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Spin-orbit torque (SOT) is a promising technique for next-generation magnetic random-access memory.
Recent experiments have shown that materials with low-symmetry crystalline or magnetic structures can generate
anomalous SOT with an out-of-plane component, which is crucial for switching the perpendicular magnetization
of adjacent ferromagnetic (FM) layers in a field-free condition. In this study, we derive the threshold current for
field-free perpendicular magnetization switching using anomalous SOT and numerically calculate the magnetic
moment trajectory in an FM free layer for currents smaller and greater than the threshold. We also investigate
the dependence of switching time and energy consumption on applied current, finding that the minimum
energy consumption decreases with an increasing out-of-plane torque proportion. Additionally, we explore
the relationships between the threshold current and anisotropy strength, out-of-plane torque proportion, FM
free-layer thickness, and Gilbert damping constant. The results show a negative correlation between the threshold
current and out-of-plane torque proportion, and positive correlations with the other three parameters. Finally,
we demonstrate that even when the applied current is smaller than the threshold current, it can still add an
effective exchange bias field Hbias on the FM free layer. The Hbias is proportional to the applied current JSOT,
facilitating the determination of anomalous SOT efficiency. Our findings provide insights into the design of
spintronic devices that favor field-free switching of perpendicular magnetization using anomalous SOT and offer
a means of adjusting the exchange bias field to control FM layer magnetization depinning.
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I. INTRODUCTION

The spin-orbit torque (SOT) is a promising technique
for developing the next-generation magnetic random-access
memory (MRAM) [1–6]. Perpendicularly magnetized ferro-
magnetic (FM) layers have superior performance in ther-
mostability, high density, and retention compared to in-plane
magnetized FM layers when used in MRAM [7]. However,
ordinary SOT cannot easily switch the perpendicular FM
films in the field-free condition. Therefore, deterministically
switching the perpendicular magnetization of the FM free
layer in magnetic tunnel junctions (MTJs) by SOTs has long
been a frontier of SOT studies. According to the spin Hall
effect [4], when electron current jc is sourced along the x
direction, the spin current js transports along the z direction
and its polarization σ ∝ js × jc will be along the y direction.
The adjacent FM free layer is thus affected by the spin current
dominating through a dampinglike SOT τd ∝ (m × σ ) × m,
which is also along the y direction. This torque is orthogonal
to the perpendicular easy axis of the free layer; therefore,
using pure SOT alone, we cannot deterministically switch
the perpendicular magnetization. Several attempts have been
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made to circumvent this problem, such as applying an in-plane
magnetic field [8,9], using structural asymmetry [10,11], me-
diating an in-plane exchange bias/coupling field [12–17],
mediating the interlayer Dzyaloshinskii-Moriya interaction
[18], or exploring materials with low-symmetric crystalline
or magnetic structures to generate an anomalous SOT
[12,19–24].

Specifically, the groundbreaking studies on low-symmetry
materials have shown that the spin polarization, denoted by σ ,
of an out-of-plane transporting spin current js can have both
in-plane and out-of-plane components, despite being gener-
ated by an in-plane electron current jc. These crystallized
materials include Mn3Ir [12], Mn3Pt [20], Mn3Sn [21], WTe2

[22], CuPt [25], MnPd3 [26], and more. This anomalous SOT
is highly dependent on the crystal or magnetic symmetry. By
utilizing the out-of-plane component of σ , one can achieve a
deterministic switch of the perpendicular magnetization of a
FM free layer without an external magnetic field.

In order to gain a more thorough understanding of the
anomalous SOT and its potential for switching a perpendicular
magnetization, it is necessary to optimize and utilize relevant
parameters that affect the switching dynamics. An analyti-
cal derivation of the threshold current in the coexistence of
ordinary and anomalous SOTs would be particularly benefi-
cial for this purpose. Despite previous work on formulating
threshold currents for other SOT modes [27–31], there is still
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FIG. 1. A schematic diagram of the FM free-layer magnetiza-
tion switch driven by an anomalous SOT with both in-plane and
out-of-plane components. The applied electron current JSOT is along
the −y direction and generates a spin current JS propagating along
the z direction. The spin current diffuses into the FM free layer
with the perpendicular magnetic anisotropy to drive its magnetization
dynamics.

a lack of a specific one for the coexistence case of the anoma-
lous and ordinary SOTs. This research aims to address this
gap.

