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Microscopic mechanisms of glasslike lattice thermal conductivity in tetragonal α-CsCu5Se3
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Understanding and predicting the anharmonic lattice dynamics of complex strongly anharmonic crystals
has long been a significant challenge in condensed matter physics and materials physics. Here, we study
the underlying physical principles of the ultralow glasslike κL in tetragonal α-CsCu5Se3 by combining self-
consistent phonon theory and the unified thermal transport theory of crystal and glass in the framework of the
Peierls-Boltzmann transport equation and first-principles anharmonic lattice dynamics. We consider the impacts
of both phonon broadening by three-phonon (3ph) interaction and phonon frequency anharmonic renormalization
by quartic anharmonicity on the contributions from the particlelike phonon wave packet and wavelike phonon
channel transport. The strong anharmonic renormalization leads to continuous temperature-induced hardening of
the acoustic modes and low-lying optical modes, which is mainly associated with the tetrahedrally coordinated
rattlinglike vibrations of the Cu3 atoms. This hardening effect reduces the phonon linewidths in the low-energy
area via decreasing the available 3ph scattering phase space, thus partially counteracting the decreased impact on
κL by increasing the phonon population and yielding a weak temperature-dependent κL. Furthermore, the strong
phonon broadening results in the coherent thermal transport channel that stems from the coherent coupling
between different vibration eigenstates. Upon heating, the off-diagonal terms in the heat-flux operator become
quite significant and dominate the phonon thermal transport process, suggesting the qualitative breakdown
of the traditional phonon gas model in complex disordered crystals. In this paper, we provide the physical
microscopic mechanisms of the glasslike κL in complex host-guest systems and highlight the influence of the
lattice anharmonicity on thermal conductivity.
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I. INTRODUCTION

Materials exhibiting ultralow lattice thermal conductiv-
ity (κL) have been widely applied in diverse fields, such
as thermal barrier coatings in aerospace engines and high-
performance thermoelectric devices [1,2]. The paradigm of
phonon glass and electron crystal (PGEC), wherein ther-
mal conductivity behaves as amorphous solids or glasses yet
preserves good electrical transport properties, has supplied
explicit instruction to improve the thermal-to-electric energy
conversion in the thermoelectric field [3,4]. The investigation
of the microscopic mechanism of glasslike thermal conduc-
tivity in ordered compounds not only can unravel complex
anharmonic lattice dynamics but also can provide criteria to
design a generation of high-performance thermoelectric ma-
terials [5–13].

However, a fundamental understanding of the underlying
physical microscopic mechanisms of the ultralow glasslike κL

in complex severely anharmonic materials is a great challenge
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in condensed matter and material physics [14]. Generally, the
host-guest structure, the guest atoms (rattlers) loosely bound
inside oversized hosts [15–17], should exhibit the typical
character of PGEC. Historically, the ultralow κL in such a
host-guest structure has been ascribed to the resonant scatter-
ings between the localized rattling and acoustic modes, which
reduces the phonon lifetimes in the low frequencies near the
avoided-crossing points [15]. However, a theoretical study
in skutterudites showed that the reduction of κL originates
from the increased three-phonon (3ph) scattering rate due
to filler-induced modification of the phonon dispersion [18].
On the other hand, an inelastic neutron scattering study in
clathrate Ba8Ga3Ge30 showed that the impact of rattlers on
κL mainly decreases the acoustic phonon group velocity at
the avoided-crossing points, not reducing the phonon lifetime
[19]. Finally, this conflict has been resolved by theoretical
calculations in filled and empty clathrates. Tadano et al. [8]
and Tadano and Tsuneyuki [9] explained that the rattlers lead
to a tenfold reduction in phonon lifetimes, whereas the impact
on group velocity is less significant. The reduction of phonon
lifetimes is over a wide frequency range, indicating the failure
of phonon-resonant scattering. The anomalous temperature-
dependent thermal conductivity in host-guest systems has
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been attributed to the coupling strength between rattlers and
cages [20,21] and the magnitude of static or dynamic disor-
ders [20,22].

Theoretically, harmonic approximation fails to describe
the anharmonic lattice dynamics in severely anharmonic sys-
tems. The phonon modes where mean free paths (MFPs)
approach the Ioffe-Regel limit [23] (i.e., the smallest atomic
distance) could not be considered normal phonons, lead-
ing to a breakdown of the conventional phonon gas model
[24]. Some theoretical models have attempted to explain the
weak temperature dependence of κL, such as the two-channel
phonon transport mode. In this model, the phonon modes with
MFPs shorter than the Ioffe-Regel limit should be regarded
as hopping modes that obey Einstein or Cahill-Watson-Pohl
models of thermal conductivity [5,13,24,25]. To some ex-
tent, the two-channel model compensates for the lack of
theory on experimental data and caters to a weak tempera-
ture dependence [24]. However, some open questions remain.
What is the interaction between the normal phonons and the
hopping modes, and what role does this interaction play in
thermal transport? Fortunately, recent theoretical and compu-
tational developments enable anharmonic phonon frequency
renormalization arising from the high-order phonon-phonon
interactions [11,26–30] as well as the contributions originat-
ing from the coherent coupling between different vibration
eigenstates [12,31,32].

