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High-frequency phonons drive large phonon-drag thermopower
in semiconductors at high carrier density
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It has been well established that (i) the thermopower of semiconductors can be enhanced through a phe-
nomenon known as the drag effect, and (ii) the drag enhancement involves only low-frequency acoustic phonons
and benefits from low electron densities and low temperatures. Using first-principles calculations we show that
large drag enhancements to the thermopower are possible at high carrier density even at room temperature and
arise from high-frequency acoustic phonons. A fascinating example is cubic boron arsenide (BAs) for which the
calculated room temperature drag enhancement of the thermopower exceeds an order of magnitude at a high
hole density of 1021 cm−3. This remarkable behavior stems from the simultaneously weak phonon-phonon and
phonon-hole scattering of the high-frequency phonons in BAs that become drag active at high carrier densi-
ties through electron-phonon interactions. This work advances our understanding of coupled electron-phonon
nanoscale transport and introduces an unexpected paradigm for achieving large thermopowers.
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Introduction. The Seebeck thermopower, S, is a fundamen-
tal transport parameter that gives a measure of the magnitude
of the electric current generated in response to an applied tem-
perature gradient. A related quantity, the Peltier thermopower,
Q, gives a measure of the magnitude of the heat current gen-
erated by an applied electric field. These thermopowers are
often studied theoretically under the Bloch assumption [1–3]
in which phonons are artificially constrained to remain in ther-
mal equilibrium. The Bloch assumption yields the so-called
diffusion thermopowers. In reality, the phonon and electron
subsystems are coupled through the electron-phonon inter-
actions. Then, the momentum exchange between these two
subsystems increases the Seebeck and Peltier thermopower
magnitudes above the diffusive contributions—a phenomenon
known as electron-phonon drag.

The drag contribution to the thermopower of semicon-
ductors is largest at low charge-carrier density where it is
controlled by phonon-phonon scattering [3,4]. At higher car-
rier densities, collision rates between phonons and carriers
increase further, dissipating the phonon current and thereby
reducing the drag thermopower. This is known as the satura-
tion effect [4]. The saturation effect has been confirmed by
measurement and by ab initio calculations [5–9].

In the typical range of carrier densities studied in semi-
conductors, electron-phonon interactions couple electrons and
holes mainly to low-frequency acoustic phonons [3,4,7].
Moreover, low-frequency phonons have smaller phonon-
phonon collision rates than do their high-frequency coun-
terparts. These features cause the low-frequency phonons to
dominate the contributions to the drag thermopower for not
too high carrier densities.
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In this work, using first-principles calculations, we show
that in certain materials, a window of higher carrier densities
exists where the drag contributions to the thermopower come
primarily from high-frequency acoustic phonons. We find
that these contributions dominate over their low-frequency
counterparts and are also much larger than the corresponding
diffusive contributions. A striking example is cubic boron
arsenide (BAs), which is found to have exceedingly large
drag enhancements of the thermopower at high hole densities,
more than an order of magnitude larger than the corresponding
diffusive contributions. This behavior arises from the combi-
nation of weak phonon-phonon and phonon-carrier scattering
for the high-frequency phonons in BAs. Even silicon (Si)
shows unexpectedly large drag enhancements at high carrier
densities from drag-active high-frequency phonons. These
extraordinary results reveal a previously unidentified picture
of thermoelectric transport, in which the drag contribution
to the thermopower can dominate not only in the region of
low carrier densities, but also in the regime of high carrier
densities.

