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Nonreciprocal entanglement in cavity-magnon optomechanics
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Cavity optomechanics, a promising platform to investigate macroscopic quantum effects, has been widely
used to study nonreciprocal entanglement with the Sagnac effect. Here, we propose an alternative way to realize
nonreciprocal entanglement among magnons, photons, and phonons in a hybrid cavity-magnon optomechanics,
where the magnon Kerr effect is used. We show that the Kerr effect gives rise to a magnon frequency shift and an
additional two-magnon effect. Both of them can be tuned from positive to negative via tuning the magnetic field
direction, leading to nonreciprocity. By tuning system parameters such as magnon frequency detuning or the
coefficient of the two-magnon effect, bipartite and tripartite entanglements can be nonreciprocally enhanced. By
further studying the defined bidirectional contrast ratio, we find that nonreciprocity in our system can be switched
on and off, and can be engineered by the bath temperature. Our proposal not only provides a potential path to
demonstrate nonreciprocal entanglement with the magnon Kerr effect, but also opens a direction to engineer and
design diverse nonreciprocal devices in hybrid cavity-magnon optomechanics with nonlinear effects.
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I. INTRODUCTION

Macroscopic quantum entanglement, as a core resource
in quantum information science [1], is crucial to understand
the classical-to-quantum boundary [2]. Such entanglement is
generally generated in bilinear or nonlinear quantum systems.
Cavity optomechanics (COM) [3], formed by photons nonlin-
early coupled to phonons via radiation pressure, is a promising
platform to investigate quantum effects [4-11], especially
for macroscopic quantum effects theoretically [12—16] and
experimentally [17-21]. Very recently, nonreciprocal entan-
glement in COM has attracted great interest [22,23]. This is
because entanglement can be well protected (enhanced) by
breaking the Lorentz reciprocity [22]. Utilizing this, various
nonreciprocal devices in COM have been realized [24-31].
Previous proposals for studying nonreciprocal entanglement
in COM [22,23] mainly rely on the Sagnac effect [32,33],
which causes a positive or negative shift on the cavity
resonance frequency, dependent on the direction of the driv-
ing field on the cavity. Apart from COM, magnons in the
Kittle mode of ferromagnetic yttrium iron garnet (YIG)
spheres [34-38] can also provide new insights for studying
macroscopic quantum effects [39-41]. This is due to the fact
that magnons have an intrinsic Kerr effect from the mag-
netocrystallographic anisotropy [42,43], which can also give
a positive or negative frequency shift on the Kittle mode
by tuning the direction of the magnetic field [44—46]. The
Kerr effect has been employed to investigate various phenom-
ena, including multistability [42—-44], long-distance spin-spin
interactions [47], quantum phase transitions [48,49], and
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sensitive detection [50]. However, nonreciprocal entangle-
ment has not yet been revealed with the Kerr effect.

Here, we propose how to realize nonreciprocal bi- and
tripartite entanglements in a hybrid cavity-magnon optome-
chanics. We find that, not only all bipartite entanglements
but also a genuine tripartite entanglement can be generated
in the absence of the magnon Kerr effect, and the initial
optomechanical entanglement can be partially transferred to
the cavity-magnon and magnon-phonon subsytems. When the
Kerr effect is considered, a mean magnon-number-dependent
frequency shift on the magnons is produced. Similar to the
Sagnac effect [32,33] on the cavity field, the Kerr-effect-
induced frequency shift can be positive or negative by tuning
the direction of the magnetic field. Different from the Sagnac
effect, the magnon Kerr effect also gives rise to an additional
two-magnon effect, which modulates the maximum values of
all entanglements in our setup. As a result, both the optome-
chanical and magnon-phonon entanglements are reduced, but
the magnon-photon and the tripartite entanglements are en-
hanced, compared to the case without the Kerr effect. By
further tuning the aligned magnetic field along the crystallo-
graphic axis [100] or [110], one can see that all entanglements
can be nonreciprocally generated. Interestingly, all entangle-
ments except for the optomechanical entanglement can be
nonreciprocally enhanced with accessible parameters. This
indicates that entanglement transfer from the optomechancial
entanglement to the cavity-magnon and magnon-phonon sub-
systems is nonreciprocal. Finally, we show that perfect
nonreciprocity for all bi- and tripartite entanglements can be
achieved, by studying the defined bidirectional contrast ratio.
The achieved bi- and tripartite entanglements in our proposal
are continuous variable (CV) entanglements, which have
been widely applied to quantum transduction [51,52], quan-
tum networking [53-58], quantum sensing [59], Bell-state
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FIG. 1. (a) Schematic diagram of the proposed cavity-magnon
optomechanical system. It consists of a driven cavity simultaneously
coupled to both a Kittle mode with Kerr nonlinearity in a YIG sphere
and a MR, with coupling strength g,, and gy, respectively. The YIG
sphere is placed in a static magnetic field, along the crystallographic
axis [100] (see the red-arrowed line) or [110] (see the blue-arrowed
line) of the YIG sphere.

