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Superconductivity and fermionic dissipation in quantum Hall edges
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Proximity-induced superconductivity in fractional quantum Hall edges is a prerequisite to proposed realiza-
tions of parafermion zero modes. A recent experimental work [Giil et al., Phys. Rev. X 12, 021057 (2022)]
provided evidence for such coupling, in the form of a crossed Andreev reflection signal, in which electrons
enter a superconductor from one chiral mode and are reflected as holes to another, counterpropagating chiral
mode. Remarkably, while the probability for crossed Andreev reflection was small, it was stronger for v = 1/3
fractional quantum Hall edges than for integer ones. We theoretically explain these findings, including the relative
strengths of the signals in the two cases and their qualitatively different temperature dependencies. An essential
part of our model is the coupling of the edge modes to normal states in the cores of Abrikosov vortices induced
by the magnetic field, which provide a fermionic bath. We find that the stronger crossed Andreev reflection in
the fractional case originates from the suppression of electronic tunneling between the fermionic bath and the
fractional quantum Hall edges. Our theory shows that the mere observation of crossed Andreev reflection signal
does not necessarily imply the presence of localized parafermion zero modes, and suggests ways to identify their

presence from the behavior of this signal in the low-temperature regime.
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Introduction. Topological quantum computation (TQC)
benefits from resilience to errors arising from local noise and
decoherence processes [1,2]. In particular, such protection is
obtained by encoding the quantum data in many-body systems
which harbor a non-Abelian phase of matter. These phases are
characterized by having an energy gap and nontrivial ground
state degeneracy in the presence of specific quasiparticles or
defects [3].

The most well-studied non-Abelian phases are those sup-
porting Majorana zero modes (MZMs). Notable examples of
systems realizing such phases are the Moore-Read fractional
quantum Hall state [4,5], p + ip superconductors [6,7], and
arrays of p-wave superconducting wires [8—11]. While cur-
rently being the most experimentally accessible non-Abelian
systems, MZMs do not admit universal TQC [12]. Beyond the
MZM paradigm, phases admitting parafermion zero modes
(PZMs) support a richer set (yet not universal) of topolog-
ically protected quantum gates induced by braiding [12].
Furthermore, systems supporting universal TQC can be real-
ized by utilizing an array of PZMs [13].

A promising method to realize PZMs utilizes proximity
coupling between a superconductor (SC) and counterpropa-
gating fractional quantum Hall (FQH) edge modes [14-18]
(other routes towards realizing PZMs [19-23] and various
experimental signatures [24-28] have been proposed as well).
Importantly, to sustain PZMs suitable for TQC, this coupling
must induce an energy gap. This requires overcoming two
major obstacles. First, the gap can be impeded by repulsive
electron-electron interactions within the edges. This obstacle
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can be overcome for judicious choices of physical parameters
[29]. The second challenge, and the focus of this Letter, is
that the high magnetic fields required to sustain the FQH state
clash with superconductivity. This leads to a proliferation of
in-gap states, such as those residing in the cores of Abrikosov
vortices in the superconductor supplying the proximity cou-
pling [30-32]. By electron tunneling between these states and
the edge modes, current can be conveyed out of the system
through a grounded reservoir connected to the superconduc-
tor, serving as a source of fermionic dissipation.

Despite these challenges, systems of SCs proximity cou-
pled to QH edge modes have been subject to much interest.
This includes theoretical approaches to predict transport mea-
surements of these systems [33-36], and experimental works
showing promising results in graphene [37—41]. In particu-
lar, Ref. [37] successfully confirmed proximity coupling of
both integer quantum Hall (IQH) and FQH states via the
observation of crossed Andreev reflection (CAR) across the
superconductor. Notably [see Fig. 5(f) in Ref. [37]], the prob-
ability of CAR was larger for Laughlin FQH states than
IQH; however, in both cases, this probability was significantly
smaller than 1, hinting that fermionic dissipation plays a major
role. In the IQH case, the CAR probability was largely tem-
perature independent. In contrast, the proximitized Laughlin
FQH edges displayed a CAR signal that grows with decreas-
ing temperature, raising the hope that the system approaches
the local PZM-harboring phase in the zero-temperature limit.