Coupled electron-phonon transport in the Peltier picture.
We present the theory of the thermopower in the Peltier
picture [3,4] in which an applied electric field, E, in a
doped semiconductor generates a charge current density,
Je = σE, as well as electronic and phonon contributions
to the heat current density, Jel

Q = T QcJe and Jph
Q = T QphJe,

the latter being the drag contribution created by momentum
transfer to the phonon subsystem from the charge current
through the electron-phonon scattering. Here, σ is the elec-
trical conductivity while Qc and Qph are the carrier and
phonon contributions to the total Peltier thermopower, Q =
Qc + Qph. We have taken the crystal structure of the ma-
terial to be cubic, for which the transport coefficients are
scalars.
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Application of a small electric field, E, in a doped semi-
conductor creates a nonequilibrium charge-carrier distribution
function, which can be linearized as fν = f 0

ν + f 1
ν where f 0

ν is
the equilibrium Fermi distribution and f 1

ν = − f 0
ν (1− f 0

ν )Jν ·
E/(kBT ). Through electron-phonon coupling, a nonequilib-
rium phonon distribution function is created: nλ = n0

λ + n1
λ

where n0
λ is the Bose distribution and n1

λ = −n0
λ(n0

λ + 1)Gλ ·
E/(kBT ). Here, kB is the Boltzmann constant, T is the tem-
perature, ν designates the electron state with electron band
index, n, and wave vector, k, λ represents a phonon mode with
phonon branch index, j, and wave vector, q, while Jν and Gλ

are the carrier and phonon deviation functions in response to
the electric field. The relevant transport coefficients, σ , Qc,

and Qph, can be expressed as [8–11]

σ = 2e

3V kBT

∑
ν

f 0
ν

(
1 − f 0

ν

)
vν · Jν, (1)

Qc = − 2

3σV kBT 2

∑
ν

f 0
ν

(
1 − f 0

ν

)
(εν − μ)vν · Jν, (2)

Qph = − 1

3σV kBT 2

∑
λ

n0
λ

(
n0

λ + 1
)
h̄ωλvλ · Gλ. (3)

In the equations, e is the magnitude of the electron charge,
V is the crystal volume, εν and h̄ωλ are the carrier and phonon
energies, vν and vλ are the corresponding group velocities, and
μ is the chemical potential.

The Kelvin-Onsager relation [3,12] mandates the equiv-
alence of the Seebeck and Peltier thermopowers: S = Q =
Qc + Qph. Under the Bloch assumption (Qph = 0), the Kelvin-
Onsager relation becomes Qc = Sdiff , where Sdiff is the
diffusive contribution to the Seebeck thermopower. The cor-
responding drag contribution is Sdrag = S − Sdiff , which is in
most cases almost the same as Qph.

Large drag thermopower driven by high-frequency
phonons. We investigated the drag thermopower in two
materials, Si and BAs, using a first-principles approach, in
which the coupled electron and phonon Boltzmann transport
equations in the presence of both an applied electric field and
a temperature gradient were solved using the ELPHBOLT code
[11]. Since BAs samples have been found to be p type [13],
we consider hole doping for both BAs and Si. Along with σ ,
Qc and Qph, S and the electronic and phonon contributions
to the thermal conductivity, ke and kph, were also determined.
The computational details are provided in the Supplemental
Material [14].

We focus first on the intrinsic behavior in which charge car-
riers scatter only from phonons through the electron-phonon
interactions, and phonons scatter from carriers, from other
phonons through anharmonic three-phonon interactions, and
from the mass fluctuations produced by random isotopic dis-
order. The effect on the BAs thermopower from four-phonon
scattering, which is known to significantly suppress the kph

of BAs, will be considered below. Figure 1(a) shows the
calculated Seebeck coefficients for BAs (solid red curve) and
Si (solid blue curve) as a function of hole density, p, at
300 K. The calculated results for Si show good agreement
with the measured data (black circles, from Ref. [6]) across
a wide range of densities up to around 1019 cm−3, support-
ing the predictive capability of the approach. Similarly good

FIG. 1. Seebeck coefficients for BAs and Si as a function of hole
density, p, at 300 K. (a) BAs: solid red curve; Si: solid blue curve.
Black circles are measured data for Si [6]. Short-dashed and long-
dashed curves give Sdiff and Sdrag. (b) Ratio of Sdrag to Sdiff for BAs
(red) and Si (blue) at 300 K (dashed) and at 100 K (solid).

agreement with experiment has been obtained in prior ab ini-
tio calculations [7,11,26]. The short-dashed and long-dashed
curves give Sdiff and Sdrag, respectively. Sdiff is largest at low
density and decreases monotonically with increasing den-
sity. This characteristic behavior connects the two limits of
lightly doped semiconductors, where the entropy transported
per charge is large, consistent with the nondegenerate Fermi
statistics, and metals where degenerate statistics apply and the
entropy per charge is small.

