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Precise low-temperature expansions for the Sachdev-Ye-Kitaev model
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We solve numerically the large-N Dyson-Schwinger equations for the Sachdev-Ye-Kitaev (SYK) model
utilizing the Legendre polynomial decomposition and reaching 1073¢ accuracy. Using this we compute the energy
of the SYK model at low temperatures T < J and obtain its series expansion up to 77->*. While it was suggested
that the expansion contains terms 7377 and 7°%, we find that the first noninteger power of temperature is 7%,
which comes from the two-point function of the fermion bilinear operator O;,, = x 92 x with scaling dimension
h; & 3.77. The coefficient in front of 764 term agrees well with the prediction of the conformal perturbation
theory. We conclude that the conformal perturbation theory appears to work even though the SYK model is not

strictly conformal.
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I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model is a quantum system
of N Majorana fermions with all-to-all random interactions
[1,2]. This model finds its application in different branches of
science including quantum computation [3—6] and there is a
variety of proposals for its realization in laboratory [7-16].
Reviews of the SYK model can be found in Refs. [17-20].

The SYK model low temperature behavior displays vari-
ous interesting properties. Particularly in the large-N limit it
exhibits emergent conformal symmetry in the infrared. This
suggests that conformal field theory methods can be used to
study the model. However, the symmetry is both explicitly
and spontaneously broken and therefore the term “nearly con-
formal quantum mechanics” or NCFT; was coined for the
SYK model in Ref. [17]. The conformal symmetry still plays
a crucial role and a complete framework of its applicability is
not yet clear.

The SYK model is conjectured to be a dual description
of the gravitational theory in two dimensions [1,17]. To con-
struct and understand the full duality between the SYK model
and the gravitational theory it is crucial to establish the low-
temperature expansion of the free energy of the SYK model.
In this paper we investigate such an expansion using the con-
formal perturbation theory approach and confirm theoretical
predictions by extremely precise numerical computations. It
was previously assumed that the SYK model energy at low
temperatures contains noninteger powers of temperature T,
where h; are scaling dimensions of fermion bilinear operators
O, and the first two dimensions are i) ~ 3.77 and hy ~ 5.68
for the g = 4 case. We show numerically that these terms are
not present and the first noninteger power of temperature is
T?M=1 which comes from the two-point function of the oper-
ator Oy, . We find that the coefficient in front of this power term
agrees well with the prediction of the conformal perturbation
theory.

The paper is organized as follows: in Sec. II, we review
the SYK model. In Sec. III, we discuss the effective theory
approach to the SYK model and the low-temperature expan-
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sion of the two-point function and free energy. In Sec. IV, we
discuss methods for numerical solution of the large-N Dyson-
Schwinger equations. Finally, in Sec. V, we present numerical
results and compare them with the theoretical predictions.

II. THE SACHDEV-YE-KITAEV MODEL

The Majorana SYK model is described by the following
Hamiltonian with even integer g
19/?
H=— Z Jiy g Xiy =+ Xigs (H

where N Majorana fermions x; withi = 1, ..., N interact via
random couplings J;, _;, drawn from a Gaussian ensemble with

zero mean J;, ;= 0 and variance Jizl...iq = (g — )WJ?/NT!,
The free energy of the SYK model after disorder average is

—BF =nZ = 3,Z"|,o0, 2)

where 8 = 1/T is the inverse temperature. In Refs. [21,22]
it was explained that, for the SYK model up to 1/N?9~2 order
Z" = (Z)", therefore at leading N we get —BF = InZ. Taking
disorder average of the partition function and integrating out
the Majorana fermions we obtain a functional integral over
two bilocal fields G and X:

P = / DG(r1, mDE(y, e 105, (3)

where G(ty, 72) has a meaning of imaginary time two-point
function of the Majorana fermions

1
G(t, 1) = —N<TX1‘(T1 ) xi(12)) 4)
and the (G, X) action [ is [17,21]
— e, ] =InPf(—o — X)

1 [P J?
- —/ dtldrz[E(rl,fz)G(rl,rz)— —G(rl,tz)q],
2 Jo q
%)
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where o (71, 72) = 8'(7; — 72). In the large-N limit the leading
contribution to the thermodynamic free energy F' comes from
the saddle-point configuration (G, X,) of the functional 7,
so BF, = I[G,, X,]. This configuration is a solution of the
Dyson-Schwinger (DS) equations

B
—8nG(r1,rz)—/ dt'%(1, T')G(t', 1) = 8(112),
0

(11, 0)=JG(1, )",
(©6)

and it has translational symmetry G, (71, 72) = G.(t12). It is
well-know that the saddle-point solution for 8, t5 > 1/J can
be approximated by the power-law form [2,17,21,23]

g
,3J| sin%

b= L(1 —2A)tan (T A). (8)
2

2A
G.(t) = -b* ) sgn(7), @)

where A = 1/q and

This is a consequence of the emergent time reparametrization
invariance of the DS equations in the infrared (IR) limit.

Since BF, depends only on BJ, the large-N energy of the
system per particle is BE = Jd;(8F,/N) and thus we obtain
for the energy

2P 1
E = __/ er*(t)q = —=0:Gx(T)|r—0+- 9
q Jo q

This is an ultraviolet (UV) quantity and cannot be calculated
using the conformal approximation (7). At large BJ, the en-
ergy admits a 1/8J expansion, so we have for the energy per
coupling J

c3

ﬂJ )2 (BJY

which is a function of SJ only. For the first three terms of the
energy it was found that [17,21,24-26]

7% Qe 2w (2)a
3qa(BJ) 3a(Bl)’

where a = [(¢ — 1)b]™" and k(h) is given in (13) and for
q = 4 the ground-state energy is €y ~ —0.0406 and o ~
0.2648, which are determined numerically. The next-order
terms in the energy expansion are unknown. It was suggested
in Refs. [21,24] that the next-order term should have the
form chl/(ﬂj)h‘, where h; (=3.77 for g = 4) is the scaling
dimension of the bilinear operator O, = X,~8T3 Xi. On the other
hand, the conformal perturbation theory and arguments based
on the large-g expansion in Refs. [27,28] imply that this term
should be absent. The main goal of this paper is to clarify
the low-temperature energy expansion of the Majorana SYK
model. For this, we used a high-precision computation of the
SYK model Green’s function G, () at very low temperatures
(very large BJ). In the next section we discuss an effective
theory approach to the SYK model, which uses conformal
perturbation theory for computation of 1/8J expansion of the
two-point function and the free energy.

