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Localization in one-dimensional interacting systems can be caused by disorder potentials or non-Hermiticity.
The former phenomenon is the many-body localization (MBL), and the latter is the many-body non-Hermitian
skin effect (NHSE). In this work, we numerically investigate the interplay between these two kinds of lo-
calization, where the energy-resolved MBL arises from a deterministic quasiperiodic potential in a fermionic
chain. We propose a set of eigenstate properties and long-time dynamics that collectively distinguish the two
localization mechanisms in the presence of non-Hermiticity. By computing the proposed diagnostics, we show
that the thermal states are vulnerable to the many-body NHSE while the MBL states remain resilient up to a
strong non-Hermiticity. Finally, we discuss experimental observables that probe the difference between the two
localizations in a non-Hermitian quasiperiodic fermionic chain. Our results pave the way toward experimental
observations on the interplay of interaction, quasiperiodic potential, and non-Hermiticity.
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I. INTRODUCTION

Many-body localization (MBL) [1-3] can exist in one-
dimensional (1D) isolated quantum systems in the presence
of interaction and disorders, where thermalization fails to take
place [4—7] and the information encoded in the initial state is
preserved [8—10]. Besides the well-known cases with random
disorders [5,6,11-15], where the thermal-to-MBL transition
occurs as the disorder strength increases, numerical [16-27]
and experimental [8,28,29] evidences have suggested that
MBL can also occur in the presence of deterministic but
quasiperiodic potentials. In particular, in quasiperiodic sys-
tems with a single-particle mobility edge, MBL and thermal
phases coexist at a given intermediate potential strength in
low- and midspectrum regimes, respectively [17-20]. Such
an energy-resolved localization-delocalization transition orig-
inates from the nontrivial interplay between the interaction
and quasiperiodic potential, where the latter provides a local-
ization mechanism in many-body Hermitian systems.

In non-Hermitian systems, a distinct localization mech-
anism dubbed the non-Hermitian skin effect (NHSE) has
recently attracted rapidly growing theoretical [30—44] and
experimental [45-54] attention, where an extensive num-
ber of eigenstates are localized at open boundaries. In the
noninteracting limit, single-particle NHSE occurs under open-
boundary conditions when the eigenspectrum under periodic
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boundary condition exhibits nontrivial winding [37,38]. In
specific models, such winding and localization can occur
when non-Hermiticity is introduced by nonreciprocal hop-
pings [55]. In the presence of interactions, although the
relation between the winding in the eigenspectrum and many-
body NHSE remains an interesting but elusive topic, recent
theoretical works have investigated the existence [56,57]
and entanglement dynamics [58] of many-body NHSE in
fermionic systems, how MBL is affected by non-Hermiticity
[59,60], as well as NHSE in random disordered systems [61].
Although the many-body NHSE does not exhibit strictly expo-
nential localization in real space as the single-particle NHSE
does due to the Pauli exclusion principle [57], particles in all
the many-body eigenstates are still expected to accumulate
on one end of open boundaries in the strong non-Hermiticity
limit. Therefore, in stark contrast to MBL, where particles in a
given initial state stay localized at their initial positions, many-
body NHSE tends to push all particles towards one of the open
boundaries such that the initial information is lost. Yet, the
competition between these two localizations in interacting 1D
systems with both non-Hermiticity and quasiperiodic poten-
tials remains elusive.

In this Letter, we investigate how many-body NHSE affects
the MBL and thermal phases in 1D quasiperiodic systems,
focusing on a case study of the generalized Aubry-André
(GAA) model [17,18,62,63] in the presence of nonrecipro-
cal hopping. To distinguish the two localization mechanisms,
we propose a set of eigenstate properties and dynamical re-
sponses that can collectively diagnose the many-body NHSE
and the non-Hermitian localized phase connected to the Her-
mitian MBL, dubbed non-Hermitian MBL. Our key finding
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FIG. 1. (a) Schematic of an open fermionic chain subject to
a generalized Aubry-André potential (brown, ¢ = 0). The nonre-
ciprocal hopping Jyz) = Je** (blue and red) and nearest-neighbor
interaction V (black) are shown according to the configuration of
occupied (o) and unoccupied (o) sites. (b) The phase diagram as a
function of energy and the non-Hermiticity parameter g explored in
this Letter. The red and blue dashed lines roughly separate the pa-
rameter regimes for initial state memory and localization of particles
at the open boundary, respectively.

is that the thermal phase is vulnerable to non-Hermiticity
such that the volume-law entanglement entropy vanishes and
the many-body NHSE appears already at a small asymmetry
between the left and right hopping. In contrast to the thermal
phase, MBL dominates over the many-body NHSE up to an
extremely large hopping asymmetry, where the many-body
eigenstates across the full spectrum exhibit strong NHSE.
Importantly, we emphasize that although both quasiperiodic
potentials and non-Hermiticity can drive localization, the
many-body NHSE does nor preserve the information of the
initial state as does the MBL phase. Finally, we discuss
a possible experimental detection scheme that distinguishes
non-Hermitian MBL and many-body NHSE by using the
long-time behaviors of generalized imbalance [64—66] and
local particle numbers, respectively. We expect that our obser-
vation of how the many-body NHSE affects the thermal and
MBL phases is generic for other non-Hermitian systems with
many-body NHSE in the presence of quasiperiodic as well as
random disorder potentials.