In this paper, we analytically derive the threshold cur-
rent required to generate an anomalous SOT for switching
the perpendicular magnetization of an adjacent FM layer.
Additionally, we use macrospin simulations to investigate
the precessional trajectory of the FM layer’s magnetic mo-
ment both below and above the threshold, finding consistent
results with our analytical model. We also examine the de-
pendence of switching time and energy consumption on the
applied current, as well as the minimum energy consump-
tion dependence on the proportion of the out-of-plane torque.
Furthermore, we calculate the threshold current’s dependence
on anisotropy strength, out-of-plane torque ratio, FM free-
layer thickness, and Gilbert damping constant. Finally, we
demonstrate that an applied current below the threshold can
still produce an effective exchange bias field in the FM layer,
and provide the relationship between the effective exchange
bias field and the applied current. This work can be in-
structive to design SOT devices with the anomalous SOT
materials.

II. MODEL AND METHOD

The schematic diagram of a FM free-layer magnetization
switching driven by the anomalous SOT is shown in Fig. 1.
The FM free layer with perpendicular magnetic anisotropy is
adjacent to a material with low-symmetric crystalline or mag-
netic structures. The applied electron current JSOT is along
the −y direction, spin current JS is along the z direction,
and the polarization σ of the spin current has components
in both x and z directions as shown in the upper left panel
of Fig. 1. β is the angle between σ and the x axis. At the
interface of the low-symmetric material with the FM free
layer, a pure spin current with the σ polarization diffuses into
the FM free layer and acts as a dampinglike SOT on the latter.
Then the magnetization of the FM layer will precess around
an effective magnetic field or switch its magnetization under

the concerted interplay of the SOT with other torques from
built-in fields.

The spin dynamics of the FM layer can be described by the
LLGS (Landau-Lifshitz-Gilbert-Slonczewski) formula [32]

∂m
∂t

= − γμ0(m × HK ) + α

(
m × ∂m

∂t

)

+ γμ0HDL
SOT[(m × σ ) × m] (1)

where m = M
Ms

is the unit vector along the direction of
magnetization, M is magnetic moment, Ms is the saturated
magnetization value, γ = 1.76 × 1011 T−1 s−1 is the gy-
romagnetic ratio, μ0 = 4π × 10−7 V s A−1 m−1 is the
permeability of vacuum, HK = HK mzez is the anisotropic
field, α is the Gilbert damping constant, σ = (σx, 0, σz ) =
(cosβ, 0, sinβ ) is the unit vector along the electron spin polar-
ization direction, β is the angle between the spin polarization
direction and the x axis, HDL

SOT is the effective field generated
by SOT, which can be calculated by the following formula
[33–37]:

HDL
SOT = JSOTθSH h̄

2etμ0Ms
, (2)

where JSOT is the magnitude of the applied electron current
density, θSH is the spin Hall angle that represents conversion
efficiency from electron current to spin current, h̄ = 1.05 ×
10−34 J s is the reduced Planck constant, e = 1.6 × 10−19C
is the elementary charge carried by an electron, and t is the
effective thickness of the free layer after subtracting a dead
layer if any.

When a small current is applied, the anomalous SOT act-
ing on the FM free layer is not large enough to switch the
magnetization of the FM layer. The magnetization will pre-
cess under the SOT effect, and stabilize to a final direction
due to the Gilbert damping. This direction is so-called the
direction of the effective field Heff . Here we constrain ourself
in a field-free system, which is exactly needed in practice.
When the applied current is above a threshold Jc, the torque
acting on the FM free layer becomes large enough to make
the magnetization precession amplitude divergently increase
and finally realize magnetization reversal. In the following,
we will give the analytical derivation of the threshold current
Jc. For those readers who mainly have interest in the depen-
dence of Jc on various material parameters, they can directly
skip to Eq. (15) where the final results are directly given
out.

