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bilinear-biquadratic model with Kitaev interactions

Rico Pohle ®,! Nic Shannon®,% and Yukitoshi Motome ®'!
' Department of Applied Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113-8656, Japan
2Theory of Quantum Matter Unit, Okinawa Institute of Science and Technology Graduate University, Onna-son, Okinawa 904-0412, Japan

® (Received 19 December 2022; revised 6 March 2023; accepted 20 March 2023; published 4 April 2023)

Spin liquid crystals are magnetic analogs of liquid crystals, possessing properties of both liquids and solids,
a typical example of which are spin nematics. Spin nematics share many features with spin liquids, and the
interplay between them is a promising, but little explored, route to uncovering new phases of matter. Here, we
address this question in the context of a spin-1 magnet on the honeycomb lattice, by considering a model with
both biquadratic interactions, favoring spin-nematic states, and Kitaev-like interactions, supporting spin liquids.
Accompanying these, where dipole and quadrupole moments compete, we find a plethora of exotic phases,
including multiple-g states with nonzero scalar spin chirality, a quasi-one-dimensional coplanar phase, a twisted
conical phase, and a noncoplanar order state which gives way to a chiral spin liquid at finite temperature. The

implication of these results for experiment is discussed.
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Introduction. Liquid crystals form a state of matter which
contains properties of both liquids and solids [1-3]. Well-
known for their fascinating “Schlieren” textures, the nematic
phase of an organic liquid crystal is made of rod-shaped
molecules which align themselves along a particular axis,
while still flowing like a liquid with the absence of crys-
talline positional order [4,5]. Their magnetic analogs, called
spin liquid crystals, are spin states in magnets which show
similar phenomena. A typical example is the spin nematic
state where localized magnetic quadrupole moments act like
rod-shaped molecules and form orientational order without
any long-range magnetic dipole order [6,7—11]. Such nematic
states have attracted much attention as “hidden magnetic or-
ders” since they are hard to detect with conventional scattering
experiments [12—15].

Spin liquids represent another family of spin states which
are hard to detect due to the absence of conventional long-
range magnetic order [16-20]. Strong competition between
magnetic interactions frustrates the system to form a liquid-
like state made of spins on the lattice. Such states are of
particular interest, since they are accompanied by emergent
gauge fields, topological order, and fractionalized excita-
tions, defying a conventional description within the Landau
paradigm of magnetism [21-24].

The central question we address in this study is “What
happens when a spin nematic and a spin liquid meet?” While
both states stay “hidden” for conventional magnetic probes,
their fundamental properties manifest in different ways: The
spin nematic breaks spin rotation symmetry and shows collec-
tive magnetic excitations associated with quadrupolar order,
whereas the spin liquid shows no conventional symmetry
breaking, with magnetic excitations forming a continuum
associated with fractional quasiparticles. The interplay be-
tween spin-nematic and spin-liquid phases offers a promising
route to uncovering other unconventional phases, and phase
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transitions in both classical [25-27] and quantum spin models
[28-32]. However, to date, this interesting problem remains
largely unexplored because of the technical difficulty of solv-
ing models which support such “hidden” phases.

In this Letter, we explore what happens when spin liquids
meet spin nematics in a spin-1 magnet on the honeycomb
lattice. We consider a bilinear-biquadratic (BBQ) model,
extended through anisotropic Kitaev-type interactons. The
biquadratic interactions stabilize spin nematic phases with
dominant quadrupole character [33]. Meanwhile, the Kitaev
interactions stabilize the so-called Kitaev spin liquid [34],
which has been extensively studied for an effective spin-
orbital entangled moment S = 1/2 [35-39], and its recent
extension to higher S in theory and experiment [40-47]. We
reveal that the competition between the positive biquadratic
interaction and the Kitaev interaction promotes unconven-
tional phases by mixing dipoles and quadrupoles to alleviate
strong frustration.