€eB))=E/] =co+ + +---, (10)

€(BJ) =€ —

+oan

III. SACHDEV-YE-KITAEV EFFECTIVE THEORY

The effective theory approach to the SYK model provides a
way to compute higher-power temperature corrections (higher
1/BJ terms) of the SYK free energy and the two-point func-
tion using the conformal perturbation theory. In this approach
one assumes that the (G, X) action I/ can be viewed as a
conformal field theory (CFT) action, perturbed by an infinite
series of irrelevant bilinear operators Op(7)

B
I=Ickr+ ) g / dT0,(2), (12)
L 0

with the scaling exponents 4 obtained from the solution of the
equation k(h) = 1 with
A -nrh+2A - 1)< _ sin(wh) ) (13)
FrA-2)ra+1) sin (2w A)
For any A the lowest scaling exponent is /iy = 2, but the

higher scaling exponents depend on ¢ and for g = 4 the next
three are

hy ~ 3.7735,

k(h) =

hy ~5.6795, hy ~ 7.6320. (14)

The bilinear operators Oy, schematically are

O, (1) = xi(0)dH ! (7). (15)

Conformal SYK two-point function in (7) is obtained using
the Icpr action

1 1
Ge(r) = / Dy; x(mx(@e ™. (16)

The 1/BJ corrections to the two-point function can be com-
puted using conformal perturbation theory with the action in
(12). For the first-order correction one uses the three-point
function [29-31]

1
N (xi(t1) xi(12)On(73))
cpb®sgn(t)))
[3] nr12|2A h’ﬂJ 7TT13 ‘fﬂ
B

7)

T3 n’

B
where the structure constants ¢, can be extracted from the
explicit computation of the connected part of the four-point
function of the Majorana fermions [17,29]

. a  (h—1/2) T'(h?
“h = ¥ (h) 7 tan (xh/2) T (2h)"

The second order of the conformal perturbation theory re-
quires the computation of the four-point function, and so on
[27], this in turn uses the structure constants cyy» of the
three-point function of the operators Oy, Oy, and Oy-. These
structure constants were computed in Ref. [30] from the six-
point correlation function of the Majorana fermions. Finally
this leads to the following expansion of the exact two-point
function

£ sin sin =22

(18)

G.(7) =Gc(r)<1 - Z W)h ——— fu(T)

Z (Zjﬂ)ﬁgh/z S (T) —

), (19)
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where the functions fj,(7) are

Q)T (h)? [Ah(ez’?’) +An(e” )]
_ 20
Ju(®) 2sin 2T (2K — 1) . (@0

with A,(z) = (1 — 2)"F(h, h, 1;z) and F is the regularized

hypergeometric function. Parameters ¢, are related to the
couplings g, as

2o PRy _(h=1/2) Tk ,

T Ty Tan(wh/2) TR

and the coefficients ayy, anyyr, etc. can be computed exactly

[27]. The functions fj () are unknown and depend on g,

but scale as f, (t) — (B/7)"" =2 for B — oo. For the Ma-

jorana SYK model the leading terms in this series expansion
are

@

2
G*<f>=Gc(f>( T ;()Joggfoo(ﬂ
(,BJ)hl lf]( T) - ((1)303):?.](000(7) ) (22)

In this approach, the coupling constants g, (or parameters
ap) are unknown real numbers. We can find oy, by fitting
numerical solution for G, (t) by the formula (22).

Similarly, using the conformal perturbation theory for the
action (12), we can obtain the 1/8J expansion of the SYK
model free energy:

pF. =pFan + Y f dr (0}

-5 Zg,, /0 dT1d Ty (On(T)On(T2))p + -+ . (23)

and BFcrr/N = BEy — so is the conformal part of the free
energy, where Ej is the bare energy and sy is the zero-
temperature entropy [23,32]

1/2—A
so = / dx— (24)
0

tan (7rx)

Since in one-dimension we can map a line to a circle by the
transformation T — ¢>"*/# we expect that correlation func-
tions on the thermal circle are determined by the conformal
symmetry. Therefore all one-point correlation functions of
primary operators should vanish, except for the identity [33].
Using the two-point function of operators

2h
T ) (25)

(On(r1)0p(12))p = N(m

we can compute its contribution to the free energy [27,34]:
BS2F,  w¥ir(b—n) g/ 26)
N 2T(1 —h) ()2

For the SYK model this CFT approach has a big caveat.
The problem is that the operator Op, = ;0 x; with hy =2
is essentially the Hamiltonian H of the SYK model and thus
correlation functions with it do not have the CFT structure. For
instance as was shown in Ref. [17] the two-point function of

Oy, measures the energy fluctuations and is a constant rather
than a power law:

c

(Ono (t1) Oy (12)) g = NE, 27)
where c is the specific heat per particle,
2k (2
< _ T2 ao 28)
28 3qa ,3]

so BF./N = BEy — so — c¢/(28) + - --. One can say that the
operator Oy, breaks conformal symmetry. On the other hand

if we assume that (Op, )g =0fork =1,2,3, ..., then we can

heuristically argue that, for all n,
(Ony(T1) -+ Opo (7)) Oy (Tug 1)) g = 0 (29)

because, as we mentioned above, Oy, = H, and thus

(H .. .HOhk(th))ﬂ =71 (—8,3 )”Tr(Ohke—ﬁH). (30)

Similarly we should conclude that, if (O, O},,)s X iy for
k,m=1,2,3,...,then

(Ony -+ - OnyOp, Op,) g X Sk (3D

We find below that our numerical results indeed support the
equations (29) and (26) and show some evidence for (31) in
the case of one Oy, operator and k = m = 1.

Although the expression (19) can be obtained using the
CFT approach and assuming that Oy, does not violate the
CFT structure of the correlation functions, the coefficients
any, apyy and the first two terms in (11) of the energy ex-
pansion were computed using more direct method, developed
in Refs. [17,21,25,26]. In the Appendix C we show how to
reproduce (26) using this method. Nevertheless, this method
does not explain which powers of 1/8J can be present in
the energy expansion. Therefore, in this paper we approach
this question using numerical computations. Particularly, we
analyze 1/BJ expansion of the energy €(8J) and also Green’s
function G,(B8/2) at t = B/2 point.

IV. NUMERICAL SOLUTION OF THE
DYSON-SCHWINGER EQUATIONS

Conventional approach to numerical solution of the SYK
Dyson-Schwinger equations (6) at finite J uses iterations of
the equations, starting with the free correlation function and
using the Fourier series expansion [17]

+00
G =2 > Gliwy)e ™, (32)

where w, = 2mw(n+ 1/2)/B are the Matsubara frequencies.
In the Matsubara frequency space the first equation in (6) is
diagonal

liw, — 2(iwp)]Gliwy,) = 1. (33)

Numerically, one keeps only Matsubara modes with |n| < Ny
and because at large frequencies the Green’s function decays
as G(iw,) ~ 1/(iw,) the error of the numerical solution scales
as O(NA}' ). To improve accuracy of this approach one uses
the knowledge of the first p high-frequency expansion terms
of the Green’s function G(iw,) ~ le gr/(iw,)*, where
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g1 = 1. This helps to reduce the error to the order O(N,;”_l)
[35-38]. In Appendix B we discuss this approach to the Ma-
jorana SYK model.

In this paper we use the Legendre spectral method [35,39]
to solve numerically the Dyson-Schwinger equations (6)
much more efficiently. Namely we decompose the Green’s
function and the self-energy in the Legendre polynomials
(there are other orthogonal polynomials which can be used
[40] as well as methods [41])

G(r) =) GeLi(x(r)), E(r)=)» TiL(x(r))., (34)

=0 =0

where x(t) = 2t/8 — 1. The Legendre coefficients G, and
3, decay exponentially with £ [39] and therefore if we retain
only N, Legendre coefficients in the expansion (34) we expect
numerical solution to have exponentially high accuracy of the
order O(e™™).