Tetragonal α-CsCu5Se3 is a good case study for this more
general framework due to the challenges arising from (i) the
presence of a large unit cell, (ii) the rattling effect in the
host-guest system, (iii) massive phonon imaginary modes,
and (iv) strong high-order anharmonicity [33]. These features
may lead to the invalidation of the Peierls-Boltzmann trans-
port equation (PBTE). The results of such investigations can
deepen the understanding of lattice dynamics and thermal
transport properties. In this paper, we investigate the origin of
the glasslike ultralow κL in tetragonal α-CsCu5Se3 using first-
principles-based self-consistent phonon calculations and the
advanced unified thermal transport model. Results show that
(i) quartic anharmonicity induces the continuing phonon fre-
quency hardening with temperature increasing, decreasing the
3ph scattering rate via reducing the 3ph scattering weighted
phase space in the low-energy area, and (ii) strong phonon
broadening leads to the breakdown of the phonon quasiparti-
cle physical picture, manifesting in glasslike κL dominated by
coherent thermal conductivity.

II. COMPUTATIONAL METHODS

A. Density functional theory calculations

All our density functional theory (DFT) [34] calculations
are performed using the projector augmented-wave [35] po-
tentials as implemented in VASP [36]. The PBEsol form of
the general gradient approximation is utilized to deal with the
exchange-correlation energy functional [37]. PBEsol stands
for PBE functional revised for solids, and it is a better choice
for calculating structural properties closer to the experimental
values. We treat the Cs (5s25p66s1), Cu (3d10s1), and Se
(4s24p4) shells as valence states. A kinetic energy cutoff of
500 eV and a 4 × 4 × 12 Monkhorst-Pack k-point mesh are

adopted to sample the Brillouin zone for structural optimiza-
tion. A tight convergence criterion of 10−5 eV/Å is set for
the Hellman-Feynman forces acting on each atom, and the
convergence criterion of the total energy is set as 10−8 eV. Our
optimized structural parameters in the tetragonal P42/mnm
(No. 136) symmetry (a = b = 13.04 Å, c = 3.97 Å) are in
good agreement (absolute error < 2%) with the experimen-
tally reported values (a = b = 13.26 Å, c = 4.07 Å) [33].

B. Estimation of force constants

The harmonic interaction force constants (IFCs) are ob-
tained through the finite-displacement approach [38] as
implemented in the PHONOPY package [39], using a 1 ×
1 × 3 supercell containing 108 atoms with a 4 × 4 × 4 k
mesh. For the anharmonic IFC calculations, since the con-
ventional finite-displacement method tends to consume costly
computation, we employ the compressive sensing lattice dy-
namics (CSLD) method [26–28] to obtain them. In CSLD,
the compressive sensing technique [40] is utilized to select
the physically important terms to obtain the cubic and quartic
IFCs. To obtain the physically relevant atomic displacement,
we perform ab initio molecular dynamics (AIMD) simulations
for a 1 × 1 × 3 supercell with a 1 × 1 × 1 k-point grid at
300 K. The loose convergence criterion for electronic self-
consistent field cycles of 10−4 eV is chosen since we are
interested in training structures, not accurately obtaining the
energy and force or verifying thermodynamic stability [26].
The AIMD simulations are conducted 3500 times in the
canonical ensemble (NVT) using a Nosé-Hoover thermostat
and a 1 fs time step. Then we sample 70 structures that
are equally spaced in time by skipping the first 700 steps
from the trajectories. We have demonstrated that 70 different
configurations are enough for the anharmonic force constant
calculations in the Supplemental Material (SM) [41]. To de-
crease cross-correlations between the sampled configurations,
we use the quasirandom displacement method to displace all
the atoms for all the samples with 0.1 Å [26]. Subsequently,
we perform high-precision single-point energy calculations
on these samples by using a 4 × 4 × 4 k-mesh grid and a
tight energy convergence threshold of 10−8 eV. Finally, we
obtain the anharmonic IFCs by the least absolute shrinkage
and selection operator technique [42] with a relative error of
1.74% (see Fig. S1(a) in the SM [41]). The cutoff radii of 5.29
and 4.23 Å are chosen to obtain the cubic and quartic IFCs,
respectively. They are confined to the three- and four-body
terms, respectively, and include interatomic interactions up to
the 11th and 8th nearest neighbors, respectively.