At low densities, Sdrag approaches a constant value. With
increasing density (1017 − 1019 cm−3), Sdrag decreases, con-
sistent with the saturation effect described above, and at a
similar rate to that of Sdiff for both Si and BAs. Above
1019 cm−3, a striking change in behavior occurs, with Sdrag

decreasing more slowly than Sdiff . As a result, Sdrag becomes
much larger than Sdiff at high density for both Si and BAs.
Furthermore, while the S for BAs and Si are similar around
and below 1019 cm−3, above 1019 cm−3, S for BAs decreases
more slowly than that for Si resulting in much larger S for
BAs. For example, at T = 300 K and p = 1021 cm−3, the S
calculated for BAs is 213 μV K−1, almost three times higher
than the corresponding value for Si of 76 μV K−1. These
features are highlighted in Fig. 1(b), which shows the ratio
of Sdrag to Sdiff for BAs and Si as a function of p, at 300
K and at 100 K. Around and below 1019 cm−3 the Sdrag/Sdiff

ratios are similar for BAs and Si at both temperatures. Above
1019 cm−3, the Sdrag/Sdiff ratios increase for both materials, but
with noticeably sharper increases in BAs.

To understand this surprising behavior, it is useful to use
the Peltier picture and to examine the spectral contribution to
the drag thermopower, Qph(ν), which is defined through

Qph =
∫ νmax

0
Qph(ν)dν, (4)

where νmax is the maximum phonon frequency. Physically,
Qph(ν)dν gives the contribution to Qph in the frequency range
between ν and ν + dν. Qph(ν) is obtained by equating the
right-hand sides of Eqs. (3) and (4) as

Qph(ν) = − 1

3σV kBT 2

∑
λ

n0
λ

(
n0

λ + 1
)
h̄ωλvλ · Gλδ(ν − νλ),

(5)
where δ(ν) is the delta function.
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FIG. 2. Normalized spectral phonon contributions to the room
temperature Qph. (a) BAs; (b) Si; for four hole densities: p =
1016 cm−3, 1019 cm−3, 1020 cm−3, and 1021 cm−3. The percentages in
(b) indicate the scaling factor, Qph (Si)/Qph (BAs), weighting the Si
contributions relative to those in BAs.

Figure 2 shows Qph(ν) at room temperature for BAs
[Fig. 2(a)] and Si [Fig. 2(b)] for four hole densities: p =
1016 cm−3, 1019 cm−3, 1020 cm−3, and 1021 cm−3. For each
curve in Fig. 2, we numerically evaluated Eq. (5) for Qph(ν)
and normalized by the corresponding total Qph of BAs at that
hole density. In the low-density range, 1015 − 1018 cm−3, the
spectral Qph are almost identical to each other so only the
plot for p = 1016 cm−3 is shown. Above 1019 cm−3, there is
a clear shift of spectral weight from low-frequency phonons
to high-frequency phonons for both BAs and Si. The reduced
contributions from low-frequency phonons are expected from
the saturation effect. The dominant contributions from high-
frequency phonons are not.

A second striking feature is that BAs acquires much more
spectral weight from high-frequency phonons than does Si.
This is highlighted in Fig. 2(b), where the Si spectral Qph at
each density is normalized by the corresponding Qph for BAs.
For example, at 300 K and p = 1021 cm−3, the Qph of Si is
only 28% that of BAs at the same density [27].

To clarify why high-frequency phonons contribute to Qph

at high density, we first note that at low carrier density, in
which nondegenerate statistics apply, conservation of momen-
tum and energy in carrier-phonon scattering processes admits
only phonons with energies [28] h̄ω � 2v

√
3mkBT , assum-

ing a parabolic band and Debye phonon dispersion. Here,
m is the carrier effective mass and v is the Debye velocity
of an acoustic phonon. The result is independent of p. For
m = 1 and v = 6500 m/s (reasonable choices for both BAs
and Si), ω/2π � 2 THz at room temperature. In fact, for
p < 1019 cm−3 about 80% (90%) of phonons contributing to
the Qph for BAs and Si have frequencies below 2 THz at 300
K (100 K) (see Fig. S1 of the Supplemental Material [14]).