An inherent particle-hole symmetry of the Majorana
fermions leads to the symmetry of Green’s function around
T = /2, so G(t) = G(B — t). This implies that all the odd
coefficients of the Legendre decomposition must be zero
G2k+l =0f01'k=0, 1,2,....

Using the Legendre polynomial expansion we can find the
energy of the SYK model (10) as

eBI) = — > kQk+ )Gy, (35)
k=1

287 £

and also the two-point function at T = /2 point:

2 (= 1F k!
G(B/2) = ———Gx, 36
(B/2) kgoj A (36)

where we used that L,(—1)= (=D lece + 1)/2 and
Loi+1(0) = 0 and

(=1D* 20)!

Ly (0) = ———=-. 37

2(0) = (37)

Details of the numerical solution with the Legendre poly-

nomial expansion are discussed in Appendix A. In the next

section we present our numerical results and compare them
with the theoretical predictions.

V. NUMERICAL RESULTS

We find numerical solution for the Green’s function
G(r) in ¢ =4 SYK model in the range of parameter
BJ € [10, 15000] with accuracy around 1073¢ solving the
equations (6) with the use of the Legendre polynomials de-
composition. To achieve this accuracy we retain N, Legendre
coefficients, where Ny, is such that the last Legendre coeffi-
cient Gy, is smaller than 107%°. As we already mentioned
above the Legendre coefficients G, and X, decay exponen-
tially with € [39] and by fitting numerical results for different
BJ we find for g = 4

GE ~ _6—3.325/W’ 2[ ~ _e—3A2()€/\/fTJ. (38)

10! . . . .
$000000000 — — — — — — — — — — — — — —
1072 ] ....O. \\\\
1073 E ..o.. \\\\
° 7G2k‘ ..o..\\\\
1074 E ..o \\\\
o —Geor e,
107) E ]
L L L L L L k.
0 10 20 30 40 50

FIG. 1. Plot of the Legendre coefficients Gy, and G, » of G.(7)
and G.(7), respectively, for BJ = 1000. Two black dashed lines
represent asymptotes (38) and (39) (only the first 11 coefficients G,
are shown).

In contrast, the Legendre coefficients of the conformal solu-
tion G.(7) in (7) for ¢ = 4 and large ¢ = 2k are

2V2 - 45
74 /BT 2048k4

and to derive it we used expansion in powers of 1 — x> of the
function [cos(wx/ 2)]1722 and the integral

G &~

+> (39)

/1 dxLy(x)  T(1—a)l(k+ )Tk +a) “0)

1 (1=x2)" " Tk +Dr(k+3 —a)

A plot of the Legendre coefficients Gy, and G, o for fJ =
1000 is depicted in Fig. 1. We see that only first two Legendre
coefficients Gy, G, of the exact solution G,(t) are close to
those of the conformal solution G.(7).

We compute the energy using Eq. (35) and we can estimate
the accuracy of this computation assuming that each coeffi-
cient G, for £ =1,..., N is computed with accuracy Gy,
plus the sum in (35) from Ny to oo with the asymptotic values
of G, from (38). This gives

N} N;
de ~
24B8J 8 x 3.32/BJ

For BJ € [9600, 15000] we used N; = 3000 and the lowest
accuracy for energy €(8J) is at 8J = 15000 and can be esti-
mated as 8¢ ~ 4 x 1073!. On the other hand the coefficient
(1/BJ)°* ~ 3 x 10732 at this value of BJ, so the overall
accuracy is enough to probe (1/8J)’>* dependence of the
energy. We also estimated accuracy of our computation using
the second relation in Eq. (B14). This estimate shows even
higher accuracy of the energy computation than Eq. (41),
confirming that we can reliably probe the (1/8J)7* term.

We are interested in 1/8J series expansion of the energy
€(BJ). This is an asymptotic series and the accuracy of its
approximation to €(8J) for large enough S8J is proportional
to (1/BJ)", where p' > p is the next omitted power in the
series expansion up to the power p. So if we denote the series
expansion up to the power p by

ep(B)) =co+cr/(BI + -+ cp/(BIF, (42

>e3.32NL/\/W. (41)
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10717 \ T \ T

el |€(BT) — €2n, (BJ)]
e ()

10727 L

10—32 L

1037 L _ 1(8J)7"
5%x107°1074 5x10741073 5x1073

FIG. 2. Log-log plot of the difference |e(B8J) — €, (BJ)| be-
tween the numerical values €(8J) and their fit by the polynomial
€, (BJ), which includes two non-integer powers 2k, — 1 and 2h;.
We tune weights of the loss function (44) such that the difference
(red line) lies below (8J )*, where p' = 8 is the next omitted power
in the expansion (black dashed line).

then we should expect

le(B) — €,(BI| < ¢ /(BT (43)

This should be true for asymptotic series provided we take
large enough BJ such that cpr/(,BJ)P' L ¢,p/(BJ)P. We stress
that powers in this expansion can be noninteger numbers.

To extract series coefficients cy, c2, ..., c, we perform
linear regression fit of the numerical data for €(8J) by the
polynomial €,(8J) on the interval of couplings BJ using the
weighted least squares, i.e., minimizing the loss function

Ly(co, e, ... cp) = Y wile(Bli) — ,(BIF.  (44)

We tune weights w; in such a way that the inequality (43) is
fulfilled on the interval of 8J. An example of such a fit on the
interval 8J € [500, 15000] for p = 2h; ~ 7.54 is depicted in
Fig. 2.

On general grounds, we expect that by fitting the numer-
ical data by the polynomial €,(8J) we can find coefficients
€0, €2, . . ., ¢p With the accuracy

Scx o 1/ (Bmax) %, 45)

where BJnax 18 the maximal value of the BJ interval and

p' > pis the next omitted power in the series expansion. The

validity of the estimate (45) is not entirely clear, but it should

be certainly correct in the SJy.x — oo limit. We also analyze

accuracy of our fit using the ratio c3/c3, which is independent

on ¢ parameter and can be computed analytically from (11)
c3 384

= ———— &~ —10.6988. 46
3 (2 +3m) (46)

The accuracy of this ratio is essentially the accuracy of the
coefficient c3, since ¢, should have much higher accuracy
than c¢3 for large BJmax according to (45). To further improve
accuracy of the numerical estimate of the coefficients ¢, we fit
the data for different values of BJ.x and then approximate the
results to BJmax — 00 value. To rule out potentially possible
noninteger power terms cx /(BJ)* in the energy expansion, we
include these terms one at a time in the polynomial €,(8J)

TABLE I. Fitting results for possible power expansion coeffi-
cients. We conclude that these coefficients are absent in the series
expansion. We also included nonexisting coefficient ¢; to check
accuracy of the fit.