C. Self-consistent phonon calculation

To obtain the temperature-dependent phonon dispersion
curves, we solve the self-consistent phonon theory (SCPH)
equations using the extracted 0 K harmonic and anharmonic
IFCs. The resultant SCPH equation in the diagonal form,
which considers the first-order perturbation of the phonon
self-energy from the quartic anharmonicity, can be expressed
as [9,29]

�2
q = ω2

q + 2�qIq, (1)
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where ωq is the harmonic phonon frequency, and �q is the
anharmonically renormalized phonon frequency at finite tem-
perature (T). The quantity Iq is defined as

Iq = 1

2

∑

q′

h̄�(q : −q : q′ : −q′)
4�q�q′

[1 + 2n(�q′ )], (2)

where h̄ and � are the reduced Planck constant and the recip-
rocal representation of the quartic IFCs, respectively. Here,
n(ω) = 1/[exp(h̄ω/kBT −1) is the phonon population that
obeys the Bose-Einstein statistic. Evidently, the temperature-
induced effects include the phonon population. In addition,
the cubic anharmonic IFCs are not considered for the cor-
rection of the harmonic IFCs since their contributions have
been found to be less significant than the phonon frequency
hardening by the quartic anharmonicity in some of the low κL

systems, such as PbTe [43], clathrates [11], and TlInTe2 [44].
In this paper, we use the ALAMODE package to conduct the
IFC and SCPH calculations [29,45].

D. Phonon transport

The lattice thermal conductivity arising from particlelike
propagation of phonons is obtained by solving the PBTE
within the relaxation time approximation in form [46,47]:

κp = 1

V N

∑

q

Cq(T )υq(T )υq(T )τq(T ). (3)

Here, V and N represent the volume and atomic number of
the lattice, respectively, Cq is the phonon mode-specific heat,
υq = d�q/dq is the group velocity, and τq = 1/[2	q(�q)]
is the lifetime of phonon q. The phonon linewidths 	q(�q),
which can be obtained from the imaginary part of the phonon
self-energy, result from the cubic anharmonicity and takes the
form:

	q(ω) = π

2N

∑

q′,q′′

h̄|�(−q, q′, q′′)|2
8�q�q′�q′′

× [(nq′ + nq′′ + 1)δ(ω − �q′ − �q′′ )

− 2(nq′ − nq′′ )δ(ω − �q′ + �q′′ )]. (4)

The Peierls-Boltzmann transport theory, which is valid
when the phonon interbranch spacings are much larger, fails to
describe the phonon transport behavior of the complex system
since it neglects the coherence terms, i.e., the off-diagonal
terms of the heat flux operators [7,31,48,49]. The contribution
to κL of the coherence terms becomes nonnegligible when the
phonon linewidths are larger than the space of the interbranch
[31]. Thus, the unified thermal transport theory of glass and
crystal is employed to calculate the lattice thermal conductiv-
ity as follows:

κp/c = h̄2

kBT 2V N0

∑

q

∑

j, j′

ωq j + ωq j′

2
υq j j′

⊗ υq j′ j
ωq jnq j (nq j+1)+ωq j′nq j′ (nq j′+1)

4(ωq j − ωq j′ )2+(	q j+	q j′ )2
(	q j+	q j′ ),

(5)

υq j j′ =
〈
eq j

∣∣ ∂D(q)
∂q

∣∣eq j′
〉

2
√

ωq jωq j′
, (6)

where the subscripts p and c represent propagation and coher-
ence contributions, respectively, and υqjj′ is the generalized
group velocity [7]. Notably, when the second summation in
Eq. (5) is performed over the diagonal terms, i.e., j = j′, it
reduces to the PBTE equation in the conventional phonon
gas model. The contribution of the off-diagonal terms to κL

originates from the coherence coupled between different vi-
brational eigenstates and leads to the difference between κL

and κp. In this paper, the q mesh in calculations based upon
PBTE as implemented in the ALAMODE package [29,45] is
chosen to be 9 × 9 × 27, which can achieve good convergence
(see Fig. S1(b) in the SM [41]).