II. MODEL

In the absence of interactions, models with nonreciprocal
hoppings are well known to exhibit winding in the eigenspec-
trum and thus single-particle NHSE, and could be realized
experimentally in various systems [67-69]. Now in the pres-
ence of interactions, we therefore investigate many-body
NHSE by introducing non-Hermiticity with nonreciprocal
hoppings. Specifically, we consider a non-Hermitian interact-
ing GAA model that has a nonreciprocal factor e*¢ in the
nearest-neighbor hopping terms [Fig. 1(a)]

L—1
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L sites, nj = C‘;Cj is the density operator, V is the nearest-
neighbor density-density interaction, and g # 0 controls the
strength of non-Hermiticity. The model has a quasiperiodic

where c! creates a fermion on site j in an open chain with

potential with strength 2A, an irrational wave number g =
(+/5 —1)/2, a randomly chosen global phase ¢, and a di-
mensionless parameter « = —0.8 that controls the potential
shape. In the noninteracting limit, this model exhibits an ex-
act single-particle mobility edge at energy E = 2sgn(A)(|J| —
[A])/a [62]. At nonzero interaction, previous numerical stud-
ies [17,20] on a Hermitian GAA model (g =0) with a
moderate potential strength found MBL and thermal states in
the low- and midspectrum regimes, respectively, along with an
intermediate phase between them [Fig. 1(b)]. In the following,
we choose V/J = 1 and A/J = 0.45 such that both MBL and
thermal states exist at the low- and midspectrum regimes in
the Hermitian limit g = 0, respectively.

III. NON-HERMITICITY INDUCED
LOCALIZATION: NHSE

To investigate the role of non-Hermiticity in an interacting
quasiperiodic system, we first note that the eigenspectrum
of Eq. (1) is independent of g regardless of total particle
number. This is because it can be mapped from a Hermitian
GAA model by the imaginary gauge transformation [55]. We
note that adding an imaginary gauge in the momentum-space
Hamiltonian, H =), chzck -y Hk_,-chck, is equiva-
lent to the transformation on the annihilation and creation
operators, ¢y — Cyig and ¢, = ¢, tig" The corresponding

real-space representations are ¢; — e%/c¢; and c'; — e 8 c;
As a result, the level spacing statistics, a commonly used
diagnostic that indicates the MBL and thermal phases in
the Hermitian system [5,16], cannot reflect the occurrence
of NHSE or the fate of MBL and thermal states at g # 0
[70]. Nevertheless, we expect that the influence of NHSE
can be identified from eigenstate-related quantities since the
probability of many-body product states |n) with particles
accumulated near one of the open ends is enhanced as [n) —

e8Ximiny |n), followed by normalization. We therefore inves-
tigate two eigenstate properties in the following to capture the
impact of NHSE.

The two eigenstate-based quantities we study are the
energy-resolved real-space local density (n;) and Rényi en-
tropy S2(l, L) = —log[Trp3], where ps = Trp[|)(¥]] is the
reduced density matrix of eigenstate |i) for the left subsys-
tem A that consists of sites i = 1,2,...,]/ < L in an L-site
open chain, obtained by tracing out the right subsystem B.
Both energy-resolved quantities are computed by eigenstates
uniformly sampled throughout the spectrum using exact diag-
onalization (ED) for an L = 30 chain with N = 5 particles.
Since the eigenenergies remain unchanged under the non-
Hermiticity magnitude g, we can study how (n;) and S>(/, L)
at different energies change from the Hermitian g = O to the
non-Hermitian g > 0 cases.