Ground-state phase diagram. We solve the BBQ model
under influence of Kitaev interactions for S = 1 magnetic
moments on the honeycomb lattice:

Hesa—k = » /1 Si+S;+ /2 (S; - S;)’]
(i,J)

+K Yy oSSy, 1)

a=x,9,Z (ij)a

where Ji, J», and K respectively account for the Heisenberg
(bilinear), biquadratic, and Kitaev interaction strengths on
nearest-neighbor bonds. The index « selects the spin- and
bond-anisotropic Kitaev interactions on the honeycomb Ilat-
tice [34]. We parametrize the model by normalizing the total
interaction strength as

(J1, 2, K) = (sin @ cos ¢, sin 9 sin ¢, cos 6). 2)
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FIG. 1. Ground states of Hggg_k in Eq. (1), obtained by variational energy minimization for a finite-size cluster with N = 28 800 spins
under periodic boundary conditions. (a) 2D equirectangular projection of the full phase diagram as a function of 6 and ¢. We plot the
second derivative of the internal energy by the contour color to make the phase boundaries visible. (b) Real-space configurations of the
dominant ordered phases in (a). For negative J, (1.0 < ¢/m < 2.0) the model stabilizes magnetic dipolar orders, such as ferromagnetic
(FM), antiferromagnetic (AFM), zigzag, and stripy orders, in addition to spin-nematic ferroquadrupolar (FQ) order. Meanwhile, for positive
J2 (0.0 < ¢/ < 1.0) the competition between chiral magnetic order, the Kitaev spin liquid (SL), and quadrupolar semiorder (SO) gives rise
to unconventional phases, such as the twisted conical (TC), quasi-one-dimensional (q1D) coplanar, and noncoplanar (NC) ordered phases.

Details of those unconventional phases will be shown in Fig. 2.

In this form, Hgpg_k recovers the well-known limits of the
BBQ model on the equator, 6 /7 = 0.5 (K = 0); the AFM Ki-
taev model at the north pole, /7 =0 (K =1, J; =J, =0);
the FM Kitaev model at the south pole, /7 =1 (K = —1,
Ji = J, = 0); and the Kitaev-Heisenberg model at ¢/ =0
orl(J, =0).

To study the ground-state and finite-temperature properties
of Hppq-k in Eq. (1), we utilize a recently developed U(3)
formalism [48]. By embedding the underlying su(3) algebra
of § =1 moments into the larger u(3) algebra with an ad-
ditional spin-length constraint, we are able to treat quantum
aspects of the problem exactly at the level of a single site,
namely, simultaneously access dipole and quadrupole fluctua-
tions, despite the drawback of loosing quantum entanglement
across the lattice (see technical details in the Supplemental
Material [49]). This approach is equivalent to the formalism
of SU(3) coherent states [50], which can be generalized to any
arbitrary Lie Group SU(N) [51-54].

In Fig. 1(a) we show the ground-state phase diagram of
‘Hpea-k, obtained from large-scale variational energy min-
imization, using the machine learning library JAX [55,56]
for a sufficiently large cluster with Ny = 2L? = 28800 spins
(L = 120) under periodic boundary conditions. To visualize
phase boundaries, we plot 32E /362 + 3°E /d¢?, the sum of
the second derivatives of the internal energy E with respect to
0 and ¢.

Where the biquadratic interaction J, is negative (1.0 <
¢/m < 2.0), we recover a combination of phases previ-
ously reported in the § = 1 Kitaev-Heisenberg model [41,43]
and the BBQ model [33]. These comprise dipolar order, in
the form of ferromagnetic (FM), antiferromagnetic (AFM),
zigzag, and stripy phases [41,43], together with a ferro-
quadrupolar (FQ) spin nematic, stabilized by the biquadratic
interaction [33]. Corresponding real-space spin configurations

are shown in Fig. 1(b), with dipole moments depicted as
arrows, and quadrupole moments as “doughnut-shaped” spin-
probability distributions [9,10].

In contrast, where the biquadratic interaction J, is posi-
tive (0.0 < ¢/ < 1.0), we find a number of unconventional
phases which emerge from the competition between frustrated
interactions. Adjacent to the zigzag and stripy phases, we find
FM and AFM chiral phases, which are noncoplanar dipolar-
ordered phases with net scalar spin chirality, k| = 8/ (3v/3)
and |k| = 16/(3+/3) in the regions for 6/7 > 0.5 and 6 /7 <
0.5, respectively (see definition of « in the Supplemental
Material [49]). These chiral phases are triple-g states with
eight-sublattice order, also known as “tetrahedral” and “cu-
bic” states [57], in which spins point to the corners of a unit
cube [see Fig. 1(b)] [58]. We note that the stripy and FM chiral
(zigzag and AFM chiral) states are energetically degenerate
along the vertical line at ¢ /m =0 (¢p/m = 1) for 8/m > 0.75
(0/m < 0.25). This degeneracy is lifted by thermal fluctua-
tions, which select the stripy (zigzag) phase, consistent with
DMRG results for the spin—1 Kitaev—Heisenberg model [43].