Driving Field

test [60], quantum teleportation [61-63], microwave-optics
conversion [64-67], and other CV quantum information pro-
cessing [68—71]. Thus, CV entanglement can be regarded as
a useful resource for CV quantum information science. Our
work provides a potential way to nonreciprocally enhance
and engineer quantum entanglement with the Kerr effect, and
opens a promising path to realize diverse nonreciprocal de-
vices with the magnon Kerr effect.

II. MODEL AND HAMILTONIAN

We consider a hybrid cavity-magnon optomechanical sys-
tem consisting of a strongly driven cavity with frequency w,
coupled to both a mechanical resonator (MR) with frequency
wp and a micron-size YIG sphere supporting a Kittle mode
with frequency w,,, where the YIG sphere is positioned in
a static magnetic field By (see Fig. 1). The Hamiltonian of
the proposed hybrid system can be written as (setting /i = 1)
H = Hyy, + Hyerr + Hine + Hy, where the COM Hamiltonian,
Hom = wsa'a + You(p* + ¢*) — goa’aq, describes the radi-
ation pressure interaction between the cavity field and the
MR. gy = (w,/L)/h/mwy is the single-photon optomechan-
ical coupling strength, with L being the cavity length in the
absence of the intracavity field and m the effective mass
of the MR. The second term Hier = wum'm + Ko(m'im)?
characterizes the Kerr nonlinearity of magnons in the Kit-
tle mode, where Kj is reversely proportional to the volume
of the YIG sphere, and its sign can be tuned by varying
the direction of the static magnetic field. Specifically, when
the crystallographic axis [100] ([110]) is aligned along the
magnetic field, Ky > 0 (<0) [44]. Experimentally, K, can
be tuned from 0.05 to 100 nH for the diameter of the YIG
sphere from 1 mm to 100 um. Here, a (a') and m (m") are
the annihilation (creation) operators of the cavity and Kittle
modes, respectively, and g (p) is the dimensionless posi-
tion (momentum) quadrature of the MR. The Hamiltonian
Hiy = gm(a"m + am’) represents the magnetic dipole cou-
pling between the cavity and the Kittle mode with the tunable
coupling strength g,,. The last term, H; = iQq(a’e™ ™" —
ae") with frequency wy and Rabi frequency g, denotes
the coupling between the driving field and the cavity. With
the strong driving field (29 > x4, ¥m), the higher-order fluc-
tuation terms in quantum Langevin equations can be safely

neglected when each operator is rewritten as the steady-state
value plus its quantum fluctuation, i.e., O — O, + O, with
O =a,m, q, p. Then the linearized Hamiltonian of the hy-
brid system is given by (see the detailed derivation in the
Appendix)

 Ratat Aomtm ot Lo (a? a2y t
H=Aaat Aym'm+ Soyq” +p7) gola+a')q

V2

+ + 1 2 2
+ gm(a m—l—am)—i—zK(m +m”), €))]

where A, = w, — wy — gogs is the effective cavity frequency
detuning induced by the displacement g, of the MR, and
A, = A,, + Ag, with the magnon frequency detuning A,, =
o, — wo and the magnon frequency shift Ax = 2K, is the
effective magnon frequency detuning induced by the magnon
Kerr effect. The defined parameter K = 2KyN,, characterizes
the strength of the two-magnon effect, which can squeeze
magnons [47]. As Kp can be positive (negative), so K > 0
(<0), leading to Ag > 0 (<0). Obviously, K can be signif-
icantly amplified by the steady-state magnon number N,, =
|mg|?, which can be indirectly tuned by the strong driving field
acting on the cavity, via the beam-splitter interaction between
the cavity and the Kittle mode (i.e., a'm + am®). g, = v2goa;
is the effective linearized optomechanical coupling strength,
directly tuned by the strong driving field acting on the cavity
(i.e., ay x ). For simplicity, m, is assumed to be real via
properly choosing the phase of the driving field.