We first show the drastic energy dependence in how the
real-space local density (n;) evolves with the non-Hermiticity
g [see Fig. 2(a)]. At g =0 in the left panel, the low- and
midspectrum eigenstates show symmetric (n;) with respect to
the center of the 1D chain, such that any asymmetric local
density at nonzero g reflects the influence of NHSE. As we
turn on the non-Hermiticity at g = 0.5 in the right panel,
the midspectrum eigenstates become localized on the left end
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FIG. 2. (a) Energy-resolved local particle numbers in real space
for Hermitian (left, g = 0) and non-Hermitian (right, g = 0.5) cases.
(b) In the Hermitian case (left), eigenstates exhibit area-law and
volume-law entanglement scalings in the low- and midspectrum
regimes, respectively. The nonreciprocal hoppings (right) result in
entanglement reduction in the midspectrum regime. (c) Rényi en-
tropy as a function of subsystem size / at low- (left, MBL at g = 0)
and midspectrum (right, thermal at g = 0) regimes. The color gra-
dient follows that in the right panel of (b), and the dashed vertical
line indicates //L = N/L. The plots are obtained by averaging over
¢ [70], and filling N/L = 1/6 is considered throughout this work.

while the low-spectrum eigenstates are only slightly affected.
This non-Hermiticity induced localization on the left end in
the midspectrum eigenstates suggests many-body NHSE, and
the sharp contrast between the low- and midspectrum regimes
suggests that the thermal eigenstates (midspectrum) are much
more vulnerable to the many-body NHSE than the MBL
eigenstates (low spectrum).

The same behavior is observed in the g dependence in
the energy resolved half-chain Rényi entropies S>(L/2, L)
[see Fig. 2(b)]. At g =0 in the left panel, the low- and
midspectrum eigenstates exhibit area-law and volume-law
[71] entanglement scalings, respectively, as expected from the
MBL and thermal phases. In the presence of non-Hermiticity
g > 0 at different degrees (see the right panel), the half-
chain entanglement of midspectrum eigenstates decreases
drastically with g, showing that many-body eigenstates be-
come localized due to many-body NHSE. In contrast, the
low-energy half-chain entanglement entropies remain resilient
within the range shown here, and will not be significantly
affected by NHSE until an extremely large g is reached [70].

Finally, we show that the subsystem-size / dependence of
S>(1, L) is in fact a more sensitive diagnostic for the influence
of many-body NHSE in the thermal and MBL energy regimes
[see Fig. 2(c)]. At g = 0, the representative MBL and thermal

states in the left and right panels, respectively, show area-law
scaling and universal volume-law behavior [72]. At small
g > 0, it is evident that the thermal state already exhibits a
significant change in S,(/, L) at a small g, while the S, (/, L) of
the MBL state remain unchanged. Nonetheless, both thermal
and MBL states manifest NHSE at a strong non-Hermiticity
g = 0.7, where S»(I, L) are asymmetric and peak at //L =
N/L = 1/6. This is expected for NHSE because all particles
are accumulated on the left end at large enough g regardless
of the energy regime, where the nonzero entanglement can
only build up for subsystem size [/L in the vicinity of N/L
[70]. The filling N/L-controlled asymmetric behavior in the
subsystem-size [ dependence of Rényi entropy S» (I, L) there-
fore serves as a sensitive diagnostic for many-body NHSE.

IV. DYNAMICAL PROPERTIES AND EXPERIMENTAL
OBSERVABLES

The fate of MBL in the non-Hermitian GAA model can
be revealed from the hallmark of MBL.: initial state mem-
ory retention. To describe the non-Hermitian dynamics, we
compute the time evolution by the quantum trajectory for-
malism under no-jump condition [73], which corresponds
to continuously measured systems or postselection. We take
product states in an L = 18 open chain with N = 3 parti-
cles as the initial states |yp). At time 7, the state is given
by 1) = ey} /v/ (Yol e~ ysg). Note that the non-
Hermiticity results in an energy nonconservation process.
Nonetheless, we can characterize different initial states by
their steady-state energies at long times [70].

We start by choosing the initial product states whose real
parts of long-time energies are in the low- and midspectrum
regimes, where the former and latter are considered to be in
the MBL and thermal phases at g = 0. Figure 3(a) shows the
time evolution of local density. In the low-spectrum regime
(left), the persisting memory of the initial state at g = 0 (top)
and g = 0.15 (bottom) breaks ergodicity and is consistent
with the features of MBL. Here we consider different ¢ and
different initial states such that the top and bottom plots pos-
sess the same long-time energy. In the midspectrum regime
(right), on the contrary, the initial product state rapidly spreads
over the whole lattice at g = 0 (top), reflecting the absence
of initial-state memory. At g = 0.15 (bottom), although the
initial information is lost within a short time frame, the long-
time dynamics of the system still exhibits a non-Hermiticity
induced localization at the left end.

