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Gyromagnetic bifurcation in a levitated ferromagnetic particle
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We examine the mechanical rotation of a levitated magnetic particle that is induced by ferromagnetic reso-
nance under microwave irradiation. We show that two stable solutions appear in a certain range of parameters by
bifurcation when the rotation frequency is comparable to the microwave frequency. This phenomenon originates
from the coexistence of the Barnett and the Einstein–de Haas effects. We also reveal that this measurement is
sensitive to the strength of the spin-rotation coupling. Our work provides a platform for accessing a microscopic
relaxation process from spin to macroscopic rotation.
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Introduction. The discovery of gyromagnetism [1,2], i.e.,
the interconversion between spin and mechanical rotation,
was a milestone in magnetism research, because it revealed
the origin of magnetism to be the intrinsic angular momentum
of electrons, which classical physics cannot explain, even
before the establishment of quantum mechanics. Originally,
gyromagnetic effects were investigated in bulk magnetic ma-
terials with the aim of determining their gyromagnetic ratios
[3]. Recently, gyromagnetic effects have been recognized as
universal phenomena, as demonstrated in various systems at
scales ranging from those of condensed matter [4–16] to those
of particle physics [17–21]. They have also provided powerful
tools with which to measure and control both the mechanical
and magnetic degrees of freedom [4,5,22–27].

Indeed, the Barnett effect (conversion of angular momen-
tum of mechanical rotation into spin [1]) has been utilized
to identify the angular-momentum compensation temperature
of ferrimagnets [24,25] and to generate spin current from
rigid-body rotation [6–8], surface acoustic waves [13–15], and
vorticity in fluids [9–12]. On the other hand, the Einstein–de
Haas effect (mechanical torque generated from spin polariza-
tion [2]), which is abbreviated as the EdH effect hereafter, has
been utilized to measure the faint torque caused by a single-
electron spin flip [23], identify the gyromagnetic ratio of a
nanomagnetic thin film [22], and reveal the demagnetization
process in ferromagnets on subpicosecond timescales [26].

Very recently, it has been demonstrated, in a solid-state
device, that the Barnett and EdH effects can coexist in the
GHz-frequency regime [16], although the Barnett and EdH
effects have been treated independently so far. Through these
two routes, angular momenta can bounce back and forth
between magnetic and mechanical degrees of freedom in a
single system; hence, their coexistence may bring out rich
physics and possibly highlight the microscopic features of
the spin-rotation coupling, the fundamental coupling between

spin and mechanical angular momentum of a rotating body
[28,29]. However, solid-state platforms involve various exci-
tations; hence, the gyromagnetic phenomena are damped by
and could even be buried in, e.g., spin and charge transport
and impurity scattering. In this sense, it is crucial to construct
a platform that is detached from those relaxation paths and
enables high-frequency, stable rotation.

Levitated optomechanics, inspired by laser tweezers, lev-
itation, and cooling [30–34], can provide such a platform.
The stable levitation of small particles has been demon-
strated under a high vacuum through the use of, e.g., optical
and radio-frequency forces [35]. In particular, with optical
forces controlled by parametric feedback, the subkelvin cool-
ing of the center-of-mass motion of small particles has been

FIG. 1. (a) Schematic picture of the model. The magnetic
nanosphere is optically levitated. The static magnetic field H0 is
applied in the z direction and the circularly polarized microwave
field in the xy plane. They induce precession of the magnetization
M and macroscopic rotation � about the z direction via the spin-
rotation coupling. (b) Net angular-momentum gain f (�z ). There are
three steady-state solutions, �z,i (i = 1, 2, 3). For �z,1 and �z,3 (red
points), an infinitesimal change in �z produces a restoring torque,
and thus the solutions become stable. In contrast, an infinitesimal
deviation subsequently grows for �z,2, and thus that solution is
unstable.

2469-9950/2023/107(18)/L180406(6) L180406-1 ©2023 American Physical Society

https://orcid.org/0000-0003-0290-9448
https://orcid.org/0000-0001-7984-9354
https://orcid.org/0000-0002-7113-9216
https://orcid.org/0000-0003-1303-7614
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.L180406&domain=pdf&date_stamp=2023-05-30
https://doi.org/10.1103/PhysRevB.107.L180406


SATO, KATO, OUE, AND MATSUO PHYSICAL REVIEW B 107, L180406 (2023)

demonstrated [36–38]. By combining the feedback cooling
scheme with the cavity cooling technique [39,40], even zero-
point fluctuation of the center of mass has been revealed
[41]. Since the motion of the center of mass can be signif-
icantly suppressed, the high-frequency rotation (∼GHz) of
small particles in a high vacuum has been studied recently
[42–44,63]. The levitation of ferromagnets, which is neces-
sary for our setup, has been studied theoretically in previous
works [45–53] and has been achieved also experimentally
[54,55]. Though the levitated optomechanical measurements
are thus best suited for investigating the interplay between
the Barnett and EdH effects, such an application has been
overlooked so far.