III. DYNAMICS AND ENTANGLEMENT METRIC

According to the quantum Langevin equation, the dy-
namics of the linearized hybrid system governed by the
Hamiltonian (1) can be written as (see details in the Appendix)

G=wpp, p=—wpq+gplata)/V2—yp+E,

a=—(iA, + k)a+igpq/N2 — igmm + 2k.ain,  (2)

m= —(iAm + Y)m —igna — iKm' + 2V Min,

where ai,, my,, and & are the input noise operators with
zero-mean value (i.e., (ay) = (my) = (§) =0). Under
the Markovian approximation, two-time correlation
functions of these input noise operators in the resolved
sid;eband regime (i.e., wp > yp) are given by [72]
(af ()ain(0)) = a8t — 1), {a(0)al, (1)) = (g + DS ~1"),
(e, (1 ymin () =T (1 =1, (min (O (1)) = Fn+ 13 = 1),
(EMEW) +EWEWD)/)2 = yp(2i, + 1)1 — 1), where
iy = [exp(hw, /kgT — 1)]7' (0 = a, b, m), with kz being
the Boltzmann constant and 7 the bath temperature, are
the mean thermal excitation number in the cavity, the
Kittle mode, and the MR, respectively. In compact form,
Eq. (2) can be rewritten as u(t) = Au(t) + f(t), where
u(t) = [X4(1), a(t), X (), yu (), q(0), p@))"  and  f(t) =
(V266 (1), 7/ 2K (0 N/ 2Vmxfi () V2V (). 0, EO1
are the vectors of the system and the input noise operators,
respectively, and the drift (coefficient) matrix A is (see details
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in the Appendix)
—Ka A, 0 Sm 0 0
Ao ke gm0 g O
Ao 0 gn Y A 0 6
gn 0 —=AL —yn, O 0
0 0 0 0 0 wp

where AL = A, &+ Ag/2.

Since the input quantum noises are zero-mean quantum
Gaussian noises, the quantum steady state for the fluctuations
is a zero-mean CV three-mode Gaussian state, fully char-
acterized by a 6 x 6 covariance matrix V;; = (u;(t)u;(t") +
w;(tHui(t))/2 (i, j=1,2,...,6), where the steady-state V
can be given by solving the Lyapunov equation

AV + VA" = —-D. )

Here, D = diag[x,(2n,+ 1), «k,2n,+ 1), v, + 1),
Y2y + 1), 0, (20, + 1)] is defined by (n;(t)n;(t') +
ni(t")n;(t))/2 = D;j6(t —t'). To investigate bipartite
and tripartite entanglement of the proposed system, the
logarithmic negativity Ey [73,74] and the residual contangle
R, [75] are employed, respectively. A bona fide quantification
of tripartite entanglement is given by the minimum residual
contangle [75], RM" = min[R™la>, RElam Ramb]  where
Rlljk = CGijk — Cl’U — 1|k >0 (@, ], =a,m,b), with Cu|v
being the contangle of a subsystem of « and v (v contains one
or two modes), is a proper entanglement monotone defined
as the squared logarithmic negativity. A nonzero minimum
residual contangle R™" > 0 means the presence of genuine
tripartite entanglement in the system.

IV. NONRECIPROCAL ENTANGLEMENT
WITH KERR EFFECT

Before starting, we first point out that nonreciprocal
entanglement induced by the magnon Kerr effect is different
from the mechanism of the Sagnac effect. This is due to
the fact that, the magnetic field mediated Kerr effect not
only gives a redshift (blueshift) in magnon frequency, but
also generates a two-magnon effect. To study nonreciprocal
entanglement, the following experimentally accessible
parameters are used: w, = w, =27 x 10 GHz, w,/27r =
10 MHz, «,/2n = y,/2n = 04w, yp/2w =100 Hz,
gm =8 =21 x 05wy, K = k4, T = 10 mK, A, = wp, and
A, = —wp. These parameters numerically guarantee
the system stability according to the Routh-Hurwitz
criterion [76]. To investigate nonreciprocal entanglements,
we plot three logarithmic negativities and the minimum
residual contangle versus the magnon frequency detuning
A,, in Fig. 2. The red and blue curves respectively denote
the magnetic field along the crystalline axis [100] and [110],
corresponding to Agx > 0 and Ag < 0. For comparison,
entanglement without the Kerr effect (i.e., Ax = 0) is also
presented (see the green curve in Fig. 2). From Fig. 2(a), we
can see that the optomechanical entanglement E,, decreases
first and then increases with A,, in the absence of the Kerr
effect (see the green curve), while magnon-photon (Eyy)
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FIG. 2. Logarithmic negativities (a) Eyp, (b) Eym, (¢) Emp, and
(d) the minimum residual contangle R™", vs magnon frequency
detuning A,, with Ag > 0 (the red curve), Ax =0 (the green
curve), and Ag < O (the blue curve). The parameters are w, =
o, =21 x 10 GHz, w,/2mr = 10 MHz, «,/27 = y,,/27 = 0.4w,,
yp/27w = 100 Hz, g,, = g, = 2 X 0.5wp, K = k,, T = 10 mK, and
Aa = Wp.