III. RESULTS AND DISCUSSION

A. Crystal structure and anharmonicity

The structure of tetragonal α-CsCu5Se3 is isostructural
with the famous low thermal conductibility system of
CsAg5Te3 (a = b = 14.64 Å, c = 4.59 Å at room tempera-
ture) [33,50]. As shown in Fig. 1, One Cs, two Se (Se1, Se2),
and three Cu (Cu1, Cu2, Cu3) inequivalent atoms are in its
unit cell. The lattice constants are slightly shorter than those of
CsAg5Te3 due to the smaller atomic radii of Cu/Se compared
with Ag/Te. In tetragonal α-CsCu5Se3, two large open tunnels
are constructed by the Cu-Se covalent networks and arranged
infinitely along the c axis. These two peanut-shaped tunnels,
located at the center (0.5 0.5 0.5) and at the origin (0 0 0)
of the unit cell, are plugged by the large Cs atoms. The
Cu-Se covalent networks comprise fourfold coordinated Cu1
and Cu3, threefold coordinated Cu2, and two inequivalent Se
atoms. These kinds of networks make phonon vibrations of Cu
and Se spread over almost the whole energy space from 0 to
29 meV, as indicated by the element-resolved phonon den-
sity of states (PhDOS) in Fig. 1(e). The Cu-Se bonding is
relatively weak, especially for Cu3-Se bonds [33,50]. The
Cs atoms are only coordinated with Se, and the Cs-Se bond
length is >3.49 Å. Thus, the Cs atoms are isolated in the
large tunnels, and the phonon vibrations from Cs are cen-
tralized in a narrow energy range ∼8 meV. As shown, the
Cu2 atoms adopt the less common coplanar triangle coordi-
nation geometry with Cu-Se bonds of 2.39–2.54 Å, while a
long bond length of ∼2.60 Å is observed in Cu3 and Cu1
atoms. Thus, the Cu3 and Cu1 atoms are expected to be the
rattling cations since they possess larger interstitial space. As
indicated by our calculated harmonic phonon dispersions, the
imaginary acoustic and optical modes indicate strong anhar-
monicity [11,29]. They are mainly associated with the rattling
vibrations along the transverse direction (i.e., perpendicular to
the Cu1-Se-Cs networks) of Cu3 atoms and partially by Cu1
atoms. From these structural features, the rattling modes as-
sociated with the Cu3 atoms are expected to play an essential
role in its phonon transport [33,50].

B. Temperature-induced anharmonic phonon renormalization

Since strong anharmonicity can lead to phonon fre-
quency shift and phonon states broadening [11,43], the
harmonic description of phonon frequencies for the tetragonal
α-CsCu5Se3 system becomes inappropriate. Thus, we employ
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FIG. 1. Crystal structure, bonding, rattling vibrations of Cu3 atoms, and harmonic phonon dispersion curves at 0 K. (a) Top view of the
crystalline structure of tetragonal α-CsCu5Se3 where gray, green, purple, blue, and black balls represent Cs, Se, Cu1, Cu2, and Cu3 atoms,
respectively. (b)–(d) Local coordination of Cu1 (tetrahedral), Cu2 (coplanar triangle), and Cu3 (tetrahedral) atoms with bond lengths marked.
(e) Harmonic phonon dispersions and corresponding element-resolved phonon density of states (PhDOS) at 0 K. (f) and (g) indicate the
visualization rattling vibrations of modes associated with Cu3 atoms at 	 and X points, respectively, where the large atomic displacements are
indicated by the red arrows. Here, other small atomic displacements are neglected.

the SCPH theory to treat the phonon instabilities and renor-
malize the phonon frequencies of tetragonal α-CsCu5Se3 at
zero and some specific temperatures.

The anharmonically renormalized phonon dispersions of
tetragonal α-CsCu5Se3 at different temperatures are presented
in Figs. 2(a) and 2(b). When compared with the harmonic
phonon dispersions, the 0 K anharmonic effects can induce
the system to be dynamically stable. Increasing tempera-
ture from 0 to 300 or 700 K, the phonons in a frequency
<15 meV are strongly hardened, whereas the phonons >15
meV show moderate hardening. In the phonon frequency
range from 5 to 15 meV, there are many nearly dispersionless
optical phonon branches that could effectively scatter the heat-
carrying phonons by creating abundant scattering channels
[18,51].