By crossing m left at both sides of Eq. (1), we can reform
the LLGS formula, Eq. (1), as in Eq. (3),

∂m
∂t

= −γμ0

1 + α2

[
(m × HK ) + αm × (m × HK )

− HDL
SOT[(m × σ ) × m] − αHDL

SOT(m × σ )
]
. (3)

Letting ∂m
∂t = 0 we can get

m × Heff= 0, (4)
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where the effective magnetic field Heff can be written as

Heff = HK−HDL
SOT(σ×m)

= HK

(
HDL

SOT

HK
sinβmy,−HDL

SOT

HK
sinβmx+HDL

SOT

HK
cosβmz,

− HDL
SOT

HK
cosβmy+mz

)
. (5)

The direction of Heff is also the finally stabilized direction of
the magnetization as JSOT< Jc. From Eqs. (4) and (5), we can
then get

HDL
SOT

HK
sinβmy = kmx,

−HDL
SOT

HK
sinβmx + HDL

SOT

HK
cosβmz = kmy,

−HDL
SOT

HK
cosβmy + mz = kmz, (6)

where the nonzero real number k satisfies

k3 −k2+
(

HDL
SOT

HK

)2

k −
(

HDL
SOT

HK

)2

sin2β = 0. (7)

From Eq. (7), we get k = k( HDL
SOT

HK
, β ). Then the polar and

azimuth angles (θH , ϕH ) of the magnetization in the steady
state can be obtained; the schematic diagram of polar angle
θH and azimuth angle ϕH in spherical coordinates is shown in
the upper left panel of Fig. 1.

θH = arctan

⎛
⎜⎜⎜⎝

(1 − k)

√
sin2β + ( kHK

HDL
SOT

)2

k cosβ

⎞
⎟⎟⎟⎠,

ϕH = arctan

(
kHK

HDL
SOTsinβ

)
. (8)

After getting θH and ϕH , we can transform the coordinate sys-
tem from the original system O to a new one O′ in which Heff

is directed at the z′ axis, and the corresponding transformation
matrix between the two coordinates is

R =

⎛
⎜⎝

cosθH 0 −sinθH

0 1 0

sinθH 0 cosθH

⎞
⎟⎠

⎛
⎜⎝

cosϕH sinϕH 0

−sinϕH cosϕH 0

0 0 1

⎞
⎟⎠. (9)

And the relationship from the (x, y, z) coordinate to the
(x′, y′, z′) coordinate is simply⎛

⎝x′
y′
z′

⎞
⎠ = R

⎛
⎝x

y
z

⎞
⎠. (10)

The transformed coordination allows us to analyze the dy-
namic stability of systems straightforwardly. When JSOT < Jc,
the components of the magnetization along the x′ and y′
directions will converge to 0 after a long-enough damping,
and as JSOT � Jc, the precession amplitude will go divergently
and the magnetization will switch to the opposite. At this
time, the magnetization along the x′ and y′ components will
gradually increase, which is our criterion to determine Jc.
Similar methods to analyze the stability of dynamic systems
[29–31,38] and even determine the critical current density
for some other SOT modes [29–31] have also been adopted.
Specifically, considering the two magnetization components
along the x′ and y′ directions, we rewrite the LLG formula,
Eq. (3), in the following Eq. (11):

−1 + α2

γμ0

d

dt

(
mx′

my′

)
= M

(
mx′

my′

)
+ G, (11)

where M and G are 2×2 matrices, and their respective com-
ponents are explicitly shown below:

M11 = HDL
SOT(−sinβ cos2θH − cosθH cosϕH cosβ sinθH ) + α(cos4θH − cos2θH sin2θH )HK ,

M12 = −αHDL
SOT(sinβ cosθH + cosϕH cosβ sinθH ) + cos3θH HK ,

M21 = αHDL
SOT(sinβ cosθH + cosϕH cosβ sinθH ) + (cosθH sin2θH − cos3θH )HK ,

M22 = HDL
SOT(−sinβ cos2θH − cosθH cosϕH cosβ sinθH ) + α cos4θH HK , (12)

G1 = −αHDL
SOT cosθH cosβ sinϕH − HDL

SOT(cos3θH cosϕH cosβ − sinβ cos2θH sinθH ) + αcos4θH sinθH Hk,

G2 = −αHDL
SOT(cos2θH cosϕH cosβ − sinβ cosθH sinθH ) − HDL

SOTcos2θH cosβ sinϕH − cos3θH sinθH HK . (13)

From Eq. (12), we can see that the eigenvalue of the 2 × 2 ma-

trix M is λ1,2 = M11+M22±i
√

−4M12M21−(M11−M22 )2

2 . Worth noting,

it can be proven that when HDL
SOT

HK
� 1, eigenvalues of matrix

M are complex. When M11 + M22 < 0, mx ′ and my ′ decay to
0 with time if any; in contrast, when M11 + M22 > 0, they
will diverge once the emergence of even a tiny |mx ′ | or |my ′ |
activated by thermal fluctuations or other reasons. Therefore,
the switching criteria turns

M11 + M22 = 0. (14)

The threshold current value Jc can be obtained from this con-
dition. Detailed derivation steps are shown in the Appendix. If
HDL

SOT
HK

� 1 (widely applicable for most cases), we can get that

Jc = eμ0MsHKt

h̄θSH

4α√
sin2β+16α2cos2β+sinβ

. (15)

Worth noting, according to recent experiment data [22], two

typical values of HDL
SOT

HK
are 0.014 and 0.023 at Jc, so the simpli-

fication condition HDL
SOT

HK
� 1 reasonably holds here. When the
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TABLE I. Parameters for numerical calculation (unless other-
wise noted).