Competing region between dipoles and quadrupoles. Be-
tween FM, AFM, and chiral ordered phases, dipole and
quadrupole moments mix in nontrivial ways and we find
a range of exotic phases. These results are summarized in
Fig. 2(a), where the color bar shows the expectation value of
the magnitude of the dipole moment [S| = ), |S;|/N;. In the
limit of the BBQ model (6/7 = 0.5), a purely quadrupolar
state with |S| = 0 is realized, connecting the two SU(3) points
at ¢/m =0.25 and ¢/7 = 0.5. This state is known to be
semiordered (SO) (or semidisordered) [8,59], with (S; - S;) =
0 for all the bonds to minimize Hggq with positive J; and
J>. We note that this state was claimed to be replaced by
a plaquette valence bond crystal when quantum entangle-
ment is fully taken into account [60]. Introducing the Kitaev

L140403-2



SPIN NEMATICS MEET SPIN LIQUIDS: EXOTIC ...

PHYSICAL REVIEW B 107, L140403 (2023)

(a) 1.00

-1.0 -0.10

[AFMI NC [rci qID [ AFM chiral |

(0) | NC I TC . gD ]
3 =

—015 i —
E » —0.20 L o ﬁ~
A Z 025 o | S 2
0.75 ' 08 N 030/ - Zs.wﬁ 8 des
E -0407 i e TC
» 000k "\J 1 10.590 7
S 0998 | L4 0585 _ Ay g
=< 0.50 B Y I I I @ 0,99 i o X 1 ‘ . wT/ | H
> | 4 — 2] s v
i 0994 ___ \ _.»0.580 < \ \V i
’ 09921 S 0.575 4 | AE/N, = 0.000393
9] M, K. i
0.2585)] 2 0B T Y o Ss(Ko)/(@Ns) {
AFM 0.2 % 04 - @K‘ Ss(My)INs
0/ = 0.06 chiral g 02 \/ | | e &
— . 5 2 Sq(MiNs ‘ .
A NC\E 0 T 0 v SalkalINs et GO D
%.20 0.30 0.40 0.50 0.60 o .20 0.25 0.30 0.35 0.40 0.45 0.50 032 033 034

o/n

o/n ¢/n

FIG. 2. Competing region between dipoles and quadrupoles. (a) Averaged spin norm |S| plotted in the range of 0.2 < ¢/7 < 0.6. The
solid and dashed lines represent first- and second-order phase boundaries, respectively. (b) Normalized energy and its derivative, E /N, and
d(E/Ny)/0¢, respectively, which visualize the boundaries between the antiferromagnet (AFM), noncoplanar order (NC), twisted conical (TC),
quasi-one-dimensional (q1D), coplanar, and AFM chiral states (top); spin and quadrupole norms, [S| and |Q|, respectively (middle), and the
structure factors for dipole and quadrupole moments, Ss(q) and Sq(q), respectively, at high-symmetry momenta (bottom) at 6 /7 = 0.06 [red
line in (a)]. (c) Energy measured from the NC state at 6 /7 = 0.06. The lower insets show spin configurations in each ordered phase, while the

upper ones represent metastable states of a chiral spin liquid (CSL).

interaction |K| (0/m # 0.5) immediately induces the for-
mation of a nonzero dipole moment |S| 5 0. Under the
orthogonal conditions of (S; - S;) = 0, the Kitaev interaction
prefers a coplanar state with dipoles aligned within the xy, yz,
or zx plane, in which the Kitaev energy is minimized on two
bonds while leaving the third one to be zero. Hence, dominant
correlations prevail along isolated chains and stabilize a copla-
nar, quasi-one-dimensional (q1D) state in an extended region
away from the BBQ limit [see Fig. 2(a)]. The appearance of
small quadrupolar correlations will induce a weak interchain
coupling to form two-dimensional order.

Sandwiched between the qlD coplanar phase and the
AFM/FM ordered phase, Hppg—k minimizes its energy by
forming spin textures with noncoplanar (NC) orientation. In
Fig. 2(b) we show physical observables along a cut with
0/ = 0.06 [red line in Fig. 2(a)], visiting AFM, NC, twisted
conical (TC), q1D coplanar, and AFM chiral phases. Phase
boundaries are easily distinguished from the first derivative
of energy d(E/Ns)/d¢ [top panel of Fig. 2(b)]. Each phase
has been identified from the spin and quadrupole norms, |S|
and |Q| shown in the middle panel of Fig. 2(b), and their
order parameters, measured from the structure factors Ss(q)
for dipoles and Sq(q) for quadrupoles at high symmetry mo-
menta, I', K, K>, My, and M;, shown in the bottom panel of
Fig. 2(b) (see definitions in the Supplemental Material [49]).