Generally, the acoustic phonon branches and the low-
lying optical branches play a critical role in thermal transport
[52–54]. Thus, we plot the dispersion curves of the two trans-
verse acoustic modes (TA1, TA2), one longitudinal acoustic
mode (LA), and two transverse optical modes (TO1, TO2)
at zero temperature in Fig. 2(c). Results show that (i) there
are four representative avoided-crossing points of the rattling
modes between TO1 and LA and along 	-M, 	-Z, R-X, and 	-
X, as indicated by the black circles. Another avoided-crossing
point exists between TO2 and LA and along M-A. (ii) The
low-lying TO1 mode at the 	 point (	TO1) is as low as
1.35 meV. The avoided-crossing points were believed to cor-
relate with the phonon rattling modes and low κL [19,50]. The
rattling vibration, which is a specific physical characteristic
of PGEC [6,19], can enhance the acoustic phonon scattering
and reduce κL, especially for host-guest systems, like clathrate
Ba8Ga16Ge30 [8,9] and cubic tetrahedrites Cu12Sb4S13 [11].
In tetragonal α-CsCu5Se3, the avoided-crossing points are

correlated with the independent rattling vibrations of the Cu3
atoms. As for the small value of 	TO1, it is smaller than or
comparable with those of the famous thermoelectric materi-
als SnSe (2.48 meV) [52], PbTe (4.10 meV) [43], MgAgSb
(1.74 meV) [55], and CsAg5Te3 (1.86 meV) [33,50]. The
low value of 	TO1 generally indicates low acoustic-branch
frequencies, weak chemical bonding, strong acoustic-optical
coupling, strong phonon scattering, and low κL [56,57]. As
indicated by our calculated phonon dispersions, the saturated
frequencies of the acoustic branches responsible for phonon
transport merely reach ∼2.5–4.5 meV at 0 K and strong in-
crease to ∼4.5–7.5 meV at 700 K. Such values are comparable
with those of MgAgSb (2.5–4.5 meV) [56], SnSe (1.8–6.2
meV), and PbTe (2.1–11.1 meV) [43]. The frequencies of
the acoustic-optical coupling at 0 (700) K are in the range
of ∼1.3–4.2 (4.1–7.5) meV, which are also close to those of
MgAgSb [56] and SnSe [58]. According to the anharmonicity
theory, strong acoustic-optical coupling gives rise to the decay
of the optical phonons into acoustic phonons, resulting in a
finite lifetime for the phonons [59,60]. These features mani-
fest strong anharmonicity in tetragonal α-CsCu5Se3 and are
associated with the severe deviation of its κL from the ideal
T −1 decay.

To further investigate the influence of the independent
rattling vibrations of Cu3 atoms on phonon anharmonic renor-
malization, the temperature dependences of the rattling modes
(TO1 and TO2) at 	 and R points, the element-resolved partial
and total PhDOS at different temperatures, the temperature-
dependent anisotropic mean squared displacements (MSDs)
of six inequivalent atoms, and the Cu3 atom-resolved PhDOS
are calculated and plotted in Fig. 2 and in Figs. S2 and
S3 in the SM [41]. Results show that (i) the frequencies of
TO1 and TO2 modes exhibit relatively strong anharmonic
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FIG. 2. Temperature-induced anharmonic phonon renormalization. (a) and (b) Anharmonically renormalized phonon dispersions of
tetragonal α-CsCu5Se3 at 0, 300, and 700 K. (c) Acoustic (two transverse acoustic branches TA1 and TA2 and one longitudinal acoustic
branch LA) and rattling optical modes (two transverse optical modes TO1 and TO2) with black circles marking the avoided crossing points
along 	-M, 	-Z, R-X, 	-X, and M-A. (d) Shifts of phonon frequencies for TO1 and TO2 at 	 and R points in the Brillouin zone at finite
temperatures. (e)–(h) The element-resolved phonon density of states (PhDOS) at 0, 300, 400, and 500 K, respectively.

renormalization and strong temperature dependence, indicat-
ing the drastic phonon frequency hardening, especially for the
TO1 mode. This kind of temperature-induced hardening of
optical phonon modes has also been observed in the low-κL

system of TlInTe2 [44]. (ii) The phonon frequencies <7.6
meV are mainly contributed by the Cu3 atoms. This indi-
cates that the acoustic as well as the acoustic-optical coupling
phonons are mainly vibrations of the Cu3 atoms. (iii) The
MSDs of the Cu3 atoms are far larger than those of other
atoms, which agree well with the previous exponential study
[33]. Meanwhile, the equivalent isotropic displacement pa-
rameter (Ueq) of different atoms varies in the order Se1 < Se2
< Cs < Cu2 < Cu1 < Cu3 both theoretically and experimen-
tally, indicating the loose chemical bonding of Cu3-Se and the
rattling characteristic [61]. The MSDs of the Cu3 atoms also
show evident anisotropy: The vibration amplitudes within the
ab plane are considerably larger than that along the c axis.