Motivated by these results, in this Letter we introduce a
model to treat the effects of vortices on electric transport
QH-SC hybrid systems. Our model includes three types of
processes: dissipation via single-electron tunneling into vor-
tex core states; backscattering between edges; and crossed
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FIG. 1. (a) The physical system: a quantum Hall (QH) droplet,
with its edge proximity coupled to a superconductor (SC) in a “fin-
ger” shape. Due to the strong magnetic field, Abrikosov vortices
are present in the SC finger and act, due to their normal core, as
a metallic bath. (b) The model, Eq. (1): The boundary of a QH
droplet at filling factor v = 1/m (for odd integer m) is modeled
by two edge modes, Vg, (x), counterpropagating along a grounded
SC finger of length L. The right-moving mode arrives at the finger
region x = 0 at bias V, and is totally backscattered at x = L into a
left-moving edge mode that leaves the finger region at x = 0. The
counterpropagating edges are proximity coupled to the SC finger,
and are subject to backscattering and Andreev reflection between the
edges. We denote the tunneling amplitudes of these two processes
by I' and A, respectively. The dissipative vortices are modeled as
one-dimensional metallic modes g/ coupled at each point along
the finger to the QH edges. (c) A phase diagram of a fractional
model with m > 2 as a function of the Luttinger parameter K. Above
K > Kcar there is the onset of CAR correlations. At K = K. we find
a phase transition to a local PZM-harboring phase.

Andreev reflection via the superconductor. We note that while
dissipation has been studied in Luttinger liquids in various
contexts [42-45], this is typically done via density-density
interactions with some external environment, rather than
fermionic dissipation in which electrons directly tunnel into
a metallic environment.

Calculating the electric conductance in the dissipation-
dominated regime, we find qualitatively different behavior
for IQH-SC and Laughlin FQH-SC hybrid systems. For the
IQH states, the conductance saturates at low energies to a
negative value if interedge Andreev reflection is stronger than
interedge backscattering, and to a positive value otherwise.
Conversely, FQH states may display an enhancement of CAR
with lowering temperatures over a wide temperature range,
bounded from below by a temperature determined by the size
of the system. This occurs if the effective interactions on the
FQH edge are sufficiently attractive, as a result of the pres-
ence of the superconductor. Interestingly, while in the IQH
case dissipation always spoils the robustness of localized zero
modes, the FQH case exhibits two phases in which a CAR
signal persists, one of which supports localized PZMs [see
Fig. 1(c)]. The distinction between the integer and fractional
cases results from the suppression of fractional quasiparticle
tunneling into the vortex core states [46—49]. Our results are
congruent with the aforementioned reporting of larger CAR
for fractional versus integer states in Ref. [37].

Model. We model the system as described in Fig. 1(b).
A superconductor of length L is embedded within the bulk

of a Laughlin FQH state at filling factor v = 1/m for odd
integer m. We describe the QH edge in terms of two modes,
converging at the end of the finger: a right-moving mode,
which emanates towards the finger from a reservoir at bias
voltage V, and a left-moving mode, which is collected by a
grounded reservoir. We denote the current collected at this
reservoir as /.

Within the superconductor, we model the presence of
vortices as a continuum of metallic states, justified by the
dense spacing of the vortex core Caroli—-de Gennes—Matricon
states [32]. We thus treat these states as metallic quasi-
one-dimensional leads, with an effective “Fermi velocity”
corresponding to the normal NbN density of states. We as-
sume that vortices are sufficiently prevalent such that these
states are available throughout the edge. Three processes are
enabled within the finger: backscattering between the edges;
crossed Andreev reflection (CAR) via the superconductor;
and tunneling into the metallic states. These processes are
characterized phenomenologically by tunneling amplitudes of
I', A, and w, respectively.

We define right- and left-moving boson fields, with
the electron’s annihilation operators being g/ =
eTmorL [\/2mwa, where a is a short-distance cutoff of the
order of the magnetic length [50]. The boson operator fields
satisfy the commutation relations [¢pg/L(x), Pr/L(Y)] =
+izsgn(x —y)/m and [¢r(x), pr(Y)] = im/m.  The
corresponding electric c;harge and current densities are
Pr/L = 0xPr//(2m) and jr/p = —0;¢r/L/(27), respectively.

