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Unconventional superconductivity with preformed pairs in twisted bilayer graphene
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We present a theory of superconductivity in magic-angle twisted bilayer graphene and analyze the supercon-
ducting phase diagram in the presence of the magnetic field. Namely, we consider a model of a granular array
hosting localized states, which are hybridized via the delocalized fermions in the intergrain regions. We study a
strong-coupling situation when the interactions lead to an incoherent state with preformed Cooper pairs inside
the grains. The Andreev scattering among different grains manifests itself through the global phase-coherent
superconducting state at lower temperatures. We demonstrate that a new phase transition between the preformed
Cooper pairing state and the Larkin-Ovchinnikov-Fulde-Ferrell state might be induced by the spin pair-breaking
effect of in-plane magnetic field. The upper critical magnetic field is shown to be enhanced in the strong-coupling

case.
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Bilayer graphene with a small twist angle between the
layers, twisted bilayer graphene (TBG), forms a triangular
moiré superlattice [1]. It might be seen as an array of do-
mains (grains) that can be approximated by the so-called
AA-stacking configuration of the two graphene layers. The
domains are spatially separated by the regions which can
be described by the Bernal-stacking configuration. Several
scanning tunneling microscope experiments have confirmed
the moiré pattern in TBG [2-4].

Early theoretical studies revealed that low-energy elec-
tronic states of TBG obey the Dirac equation with the
renormalized Fermi velocity [5-8]. The electronic properties
of TBG are extremely sensitive to the small twist angle. Most
importantly, the Fermi velocity can be strongly suppressed
at several twist angles (known as magic angles), leading to
almost dispersionless flat bands [5-8]. The existence of the
quasiflat band has been confirmed in experiments [4] by the
observation of the local density of states peak inside the AA
domains. Moreover, a direct imaging technique has also re-
cently unveiled the flat bands in TBG [9].

Recently, the experimental observations of the two-
dimensional (2D) superconductivity at a magic-angle TBG
have resurged in one of the most debated topics of su-
perconductivity in flat-band materials [10]. Prior to these
experiments, the possibility of flat-band stimulated Cooper
pairing with transition temperature linearly dependent on the
interaction strength was considered; see for a review Ref.
[11]. Moreover, an interesting aspect of 2D superconduc-
tors is that the impacts of an in-plane magnetic field can
be exclusively considered through the Zeeman pair-breaking
effect with strongly suppressed interference from the orbital
contributions. It leads to some interesting phenomena. For
example, the in-plane magnetic field can enhance the tran-
sition temperature in some 2D superconductors [12,13]. It
is also known to cause the formation of the inhomogeneous
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Larkin-Ovchinnikov-Fulde-Ferrell (LOFF) type of pairing;
for a review see [14,15].

A very recent experiment observed that with the decrease
of temperature a pseudogap emerges prior to the transi-
tion to the superconductivity in TBG [16]. Such pseudogap
state could be the result of the formation of incoherent
short-ranged Cooper pairs which are formed out of the lo-
calized electrons inside the AA domains and does not exhibit
phase-coherent superconductivity. The model of preformed
Cooper pairs was previously discussed in the context of high-
temperature [17-19], disordered amorphous superconductors
[20,21], and recently in the context of semiconductors and
flat-band semimetals [22,23]. For details see the review in
Refs. [24,25].

In this paper, we propose a model of superconductivity in
TBG. First, we analyze the preformed Cooper pairing of local-
ized fermions inside the AA domains in the strong-coupling
limit. Second, we obtain the transition temperature to the
phase-coherent state, driven by the interdomain Andreev cou-
pling. We then study the Zeeman spin splitting effect on the
phase diagram focusing on the transition between preformed
Cooper pair and LOFF states. Finally, we comment that the
critical value of the out-of-plane magnetic field which de-
stroys the phase-coherent superconductivity can be increased
in the strong-coupling case.

Model of TBG. The moiré pattern, which is obtained by su-
perposing two graphene layers, consists of two distinct atomic
stacking regions; see Fig. 1. In the AA-stacked domain every
atom in the top layer is positioned approximately above the
atom in the bottom layer. The surrounding interdomain region
can be approximated by the AB (BA) stacking configuration,
in which each A (B) atom in the top layer is placed above the B
(A) atom in the bottom layer. The size of the AA domains and
the distance between them are determined by the twist angle
[5,6]. It was also pointed out that localization inside the AA
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FIG. 1. Left: Moiré superlattice in twisted bilayer graphene is
depicted, where blue spots define AA-stacked domains and the rest of
bilayer is in AB-stacked configuration. The curly arrow denotes long-
range Andreev coupling between two domains. Right: The energy
spectra in these two regions are schematically shown. The flat-band
states are restricted inside the AA domain. The parabolic spectrum
describes delocalized states inside AB region. The dashed red line
denotes the chemical potential 1.

domains can be thought of as a confinement effect due to a
hard-wall potential [5,6].