Parameters Quantity Value

Damping constant α 0.015 [41]
Anisotropic field μ0HK 0.85 T [40]
Saturated magnetization Ms 1.3 × 106 A/m [40]
Ratio of anomalous SOT tanβ 0.1 or 0.75 [20]
The FM thickness t 1 nm
Overall spin Hall angle θSH 0.075 [20]

out-of-plane torque is 0 or β = 0, the resultant Jc = eμ0MsHK t
h̄θSH

becomes simplified in accord with the previously proposed Jc

for the z-type SOT magnetization reversal at a small applied
magnetic field [27,31,39]. More interesting, if α

tanβ
� 1 (e.g.,

a small damping in the order of 10−2 and a substantial anoma-
lous SOT ratio not lower than ∼0.1 can qualify the condition),
the above equation can be simplified as

Jc = 2eμ0MsHKαt

h̄θSH sinβ
. (16)

This threshold current density then shares a similar fashion
with the case of the spin-transfer torque switching mode for
the perpendicular MTJ with polarization P of the pinned layer
replaced by the anomalous spin Hall angle θSH sinβ. This
reduced version also shares a similar fashion with the Y -type
SOT mode [48].

III. RESULTS AND DISCUSSIONS

We visualize the magnetization trajectory with different
out-of-plane torque ratio η ≡ tanβ and JSOT, as shown
in Fig. 2. Time step is set as dt = 1 fs. The initial
direction of m is along the (0,0,1) in the O coordinate
system. Simulation parameters are displayed in Table I
[20,40,41]. For the situation without any out-of-plane SOT
or η = 0, when JSOT = 1.8 × 1013 A m−2, which is unable
to destabilize the magnetization in the FM free layer, m is
finally stabilized at the direction of the equivalent effective
field (0.000, −0.451, 0.893). As JSOT = 1.9 × 1013 A m−2,
the SOT is large enough to destabilize m to (−1, 0, 0)
in the equatorial plane as shown in Figs. 2(a) and 2(b).
These scenarios produce the case of z-type mode without
an external bias field. As for η �= 0, the final state of
JSOT > Jc becomes different. From Eq. (15), we can
directly calculate that the threshold currents for η = 0.1
and 0.75 are Jc = 6.23 × 1012 A m−2 and 1.116 × 1012

A m−2, respectively. As JSOT = 6.2 × 1012 A m−2 and
1.1 × 1012 A m−2 for η = 0.1 and 0.75, respectively, the
SOT acting on the FM free layer is not large enough, so the
precession amplitude gets smaller and smaller, and finally m
is stabilized at the direction of Heff (0.001, −0.1430, 0.9897)
and (0.0030, −0.0234, 0.9997) for η = 0.1 and
0.75, respectively [see Figs. 2(c) and 2(e)]. When
JSOT = 6.37 × 1012 A m−2 and 1.12 × 1012 A m−2 for
η = 0.1 and 0.75, respectively, the precession amplitude
is divergently increasing, and m eventually turns to
the opposite direction (−0.0021, 0.1432, −0.9897)

FIG. 2. (a)–(f) The magnetization trajectory with different η and
JSOT. The two parameters are shown as follows. η = 0, (a) JSOT =
1.8 × 1013 A m−2 and (b) JSOT = 1.9 × 1013 A m−2; η = 0.1, with
threshold current value Jc = 6.23 × 1012 A m−2, (c) JSOT = 6.2 ×
1012 A m−2, and (d) JSOT = 6.37 × 1012 A m−2; η = 0.75, with
threshold current value Jc = 1.116 × 1012 A m−2, (e) JSOT = 1.1 ×
1012 A m−2, and (f) JSOT = 1.12 × 1012 A m−2. (g) The η dependence
of analytical threshold current Jana