C. Particlelike contributions to κL

To reveal the phonon thermal transport mechanism in
tetragonal α-CsCu5Se3, we start our comprehensive anal-
ysis of the calculated κp by solving the PBTE based on
the SCPH method, which considers the phonon frequency
shift and phonon broadening by anharmonic renormalization.
Hereafter, we denote thermal conductivities from particlelike
propagation of phonons by κ⊥

p , κ‖
p , and κ

avg
p , where ⊥ and ‖

symbols indicate components of κp perpendicular and parallel
to the ab plane, respectively, and avg represents their average
value. From Fig. 3(a), one can see that the two calculated data
of κ⊥

p and κ‖
p decay with temperature as T −0.17 and T −0.11,

respectively, deviating from the well-known T −1 behavior in
the conventional phonon gas model or weakly anharmonic
solids [53,62]. The breakdown of the phonon gas model and
the weak temperature-dependent behaviors clearly indicate
strong quartic anharmonicity in tetragonal α-CsCu5Se3 and
the necessity of anharmonic renormalization of the harmonic
phonon frequencies.

To examine the phonon mode-specific contributions to κp,
the thermal conductivity spectrum κp(ω) and its cumulative
value at different temperatures are plotted in Fig. 3(b). The re-
sults illustrate that both κ⊥

p and κ‖
p are mainly contributed from

the acoustic and low-lying optical modes (ω < 12.5 meV).
The rattling vibrations at ∼5 meV contribute the largest peak,
and the acoustic-optical coupling phonons at ∼9 meV con-
tribute the second largest one. The high-energy optical modes
have partial contributions to κ⊥

p but are almost neglected to κ‖
p .

Considering the anharmonic renormalization, the threshold
that contributes most to κ‖

p appears a blueshift from 12.5
(300 K) to 15 meV (400 K) but is not that evident. In the
traditional phonon gas model, the phonons are regarded as
particles, and it is assumed that the maximum phonon scat-
tering rate of a phonon mode is equal to twice its frequency,
as the black line shows in Fig. 3(c). Results show that the
weak temperature dependence can be attributed to a balance
between two effects: (i) On the one hand, the phonon popula-
tion enhances with increasing temperature, resulting in larger
	3ph; (ii) however, the scattering rates 	3ph associated with the
acoustic and low-lying optical modes are strongly suppressed
owing to the hardening effect by anharmonic renormalization
in the frequency region <7 meV, when the temperature is
increased from 300 to 500 K.
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FIG. 3. Heat transport arising from particlelike propagation of phonons. (a) Particlelike contributions to the κL of tetragonal α-CsCu5Se3

based on the anharmonically renormalized [i.e., self-consistent phonon theory (SCPH)] phonon frequencies in the Peierls-Boltzmann transport
equation (PBTE) work frame. κ⊥

p and κ‖
p represent the components of κp perpendicular and parallel to the ab plane, respectively, and κavg

p

indicates their average, i.e., κavg
p = (κ⊥

p + 2κ‖
p )/3. (b) Thermal conductivity spectra κ⊥

p (ω) and κ‖
p (ω) and their cumulatives at 300 and

400 K. (c) Comparison of three-phonon (3ph) scattering rates at 300 (gray dots), 400 (purple dots), and 500 K (dark blue dots). The black
line assumes that the maximum phonon scattering rate of a phonon mode equals twice its frequency [5]. (d) Comparison of phonon group
velocities at 300 (gray dots), 400 (purple dots), and 500 K (dark blue dots). (e) Calculated energy- and momentum-conserving 3ph scattering
phase space at finite temperatures, where the hollow and filled dots represent the combination process (W+ : λ + λ1 → λ2) and the splitting
process (λ → λ1 + λ2), respectively. (f) Calculated normalized cumulative κp as a function of mean free paths (MFPs) at T = 300 and 500 K.

Another key factor in determining κp is the phonon group
velocity. As shown in Fig. 3(d), most values of the phonon
group velocities are small (<1000 m/s) and can be ascribed
to those dispersionless optical phonon branches. Only some
values associated with the acoustic modes are up to 3000 m/s.
These results are consistent with our results of the phonon
spectra. Noteworthy, the phonon group velocities are weakly
hardened since the effect of anharmonic renormalization on
the phonon group velocities is less significant than that of
the scattering rate. On the other hand, the magnitude of the
scattering rates 	3ph directly depends on the phonon scattering
space and the square of the scattering matrix elements. There
are two types of phonon interactions in the 3ph scattering
process [51], i.e., a combination process (W+ : λ + λ1 →
λ2) and a splitting process (W− : λ → λ1 + λ2), as shown
in Fig. 3(e). Results show that the severe reduction of the
combination process W+ dominates over the frequency range,
especially for the low-energy area, but the splitting process is
inverse. The reduction of W− is significantly stronger than
that of W+ owing to phonon frequency shift induced by
anharmonic renormalization, suggesting that the impact of an-
harmonic renormalization on W+ is less significant than that
of W−. Thus, we attribute the reduction in scattering rate 	3ph

to the reduced strength of the coupling between the acoustic
and optical modes in the low-energy area via decreasing their

scattering phase space, in good agreement with the previous
analysis of scattering rates.

