical data from DMRG, the
only overall fitting parameter is c for the oscillating part of the
particle density, and the long-wavelength parts contain no fitting
parameter, as seen from Eqs. (15) and (23).

is time independent. The other function f (x, t ) is found to be
related to g(x, t ) from the particle density as

f (x, t ) ≡
∫ L

0

dx′

2L
〈0|{(x, t ), φ(x′)}|0〉 = −g(vt, x/v)

K
,

(22)

which is independent from the LL parameter K , since the
two bosonic fields get renormalized in an opposite fashion in
Eqs. (4) and (18). This gives

j0(x, t ) = vhK

π2

∑
σ=±

σ ln

∣∣∣∣tan

(
π (x + σvt )

2L

)∣∣∣∣, (23)

which vanishes at t = 0 as expected. It exhibits light cones
similarly to the particle density.

IV. SWITCHING ON THE NON-HERMITIAN
TERM (h = 0 → h �= 0)

In the alternative protocol, we follow the reverse pro-
cedure, starting from the Hermitian ground state with no
imaginary vector potential (h = 0), and then abruptly switch
on the non-Hermitian parameter h. This results in a true non-
Hermitian quench, as the time evolution becomes nonunitary
due to the presence of the imaginary vector potential. Here
the initial state is the bosonic vacuum |0〉, and the time evo-
lution is dictated by Eq. (1), which can be expressed using
the inverse similarity transformation as SHbS−1. This will
be dubbed the “switch-on” protocol. The time-evolved wave
function is then

|�(t ) = S exp(−iHbt )S−1|0〉√〈0|S−1 exp(iHbt )S2 exp(−iHbt )S−1|0〉 . (24)

Using Eq. (9) twice and the time evolution, we get

Gλ(x, t )=〈0| exp
(
iλφ(x, t ) + 2h

π

∫ L
0 [φ(x′, t ) − φ(x′)]dx′)|0〉

〈0| exp
(

2h
π

∫ L
0 [φ(x′, t ) − φ(x′)]dx′)|0〉

.

(25)

After taking the expectation value, this reads as

ln Gλ(x, t ) = − λ2

2
〈0|φ(x, t )2|0〉 + ihλL

π

∫ L

0

dx′

L

× 〈0|{φ(x, t ), φ(x′, t ) − φ(x′)}|0〉, (26)

which differs from Eq. (11) by the equal-time autocorrela-
tor ∼ ∫ L

0 〈0|{φ(x, t ), φ(x′, t )}|0〉dx′, which is independent of
time. Putting everything together, we obtain

ln Gλ(x, t ) = −λ2

2
Cφ (x) + 2ihλL

π
[g(x, 0) − g(x, t )]. (27)

The homogeneous part of the particle density builds up as

n0(x, t ) = − Kh

π2

(
2 ln

[
tan

(πx

2L

)]

−
∑
σ=±

ln

∣∣∣∣tan

(
π (x + σvt )

2L

)∣∣∣∣
)

. (28)

Combining all elements, the overall time-dependent particle
density is

ρ(x, t ) = ρ0 + n0(x, t ) + c

(
πα

2L sin
(

πx
L

)
)K

× sin

(
2kF x + 4hL

π
[g(x, t ) − g(x, 0)]

)
, (29)

where ρ0 represents the homogeneous background. These are
plotted in Figs. 3 and 4. These results indicate that at least for
small h, the strong localization of eigenstates to one end of the
chains through the non-Hermitian skin effect does not appear,
but rather, a ballistic propagation of light cones characterizes
the dynamics.
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FIG. 3. Real-space density profile (left) and current (right) for
the noninteracting case with U = 0, L = 52, and times t = k L/8v,

with k = 0 : 1 : 8 from top to bottom after switching on h = 0.1.
The Friedel oscillations are plotted using c = 0.43 and δ = 0. The
circles denote the tight-binding numerics, the only overall fitting
parameter is c for the oscillating part of the particle density, and the
long-wavelength parts contain no fitting parameter, as expected from
Eqs. (28) and (32).

We have also evaluated the current after switching on
the non-Hermitian term. For the generating function, we
obtain

Fλ(x, t )=〈0| exp
(
iλ(x, t ) + 2h

π

∫ L
0 [φ(x′, t ) − φ(x′)]dx′)|0〉

〈0| exp
(

2h
π

∫ L
0 [φ(x′, t ) − φ(x′)]dx′)|0〉

.