At high density, where degenerate statistics apply, the cor-
responding result is h̄ω � 2h̄v(3π2 p)1/3 which increases with
p and gives a frequency of around 6.5 THz for p = 1021 cm−3,
consistent with the frequency range we find for acoustic
phonon-hole scattering at that density. That high-frequency
phonons can contribute to Qph while low-frequency phonons
do not can be understood by comparing the phonon-hole
scattering rates to the three-phonon scattering rates at high
p shown in Fig. 3. For low-frequency phonons (�2 THz),
the former significantly exceeds the latter thereby suppressing
contributions to Qph. This is the normal saturation effect.

FIG. 3. (a) Ratio of phonon-hole scattering rates to three-phonon
scattering rates in BAs for hole density, p = 1021 cm−3 and at 300
K; (b) same for Si. Ratios are broken down by acoustic phonon
branches. Red: transverse acoustic 1 (TA1); purple: transverse acous-
tic 2 (TA2); blue: longitudinal acoustic (LA). Vertical dashed black
lines separate regions of low- and high-frequency phonons.

In contrast, for many high-frequency phonons, phonon-hole
scattering rates lie well below three-phonon scattering rates.
Thus, the saturation effect on these phonons is weak allowing
them to contribute more to Qph.

In BAs, the high-frequency acoustic phonons have un-
usually weak three-phonon scattering rates (see Fig. S2)—a
feature that contributes to its ultrahigh kph [29–33]. Thus,
high-frequency acoustic phonons have simultaneously weak
phonon-hole and three-phonon scattering even at high hole
densities, which allows them to provide much larger contri-
butions to the drag thermopower of BAs compared to that
of Si. Similarly, kph is negligibly suppressed by phonon-
carrier scattering up to high carrier density (Fig. S3). Figure
S3 shows that the same conclusion holds when including
four-phonon scattering. In contrast, the kph of Si is sharply
reduced, decreasing by around 50% at p = 1021 cm−3, as
has been shown previously [34]. This striking difference
occurs because undoped Si receives a larger fraction of spec-
tral contributions to its kph from lower-frequency phonons
for which phonon-hole scattering is much stronger than
three-phonon scattering at p = 1021 cm−3. We emphasize that
although the phonon-phonon scattering is stronger in Si than
in BAs for high-frequency phonons, it is still weak compared
with that of most other materials, which is critical in Si
achieving the relatively large Sdrag values in the high-density
regime.

We note that while the contributions from high-frequency
acoustic phonons to Sdrag are large in BAs, the corresponding
contributions from optic phonons are negligible. This follows
in part from the small optic phonon populations resulting from
the high optic phonon frequencies (∼20 THz). This same
feature is critical to BAs having weak polar-optic phonon
scattering rates for the charge carriers [35]. Other factors
are the rapid dissipation of out-of-equilibrium optic phonons
caused by their large phonon-phonon, phonon-isotope, and
phonon-hole decay rates, and the small group velocities of the
optic phonons.

Effects on BAs drag thermopower from four-phonon scatter-
ing. In undoped BAs at room temperature, the three-phonon
scattering is so weak for some high-frequency acoustic
phonons that it becomes comparable to the higher-order four-
phonon scattering. The latter has been found to suppress kph

by almost 50% [30–33]. To assess the effect of four-phonon
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scattering on the thermopower of BAs, we have calculated the
four-phonon scattering rates using the method described in
Ref. [36] (see Supplemental Material [14] for detailed expres-
sions) and incorporated them in the coupled electron-phonon
transport calculations. We find a much weaker suppression
of the BAs thermopower from four-phonon scattering. Below
p = 1019 cm−3, the effect of four-phonon scattering on Qph