C| ~107%
Chy ~107"1
Chy+1 ~107°
Chy+2 ~107
Chy ~107

and by fitting them we find that their coefficients c; are tiny
numbers. We listed the results of such a fit by the polynomial
€2, (BJ) in Table I. We conclude that there are no terms
with powers p = hy, hy + 1, hy 4+ 2 or hy, where h; are given
in (14) in the energy 1/B8J expansion. To check that non-
integer power terms c;/(BJ)* with k = 2h; — 1 &~ 6.54 and
k = 2h; = 7.54 are present in the energy expansion we fit
the numerical data for €(8J) by the polynomials ¢4(8J) and
€7(BJ) (with cyp,—1 term included in €7) for different values of
BJmax and analyze behavior of the error (c3/ c%) as a function
of BJmax. According to (45) and the discussion below (46)
we expect to find §(c3/c?) o¢ 1/(BImax)” >, where p' is the
next omitted power after the power p of the fitting polynomial
€p(BJ). The plot of (3(6‘3/C%) as a function of 1/8Jn.x and its
fit are depicted in Fig. 3. We find numerically p’ ~ 6.52 and
p' ~ 7.44 for p = 6 and p = 7 cases correspondingly.
Finally we fit the numerical data by the polynomial
€2p, (BJ) which includes ¢y, —1 and ¢y, coefficients. Our re-
sults for the energy expansion coefficients are summarized
in Table IT where we included all the significant digits with
the standard error in parenthesis. For these results the ratio
(46) has precision 107!8. We will see below that the coeffi-
cient cpp,—1 of the first noninteger power term in the energy
expansion is in perfect agreement with the prediction of the
conformal perturbation theory (26). To find numerically the
parameters o, o, oy we compute G,(B/2) on an inter-
val of BJ using the equation (36). We notice that L,;(0) ~
(—D*//7k + O(k=3/%) for k > 1, so the contribution of the
Legendre coefficients Gy, in (36) decay with k, which makes
accuracy of G,(B/2) computation even higher than the accu-
racy of the energy computation. Similarly to the energy we fit
the numerical results for G,(8/2) by a polynomial of 1/8J,

5(cz/c3) 5(cs/cd)
10710 e o’

o 1071 o’

- .//
e e,
/. //
P s I
10~ 1L I g . 10~ o X
s L] numerics o o numerics
& --- fit ] —- fit
Pt 1 P 1

1074

1.5-107% Bmax

1074

1.5-107% Bmax

(a) (b)

FIG. 3. Log-log plot of the error 8(c3/c3) as a function of
1/BJmax obtained from fitting €(BJ) by €s(8J) in panel (a) and
by €7(B8J) in panel (b). Black dashed lines are proportional to
(ﬁJmax)iasz and (ﬁjmnx)74'44-
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TABLE II. 1/8J expansion coefficients of the energy.

TABLE 1V. Parameters «;, obtained from Table III.

Co —0.04063026975834491522143475022673(6)
&) 0.19800839700257657773045(3)

3 —0.4194698967373753612(4)

4 0.664982720599833(5)

Cs —2.57685914760(6)

Ce 9.9321852(9)

Com—1 —13.0232(9)

¢y —26.8(9)

Cony 109 +5

which includes only powers predicted theoretically in (22).
More precisely, to find «g, o, oy we fit the expression

VBIG.(B/2) a0 fo(B/2) | aveg foo(B/2)

(/4" B (BJ)*
a1 f1(B/2)  aoooed fooo(B/2)
B! (BJ) ’

(47)

where we used that G.(8/2) = —( /4)"/*//BJ. Numerical
results for the coefficients of the expansion in Eq. (47) are
shown in Table III. From these results we can find parameters
ay, for hyg, hy, and hy, using that fo(B8/2) =2, fi(B/2)~
4.7373, f2(B/2) ~ 11.3971 from (20). The results for «;, are
summarized in Table IV. We notice that numerical error of
oy is large, since the two powers i, — 1 &~ 4.68 and h; + 1 =~
4.77 in 1/BJ expansion are very close to each other and
this lowers precision of the fit. We also obtain fy(8/2) =~
5.00969, fo1(B/2) ~ 19.9483 and fopo(B/2) ~ 2.527 85 us-
ing that agy = 9/4, ag; ~ 2.7229 and agpg = —65/4 [27]. As
a check of our accuracy we expect from (11)

theory

1
cy En@ + 31 ). (48)
Using the results from Tables II and IV we find
¢ — ¢y ~ 10717, (49)

This essentially shows the accuracy of ¢ from Table IV,
since the coefficient ¢, from Table II has higher accuracy, in

TABLE III. 1/8J expansion coefficients in Eq. (47).

Power of 1/8J Coefficient

1 0.529611247663296071(4)
2 0.7904019072219(3)
h—1 1.548138356(4)

3 —0.76275663(4)

h 9.40092(6)

4 —11.01(2)

hy —1 75£20

h+1 —140 £ 50

5 —10+40

) 0.26480562383164805(2)
o 0.32679563(5)
a 6.6 1.8

agreement with (45). Similarly, from (26), we expect

theory __
2h—1 —

(hi — D =:r (3 =) &,
T(1—hy) J2
~ —121.9375a3, (50)

where g, is given in (21). Using the numerical result for o
from Table IV, we obtain from the conformal perturbation
theory prediction

™ A —13.0224. (51)

We see that it coincides with our numerical estimate for ¢z, 1
in Table I within an error of 8 x 10~*. We remark that such a
good agreement with the conformal perturbation theory indi-
rectly confirms that (Op,Op,) = 0, otherwise it would produce
the power term /; 4+ 1 =~ 6.68 in the energy expansion, which
would strongly interfere with the term 2h; — 1 &~ 6.54 and
thus lower the accuracy of the fit significantly.

VI. DISCUSSION

In this article we show numerically that the conformal
perturbation theory appears to work for the SYK model even
though the SYK model is not strictly conformal. We found
that there are no terms (8J)"*! and (8J)~">*! in the 1/8J
expansion of the SYK free energy and the first noninteger
power term is p = 2h; — 2 (*5.54 for g = 4). It comes from
the two-point function of the bilinear operator O, = x 83 x. It
would be interesting to investigate the low-temperature expan-
sion of the complex SYK model [42] with nonzero chemical
potential 14, where there is a local operator O), = ¢'92c¢ with
the scaling dimension & =& 2.65 which depends slightly on ©
[32,43]. We expect that the first noninteger power in the cSYK
model free energy should be p =2h —2 (*3.3 for ¢ =4)
and is much lower than in the Majorana SYK [44]. There
are variety of other random and nonrandom quantum models,
where the scaling dimensions of the bilinear operators depend
strongly on the models’ parameters [27,28,45—48]. In some of
these models the scaling dimensions of the lowest operators
can be less than 3/2 (and for some parameters can become
even relevant s < 1, thus breaking the conformal invariance
completely). For these type of models the validity of the con-
formal perturbation theory approach is of primary importance,
since it defines the leading behavior of the free energy.
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APPENDIX A: LEGENDRE SPECTRAL METHOD

In this Appendix, following Ref. [35], we briefly de-
scribe the Legendre spectral method for solving the Dyson-
Schwinger equations. We would like to solve numerically the
Dyson-Schwinger equation

B
9:G(1) —i—/ dt'2(t — t)G(T) = =8(1), (A1)
0
where %(t) = J2G9!(t). We expand Green’s function G(t)
in the Legendre series