C , numerical threshold current Jnum
C ,

and error δJC/Jnum
C = (Jnum

C − Jana
C )/Jnum

C .

and (0.0003, 0.0200, −0.9998) for η = 0.1 and 0.75,
respectively, as shown in Figs. 2(d) and 2(f), consistent with
our previous analysis. Worth mentioning, as JSOT > Jc, m will
not converge to the direction of Heff since the prerequisite
for the calculation is |m′

x|, |m′
y| � 1, which is violated in

this case. This notice does not undermine the strictness of
the criteria of deriving Jc. We show the η dependence of the
analytical threshold Jana

C , the numerical simulation threshold
Jnum

C , and the relative error δJC/Jnum
C = (Jnum

C − Jana
C )/Jnum

C in
Fig. 2(g). The analytical model predicts an accurate JC within
3% error for η � 0.1 and even better resolution within 0.5%
for η � 0.2. This figure proves the high consistency between
the analytical and the simulation models.
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FIG. 3. (a) The JSOT dependence of the switching time ts and the switching energy consumption QSOT. (b) The η dependence of minimum
energy loss Qmin

SOT. In the regime of η � 0.8, the increase in η can significantly reduce the value of Qmin
SOT.

We also calculate the relationship between the switching
time ts, switching energy consumption QSOT, and JSOT when
JSOT > Jc. Here η = 0.75 and ts is defined as the time from
sourcing current to the occurrence of a negative mz compo-
nent in the calculation. The switching energy consumption is
defined as QSOT ≡ J2

SOTts, which scales with the energy con-
sumed in the switching process. We can see from Fig. 3(a) that
as JSOT increases, tsdecreases rapidly from 16.5 ns at JSOT =
1.2 × 1012 A m−2 to 0.1 ns at JSOT = 1.11 × 1013 A m−2,
and the influence of JSOT on ts is then gradually reduced
as JSOT increases further. Figure 3(a) also shows that QSOT

minimizes when JSOT is near 2.4 × 1012 A m−2, with the
minimum value Qmin

SOT = 7.7 × 1015 A2 s m−4. Then we study
the η dependence of Qmin

SOT, as shown in Fig. 3(b). As η

increases, Qmin
SOT gradually decreases, manifesting the larger

out-of-plane torque ratio that results in less energy consump-
tion. With a resistivity of the writing channel ρ = 200 μ� cm
[20] and the SOT-channel width l = 100 nm and length d =
300 nm, QSOT = 1 × 1015 A2 s m−4 corresponds to an energy
consumption of 0.06 pJ. So the minimal energy consump-
tion under the used parameters is about 0.46 pJ at η =
0.75, JSOT = 2.7 × 1012 A m−2; correspondingly, the switch-
ing time is about 1 ns.

Then, we numerically calculate the dependence of Jc on
the anisotropy strength HK , out-of-plane torque ratio η, FM
free-layer thickness t , and Gilbert damping constant α, as
shown in Fig. 4. We can see that Jc increases with the in-
crease in HK as expected. In addition, we can also see from
Fig. 4(a) that Jc gradually decreases with the increase in η.
This is because the decisive factor that affects magnetization
switching is the z component of anomalous SOT. When the
z component of the effective field caused by SOT is larger
than effective anisotropy field, magnetization switch happens.
And as η increases, the z component of SOT increases, then Jc

becomes lower if we still intend to switch the magnetization.
We extract three threshold currents corresponding to different
anisotropic properties, as shown in Fig. 4(b). Clearly shown in
the figure, the higher anisotropy results in the greater influence
of η on Jc.

We also study the thickness t and Gilbert damping α

dependencies of Jc, as shown in Fig. 4(c). As α increases,
Jc increases. This feature, similar to the classic spin-transfer
torque (STT) switching scheme [42–45], can be explained as
follows. In the switching process, the competition between

the intrinsic damping term and the anti-damping-like SOT
term dominates the switching result. If the intrinsic damp-
ing term overwhelms the SOT term, the magnetization will
finally stabilize at somewhere close to the initial position (the
position as JSOT = 0) as in Figs. 2(a), 2(c), and 2(e). Only
when SOT provides a larger anti-damping-like torque than
the intrinsic damping, can the switching occur as shown in
Figs. 2(b), 2(d), and 2(f). This switching mode is therefore so-
called damping-dominated spin dynamics in contrast to those
precession-dominated ones such as the voltage-controllable
magnetic anisotropy-induced switching [46,47]. As a typical
and characteristic feature of the damping-dominated switch-
ing, the current threshold Jc should be proportional to the
damping constant α of a system since a larger α makes a
system consume more energy via the Gilbert damping in the
switching process and further the more dissipated energy has
to be compensated by a larger current. And as the thickness
of the magnetic layer is higher, Jc becomes larger too with no
doubt in accordance with Eq. (15). Because the total number
of magnetic moments in the magnetic layer is proportional