In this Letter, we propose a levitated optomechanical setup
to directly probe angular-momentum transfer between a spin
system and mechanical rotation via Gilbert damping with
high precision. We consider a small levitated particle and
study its uniaxial rotation under microwave irradiation in a
ferromagnetic resonance (FMR) experiment [see Fig. 1(a)].
We calculate the steady-state rotation frequency by balancing
energy injection from microwaves and energy loss from air
resistance and conclude that the particle can be rotated with
a high rotation frequency up to GHz order in a vacuum.
We show that the steady-state solution exhibits bifurcation
when the rotation frequency is comparable to the microwave
frequency, which is the requirement for the strong Barnett
effect, in other words, coexistence of the Barnett and the EdH
effects. The present setup enables us to sensitively measure
the g factor in the spin-rotation coupling. Our result illustrates
the usefulness of levitated optomechanical techniques in the
study of gyromagnetism.

Dynamics of gyromagnetic systems. We consider a spher-
ical ferromagnetic levitated particle of radius r, in which the
motion of the center of mass is suppressed. For simplicity,
the particle is regarded as a rigid body with a moment of
inertia, I = 2mptcr2/5, where mptc is the particle mass. We
assume that the magnetization of the particle, M, is initially
directed in the z direction by an external static magnetic field.
We consider a ferromagnetic resonance (FMR) experiment in
which external microwaves irradiate a sample particle [56].
In this experiment, the angular momentum of the excited
spins is transferred via the Gilbert damping to the rigid-body
rotation of the particle and therefore the particle starts to rotate
around the z axis. Its rotation frequency vector is denoted as
� = (0, 0,�z ).

For the steady state, the Hamiltonian in the rotating frame
fixed to the particle is written as [28,29,57]

H = −(μ0γ H + gSR�) · h̄Stot. (1)

The first term describes the Zeeman energy, where Stot is the
total spin of the particle, μ0 is the vacuum permeability, γ

(<0) is the gyromagnetic ratio, and H is the magnetic field in
the rotating frame,

H =
⎛
⎝h cos(ω − �z )t

h sin(ω − �z )t
H0

⎞
⎠. (2)

Here, H0 is a static magnetic field and h (�H0) and ω are the
amplitude and frequency of the microwaves, respectively. The
second term of the Hamiltonian (1) describes the spin-rotation

coupling that explains the Einstein–de Haas effect [2] and the
Barnett effect [1]. Note that the g factor for the spin-rotation
coupling, gSR, generally deviates from one [55,57].

The magnetization of the particle is given as M =
h̄γ Stot/V , where V = 4πr3/3 is the volume of the particle.
The Landau-Lifshitz-Gilbert (LLG) equation is given as

Ṁ = M × (μ0γ H + gSR�) + α

M0
M × Ṁ, (3)

where M0 = |M|, Ṁ = dM/dt , and α is the Gilbert damping
constant. The steady-state solution of the LLG equation can be
obtained by assuming Ṁz = 0 and (Mx, My) = M(cos[(ω −
�z )t + φ], sin[(ω − �z )t + φ]) and using M2

0 = M2 + M2
z .

For this steady state, the z component of the gain rate of the
angular momentum from the spin system is given as

[M × μ0γ H]z = − α

M0
(ω − �z )M2. (4)

This coincides with the Gilbert damping term α[M ×
Ṁ]z/M0, indicating that the gain in angular momentum from
the microwaves is lost through Gilbert damping. This spin re-
laxation causes continuous transfer of the angular momentum
to the rigid-body angular momentum.

Magnetically driven rigid-body rotation. The equation for
the time evolution of the angular momentum in the present
system is given as [55]

d

dt

[
I�z + gSR h̄Stot

z

] = �in + �air, (5)

where �in = μ0γ h̄[Stot × H]z is the torque supplied from the
microwaves and �air is the torque due to the air resistance
(discussed later). When the Gilbert damping term is included
phenomenologically as in the last term of Eq. (3), a steady
state, Ṡz = 0, arises from the balance between the Gilbert
damping and the gain in angular momentum from the mi-
crowaves, Eq. (4). Then, Eq. (5) leads to the equation of
motion for the steady-state rotation frequency �z.