G(r) =Y GeL(x()), (A2)

=0

where x =27/8 — 1. Since the Legendre polynomials
L¢(x(7)) are defined only on the interval t € [0, 8] (x €
[—1, 1]) the § function in (A1) can be omitted, but its effect
must be reinstated in the boundary condition for the Green’s
function! G(0*) 4+ G(8~) = —1. In terms of the Legendre
coefficients this boundary condition reads

D (=D + DGy = —1, (A3)
=0

where we used that L;(—x) = (—1)‘L,(x) and L,(1) = 1. For
the derivative of the Legendre polynomial we find

2 2
9L (x(1)) = ZouLe() = 5 D DuLi(x), (A4
k

p
where Dy = 2k + 1) if k4 £ is odd and k < ¢, otherwise
Dy = 0. The derivative matrix Dy, for the first several values
of k and ¢ starting from O is

Dy = , (A5)

e OO O OO
e OO OO~
e OO O WO
e OO N O~
e OO WO

SO we obtain

2 oo o0
%G(r) = 5 > [ZDszg}Lk(x(r». (A6)

k=0 L ¢=0

Next we write the convolution as the Legendre expansion

/3 o0
/ dr’2<r—r/>G(r’)=§ 3 IS GeLiex(r)). (A7)

0 k,¢=0

Therefore the Dyson-Schwinger equation (A1) reads

o0

ﬂZ
Z <Dke + Z[E*]M)GZ =0,

=0

(A8)

"The § function implies the boundary condition G(0*) — G(0™) =
—1. Using the KMS condition G(—1) = —G(f — t) we arrive to the
boundary condition on the interval T € [0, B].

and it has to be supplemented with the boundary condition
(A3). We notice that, since G(t) = G(t/8, BJ), the Legendre
coefficients Gy depend only on combination 8J and this is also
evident from the equation (A8). To find an expression for the
convolution matrix [X*];, we write

/3 o0
/ dv'S(t — 1) Z GeLi(x' ("))
0 £=0

oo

> [Z e GeLi(x(1)).

k,£=0

(A9)

S eN)

therefore

1 o0
[ s - i) = YIE kL. (A10)
-1

k=0

Now multiplying both sides by the Legendre polynomial and
integrating over x we obtain

* 2k + 1 1 ! / / !
[Z7 ke = — dx'dxX[t(x) — T (xX)]Lg(x)Le(x),
-1

(A11)

where we used orthogonality of the Legendre polynomials,

1
/dek(X)Lg(X)= 2 Ske- (A12)
—1

2k + 1
It is possible to express [X*];, through the Legendre coeffi-
cients X, of X(1) = Z;’io Y¢Le(t(x)). The matrix elements
of [X*]¢ can be found recursively [49]:

(5] . 20 + 1[2*]
kt+1 = 2k+3 k+1,¢
20 +1
— [ > e e—1. Al3
+2k—1[ Te—1,e + [Z7 Tk e-1 (A13)

The first two columns of the matrix [X*]; , are computed
using the relations

Y1 Y1
T Teo =2 - . k>,
1= Jeo <2k—1 2k+3)
[Z*Tk-10  [Z" k410
St = 0 D k>, Al4
T T Al

with [X*]p0 = —2%,/3 and [X*]o.1 = —[¥*]1,0/3. The re-
cursion relation (A13) works only for the lower triangular part
of the matrix [X*]g ¢, i.e., for k > £. To compute elements of
the upper triangular part one has to use the transpose relation
* _ C+k 2k+1 *

[Z7 ke = (=1) 2“_1[2 lek-
In practice we retain only Ny + 1 Legendre coefficients G,
and X, with £=0,1,...,N, and to find G, from given
¥y we solve the (N + 1) x (Np + 1) linear matrix equa-
tion composed of k =0,1,..., N, — 1 equations (A8) and
k = N;, equation (A3). To perform fast transform from the
Legendre coefficients G, to the imaginary time Green’s func-
tion G(t) we discretize the imaginary time t = (1 + x)/2
using the Legendre-Gauss-Lobatto (LGL) points x; with i =
0,1,2,...,N, where x; are solutions of the equation

(1 —=x)Ly(x) =0

(A15)

(A16)
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and they fill the interval x € [—1, 1] with boundary values
xo = —1 and xy = 1. The main statement for this particular
choice of points x; is that the following equation holds for any
polynomial p(x) of degree less than 2N:

+1 N
/ dxp(x) =) wip(x),
-1 i=0

where w; = W m are called weights [50]. We assume
that we expand G(t) in Legendre series up to the N th Legen-

dre polynomial

(A17)

NL NL
G(t) =Y GeLe(x) =Y _ LG,

=0 =0

(A18)

with x; = 21;/8 — 1. Therefore, the transformation from the
Legendre coefficients G, to the discretized values of the imag-
inary time Green’s function G(t;) is a multiplication by the
matrix L;y = Ly(x;). To transform from G(7) to G, we need to
compute the integral

B
2041
On the other hand if £ + N, < 2N we use (A17) to get

B
/ dtG(t)Li(x(7)) = Gy. (A19)
0

B N
/(; dtG(t)Le(x(1)) = g Z w;G(Ti)Le(x;), (A20)
i=0

and therefore we find

26 +1

N
Gi =Y SuG(r), Su= wiLo(x).  (A21)
i=0

In our numerical computations we take N = N;. We solve
the Dyson-Schwinger equation (A1) using iterations with the
weighted update [17]:

GU™ =(1 —w)GY +u
x solution Of[Eq.(AS) + Eq.(A3) with [E*],i‘i)],
(A22)

where u is the weighting parameter and [Z*],(c’l;) is constructed

from Eé’ ) — J28,,GY)(1;)9~!. We start with the bare solution
G = —8/2 and weight u = 1/2. We monitor the differ-
ence u~' Y, At;|GUTD(1;) — GY(1;)|* between successive
iterations and divide u by a half if this difference increases.
The iteration cycle is depicted in Fig. 4. We performed all
computations in Wolfram Mathematica and used small com-
puter cluster to perform computations for different values of
BJ in parallel.

APPENDIX B: MATSUBARA SPECTRAL METHOD

In this Appendix we discuss improved numerical method
for solving the Dyson-Schwinger equations (6) using the
standard Matsubara frequency approach. Since in the Ma-
jorana SYK model G(8 — ) = G(tr) Green’s function in
the frequency space is antisymmetric, G(—iw,) = —G(iw,),
and therefore the high-frequency expansions of it and of the

G(7:) ()
A
L, v Sei
Ge [E*] k¢ 4—25

FIG. 4. Graphic representation of the iteration cycle for the
Legendre spectral method. The upper horizontal arrow uses the
equation X(t) =J2G(z)?"! and the lower horizontal arrow uses
the equation (A22).

self-energy have only odd powers of frequency with real co-
efficients

82k—1

oo
Gliw,) = W,

k=1

S(o) =Y (”L (B1)

rark( w0, )1
and g; = 1. Expanding the right-hand side of the DS equation
Gliwy) = liw, — T(iw,)]™! (B2)

for large iw, we find relations between the coefficients goi—1
and sp;_1:

g =51, g =5 +55, g =5 +2s15+5s5,.... (B3)

Denoting an inverse Fourier transform of a given frequency
power as

1 +o00 e—ia)nr _ez(ﬁ/Z—t)
()=~ —  =res| ——— ], B4
o p n;oo (iw,)? ==0 (21” cosh (%)) (B4)

where the first three functions are Q(t) = —1/2, Ox(7) =
2t - B)/4, Os3(r)=1(B—1)/4, and using the equa-
tion (1) = J2G(t)?~" we find

51 =J2/2972, (B5)

and thus g3 = J2/2972. This allows us to write expansion of
the Green’s function for JT < 1:

(J1)?
24
where we used Eqgs. (9) and (10) to write the linear 7 term.