FIG. 4. (a) The dependence of Jc on the anisotropic field HK and
anomalous ratio η. (b) The η dependence of Jc under α = 0.015, t =
1 nm extracted from Fig. 4(a). (c) The dependence of Jc on the
thickness t and Gilbert damping α. (d) The η dependence of Jc under
μ0HK = 0.85 T, η = 0.75 extracted from Fig. 4(c).

014432-5



TIANYI ZHANG, CAIHUA WAN, AND XIUFENG HAN PHYSICAL REVIEW B 108, 014432 (2023)

to the thickness t of the magnetic layer, the average SOT
imposed to each moment is thus inversely proportional to t
in accordance with Eq. (2) HDL

SOT = JSOTθSH h̄
2etμ0Ms

and also Eq. (3)
in Ref. [36]. When t increases, Jc should also increase to
ensure the average SOT imposed on each moment to reach
the threshold. Therefore, Jc is proportional to the thickness
of the magnetic layer as expected. We then extract three Jc

corresponding to different thicknesses, as shown in Fig. 4(d).
Jc scales linearly with α, also in accordance with Eq. (15)
and the STT scheme. Worth noting, on the other hand, when
η = 0, the threshold current, Eq. (15), is equal to the threshold
current for the z-type SOT mode with an applied magnetic
field Hx = 0. The threshold current for the z-type SOT mag-
netization switching is [31]

Jc = etμ0MsHK

h̄θSH

⎡
⎢⎢⎢⎣

√
4α

[
4α+2α

(
HFL

SOT

HDL
SOT

)2
+HFL

SOT

HDL
SOT

]
+

[
9α2−4α

(
HFL

SOT

HDL
SOT

)
− 8

(
α

HFL
SOT

HDL
SOT

)2](
Hx
HK

)2

4α+2α
(

HFL
SOT

HDL
SOT

)2
+

(
HFL

SOT

HDL
SOT

) − 5α Hx
HK

4α+2α
(

HFL
SOT

HDL
SOT

)2
+

(
HFL

SOT

HDL
SOT

)
⎤
⎥⎥⎥⎦ (17)

with fieldlike torque intensity HFL
SOT and applied magnetic field

Hx. When HFL
SOT = 0 and Hx � HK , the threshold current is

[27]

Jc=etμ0Ms

h̄θSH
(HK −

√
2Hx ). (18)

The experiment [25] and the above derivation have shown
that the anomalous SOT can switch the magnetization of FM
free layer if the applied current is above the threshold Jc. How-
ever, even if JSOT< Jc, the anomalous SOT can still manifest
itself by acting an effective exchange bias field Hbias, which
facilitates us to determine the anomalous SOT efficiency.
We calculate the hysteresis loops corresponding to different
JSOT < Jc, as shown in Fig. 5(a). Here the LLGS equation has
to take magnetic field Hz into account.

∂m
∂t

= − γμ0[m×(HK+Hz)]+α

(
m×∂m

∂t

)

+ γμ0HDL
SOT[(m×σ )×m]. (19)

Figure 5(a) shows for an unbiased loop without JSOT, the
forward and backward switching coercivity of the FM layer
is symmetric. However, when a positive (negative) JSOT,0 =
6.28 × 1011 A m−2 is applied, the hysteresis loop is biased
leftward (rightward) or their Hz-symmetrical axis is offset to-
ward the negative (positive) direction. Therefore, equivalently,
a nonzero JSOT imposes an exchange bias field Hbias along the
z axis to the FM free layer, which determines the switching
direction in the field-free condition. Compared to the z-type
SOT [39] mode that biases hysteresis loops with the help of an

FIG. 5. (a) Hysteresis loop of FM free layer under different ap-
plied currents JSOT. (b) Relationship between equivalent exchange
bias field Hbias and applied current JSOT. Here η = 0.75.

in-plane magnetic field, this result gives an alternative biasing
method to control magnetization of the FM layer, which is
easier to implement. We also calculate the dependence of
Hbias on JSOT shown in Fig. 5(b), which turns out linear
with each other and the slope is h̄θSH sinβ