The Hamiltonian of the system is given in terms of the
bosonized fields by H = Hy + H; + Hr + Hx + H,, [50,51],
where

L
Ho= 1 / dx(l(:68) +(0. 1) 142U (3:0) (9,61},

Hf = Z /dXdy;;(xvy)(_ivbay){y(X,y),

Y=R,L
r L
H]'* = —2 dXCOS (m¢R +m¢L), (1)
mTa 0
L
Hx = — | dxcos(m¢r —meyL),
Ta
Ho=Y /de[iw(x); (x —0)+Hc]
" y=R.L"0 Ja v y &y

Here, v and v;, are Fermi velocities of the FQH edge and the
metallic states, respectively, U is the interaction strength be-
tween the two edges, ¢g/;, annihilates an electron in a metallic
mode that couples to the right/left-moving edge, and we chose
the units such that 7 = 1. These define the Luttinger velocity

u = +/v? — U? and the Luttinger parameter K =,/ sjrg No-

tice that I, A, w, and U all carry units of velocity. We assume
that the edges are spin polarized and the superconductor has
sufficient spin-orbit coupling to induce pairing between them.

We proceed by integrating out the bath degrees of freedom.
A calculation of the perturbative renormalization group (RG)
flow equations with respect to the Luttinger liquid fixed point
H, is straightforward and yields (see Sec. B of the Supple-
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mental Material [52])
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where o = |w|?/(2vp), and K = (K + K~1)/2.

We see that all three processes are relevant for IQH edges,
and irrelevant for noninteracting FQH edges. In FQH edges,
Andreev reflection becomes relevant for sufficiently attractive
interactions, K > K. = m/2; importantly, Andreev reflection

becomes the least irrelevant process at weaker attractive in-

. / 2 _ .
teractions, K > Kcar = %. The phase boundaries are

obtained by examining the equation for K and comparing
the scaling of A%, I'?, and « which appear in this equation.
In the FQH case this admits a regime, Kcar < K < K., that
does not support localized PZMs, but can exhibit CAR at
nonzero temperatures. A schematic phase diagram is shown
in Fig. 1(c).

Temperature-dependent perturbative solution. We calcu-
late transport properties of the system perturbatively in all
three couplings. The RG equation for K shows that, for IQH
in the dissipation-dominated regime, the system flows towards
K = 1. As such, in the IQH case, we set K = 1.

For the perturbative calculation, we imagine dividing the
finger into multiple segments of equal length [/, such that
each segment is close to local equilibrium. This enables us
to define a local voltage for each segment, Vg, (x,), X, = nl.
Furthermore, we assume that propagating quasiparticles lose
coherence between segments, formally implemented by ne-
glecting intersegment correlations. In essence, we treat each
segment as a quantum resistor, and the resulting network of
resistors is treated classically. Motivated by the strong dissi-
pation apparent in the experimental data, we assume that we
are in the dissipation-dominated regime. In this regime, we
take the segment length scale / to be the dissipation length
1y, defined as the length scale at which most of the current
dissipates into the vortices.

We proceed by writing continuity equations for the right-
and left-moving densities, d; pr/. = —i[Pgr/L, H]. Taking ex-
pectation values with respect to the unperturbed Hamiltonian
Hy, and restricting ourselves to steady states (9;pr/r) =0,
we find a “Kirchhoft-like” equation relating the currents at
boundaries between segments, given at the small segment
limit /[; < L by

(0, Jr(X)) = —(Jr(x)) — (Ja(x)) — (S r (X)),
(0:JL(0)) = —(r(x)) + (Ja@)) + (). (3)

Here, the operators on the right-hand side (RHS) denote the
three processes that current can undergo in each segment: Jp
describes the current per unit length that backscatters from
the right-moving to the left-moving edge; J, describes the
Andreev current per unit length which flows from the edges
into the superconductor; and fu,, r/1 describes the current per
unit length that dissipates from the right/left-moving edge to
the metallic states.

The expectation values of all the operators are evaluated
perturbatively to leading orders in |A|?, |T'|%, and «. Within
this treatment, the left-hand side (LHS) of Eq. (3) is given by
(fR/L(xi)> = 0,y Vg/L(x;), where oy, is the Hall conductance.
The RHS is calculated in Sec. C of the Supplemental Material
[52]. Due to the lack of coherence between segments, the
expectation values depend on the voltage in a local manner.

At nonzero temperature and sufficiently low voltages,

eV L kpT, each quantum resistor is at the Ohmic

limit. Explicit calculation then gives, for each seg-
a 2 A

ment,  (Jr(x)) = ZArITP[VR(x) = Vi)l (Jalx)) =

S ANAPIVR() + Vi)l and (g () = SAuaViw(x),
where A.(T) with ¢ =T", A, w are unitless coefficients that
encode temperature dependence, and we suppress the T
dependence for brevity. The derivation and explicit forms of
the A.(T') coefficients are given in Sec. C of the Supplemental
Material [52] (see Table C1). We plug these values into
Eq. (3), and solve it with the boundary conditions Vx(0) =V
(representing the incoming bias voltage) and Vz(L) = V. (L)
(representing the edge of the finger, where all remaining right
movers become left movers). The collected current is given
by I = 0,,V.(0).