Consequently this fixes a small Jt expansion of the self-
energy

1
G(‘L’)=—§—q6JT— +e, (B6)

1 q(g—1)
)
()= —-J [—2‘]1 + 2 eJt
g—1  ¢q-1)g-2) , )
(B7)
Since we can write X(7) as
[o¢]
(1) =) s 1Qu1(1), (BS)
k=1
and only Q3(7) contains 72 term we find
2
_uf9—1 q¢g@—Dg-2) ,
s3=1J (22q—4 + 70 € (B9)
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and therefore from (B3) we obtain

g5:J4< q +q2(q—1)(q—2)62>.

22q—4 2q—4 (B 10)

We see that only g1, g3, and s; coefficients are known explic-
itly, whereas already gs and s3 contain the energy €, which
itself can be computed only from the exact solution of the
DS equations. Finally, we note that the Matsubara coefficients
G(iw,) are related to the Legendre coefficients G, as [39]

o0
G(iw,) = Z TGy,

=0

(B11)

where the matrix T, is

T = B(=1)" i ju(Bw,/2) (B12)

and j,(z) are the spherical Bessel functions. The matrix T,
satisfies Zn vy = B840 /(2¢ + 1). Using the properties
of the spherical Bessel functions one can relate the coefficients
gk to the Legendre coefficients G;:

2(-1) & L+k—1)!
- 8¢+k01Gr.
k= g g(k—l)!(ﬁ—k+l)! rkodd e

(B13)

This relation imposes constrains on the Legendre coefficients
of the Majorana SYK two-point function

> G-

£=0:2

- (BJ)*
D (= DeE+ 1)L +2)Gy = —

£=0:2

(B14)

where we used expressions for the g; and g3 coefficients. The
first equation in (B14) is essentially the boundary condition
(A3) and our numerical solution for G, automatically satisfies
it. The second equation in (B14) can be used to estimate
the accuracy of the numerical results for G, coefficients. To
increase the numerical accuracy of the Matsubara spectral
method we rewrite the DS equations in terms of the reduced
functions

J2
i 0a=2(im )3
v, 29 2%(iw,)
2

Gliw,) = G(iw,) —

$(r) = (1) + ——

ST (B15)

and X(t) is computed as

N J? a1
2(r)=12(G(t)+Q1(t)+ Qa(r)) . (Bl6)

242

Therefore, the fast Fourier transform (FFT) is performed with
the functions G(iw,) and ¥ (iw,), which decay faster than
G(iw,) and X(iw,) in the frequency space. The iteration cycle
is depicted in Fig. 5. Finally, we discuss the computation of
In Pf(9, — ¥), which contains the zero-temperature entropy

G(Tl) 2(7_2')
FFT A FFT
Y
G (iwn) > (iwn)

FIG. 5. Graphic representation of the iteration cycle for the im-
proved Matsubara spectral method.

(24) and has a 1/8J expansion of the form
2InPf(0, — ) = — (g + 1)BJey + 259

c3
—(q )ﬁ (g — )(ﬂj)z

(B17)

where ¢, are the expansion coefficients of the energy (10). A
naive computation with the use of the Legendre coefficients
ﬂZ

2InPf(0; —X)=1n 2det<1 + —D [E*]) (B18)
has very low accuracy of the order O(N, 1. Notice that in the
matrix Dy, the last k = N, row is (—1)¢ + 1 and represents
the boundary condition (A3). To improve the accuracy one
can compute Matsubara coefficients from the Legendre coef-
ficients using (B11) and then compute

InPf(3, — £) _lln [2cosh2 ( pI )]

2472
+Zln(1+

where ¥ (iw,) is the reduced self-energy (B15). We remark
that, whereas the accuracy of g; computed from G, using
(B13) decay exponentially with k& because of the exponen-
tially growing factors, the accuracy of G(iw, ) computed using
(B11) remains exponential.

iw, S (iw,)

2+J2/20- 2) (B19)

APPENDIX C: COMPUTATION OF THE FREE ENERGY
USING KITAEV-SUH RESONANCE THEORY

We can rewrite the SYK (G, X) action (5) in the following
form:

. 1 [P -
— = lnPf(—E) — E/ dT]de[E(T], Tz)G(‘L'], ‘L’2)
0

J? 1
- ;G(rl, rz)q} + E/dTIdTZU(Tl» 72)G(11, 72),

(ChH

where we made a replacement 3 = o + X. The first part
of this action without the last term is invariant under
reparametrizations of time [21] and can be viewed as —Icpr/N
introduced in (12). The saddle-point configuration of Icpr is
(Go(7), .(1)). The last term in (C1) is considered as a per-
turbation. The leading correction to the free energy is obtained
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from first-order perturbation theory:

’%F—lfﬁdd (1. ™)(G(n. )
N 2 A T1aT0(7, T2 T, T2

'3 B
_P / d10(1)G.(7). (€2)
2 Jo

We cannot use direct expression for the source function
o (t) = & (7) in this formula, as it leads to uncontrolled diver-
gence. It was proposed in Ref. [21] that the source function o
can be replaced by the expression

sgn(r)
o(t)=- Z O a2 |12 —2a (). (€3)

where a = [(g — 1)b]~! and the sum goes over the scaling
exponents of the bilinear operators in (15) and u(§) with & =
In|J7| is the window function, which serves as a regulator
with the normalization f d&éu(&) = 1. From the computation
of the corrections to the two-point function, one derives that
the coefficients «, in (19) are related to oy, as [21]

ohal/z
—k/(h)'

o = (C4)

Then the contribution to §F comes from the Ay = 2 scaling
exponent and the second-order term of 7 /8 expansion of G,:

BSF BooJ?