By increasing ¢/m > 0.25, spins start to cant away from
the collinear AFM arrangement until they point almost along
the corners of a unit cube for ¢/ ~ 0.305, as shown in the
lower inset of Fig. 2(c). For ¢/m = 0.308, the ground state
becomes a four-sublattice conical state, where spins process
around two corners of a unit cube. This precession, however,
is not circular, but rather shows a twist with a node between
those two corners, which led us to call this state TC. Further
increase of ¢ makes the cones shrink and smoothly merge
with the q1D coplanar state at ¢/ = 0.330. Near the transi-
tion between the NC and TC phases, we observe a metastable

noncoplanar state in the energy minimization, whose energy
minimum is just AE/Ng 2~ 0.000393 above the NC ground
state. Interestingly, we obtain many different noncoplanar spin
states with almost the same energy, which, in fact, form an
extensively degenerate chiral spin liquid (CSL).

Eight-color chiral spin liquid. The extensive degeneracy of
the CSL is transparently understood by two simplifications.
One is to assume |S| =1, the other is to allow for only
eight discrete spin states which exactly point to the corners
of a unit cube. Such simplifications are justified since the
metastable states are dominantly made of dipoles and their
spins gather around the corners, as seen in the upper insets
of Fig. 2(c). Under these simplifications, positive J; and J,
select only four out of eight discrete spin states, which we
identify by color, as indicated in the inset of Fig. 3(a) (or
equivalently the other four spins with opposite directions).
Then, the Kitaev interactions enforce bond constraints, which

(a) (b)

FIG. 3. Macroscopic degeneracy in the eight-color chiral spin
liquid (CSL). (a) Spin and bond constraints allow for only four color
pairs on individual Kitaev bonds. Inset assigns colors to spins per-
fectly pointing to the corners of the unit cube. (b) While respecting
the constraints in (a), the CSL manifold allows for pairs of spin
states per hexagon, which are related by a six-spin cluster update.
All allowed hexagon configurations are shown in the Supplemental
Material [49].

L140403-3



POHLE, SHANNON, AND MOTOME

PHYSICAL REVIEW B 107, L140403 (2023)

allow for only four combinations of color pairs per bond,
where their explicit combination differs between the three
Kitaev bonds, as illustrated in Fig. 3(a). These local bond
constraints are not strong enough to enforce long-range or-
der, instead form a manifold with macroscopic degeneracy,
always allowing for two spin configurations per hexagon [see
Fig. 3(b)]. The number of states respecting the constraints in
Fig. 3(a) per hexagon is 64 (see the Supplemental Material
[49]), leading to a residual entropy of S/N; = %log 2, which
is 1/6 of the total entropy of the system, S/N; = log 8. We
find that the degenerate manifold gives rise to a nonzero scalar
spin chirality; || = 1/+/3, hence justifying its name as the
eight-color CSL. Since the CSL is a metastable state [see
Fig. 2(c)], we expect an entropy-driven phase transition from
the NC state to the eight-color CSL by raising the temperature.
This motivates us to perform finite-temperature Monte Carlo
simulations of Hggq_k Within the U(3) formalism, henceforth
called “u3MC” [48] (see technical details in the Supplemental
Material [49]).