and S is negligible because for the low-frequency phonons
contributing to Qph in this density region, the four-phonon
scattering rates are much smaller than the three-phonon scat-
tering rates. At high densities, reductions in Qph are notably
smaller (e.g., Qph and S are reduced by only 27% and
24%, respectively, for p = 1021 cm−3 at 300 K) than the
corresponding reductions in kph because more of the spec-
tral contributions to Qph occur at lower frequencies where
four-phonon scattering is weak. Thus, the finding of large con-
tributions to the BAs drag thermopower from high-frequency
acoustic phonons still holds when including four-phonon scat-
tering. As T is lowered below 300 K, four-phonon scattering
weakens more rapidly than does three-phonon scattering, so
the effect of four-phonon scattering on the BAs thermopower
becomes negligible.

Effect of carrier and phonon scattering from impurities
on drag thermopower. The calculations to this point have
described the intrinsic transport properties in the absence
of any extrinsic impurities. Thus, they give the optimum
thermoelectric transport properties and drag contributions to
the thermopower. Impurity atoms scatter both charge carri-
ers and phonons thereby reducing the respective charge and
heat currents. To assess the impact of such impurities on
the drag thermopower of BAs and Si, carrier-impurity and
phonon-impurity scattering were included in the transport
calculations. Expressions for these scattering rates are given
in the Supplemental Material [14]. Charge-impurity scattering
produced only small changes to the thermopowers even at
high densities, consistent with prior calculations performed
at lower densities [7,8]. In Si, the phonon-impurity scattering
causes surprisingly little change in S. In BAs, it has a much
larger effect, reducing the room temperature Qph (S) by 86%
(71%) at p = 1021 cm−3 (see Fig. S4). These larger reductions
occur because BAs has larger spectral contributions to the in-
trinsic Qph from high-frequency phonons than does Si, and the
phonon-impurity scattering rates are largest at high frequency.
We note that Hall and thermopower measurements on Si and
BAs have been performed up to hole densities exceeding
1020 cm−3 [33,37–42]. However, we expect that the samples
used have far more impurities and defects than considered in
our thermopower calculations, preventing proper comparisons
between theory and experiment.

Connection to drag thermopower in metals. In metals,
phonons across the full phonon frequency spectrum are

drag active [28]. However, in stark contrast to BAs and Si,
the measured thermopower values for many metals are
small, around 1 μV K−1, across a wide range of temperatures
around and below 300 K [43]. It is interesting to examine
the underlying physical reasons for this difference. Recent ab
initio calculations [44,45] found much stronger three-phonon
scattering rates in a large number of metals than those
occurring in BAs and Si. This suggests that the small
metallic thermopowers are caused by strong phonon-phonon
scattering that rapidly dissipates the phonon current
preventing efficient momentum exchange with the electron
subsystem.

Conclusions. From ab initio calculations, we have demon-
strated that large drag enhancements to the thermopower that
arise from high-frequency acoustic phonons are possible. The
onset of degenerate statistics for charge carriers that occurs
for higher densities activates high-frequency acoustic phonons
in the electron-phonon drag process. Then, the combination
of weak phonon-phonon and phonon-carrier scattering for
these high-frequency phonons, such as is found to occur
in BAs, lead to exceptionally large thermopower enhance-
ments exceeding by more than an order of magnitude the
corresponding diffusive contributions. This behavior is in
striking contrast to that found in the regime of low carrier
densities where only low-frequency phonons are involved.
These results give a novel paradigm for achieving large drag-
enhanced thermopowers in materials. Moreover, they identify
another remarkable property of BAs along with its high ther-
mal conductivity and simultaneously high electron and hole
mobilities [46,47].

These findings motivate a search for other materials
with similarly large thermopower enhancements. Recently,
computational studies have predicted that large diffusion
thermopowers can occur in semimetals with asymmetric elec-
tronic density of states around the Fermi level [48]. Since
the carrier density range in semimetals is comparable to the
densities considered in this work, the present findings suggest
that it may be possible to achieve both large drag and diffusion
thermopowers in semimetallic systems.
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