and magnon-phonon (E,;,) entanglements increase first
and then decrease [see Figs. 2(b) and 2(c)], which is fully
opposite to Ey,. This indicates that the initial magnon-phonon
entanglement is partially transferred to the cavity-magnon
and cavity-phonon subsystems, owing to the mediation
of photons. Besides, a genuinely tripartite entanglement
is generated around A,, & —wp, as demonstrated by the
nonzero minimum residual contangle R™" in Fig. 2(d).
When the Kerr effect is taken into account, both E,,
and E,;, have a certain reduction, but E,; and R’;‘i“ are
enhanced. By tuning the direction of the magnetic field, i.e.,
changing Ag > 0 (<0) to Ag < 0 (>0), all entanglements
have different responses (see red and blue curves in
Fig. 2), corresponding to the nonreciprocity. Utilizing
this nonreciprocity, magnon-phonon, magnon-photon, and
magnon-photon-phonon entanglements can be enhanced by
~2, 3, and 3 times, respectively.

We also plot all entanglements versus the effective Kerr
strength K in Fig. 3 to investigate the effects of the Kerr non-
linearity and the magnetic field direction on entanglements.
The parameters are the same as those in Fig. 2 but A, = —wy,.
From Fig. 3(a), we can see that E,, nearly has a linear de-
pendence on the strength of the Kerr effect for both Agx > 0
and Ag < 0. But it monotonously decreases (increases) when
Ak > 0(<0). Figure 3(b) shows that E,, is nonlinearly de-
pendent on K. Specifically, E,, first decreases (increases) and
then increases (decreases) when Agx > 0(< 0). For E;, in
Fig. 3(c), we find it is linearly dependent on K when Ag < 0,
but when Ag > 0, the dependence becomes nonlinear (see the
blue solid curve), that is, E,, decreases slowly when Agx > 0
than the case of Ax < O first, then the situation becomes op-
posite passing through the cross-point. For R™™ in Fig. 3(d),
we can see that it is nearly unchanged with K for Ax < 0, but
sharply increases to the maximal value and then decreases for
Ag < 0. These results indicates that all entanglements can be
nonreciprocally enhanced with the Kerr effect.
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FIG. 3. Logarithmic negativities (a) Eup, (b) Eyn, (¢) Emp, and
(d) the minimum residual contangle R'r"i“, vs the effective Kerr
strength K with Agx > 0 and Ag < 0. The solid circles in [(a)—(d)]
denote Ag > 0, and the open circles denote Ax < 0. Other parame-
ters are the same as in Fig. 2 except for A,,/w, = —1.

V. SWITCHABLE NONRECIPROCITY

In order to quantitatively describe nonreciprocal entan-
glement, we introduce the bidirectional contrast ratio C
(satisfying 0 < C < 1) for bipartite and tripartite entangle-
ments in the nonreciprocal regimes,
|E;j(> 0) — E;j(< 0)]
Eij(> O) +E,‘j(< 0) ’
|Rmin(> 0) — RMn(< 0)
Rmin(> () 4 Rmin(< Q)

ij _
Cp =

Cr = &)