(30)

After taking the expectation value, we get a term of the form
〈0|{(x, t ), φ(x′, t ) − φ(x′)}|0〉. From this, the equal-time
anticommutator vanishes identically in the ground state, i.e.,
〈0|{(x, t ), φ(x′, t )}|0〉 = 〈0|{(x), φ(x′)}|0〉 = 0. Then,
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FIG. 4. Real-space density profile (left) and current (right) for
the interacting case with U = 0.5J , L = 26, and times t = k L/8v,

with k = 0 : 1 : 8 from top to bottom after switching on h = 0.1.
The Friedel oscillations are plotted using c = 0.43 and δ = 0. The
circles denote the many-body ED results, the only overall fitting
parameter is c for the oscillating part of the particle density, and
the long-wavelength parts contain no fitting parameter, in accordance
with Eqs. (28) and (32).

we get

ln Fλ(x, t ) = −λ2

2
C(x) − 2ihλL

π
f (x, t ), (31)

where C(x) and f (x, t ) are given by Eqs. (21) and (22). This
yields

j0(x, t ) = −vhK

π2

∑
σ=±

σ ln

∣∣∣∣tan

(
π (x + σvt )

2L

)∣∣∣∣, (32)

which is identical to the previous case (except for an overall
minus sign) when the non-Hermitian term is switched off.
The ensuing density and current pattern is very similar to that
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in Fig. 2, albeit the particle density picks up an additional
time-independent tilt from the first term on the right-hand side
of Eq. (28), while the current simply flows in the opposite
direction compared to Fig. 2.

V. CONTINUITY EQUATION

The continuity equation states that the local density
changes in time when local currents flow or some external
source or sink is present [56]. By decomposing the non-
Hermitian Hamiltonian as H = H0 + iV with both H0 and V
Hermitian, the expectation value of the local density n is

〈n〉 = 〈�(t )|n|�(t )〉
〈�(t )|�(t )〉 , (33)

where |�(t )〉 = e−iHt |�0〉. The time derivative of this expec-
tation value reads as [57]

∂t 〈n〉 = i〈[H, n]〉 + 〈{V, n}〉 − 2〈n〉〈V 〉, (34)

where [A, B] stands for the commutator. The first term on the
right-hand side represents the conventional term for Hermitian
systems; the second term with the anticommutator stems from
the non-Hermitian contribution, namely, from the interaction
with the environment; while the very last term originates from
the explicit normalization of the wave function in Eq. (33).
Then the continuity equation is

∂t 〈n〉 + ∂x〈 j〉 = 〈{V, n}〉 − 2〈n〉〈V 〉. (35)

For the “switch-off” protocol, the time evolution is dictated by
a Hermitian Hamiltonian; thus V = 0 and the continuity equa-
tion holds naturally, as expected. For the switch-on procedure,
on the other hand, V = −vhK

∫ L
0 �(x)dx = vhK[(0) −

(L)]/π from Eq. (1). Using this and the long-wavelength
density operator n = ∂xφ(x)/π , the right-hand side of Eq. (35)
indeed vanishes, in accordance with Eqs. (28) and (32), which
makes the left hand of Eq. (35) vanish.

VI. NUMERICS

The Hatano-Nelson model [18,19] consists of fermions
hopping in one dimension in the presence of an imaginary
vector potential. The interacting many-body version of the
Hamiltonian is

HHN =
N−1∑
n=1

J

2
exp(ah)c†

ncn+1 + J

2
exp(−ah)c†

n+1cn

+ Uc†
ncnc†

n+1cn+1, (36)

where J > 0 is the uniform hopping; h is the constant
imaginary vector potential and a represents the lattice con-
stant; N is the total number of lattice sites and we consider
an open boundary condition (OBC); and U represents the
nearest-neighbor interaction between particles. The first term
describes the hopping of particles from site n to site n +
1, while the second term describes the opposite hopping
direction. We consider half filling with N/2 fermions pop-
ulating the lattice. The model is PT symmetric [40] and
possesses a real spectrum for OBC, and the minimal energy
configuration is the ground state with a many-body wave
function |�〉. In the presence of finite U , the LL parameter is

K = π/2/[π − arccos(U/J )], while v can be obtained from
the 2L/v time periodicity of the density and current patterns.
More precisely, the current vanishes identically for the first
time after the switch on or off at t = L/v. We assume that
the above value of K remains valid also for small h as well.
We expect bosonization to remain valid for larger values of
h, albeit for this case, no explicit expression is available for
the h and U dependence of the LL parameter K ; therefore it
should be treated as a free fitting parameter when comparing
bosonization to numerical data.