2eμ0αtMs
= 6.05 × 10−7 m,

if HDL
SOT

HK
� 1 and Hbias

HK
� 1. This result provides a direct way

to determine the anomalous torque efficiency. Compared with
the threshold trend that evidences the anomalous torque in
magnetic trilayers [13], our results show a straightforward
linear relationship between Hbias and JSOT. This discrepancy
can probably be induced by complex domain structures in
those micrometer-sized Hall bar devices; however, essentially,
the abnormal torque only induces a linear-to-current effective
field in the coherent switching mode. Thus we expect this
linear dependence can be directly observed, for instance, in
a sub-100-nm-sized magnetic tunnel junction.

Our model gives an analytic Jc [see Eq. (15)] for the
anomalous SOT mode with both in-plane and out-of-plane
spin current polarization components for switching a perpen-
dicular magnet. In the case of η 	 1 (β = 90◦), our work
naturally converges to the JC of the y-type mode as reported
in [48], which demonstrates the validity of the model. In
addition, the derived JC can also be used to predict the X − Y
mixed SOT mode [48] and the STT+SOT combined switch-
ing mode [28,49], in which a spin current with polarization
along the easy axis and another spin current with polarization
perpendicular to the easy axis both exist. Therefore, our ana-
lytic result is also instructive for SOT devices designed based
on the X − Y mixed mode and the STT+SOT mode.

IV. CONCLUSIONS

In this paper, we present an analytical derivation of the
threshold current required to achieve field-free switching of
perpendicular magnetization using the anomalous SOT in
combination with an ordinary one. We also conduct numerical
simulations to investigate the magnetization trajectory of a
FM free layer when the applied current is both below and
above the threshold. Our analytical and numerical results in
JC are in agreement with less than 3% errors. Furthermore,
we explore the dependence of the switching time and energy
consumption on the applied current and show that the min-
imum energy consumption is negatively correlated with the
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out-of-plane torque proportion. Additionally, we investi-
gate the effects of various parameters, including anisotropy
strength, out-of-plane torque ratio, FM free-layer thickness,
and Gilbert damping constant, on the threshold current. Our
findings indicate a negative correlation between the out-of-
plane torque proportion and the threshold current, and a
positive correlation between the other three parameters and
the threshold current. Finally, we demonstrate that when the
applied current is below the threshold, it can induce an ex-
change bias field Hbias imposed on the FM free layer. Our
numerical results show that the exchange bias field Hbias

is proportional to the applied current JSOT for the coherent
switching dynamics. This study provides insights into the
design of spintronic devices that enable field-free switching of
perpendicular magnetization using the anomalous spin-orbit
torque, and offers a direct method for adjusting the exchange
bias field, which can be useful in controlling FM layer mag-
netization pinning and depinning.
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APPENDIX: DERIVATION OF EQ. (15)

From Eq. (7), suppose k1 = k − 1
3 ; we can get

k3
1+

[(
HDL

SOT

HK

)2

−1

3

]
k1+

[
− 2

27
+

(
1

3
−sin2β

)(
HDL

SOT

HK

)2
]
= 0.

(A1)

If HDL
SOT

HK
� 1, we can get

k1 = 3

√
1

27
− 1 − 3sin2β

6

(
HDL

SOT

HK

)2

+ sinβ

3
√

3

HDL
SOT

HK

+ 3

√
1

27
− 1 − 3sin2β

6

(
HDL

SOT

HK

)2

− sinβ

3
√

3

HDL
SOT

HK

= 2

3
− cos2β

(
HDL

SOT

HK

)2

, (A2)

so that

k = 1 − cos2β

(
HDL

SOT

HK

)2

. (A3)

We can get the pole angle and azimuth angle (θH , ϕH ):

tanθH =
(1 − k)

√
sin2β + (

kHK/HDL
SOT

)2

k cosβ

= cosβ
HDL

SOT

HK

cosϕH = sinβHDL
SOT/HK√

1 − (
cosβHK/HDL

SOT

)2 + (
sinβHK/HDL

SOT

)2

= sinβ
HDL

SOT

HK
. (A4)

From Eq. (12), we can get threshold current using equa-
tion M11 + M22 = 0:

Jc=etμ0MsHK

θSH h̄

4α√
sin2β+16α2cos2β+sinβ

. (A5)
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