where C;/ (Cr) =1 and 0 correspond to the ideal and no
nonreciprocities for bipartite (tripartite) entanglements. The
higher is the contrast ratio C, the stronger is the nonreciprocity
of entanglement. To clearly show this, we numerically plot
the contrast ratio C versus the frequency detuning (A,,) in
Fig. 4(a), where the black, red, blue, and green curves re-
spectively denote the bidirectional contrast ratios cab, U
C®, and Cr. Obviously, the nonreciprocity of all bipartite
and tripartite entanglements can be switched off and on by
tuning A,, for K = k,. Moreover, the bidirectional contrast
ratios for all entanglements can be tuned from O to 1 by
varying A,,. This indicates that all entanglements with ideal
nonreciprocity can be achieved in our proposal, via tuning the
magnon frequency detuning. In Fig. 4(b), we further study
the effect of Kerr strength K on the bidirectional contrast
ratios at A,, = —wy. Itis clearly shown that all entanglements
are reciprocal in the absence of the Kerr effect, i.e., K = 0.
When the Kerr effect is considered, all entanglements become
nonreciprocal, even for the weak Kerr effect (e.g., K = 0.2«,).
For the strong Kerr effect (e.g., K = 1.2«,), the bidirectional
contrast ratios C&> = C&" = Cz = 1 can be obtained, while
C%® < 1 in the whole region. This shows that the nonreciproc-
ities of the bipartite entanglements including magnon-photon
and magnon-phonon entanglements and the genuinely tripar-
tite entanglements can have ideal nonreciprocities via tuning
the strength of the effective Kerr effect. Similar to the case of
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FIG. 4. (a) Bidirectional contrast ratio C for three bipartite and
tripartite entanglements as functions of (a) magnon frequency detun-
ing A,, and (b) the effective strength K. The parameters are the same
as those in Fig. 2.

tuning A,,, the nonreciprocities for all entanglements can also
be switched off and on with the Kerr effect. In addition, we
examine the effect of temperature on the bidirectional contrast
ratios with different parameters in Figs. 4(c) and 4(d). We
find the nonreciprocity of the magnon-phonon entanglement
is robust against the temperature when A, = —0.8w;, and
K = k, [see the blue curve in Fig. 4(c)], while nonreciproc-
ities of other entanglements increase slowly first with 7. By
further increasing 7', a sharp increase occurs and the ideal
nonreciprocal photon-phonon, magnon-photon, and magnon-
photon-phonon entanglements can be achieved [see the other
curves in Fig. 4(c)]. When A,, = —w; and K = 0.8k, [see
the curves in Fig. 4(d)], one can see that nonreciprocities
of all entanglements have similar behaviors with the case of
the magnon-photon entanglement in Fig. 4(c). The findings
suggest that a higher temperature is beneficial to obtain the
large or optimal nonreciprocity for entanglement, providing
another promising path to engineer the nonreciprocity.

VI. CONCLUSION

We have proposed a scheme to realize nonreciprocal en-
tanglements with the magnon Kerr effect among magnons,
photons, and phonons in a hybrid cavity-magnon optome-
chanical system. By applying a strong driving field on the
cavity, the Kerr effect gives rise to a positive (negative)
frequency shift in the magnon frequency and an additional
two-magnon effect. The signs of the frequency shift and the
coefficient of the two-magnon effect are dependent on the di-
rection of the applied magnetic field, leading to nonreciprocal
entanglements. By further tuning the system parameters, such
as the magnon frequency detuning and strength of the Kerr
effect, we find entanglements among magnons, photons, and
phonons can be nonreciprocally enhanced via changing the di-
rection of the magnetic field. We also show that entanglement
nonreciprocity in our proposal, characterized by the defined
bidirectional contrast ratio, can be switched off and on by
tuning the system parameters. With proper parameters, ideal
nonreciprocal entanglements can be achieved. Finally, we find
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that nonreciprocity can be improved with the bath temper-
ature, even to the ideal value. The results suggest that our
scheme provides an alternative path to realize nonreciprocal
entanglement with the Kerr effect and engineer nonreciprocity
with the bath temperature.
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APPENDIX

In this Appendix, we give a detailed derivation of the ef-
fective Hamiltonian (1) and the drift matrix A given by Eq. (3)
in the main text.

We consider a hybrid cavity-magnon optomechanical sys-
tem consisting of a driven cavity simultaneously coupled to
a micron-sized yttrium iron garnet (YIG) sphere and a me-
chanical resonator. The Hamiltonian of the total system can
be written as (setting 7 = 1)

H = Hom + Hyerr + Hine + Ha, (AD)
with
Hom = waa'a + aop(p* + ¢°) — goa'aq,
Hierr = wmmfm + Ko(me)2
Hip, = gnm(a'm + am™)
Hy = iQ0(a’e™™" — ae™"). (A2)
Using a unitary transformation R = exp[—iwo(a'a +
m'm)t], we can change the system’s operators as

a — aexp(—iwgt), a’ — alexp(iwgt), m—mexp(—iwgt),
and m"—m' exp(iwgt). Thus,

Hom = (0, — w)a’a + 0,(p* + ) — goa'aq,

Hierr = Apm'm + Ko(m'm)?, (A3)

Hyn« — Hiy, Hp — l'Qo(aJr —a),

where A,, = w,, — wy.