Equation (36) has a real spectrum for any ah parameter.
However, as ah → ∞, the spectrum of the noninteracting
model softens. In the ah = ∞ limit, the spectrum of the
noninteracting model becomes completely flat and contains N
zero-energy modes. Due to the lack of any nonzero Fermi ve-
locity, bosonization cannot be applied in this limit. Moreover,
when the right and left hopping processes acquire different
signs, the spectrum becomes complex due to PT symmetry
breaking. Consequently, there is no similarity transformation
S mapping the non-Hermitian model to a Hermitian one, and
our current approach is not expected to work for that scenario.
Let us note that bosonization is expected to capture additional
deformations of the noninteracting spectrum as well, such
as starting from a non-Hermitian SSH model or with next-
nearest-neighbor non-Hermitian hoppings as well.

We study HHN numerically by solving the time-dependent
Schrödinger equation for U = 0. The initial many-body (i.e.,
N/2-body) state �0 is a Slater determinant made from the
single-particle eigenstates of Eq. (36) as φn with h 
= 0, but
〈φn|φ′

n〉 
= δn,n′ due to non-Hermiticity. Then, the switch-off
protocol is followed at the single-particle level as φn(t ) =
exp[−iHHNt]φn for t > 0 with h = 0 in HHN . The switch-on
protocol is slightly different: The initial wave functions are
orthogonal due to the h = 0 Hermitian initial Hamiltonian
as 〈φn|φ′

n〉 = δn,n′ . They become nonorthogonal only due to
the nonunitary time evolution from h 
= 0. The corresponding
results are shown in Fig. 3.

The time-evolved many-body wave function �(t ) remains
a Slater determinant built up from these time-dependent
single-particle functions, which are not orthogonal for both
protocols. After time t , we evaluate numerically the change in
the density profile [1,58,59] as

ρ(n, t ) = 〈�(t )|c†
ncn|�(t )〉

〈�(t )|�(t )〉 , (37)

where the denominator is required, as it accounts for the
nonunit norm of the many-body wave function [57], and
the homogeneous background density is ρ0 = 1/2. For the
switch-off protocol, this differs from unity but does not
change in time, while for the switch-on protocol, it would
start from unity and change with time. Since the many-body
wave function is a Slater determinant, cn in the numerator acts
separately on the single-particle wave functions. However,
due to the nonorthogonality of φn(t ), the overlap of the other
wave functions, not acted on by cn, has to be evaluated as well
and can give a nontrivial (i.e., not 0 or 1) contribution. We also
evaluate in a similar fashion the time-evolved local particle
current operator from

jn = iJ (c†
n+1cn − c†

ncn+1)/2. (38)

035104-6



QUANTUM QUENCH DYNAMICS IN THE LUTTINGER … PHYSICAL REVIEW B 108, 035104 (2023)

When dealing with finite U, we use many-body exact di-
agonalization (ED) on small systems (Fig. 4). We also utilize
the DMRG algorithm [60] to search for the many-body ground
state within the matrix product states (MPS) framework. Sub-
sequently, the MPS wave function �(t ) is time evolved, and
the density and current profiles are calculated as described in
Eq. (37); see Fig. 3 as well. In the switch-off approach, the
time evolution is unitary, and the wave function maintains its
normalization at any later time. Conversely, in the switch-on
protocol, the wave function is no longer normalized due to the
nonunitary evolution.

VII. CONCLUSIONS

Our research focused on examining the behavior of
the many-body interacting Hatano-Nelson model with open
boundary condition following a quantum quench. Using
Abelian bosonization, we derived analytical expressions for
the spatiotemporal profiles of both density and current along
the chain. Two distinct quench protocols were considered, one
with a unitary evolution after switching off the non-Hermitian
term and one with a nonunitary evolution after switching on
the imaginary vector potential. Our findings revealed that in
both cases, the dynamics exhibited a ballistic behavior of
light-cone propagation, starting from the ends of the chain.

This influenced the homogeneous particle density, the Friedel
oscillations, as well as the particle current. The continuity
equation involving the long-wavelength part of the density
and current remains satisfied, in spite of non-Hermiticity [56].
Interestingly, we found that the magnitude of the current is
the same for both protocols. Our results were supported by
numerical methods, such as exact diagonalization or time-
evolving block decimation.
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