To further analyze the impact of the size effect on κp, we
plot the MFP dependence of κ⊥

p and κ‖
p at 300 and 500 K

in Fig. 3(f). Results show that the short MFP phonons dom-
inate the thermal transport in tetragonal α-CsCu5Se3, again
suggesting the presence of strong anharmonicity. The MFPs
corresponding to 50% κ⊥

p and κ‖
p are as short as 5.12 (4.19)

and 1.30 (1.92) nm at 300 (500) K, respectively, indicating
the weak size effect [46].

D. Wavelike contributions to κL

The traditional Peierls-Boltzmann theory, which is well
based on the phonon quasiparticle physical picture, however,
fails to explain the thermal transport property in complex
multiatomic systems, strong anharmonicity systems, or the
coexistence of anharmonicity and disorder (rattling effect or
PGEC) because it does not account for the off-diagonal contri-
butions of the heat-flux operator, i.e., the contribution from the
heat-carrying wavelike phonons originating from the coherent
coupling between different vibrational eigenstates [31,49,63].
As shown in Fig. 4, compared with κp, the amplitudes of κc

are quite significant. Here, κ‖
c and κ⊥

c account for 57 and
38% contributions to that of κ‖

c and κ⊥
L at 300 K, respectively.
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FIG. 4. Heat transport stems from wavelike tunneling of phonons. (a) Calculated coherent thermal conductivities (i.e., κ⊥
c , κ‖

c , and
their average κavg

c ) at different temperatures. (b) Total κL (i.e., κL = κp + κc) as a function of temperature. (c) and (d) Three-dimensional
visualizations of the mode-specific contributions to the coherent thermal conductivity of κ⊥

c and κ‖
c at 300 K. A color scale corresponding to

the variation of colors in (c) and (d) is shown, which has the same unit as indicated in the z axes of both figures.

Increasing temperature further enhances the proportion of κc

in κL. At 1000 K, the contributions of κ‖
c and κ⊥

c are up
to 62 and 45%, respectively. Importantly, both κ⊥

c and κ‖
c

show positive temperature dependences upon heating and in
temperature dependences that increase as T 0.13 and T 0.09,
respectively. Such positive temperature-dependent behavior of
κc has also been found in TlInTe2 [44].

Interestingly, the value of κ⊥
p is much larger than that of κ‖

p

with an anisotropy ratio of 1.97 at 300 K (i.e., κ⊥
p /κ‖

p). How-
ever, the anisotropy of κc exhibits reversal with a smaller ratio
of 1.11 (i.e., κ‖

c /κ⊥
c ). The anisotropy of κp can be attributed to

two effects: (i) open large tunnels along the z axis in tetragonal
α-CsCu5Se3, and (ii) the anisotropy in the phonon dispersion
curves results in an anisotropy phonon group velocity. On
the other hand, we note that the coherent phonon thermal
transport occurs between coupled different phonon vibration
eigenstates, where the generalized phonon group velocity is
associated with two different frequencies (ω1 and ω2) [7].
Thus, the impact of the slopes of phonon branches on κc is less
significant than that of κp, counteracting partial anisotropy in
κc [44].

To further explain the opposite temperature dependences
of κp and κc and how the coupled vibration eigenstates affect
the wavelike phonon transport, we plot the two-dimensional
density of states κc,ω1ω2 for the wavelike phonon thermal
conductivities κ‖

c and κ⊥
c at 50 K (see Fig. S4 in the SM

[41]) and 300 K [Figs. 4(c) and 4(d)]. The main contribu-
tions to the coherent thermal conductivity stem from phonons
with very similar frequencies, i.e., quasidegenerate vibration

eigenstates. Large values of κc,ω1ω2 are mainly distributed in
the diagonal area, particularly for phonons involving the Cu3
rattling vibrations in the low-energy region. Strong anhar-
monicity leads to an enhanced phonon broadening, and the
temperature-induced hardening effect reduces the interbranch
space. Thus, the off-diagonal region becomes wider at 300 K
compared with the results at 50 K. The optical modes that are
coupled with the acoustic modes also play a crucial role in
coherent phonon thermal transport, especially for vibrations
in the ab plane. As shown in Fig. 2, the optical branches
< 7.5 meV are denser along 	-X than those along 	-Z. There-
fore, the two-dimensional density of states of κ‖

c are larger
than those of κ⊥

c . These results are consistent with the large
Cu3 atom rattling vibrations within the ab plane.