The full solution for a general L is given in Eq. (C20) in
the Supplemental Material [52]. At the infinite finger limit,
L — o0, we obtain the result

V() Ap|T|> — AplAP?
1% ArT 2+ AA|A2 +uAyo + 17

“

where for convenience we define (Aﬁ)z = (Ar|T|> +
AA|AP? + uAya)? — (Ap|T> — Ax|A?)%. As such, even in
the case where all three processes are irrelevant, the low-
energy behavior is dominated by the process which is least
irrelevant, with differential conductance at zero temperature
taking a well-quantized value of G/o,, = £1,0. Andreev
reflection becomes the least irrelevant process at K > Kcag,
whereas it becomes relevant at K > K.; in particular, for
m =3 a low-energy CAR signature is obtained without lo-
calized PZMs in the range 1.19 < K < 1.5. Notice that a
crossover between negative and positive conductance can
occur if (Ar|T'|?> — Ax|AJ?) changes sign at a nonzero tem-
perature (see Fig. 2).

Microscopic details, such as the coherence length (~50 nm
for NbN) and penetration depth (200-300 nm) of the super-
conductor, and the metallic density of states (which is related
to the A?/Ey level spacing of the Caroli-de Gennes—Matricon
states [32]), enter the model through the three bare tunneling
amplitudes. As such, variance in these parameters will not af-
fect the RG flow of Eq. (2), nor will they effect the qualitative
phase boundaries in Fig. 1(c). Such variance will, however,
affect the precise measured conductance of Fig. 2 (compare
solid to dashed lines).

Finite L affects the behavior at very low temperatures. At
finite L and m > 1, the temperature dependence of /; defines
a temperature scale at which [;(Ti) ~ L. It is reasonable to
surmise that at 7 < Tj, all three processes flow to zero, such
that all current flows back and forth around the entire finger
unperturbed, yielding G — oy,.

In Figs. 2 and 3, we plot the temperature dependence of the
differential conductance, G = dI/dV for noninteracting IQH
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FIG. 2. Differential conductance G = dI/dV (normalized by
Hall conductance) as a function of temperature for Laughlin frac-
tional edges (m = 3) and various Luttinger parameters K, as obtained
from a solution of Eq. (3). The results displayed are for a system
length of L =2 um, a backscattering length of (|I'|*/4ru*a)™' =
100 nm (dashed lines) or (|T'|?/4mu?a)~" =2 um (solid lines), an
Andreev-reflection length of (|A|?/4mu’a)™' = 1.6 um, a dissipa-
tion length of (Jw|?/uvya)~! = 10 nm, a Luttinger velocity of u =
2.5 x 10* m/s, and a short-distance cutoff of @ = 7 nm, such that we
are in the regime where bare dissipation dominates bare backscat-
tering and Andreev reflection. We see that, over a range of low
temperatures comparable to experimental data in Ref. [37], CAR
increases with decreasing temperature for sufficiently attractive in-
teractions (K > Kcar). Inset: At sufficiently low temperatures, the
finite size of the finger causes conductance to rise back to o,,. As a
function of system size, this transition temperature decays as a power
law for K < K. = 1.5, and exponentially for K > K. (schematically
drawn with the dotted line). Just above this transition temperature,
the K > K, case is near the full Andreev reflection fixed point,
driving the conductance to —oy,.

(m =1,K = 1) and for v = 1/3 FQH edges, respectively. We
choose parameters that enable significant CAR, and give a
high-energy cutoff of ~10 K, consistent, for example, with
a bulk gap of 20 K found experimentally [53]. Indeed, for
noninteracting IQH edges, CAR plateaus at low temperatures.
For v = 1/3 edges, conversely, CAR increases as temperature
decreases when interactions are sufficiently attractive, K >
Kcar. This process continues until the finite size of the finger
demands that all irrelevant processes halt and all current is
reflected from the end of the finger.