In Fig. 4 we show u3BMCresults at 6 /7 = 0.06 and ¢/ =
0.305, where the energy difference AE to the NC ground
state shows a minimum [see Fig. 2(c)]. The specific heat
in Fig. 4(a) shows two singularities at 77 = 0.0055(2) and
T, = 0.0017(2). Below T; we obtain a nonzero scalar spin
chirality, while we do not see any Bragg peaks in the structure
factors for both dipole and quadrupole sectors; see the dipole
one in the middle panel of Fig. 4(d) and the quadrupole one
in the Supplemental Material [49]. Hence, we associate T
with a discrete Z, chiral symmetry breaking from the high-
temperature cooperative paramagnetic state, which retains a
classical AFM Kitaev spin liquid feature as shown in the
right panel of Fig. 4(d) [61] (see the Supplemental Matarial
[49]), into the CSL. The bond constraints, explained in Fig. 3,
lead us to compute the S =1 semiclassical analog of the
Z,-flux operator [34]: W, =[] jep \/gSj‘ on hexagons p. As
plotted in Fig. 4(c), W, rapidly increases below T ~ 0.01 and
becomes nearly one in the CSL below 77, suggesting that the
CSL accompanies “flux order” like in the Kitaev SL. With
further decrease of temperature, below T, we find charac-
teristic Bragg peaks corresponding to NC order as shown
in the left panel of Fig. 4(d), and hence associate 7, with
a symmetry breaking into the NC ordered phase. Although
the estimate of 75 is not fully reliable because of the slowing
down of u3MC simulations in the low temperature regime, it
compares well with the free energy % ~ 0.001 = T, given
AE /Ns ~ 0.000393 and the entropy of the CSL manifold
S/Ns = %logZ =~ 0.347. Thus, we identify the CSL to be
driven by the entropy associated with the macroscopic de-
generacy discussed in Fig. 3. We further confirmed that the
intermediate-temperature CSL prevails in an extended region
around ¢/ ~ 0.3 and 0 < /7 < 0.2 (see the Supplemental
Material [49]).

Conclusions and discussions. To answer the question
“What happens when a spin nematic and a spin liquid
meet?”, we have theoretically investigated the spin S =1
bilinear-biquadratic model on the honeycomb lattice with
Kitaev-type anisotropic interactions. In the pure Kitaev limit
we recovered the semiclassical analog of the § = 1 Kitaev
spin liquid, which was suggested to emerge in honeycomb
materials with Ni** ions [41]. The limit of strong nega-

(@) [NC] GSL [AFMKitaevSL PM |
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FIG. 4. Finite-temperature Monte Carlo results at 6 /7 = 0.06
and ¢/ = 0.305 where the ground state is NC ordered. Shown are T’
dependences of (a) the specific heat per site, (b) the absolute value of
the scalar spin chirality per site, |«|, and (c) the S = 1 semiclassical
analog of the Z,-flux operator. The data are taken for L = 6, 12,
24, and 48 (N; = 72, 288, 1152, and 4608). (d) Spin structure factor
Ss(q) at temperatures indicated with black arrows in (a), for L = 12
at7T =0.001 and L =24 at T = 0.003 and 0.01.

tive biquadratic interactions revealed a ferroquadrupolar spin
nematic state, which can be expected in materials with
spin-phonon coupling [62-64]. By tuning model parame-
ters to positive biquadratic interactions, which are expected
in materials with orbital degeneracy [65—67], we observed
the formation of triple-q ordered phases with net scalar
spin chirality. Note that a similar state was found for the
Kitaev-Heisenberg model in a magnetic field [68] and the
honeycomb material Na,Co,TeOg [69-71]. Deep in the frus-
trated region, spin dipole and quadrupole components mix
and promote quasi-one-dimensional coplanar ordered phases,
unconventional noncoplanar and conical phases, and a finite-
temperature eight-color chiral spin liquid phase retaining the
Kitaev spin liquid feature of flux order. Such exotic phases
survive for large Kitaev anisotropy offering an opportunity for
them to emerge as perturbation in higher-S Kitaev magnets
[41,44,46].
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The results in this Letter were derived within a semi-
classical approximation which does not take into account
entanglement between spins. A drawback of this approach is
that Kitaev-like spin-liquid behavior is found only exactly at
the north and south poles, while in a fully quantum treatment,
it is expected to be an extended phase [72]. Nonetheless, com-
parison with DMRG results for the spin-1 Kitaev-Heisenberg
model [43] reveals an encouraging level of agreement, with
the same phases identified, and only small changes in the
numerical values of phase boundaries.

While the S = 1/2 Kitaev model offers a bond-nematic
state near the Kitaev spin liquid [73], the physics in § =1
Kitaev magnets appears to be much richer. The enlarged local
Hilbert space allows for on-site multipole fluctuations, which
work as an additional degree of freedom to minimize local
bond energies by forming unconventional quantum states of
matter. Similar exotic examples have recently been shown to
exist in CP? skyrmion crystals [74,75], on triangular magnets

[76,77], and in spin-orbital Mott insulators [78]. The possi-
bilities to find novel phases in multipolar magnets are vast
and the recent development of suitable numerical methods
[48,52—-54] allows us to access and study them in a controlled
way. We hope our findings will stimulate further theoretical
and experimental exploration of multipolar magnets and their
exotic quantum phases formed from the interplay between
spin nematics and spin liquids.
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