E. Discussions

In Fig. 5, we compare our calculated κL with previ-
ous experimental data for tetragonal α-CsCu5Se3 [33]. We
also present the κL results of Cu12Sb5S13 [11,64,65], Cu2Se
[66], MgAgSb [55], and its isostructural system CsAg5Te3

[50] for comparison. We note that there exists some ac-
ceptable difference in the magnitude of κL between our
calculated (0.35–0.37 W/mK) and the experimental values
(0.4–0.8 W/mK). A similar difference also appears in the
complex system Cu12Sb5S13 or other guest-host systems.
Here, we comprehensively analyze this difference from both
experimental and theoretical perspectives. From the experi-
mental point of view, it can be ascribed to the well-known
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FIG. 5. Calculated κL of tetragonal α-CsCu5Se3 (red squares)
in comparison with the experimental results from Ref. [33].
Experimental and theoretical results of some famous systems ex-
hibiting glasslike κL, such as Cu12Sb5S13 [11,64,65], MgAgSb [55],
CsAg5Te3 [50], and Cu2Se [66], are also presented for comparison.

experimental challenges in single crystals [19], accurate mea-
surement of the electronic thermal conductivity [33], and
extreme sensitivity of κL to the off-stoichiometry between var-
ious Cu atoms [67]. In this regard, in this paper, we establish
an independent theoretical estimation, stimulating more accu-
rate and well-designed experiment studies, such as employing
large single crystals. We have calculated the optical phonon
energy values (in meV) and the mode symmetries at 	 points
at 300 K and classified them into three categories: Raman
active (R) modes, infrared (IR) active modes, and nonactive
modes (see Table S2 in Ref. [41]). On the other hand, the
limitations of the theoretical approximation model are in as-
pects of (i) the thermal expansion effect, (ii) the anharmonic
contributions to heat-flux [49], and (iii) higher-order phonon
linewidths, such as four-phonon linewidths. Generally, fea-
ture (i) leads to an increasing lattice constant, as the positive
Grüneisen parameters show (see Fig. S5 in the SM [41]). The
thermal expansion effect softens the phonon frequencies and
gives rise to decreased phonon lifetimes at high temperatures.
However, the reduction of thermal expansion on κL can be
partially counterbalanced by the increasing anharmonic con-
tribution in heat flux at high temperatures [49,68]. Feature (ii),
which naturally includes all anharmonic contributions, can be
further studied by molecular dynamics simulation combined
with machine learning but is not in the scope of this paper.
However, we can assume that the result of molecular dynam-
ics simulation could be slightly larger than our calculated
values while maintaining the temperature dependence of the
glassy κL due to the potential breakdown of the many-body
perturbation theory, i.e., it generally overestimates the phonon
broadening [69,70] and results in a reduced phonon lifetime in
the PBTE framework. Our theoretical model does not include

feature (iii) since it has a weak impact on phonon transport
in materials without optical-acoustical gaps [71] and the lim-
itation of expensive computational costs. It is also expected
that the additional four-phonon linewidths would lead to a
slight reduction of κp and a modest enhancement of κc, thus
an almost constant κL.

IV. CONCLUSIONS

In summary, we have investigated the microscopic
mechanism of the glasslike lattice thermal conductivity
in tetragonal α-CsCu5Se3, which exhibits ultralow κL ∼
0.35–0.37 W/mK. The SCPH method that considers the
anharmonic phonon renormalization at finite temperatures in-
duced by the quartic anharmonicity was utilized to analyze the
phonon frequencies shift. The unified thermal transport theory
of glass and crystal, which includes the contributions from
particlelike and wavelike thermal channels (i.e., the diagonal
and off-diagonal terms of heat flux), was employed to explore
the low κL and its weak temperature-dependent behavior.
Our results show that strong quartic anharmonicity induces
phonon frequency hardening, giving rise to the decrease of
phonon linewidths in acoustic and low-lying optical modes
which is mainly associated with rattlinglike Cu3 atom vibra-
tion via reducing the available 3ph scattering phase space,
thereby balancing the enhanced scattering rate as increasing
phonon population when temperature induced and yielding
a weak temperature-dependent κL. Strong phonon broaden-
ing leads to a strong coupling between interbranch coherent
vibration eigenstates, resulting in a transformation from parti-
clelike wave packet propagation to wavelike phonon transport
in the dominance of heat transport. These findings highlight
the role of the high-order anharmonicity in strong anharmonic
complex systems, simulate the development of the disordered
lattice dynamics, and provide the microscopic interpretation
of the glasslike lattice thermal conductivity. Our results also
supply theoretical guidance for the rational design of thermo-
electric materials with ultralow lattice thermal conductivity
for various energy applications.
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