The preservation of initial information can be better ex-
pressed as the generalized imbalance [64—66]

L
Toen =Y _ Binj. )
j=1

where B; = N~! and —(L — N)~! for initially occupied and
unoccupied sites, respectively, when N < L/2. This ensures
that all initial product states |¢) have unity generalized
imbalance, i.e., <wo|igen|¢0> = 1. For a delocalized phase
where a particle occupies any site with equal probability,
(Y, |fgen|1//,) would relax to zero at long times, while for the
perfect preservation (i, |fgen|1//,) — 1. Here we choose the
value of Zgep = (N/2)N~! — (N/2)(L — N)~', which roughly

L.220205-3



WANG, SUTHAR, JEN, HSU, AND YOU

PHYSICAL REVIEW B 107, L220205 (2023)

E/(NJ) =-3.5

n)

0.0

10° 10t 10? 10 10° 10t 10? 10°
Jt Jt

FIG. 3. (a) Site-resolved dynamics of initial product states with
low (left) and high (right) real parts of energies at long times. The
global phases ¢ + wq(L + 1), which are defined modulo 27, are
chosen as left: 1.9 (top) and 0.4 (bottom) and right: 0.77 (top)
and 0.7z (bottom). (b and ¢) Dynamics of (b) generalized imbalance
Zgen and (c) participation ratio PR at low- (orange) and midspectrum
(green) regimes in the Hermitian (dark) and non-Hermitian (light).
The parameters used in each curve follow the corresponding color of
the boundary line in (a).

separates the MBL phase from other phases, under the as-
sumption that a particle has equal probability to populate
the initially occupied and unoccupied sites. In our case, the
N/L =1/6 filling corresponds to Zs, = 0.4. Figure 3(b)
shows that the generalized imbalance at long times exhibits
the initial-state memory retention in the low-spectrum regime,
which indicates MBL.

To visualize the localization in the Fock space from
the dynamics, we consider the participation ratio PR(Jt) =
[ZD’“ [{(n]y)| 4] , where |n) is a product state and Dy ; =
L!/[(L —N)IN!] is the dimension of Hilbert space in the N
particle sector. In a uniformly distributed state, PR corre-
sponds to upper bound Dy, while a localized state has a
relatively small PR. In Fig. 3(c), we find that in the mid-
spectrum regime the nonreciprocal hopping (g = 0.15) can
suppress PR at long-time. Therefore, in this regime non-
Hermiticity can prevent a state from traversing the whole
Hilbert space but cannot preserve initial information.

V. THE PHASE DIAGRAMS OF MBL AND
MANY-BODY NHSE

We can establish the phase diagrams of MBL and many-
body NHSE by a set of experimentally feasible quantities.
The left panel in Fig. 4(a) presents the generalized imbal-
ance at Jr = 1000 as a function of the real part of energy.
The MBL phase is characterized by the parameter region
with Zeeq > 0.4, which is shown in red with a dashed blue
line as a guide to the eye. These results suggest that the

N

L

Many-body
X NHSE
~
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,_4 T S KA
Re[EU)]/(NJ) S(L/2,L)

-4 -3-2-10 1
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FIG. 4. Snapshots of (a) generalized imbalance Z, (left) and
number of particles at the first N sites A (right) and (b) half-chain
Rényi entropy S»(L/2, L) (left) and participation ratio PR (right) at
Jt =1000. L = 18 is considered in these plots.

parameter region of MBL would be slightly affected by the
non-Hermiticity g, which cannot be revealed by the level
statistics.

To characterize the many-body NHSE, we calculate
the total particle numbers at the first N sites N (Jr) =
(Yl Zl}lzl n;j|y,) at a long time. In the absence of NHSE, N/

is expected to be N?/L, shown at g = 0 in the right panel of
Fig. 4(a). In the strong g limit, A/ would approach N, such that
N = N/2 (indicated by a dashed blue line) is a good reference
value to characterize the many-body NHSE. It is evident that
states with higher Re[E (J¢)]/(NJ) are more vulnerable to
NHSE, which is consistent with Fig. 2(b). At large g, both ex-
tended and localized phases are dominated by the many-body
NHSE. In Fig. 4(b), we show that the long-time half-chain
Rényi entropy and participation ratio have a similar pattern.
Thus, non-Hermitian MBL and many-body NHSE can be
well defined by the large long-time generalized imbalance
and by the accumulation of particles at the open boundary,
respectively, from which the phase diagram in Fig. 1(b) is
established.

VI. CONCLUSION

We have shown that NHSE has a significant impact on ther-
mal states, while MBL states require strong non-Hermiticity
to be altered. These features are manifested in both many-
body eigenstates and quench dynamics of product states.
Here we focus on the distinct behaviors of individual phases,
while their separations and intermediate stages require further
studies. Based on the experimentally feasible quantities we
provided, we expect our analysis can be applied to generic
interacting non-Hermitian systems with random disorder or
quasiperiodic potential.
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