The steady-state rotation of the particle receives torque
from the surrounding air. In this Letter, we focus on the molec-
ular flow region in which λ � r holds, where λ is the mean
free path, in order to realize high-frequency rotation [43,58–
60]. We assume diffuse reflection at the surface. Accordingly,
the torque induced by the air resistance is calculated as [55]

�air = −8r4

3

√
πmair

2kBT
�z p, (6)

where mair is the mass of the air molecules, kB is the Boltz-
mann constant, T is temperature, and p is pressure. In the
following estimate, we assume that the particle is in the at-
mosphere, for which the average molecular mass is mair =
4.78 × 10−26 kg and take r = 1 × 10−6 m and T = 273 K
[61]. The mean free path satisfies p · λ = kBT/(

√
2πξ 2),

where ξ is the diameter of an air molecule. Substituting
ξ = 3.76 × 10−10 m, we have p · λ � 6.0 × 10−3 N/m, and
taking p � 100 Pa is sufficient to enter the molecular flow
region λ � r.

Gyromagnetic bifurcation. First, we set gSR = 1 in or-
der to see the features of the steady-state rotation. The
Euler equation of a spherical particle is presented in
Eq. (5). Defining the net angular-momentum gain as f (�z ) ≡
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FIG. 2. Steady-state rotation frequency �z for various pressures
with microwave amplitudes (a)–(d) 4 A/m and (g)–(j) 12 A/m. (e),
(k) The steady-state solutions of the magnetization Mz that corre-
spond to �z in (b) and (h), respectively. (f), (l) Red and blue curves
express the p dependence of the steady-state solutions for the rotation
frequency. The green area is the region in which the z component
of the magnetization Mz becomes imaginary. Thus, the physical
solutions are the red curves, and the solutions depicted by the blue
curves are unstable.

�in(�z ) + �air (�z ), the rotation frequency of the steady state
can be obtained by solving f (�z ) = 0. Our estimate em-
ploys the parameters, M0 = 1.557 × 105 A/m, α = 6.7 ×
10−5, H0 = 2.6 × 105 A/m, of a spin pumping experiment for
yttrium iron garnet (YIG) [62].

Before showing our results, we should explain that both
stable and unstable solutions may appear in general. Fig-
ure 1(b) is a schematic graph of f (�z ) and the solutions of
f (�z ) = 0 when f (�z ) has three solutions, �z,i (i = 1, 2, 3).
Two solutions, �z,1 and �z,3, are stable because an infinites-
imal change in �z induces a restoring torque. On the other
hand, �z,2 is an unstable solution because no restoring torque
works there. The emergence of three solutions highly depends
on the microwave amplitude h and the Gilbert damping pa-
rameter α, as will be discussed later. Hereafter, we calculate
the steady-state rotation frequency as a function of the mi-
crowave frequency ω and study how it changes as h varies.

Figures 2(a)–2(d) show the rotation frequency of the steady
state as a function of the microwave frequency for h =
4 A/m. The red and blue curves indicate the stable and un-
stable solutions, respectively. For a sufficiently high pressure,
only one solution can be realized for arbitrary microwave fre-
quencies (not shown in Fig. 2). As the pressure is lowered, two
stable solutions and one unstable solution appear [Fig. 2(a)].
These solutions produced by bifurcation appear only near the

resonant frequency ω0 = −μ0γ H0 � 57.52 GHz, while one
stable solution exists away from the resonant frequency. As
the pressure is lowered, the lower stable branch approaches
the upper one and they become connected to each other at
a certain pressure, p1 [Fig. 2(b)]. Below this critical pressure,
the topology of the graph of �z changes [Fig. 2(c)], and a tran-
sition from the lower to the upper branch becomes possible
when the microwave frequency ω approaches ω0. For a suffi-
ciently low pressure, the bifurcation disappears and only one
stable solution exists for any microwave frequency [Fig. 2(d)].
In order to see the characteristics of the branches, we show
the magnetization of the particle at the critical pressure in
Fig. 2(e). The particle has a small (large) magnetization in the
upper (lower) branch with a large (small) steady-state rotation
frequency. This means that the distribution of the angular
momentum between magnetization and rigid-body rotation is
different in these two branches.