For even stronger interactions (K > K_), the Andreev pair-
ing is relevant, and the system is driven towards a local
PZM-harboring phase. At this point, Eq. (4) is no longer valid.
For comparison, the red dotted curve in the inset of Fig. 2
shows a schematic temperature dependence of a power-law
decay to the Andreev reflection fixed point [24], with a finite-
size effect at low enough temperatures.

Overall, our model reproduces the temperature-dependent
features seen in Ref. [37] [in particular Fig. 5(f)], without
requiring the proximity to the superconductor to drive the
system to a local PZM-harboring phase.

G [U:cy]
T [K]
2 4 6 8 10
-0.01 B
-0.02 T
-0.03 -m=1K=1
-0.04 m=3K=13

FIG. 3. Differential conductance G = dI/dV (normalized by
Hall conductance) as a function of temperature for noninteracting
integer edges (m = 1, K = 1) (purple curve) and attractively inter-
acting Laughlin fractional edges (m = 3, K = 1.3) (orange curve), as
obtained from a solution of Eq. (3). We choose the same parameters
as the solid lines in Fig. 2, such that we are in the regime where bare
dissipation dominates bare backscattering and Andreev reflection.
At the low-temperature limit we show here that CAR saturates for
electrons, having a very weak dependence on the temperature. For
fractional quasiparticles, CAR grows monotonously with decreasing
temperature over a wide range, bounded from below by Ti (dashed
vertical line), at which point the finite size of the finger causes
conductance to collapse to o,,. From the RG equations (2) we see
that the velocity u decreases at low energies, an effect we neglected
in Eq. (4); as such, the value of Tj; shown here is an overestimate.

Exact solution for the v = 1 case. We also ascertain the va-
lidity of our model by analyzing the case of IQH, in which our
model can be written as a noninteracting electron system. The
Hamiltonian in Eq. (1) is quadratic in fermionic operators and
is exactly solvable. We obtain a nonperturbative expression for
the scattering matrix and the differential conductance, with the
derivation given in Sec. A of the Supplemental Material [52].
We then continue to compare the temperature dependence of
the conductance as calculated in the exact solution and the per-
turbative analysis discussed above. Moreover, we compare the
conductance dependence on bias between the exact solution
and the experimental data of [37]. In the absence of dissipation
and at the limit L — oo, we obtain the known result

d1/dV|,_y = (&*/h)sgn{|T| — |A[}. ®)

These two possible values correspond to the two symmetry
protected phases of Kitaev’s wire model [8]. In the presence
of dissipation we expect |dI/dV| < é*/h.

For finite finger length L we find Tomasch oscillations [54],
i.e., an interference effect due to reflection from both ends of
the finger, with an associated energy period Eos.. = hu/(2L).
Note that these interference effects are not incorporated in
the previous perturbative calculations of Eqs. (4). Note that
the experimental data in Ref. [37] show an asymmetric bias
dependence. To explain this feature, we use a complex valued
I' = |I'|e”® which breaks bias symmetry for electrons. This
allows us to qualitatively fit the experimental data of Ref. [37]
using our model parameters, as shown in Fig. 4.

Other FQH states. So far, we compared the v =1 IQH
state and the v = 1/m Laughlin FQH states, which feature
a single edge mode. States with multiple edge modes re-
quire more delicate treatment. Qualitatively, we expect the
effect of vortices on such states to depend on the relevance
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FIG. 4. Comparison between exact electron conductance //V of
model (1) in the noninteracting IQH case and the data of Ref. [37]
[Fig. 11(f)]. The model parameters are |A/a| = 2.64 meV, |I'/a| =
2.83 meV, 2ra/a = 2.8 meV, Eo.. = 4.06 meV, and 6 = 0.97.

of electron tunneling between the particular edge and the
vortex core states. Interestingly, we find that (see Sec. D of
the Supplemental Material [52]) for v = 2/3 this tunneling
is marginal [55], while for v =2/5 electron tunneling is
irrelevant. This is consistent with the behavior seen in the
experiment [37] [in particular Fig. 5(f)], in which the conduc-

tance at v = 2/3 plateaus at low temperature as in the v = 1
case, while the conductance for v = 2/5 is similar to that seen
forv =1/3.

In summary, the ultimate cause for the qualitatively dif-
ferent behavior we find in various quantum Hall states is the
different level of suppression of electron tunneling into metal-
lic reservoirs [46]. When this suppression is strong enough,
it allows for a phase that supports local PZMs even in the
presence of dissipation, and allows an enhanced CAR signal
relative to that obtained in the IQH case.
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