With the Heisenberg-Langevin approach, the quantum dy-
namics of the considered system can be governed by the
following quantum Langevin equations,

q = wpp,
p=—wpq+goa'a— yyp+&,

a = —li(w, — wo) + Kala + igoag — igmm + Qo + v/ 2Kaain,

m=—{An+ Yn)m — igna — iKOm%mm + v/ 2YmMin,

(A4)

where «, and y,, are the decay rates of the cavity and me-
chanical modes, respectively. ai,, mi,, and & are the input
noise operators with zero-mean value (i.e., (ap) = (Min) =
(§)=0).

Below we employ the standard linearization method [12]
to derive the linearized Hamiltonian in Eq. (1) (see the main

text). We rewrite each operator as the sum of the mean value
(i.e., operator expectation) and the corresponding fluctuation,
ie.,

q— qs +q, a— ag+a, m— mg+m.

(A5)

Substituting Eq. (AS5) into Eq. (A4), we can obtain the follow-
ing equations for the mean values of the operators,

P — Ds + D,

Gs = wpps,  Ps = —wpgs + golas)* — vups,

a; = _(iAa + Kkq)ag — igmmy + L, (A6)

ms = _(lAm + Vm)ms - igmass

where A, = w, — wy — 8og, 1s the effective cavity frequency
detuning induced by the displacement of the mechanical
resonator, and A,, = A,, + Ag with Agx = 2K = 4KyN,, =
4Ko|my|? is the effective magnon frequency detuning induced
by the Kerr effect. In the long-time limit, g, = p, = a; =

ms = 0. The steady-state condition directly gives
ps=0, ¢q;= g0|a5|2/a)bs

ms; = _igmas/(iAm + Vm), (AT)

as = (20 — igmms)/(iAa + Ka)-
Also, the equations for the quantum fluctuations, which are

obtained by substituting Eq. (AS) into Eq. (A4) and neglecting
high-order fluctuation terms, are given by

G=awpp, p=—wpg+gsla+a)/V2—yp+E,
a=—(iA, + k)a+ igpq/N2 — igmm + /2k.ain, (A8)

m= _(iAm + ym)m - lgma - leI + Zymmina

where g, = ﬁgoas is the enhanced linearized optomechan-
ical coupling via tuning the strong driving field. Obviously,
Eq. (A8) is the same as Eq. (2) in the main text. The corre-
sponding linearized Hamiltonian of the hybrid system without
dissipation can be written as

CAgtat Aot Lo (a? 4+ ) — L t
H=Aa'a+ A,m m+2wb(q +p7) gra+a')q

/2

¥ 1
+ gm(a'm + am™) + EK(mTz +m?), (A9)
which is just Eq. (1) in the main text.
By further defining quadratures,
a+a' a—a'
xa(t)z = a(t):—’
2 > iv2
m+m' m—m'
xn(1) = s ym@) = ) (A10)
V2 iv2
Equation (A8) can be rewritten as
g=wpp, p=—wpq+gXa—veP+E,
xa = —KgXq + Aa + 8mYm + ZICaXian(t),
Ya = _Auxa — KaYa — &m¥m + v/ 2K ian(t)» (A1D)

2Ymxin (1),
).)m = —AIXm — VYmYm — &m¥a + \/m irg(t)’

X = —Vm¥Xa + Ay_nYm + &mYa +
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where  x¢(1) = (ain +a)/vV/2, Yo(t) = (am — a)/iN2,
X)) = (min +mi)/V/2,  and  Yi() = (min —mj)/iv/2.
Here, Afg = A,, £ Ak /2. In compact form, Eq. (A11) can be
given by

u(t) =Au(t)+ f(t), (A12)

where  u(t) = [xa(t), ya(t), X (1), ym(1), q(2), p@)]"  and
F@) = [V26ax (1), 26055, N 2VmXin (1), N/ 2VmYin(0), 0,
£(t)]" are the vectors of the system and the input noise
operators, respectively, and the drift (coefficient) matrix A is
given by Eq. (3) in the main text.
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