Figure 2(f) shows the steady-state solutions at ω = ω0 in
p-�z space. The green area in the figure is the forbidden re-
gion in which Mz becomes an imaginary number. The critical
pressure is defined as the lowest pressure in the lower branch
in Fig. 2(f) and is calculated as [55]

p1 = 4|γ |μ2
0M0h2

rαω2
0

√
πkBT

2mair
. (7)

In the present estimate, the critical pressure at h = 4 A/m is
p1 � 4.4 × 10−3 Pa.

Figures 2(g)–2(j) show the steady-state rotation frequency
for h = 12 A/m. In this case, there is no bifurcation and only
one stable solution at any frequency and any pressure. Note
that the graph of �z has a cusp at ω = ω0 at a specific pressure
p = p2. At this pressure, the magnetization reaches zero at
ω = ω0 [Fig. 2(k)]. The bifurcation disappears because the
unstable solutions are inside the forbidden region, as shown
in Fig. 2(l) which plots the steady-state solutions at ω = ω0

on the p-�z plane. The pressure p = p2 corresponds to the
crossing point of the two solutions, which is always on the
boundary of the forbidden region [55]. Finally, we should
note that for gSR = 1 the ferromagnetic resonance frequency
is not affected by the rotation frequency. This is because
the decrease in microwave frequency in the rotating frame
[see Eq. (2)] is completely compensated by the decrease in
the effective magnetic field due to the spin-rotation coupling
(the Barnett effect) through the LLG equation (3).

Thus, whether or not the bifurcation occurs depends on
the pressure. The condition for a bifurcation to appear is
obtained by solving p1 < p2 at ω = ω0 as h/H0 < α/2 [55].
This indicates the bifurcation disappears at high microwave
amplitudes, which is consistent with the results shown in
Fig. 2.

Now, let us consider the case when gSR deviates from 1.
Figure 3 shows the rotation frequency as a function of the
microwave frequency ω for different values of gSR for p = p1

and h = 4 A/m. The curves are strongly tilted even for a small
deviation in gSR from 1. Furthermore, even when gSR − 1 is
small [see Figs. 3(c) and 3(d)], the two stable branches exist in
a finite range of ω; therefore, transitions from the lower branch
to the upper branch always occur as ω changes, for example,
ω � 57.51 GHz in Fig. 3(c). These changes originate from

L180406-3



SATO, KATO, OUE, AND MATSUO PHYSICAL REVIEW B 107, L180406 (2023)

(a) (b)

(c) (d)

FIG. 3. Steady-state solutions for the rotation frequency �z for
various gSR: (a) gSR = 1, (b) gSR = 1.0001, (c) gSR = 1.001, and
(d) gSR = 1.01. The pressure and microwave amplitude are fixed:
p = p1 and h = 4 A/m. Red (blue) curves are stable (unstable). The
scale of the horizontal axis is different in each figure.

incomplete compensation between the microwave frequency
shift and the spin-rotation coupling in the rotating frame. This
behavior can be utilized for measuring the effective g factor
of the spin-rotation coupling. Note that if gSR − 1 is negative,
the graph of �z(ω) is tilted in the opposite direction.

Conclusion. We examined angular-momentum transfer be-
tween the spins and the mechanical angular momentum of a
levitated ferromagnetic particle driven by microwave irradia-
tion in a vacuum. This setup is suitable not only for making
precise measurements but also for very fast mechanical ro-
tation, due to the absence of a restoring torque, as shown

in recent experiments on levitated optomechanics [35]. We
formulated the steady-state rotation frequency using the LLG
equation in combination with angular-momentum conserva-
tion and estimated it using realistic experimental parameters.
We found a bifurcation phenomenon in the solutions for the
steady-state rotation frequency when the rotation frequency is
very fast and comparable to the microwave frequency. Our
setup is a great candidate for satisfying these conditions,
which are essential for the strong Barnett effect, in other
words, coexistence of the Barnett and the EdH effects. When
the g factor for the spin-rotation coupling, gSR, is unity, a
transition in rotation frequency is observed near the resonant
frequency due to transitions between the two branches. Even
a slight deviation in the g-factor gSR from unity separates the
two branches more significantly and the transition in rotation
frequency appears in a wider region of pressure. This feature
of a bifurcation sensitive to the value of gSR can be used for
accurate measurement for the effective g factor. Our proposal
will provide a powerful way to investigate angular-momentum
conversion from magnetism to macroscopic motion in ferro-
magnets and will promote interdisciplinary research between
two developing research fields, spintronics and optomechan-
ics.
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