N 2bAgl2

> / QL bETATY (cs)
X T — — ],
o TP AT 3 g

where the factor of two in front of the integral is due to the
other half of the thermal circle. Using normalization of the
window function and (C4) we find the leading correction to
the free energy:

21/

BSF _ el k (2)@’ (C6)
N 3ga BJ
which agrees with (28) and (11). It is not clear why a sim-
ilar calculation with the higher-scaling exponents 4 would
not produce 1/(8J)"~! contribution. The next §2F contribu-
tion to the free energy comes from second-order perturbation
theory,

82F N (#
—ﬁN =§/O dty---drso (11, ©)o (1, T2)

x (G(t1, 12)G(73, T4)) conn- (CN

The connected correlation function of two G(ty, 17») fields is
equal to the connected part of the four-point function

1
(G(t1, 12)G(T3, T4))conn = N}—(Tlv 25 T3, T4). (C8)

The hy = 2 contribution to the four-point function is special
and we only consider & # 2 sector here. It is well known
that in this sector the four-point function can be written as
[17,21,29]

Fra(T1, 125 13, T4) = Go(712)Ge(T34)
o0
X ) 6 xa" Fi(he b 2he, ). (C9)
k=1

where ¢, are given in (18) and the cross-ratio x at finite
temperature is

Tt T

sin T3 sin 72
X = Sin ”;“ sin ”;24 ’ (C10)

Taking only oy, terms from o functions and picking term with
the scaling dimension % in (C9) we find the contribution to the

free energy:
J4 o [P
Ch h / d‘L’1~"d‘L'4
0

_BS’F,
u(&12)u(&34)

N 8a
[T 1o+ T T3g [AH!

XVF (h, b, 2R, X).
(C11)

Since the window function decays quickly when & = In |J1]|
is not small, we assume that the integrals acquire the main
contribution for 7;, — 0 and 134 — 0, therefore we use that
2Fi(h,h,2h, x)~ 1+ --- and get

82F J4 2 .2 B/2
_BOR TG0, f dxdx’
N 8a 0

' h
[ dyay —1EmE) B
o yay |] |h+1|Jx |h+1 sin 2 n(yﬁ—y) ’

(C12)

where we introduced x = 715, X' = 134 and y = (11 + 12)/2,

= (13 + 174)/2. Using normalization of the window function
u(&), the relation between oy, and o, in (C4) as well as the one
between «y, and g;, in (21), and the expression for ¢, in (18),
we finally obtain

2h
,B(Sth T

This is exactly equal to the result of the conformal perturba-
tion theory (26).

[1] A. Kitaev, A simple model of quantum holography. Talks at
KITP, April 7, 2015 and May 27, 2015, http://online kitp.ucsb.
edu/online/entangled15/kitaev/, http://online.kitp.ucsb.edu/
online/entangled15/kitaev2/.

[2] S. Sachdev and J. Ye, Gapless Spin Fluid Ground State in a
Random, Quantum Heisenberg Magnet, Phys. Rev. Lett. 70,
3339 (1993).

035103-10


http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://doi.org/10.1103/PhysRevLett.70.3339

PRECISE LOW-TEMPERATURE EXPANSIONS FOR THE ...

PHYSICAL REVIEW B 108, 035103 (2023)

[3] J. Kim, J. Kim, and D. Rosa, Universal effectiveness of high-
depth circuits in variational eigenproblems, Phys. Rev. Res. 3,
023203 (2021).

[4] V. P. Su, Variational preparation of the thermofield double state
of the Sachdev-Ye-Kitaev model, Phys. Rev. A 104, 012427
(2021).

[5] A. Haldar, O. Tavakol, and T. Scaffidi, Variational wave func-
tions for Sachdev-ye-Kitaev models, Phys. Rev. Res. 3, 023020
(2021).

[6] M. B. Hastings and R. O’Donnell, Optimizing Strongly In-
teracting Fermionic Hamiltonians (Association for Computing
Machinery, New York, 2022).

[7] A. Chew, A. Essin, and J. Alicea, Approximating the Sachdev-
Ye-Kitaev model with Majorana wires, Phys. Rev. B 96,
121119(R) (2017).

[8] R. Haenel, S. Sahoo, T. H. Hsieh, and M. Franz, Traversable
wormhole in coupled Sachdev-Ye-Kitaev models with imbal-
anced interactions, Phys. Rev. B 104, 035141 (2021).

[9] D. I. Pikulin and M. Franz, Black Hole on a Chip: Proposal
for a Physical Realization of the Sachdev-Ye-Kitaev Model in a
Solid-State System, Phys. Rev. X 7, 031006 (2017).

[10] A. Chen, R. Ilan, F. de Juan, D. 1. Pikulin, and M. Franz,
Quantum Holography in a Graphene Flake with an Irregular
Boundary, Phys. Rev. Lett. 121, 036403 (2018).

[11] I. Danshita, M. Hanada, and M. Tezuka, Creating and probing
the Sachdev- Ye-Kitaev model with ultracold gases: Towards ex-
perimental studies of quantum gravity, Prog. Theor. Exp. Phys.
2017, 083101 (2017).

[12] C. Wei and T. A. Sedrakyan, Optical lattice platform for
the Sachdev-Ye-Kitaev model, Phys. Rev. A 103, 013323
(2021).

[13] Z. Luo, Y.-Z. You, J. Li, C.-M. Jian, D. Lu, C. Xu, B. Zeng, and
R. Laflamme, Quantum simulation of the non-Fermi-liquid state
of Sachdev-Ye-Kitaev model, npj Quantum Inf. 5, 53 (2019).

[14] L. Garcia-Alvarez, 1. L. Egusquiza, L. Lamata, A. del Campo, J.
Sonner, and E. Solano, Digital Quantum Simulation of Minimal
AdS/CFT, Phys. Rev. Lett. 119, 040501 (2017).

[15] R. Babbush, D. W. Berry, and H. Neven, Quantum simulation
of the Sachdev-Ye-Kitaev model by asymmetric qubitization,
Phys. Rev. A 99, 040301(R) (2019).

[16] T. Reza, S. M. Frolov, and D. Pekker, A proposal to extract
and enhance four-majorana interactions in hybrid nanowires,
SciPost Phys. 13, 120 (2022).

[17] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-
Kitaev model, Phys. Rev. D 94, 106002 (2016).

[18] V. Rosenhaus, An introduction to the SYK model, J. Phys. A:
Math. Theor. 52, 323001 (2019).

[19] G. Sérosi, Ads, holography and the
PoS(Modave2017) 001 (2017).

[20] D. Chowdhury, A. Georges, O. Parcollet, and S. Sachdev,
Sachdev-Ye-Kitaev models and beyond: Window into non-
Fermi liquids, Rev. Mod. Phys. 94, 035004 (2022).

[21] A. Kitaev and S. J. Suh, The soft mode in the Sachdev-Ye-
Kitaev model and its gravity dual, J. High Energy Phys. 05
(2018) 183.

[22] R. Gurau, Quenched equals annealed at leading order in the
colored SYK model, Europhys. Lett. 119, 30003 (2017).

[23] A. Georges, O. Parcollet, and S. Sachdev, Mean Field Theory
of a Quantum Heisenberg Spin Glass, Phys. Rev. Lett. 85, 840
(2000).

SYK model,

[24] J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H.
Shenker, D. Stanford, A. Streicher, and M. Tezuka, Black holes
and random matrices, J. High Energy Phys. 05 (2017) 118; 09
(2018) 002.

[25] A. Jevicki, K. Suzuki, and J. Yoon, Bi-local holography in the
SYK model, J. High Energy Phys. 07 (2016) 007.

[26] A. Jevicki and K. Suzuki, Bi-local holography in the SYK
model: Perturbations, J. High Energy Phys. 11 (2016) 046.

[27] M. Tikhanovskaya, H. Guo, S. Sachdev, and G. Tarnopolsky,
Excitation spectra of quantum matter without quasiparticles
I: Sachdev-Ye-Kitaev models, Phys. Rev. B 103, 075141
(2021).

[28] M. Tikhanovskaya, H. Guo, S. Sachdev, and G. Tarnopolsky,
Excitation spectra of quantum matter without quasiparti-
cles II: Random ¢-J models, Phys. Rev. B 103, 075142
(2021).

[29] D. J. Gross and V. Rosenhaus, A generalization of Sachdev-Ye-
Kitaev, J. High Energy Phys. 02 (2017) 093.

[30] D. J. Gross and V. Rosenhaus, The bulk dual of SYK: Cubic
couplings, J. High Energy Phys. 05 (2017) 092.

[31] D. J. Gross and V. Rosenhaus, A line of CFTs: From gen-
eralized free fields to SYK, J. High Energy Phys. 07 (2017)
086.

[32] Y. Gu, A. Kitaev, S. Sachdev, and G. Tarnopolsky, Notes on
the complex Sachdev-Ye-Kitaev model, J. High Energy Phys.
02 (2020) 157.

[33] L. Iliesiu, M. Kologlu, R. Mahajan, E. Perlmutter, and D.
Simmons-Duffin, The conformal bootstrap at finite tempera-
ture, J. High Energy Phys. 10 (2018) 070.

[34] J. Maldacena, D. Stanford, and Z. Yang, Conformal symmetry
and its breaking in two dimensional nearly anti-de-Sitter space,
PTEP 2016, 12C104 (2016).

[35] X. Dong, D. Zgid, E. Gull, and H. U. R. Strand, Legendre-
spectral Dyson equation solver with super-exponential conver-
gence, J. Chem. Phys. 152, 134107 (2020).

[36] N. Bliimer, Mott-hubbard metal-insulator transition and opti-
cal conductivity in high dimensions, Ph.D. thesis, Universitét
Augsburg, 2002.

[37] A.-B. Comanac, Dynamical mean field theory of correlated
electron systems: New algorithms and applications to local ob-
servables, Ph.D. thesis, Columbia University, New York, 2007.

[38] D. Hiigel, P. Werner, L. Pollet, and H. U. R. Strand,
Bosonic self-energy functional theory, Phys. Rev. B 94, 195119
(2016).

[39] L. Boehnke, H. Hafermann, M. Ferrero, F. Lechermann,
and O. Parcollet, Orthogonal polynomial representation of
imaginary-time Green’s functions, Phys. Rev. B 84, 075145
(2011).

[40] E. Gull, S. Iskakov, I. Krivenko, A. A. Rusakov, and D. Zgid,
Chebyshev polynomial representation of imaginary-time re-
sponse functions, Phys. Rev. B 98, 075127 (2018).

[41] J. Kaye, K. Chen, and O. Parcollet, Discrete Lehmann represen-
tation of imaginary time Green’s functions, Phys. Rev. B 105,
235115 (2022).

[42] S. Sachdev, Bekenstein-Hawking Entropy and Strange Metals,
Phys. Rev. X 5, 041025 (2015).

[43] I. R. Klebanov and G. Tarnopolsky, Uncolored random tensors,
melon diagrams, and the Sachdev- Ye-Kitaev models, Phys. Rev.
D 95, 046004 (2017).

[44] E. Arguello Cruz and G. Tarnopolsky (unpublished).

035103-11


https://doi.org/10.1103/PhysRevResearch.3.023203
https://doi.org/10.1103/PhysRevA.104.012427
https://doi.org/10.1103/PhysRevResearch.3.023020
https://doi.org/10.1103/PhysRevB.96.121119
https://doi.org/10.1103/PhysRevB.104.035141
https://doi.org/10.1103/PhysRevX.7.031006
https://doi.org/10.1103/PhysRevLett.121.036403
https://doi.org/10.1093/ptep/ptx108
https://doi.org/10.1103/PhysRevA.103.013323
https://doi.org/10.1038/s41534-019-0166-7
https://doi.org/10.1103/PhysRevLett.119.040501
https://doi.org/10.1103/PhysRevA.99.040301
https://doi.org/10.21468/SciPostPhys.13.6.120
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.1088/1751-8121/ab2ce1
https://doi.org/10.22323/1.323.0001
https://doi.org/10.1103/RevModPhys.94.035004
https://doi.org/10.1007/JHEP05(2018)183
https://doi.org/10.1209/0295-5075/119/30003
https://doi.org/10.1103/PhysRevLett.85.840
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.1007/JHEP09(2018)002
https://doi.org/10.1007/JHEP07(2016)007
https://doi.org/10.1007/JHEP11(2016)046
https://doi.org/10.1103/PhysRevB.103.075141
https://doi.org/10.1103/PhysRevB.103.075142
https://doi.org/10.1007/JHEP02(2017)093
https://doi.org/10.1007/JHEP05(2017)092
https://doi.org/10.1007/JHEP07(2017)086
https://doi.org/10.1007/JHEP02(2020)157
https://doi.org/10.1007/JHEP10(2018)070
https://doi.org/10.1093/ptep/ptw124
https://doi.org/10.1063/5.0003145
https://doi.org/10.1103/PhysRevB.94.195119
https://doi.org/10.1103/PhysRevB.84.075145
https://doi.org/10.1103/PhysRevB.98.075127
https://doi.org/10.1103/PhysRevB.105.235115
https://doi.org/10.1103/PhysRevX.5.041025
https://doi.org/10.1103/PhysRevD.95.046004

ERICK ARGUELLO CRUZ AND GRIGORY TARNOPOLSKY

PHYSICAL REVIEW B 108, 035103 (2023)

[45] J. Kim, I. R. Klebanov, G. Tarnopolsky, and W. Zhao, Symme-
try Breaking in Coupled SYK or Tensor Models, Phys. Rev. X
9, 021043 (2019).

[46] I. R. Klebanov, A. Milekhin, G. Tarnopolsky, and W. Zhao,
Spontaneous breaking of U (1) symmetry in coupled complex
SYK models, J. High Energy Phys. 11 (2020) 162.

[47] A. Milekhin, Coupled Sachdev-Ye-Kitaev models without
Schwartzian dominance, arXiv:2102.06651 (2021).

[48] A. Milekhin, Non-local reparametrization action in coupled
Sachdev-Ye-Kitaev models, J. High Energy Phys. 12 (2021)
114.

[49] N. Hale and A. Townsend, An algorithm for the convolution of
Legendre series, SIAM J. Sci. Comput. 36, A1207 (2014).

[50] J. Shen, T. Tang, and L.-L. Wang, Spectral Methods. Algorithms,
Analysis and Applications, Springer Series in Computational
Mathematics (Springer, Berlin, 2011).

035103-12


https://doi.org/10.1103/PhysRevX.9.021043
https://doi.org/10.1007/JHEP11(2020)162
http://arxiv.org/abs/arXiv:2102.06651
https://doi.org/10.1007/JHEP12(2021)114
https://doi.org/10.1137/140955835