As for momentum space, the band structure of each iso-
lated layer hosts two nonequivalent valleys at low energy
(and at momenta denoted as K and K’). Turning on the in-
terlayer tunneling in the AA-stacked bilayer, the small twist
between layers leads to the formation of a moiré superlattice
of shrunk AA domains which are separated by the newly
emerged AB/BA region. Such twist splits up each valley into
two moiré valleys, i.e., K — (K, Ky) and K’ — (K, K ),
in the moiré Brillouin zone (mBZ) [8]. At magic angles,
the energy spectrum near these points becomes flat, which
promotes localization of electrons inside the AA regions due
to nearly zero group velocity.

To proceed, we adopt a model of coexistence of localized
and delocalized charge carriers in magic-angle TBG [26].
The flat band reveals itself via the fermions, which are lo-
calized inside the AA domains. The delocalized fermions in
the AB/BA-stacked regions obey the parabolic dispersion typ-
ical for the Bernal-stacked bilayer graphene [27]. Here the
effective mass inside the AB region is less sensitive to the
twist angle [4]. In our model, the coupling between the AA
domains is provided by delocalized fermions in the AB/BA
regions [26].

We model magic-angle TBG subject to the magnetic field
by the Hamiltonian H = Has + Hap + Hr + Hint, Where
each term will be described in what follows. The Hamiltonian
describing the AA region is given by

Han = f Yl (D0, = w)cise (1), )

s

where s = + denotes two spin projections and two moiré
valleys K,,, K|, are denoted by & = &. The fermion creation
operator in sublattice space is written as ci;z = [cf, . cf 17
Note that there is also another pair of moiré valleys (K,,, K},)
that only increases the size of the vector without any signifi-
cant impact on spectrum and the further discussion; hence we
suppress it. The chemical potential x and the Zeeman energy
®, do not depend on domain index i. The contribution of the

orbital effect of the magnetic field is strongly suppressed at
the magic angle. We use shorthand notation for the integral
fdr(. L) = fr(. ..), which runs over the area Sg of the AA
domain. We will be using # = kg = 1 units throughout the
paper.

We attribute delocalized electrons in AB-stacked region
to the states near the (I', I'") points of two mBZ’s denoted
by same index & = + as above [26]. These (I", ') electrons
can be modeled by the Hamiltonian of Bernal-stacked bilayer
graphene as

1
HAB:Agdzé<R>{swz—u+%[(pi—Pi)ax

+&(pxpy + Pny)Uy] }ds,é (R). 2)

The fermion operator in this region is written as ds¢ =
[d}; d?.1". Here the Pauli matrices o, act in sublattice
space, m is the effective mass, and operator p = —iVg —
(e/c)A(R) takes into account the orbital effect of magnetic
field, where A(R) is the magnetic vector potential and e < 0
is the electronic charge. The Zeeman energy is taken to be the
same as in AA domains.

The hybridization between the AA domain with its
surrounding AB region is treated within the tunnel model ap-
proach. The fermionic states from the moiré valley K,, (K, )
of the AA region hybridize with the states of the I' (I'')
point of the AB region. We neglect hybridization between
K, (K,)and T (T") which require large momentum shift. The
Hamiltonian describing spin, valley, and sublattice conserving
hybridization processes is given by

Hy =1 / > ld] , (R)cie(r) + Heel. 3)
r.R i;s,&

For the estimation of energy parameter ¢ see the Supplemental
Material (SM) [28].

The superconductivity in TBG was reported at the vicin-
ity of a magic angle suggesting that the flat-band localized
electrons might play a significant role in the Cooper pair
preformation [10]. Motivated by the experiments, we con-
sider attractive electron-electron pairing interaction inside the
AA domains and neglect it in the AB region. We consider
the simplest phonon-mediated s-wave intra-sublattice pairing
channel, in which a Cooper pair is composed of electrons
from two moiré valleys (K,,, K',v) symmetric under the time
reversal [29,30]. Our discussion may be further extended to
the case of the d-wave pairing channel, which becomes favor-
able in the case of strong on-site Coulomb repulsion [31]. The
pairing interaction in the AA domains is described by

Hin = —8 / Yo e ekl ey el @), @)
T iy s
§£E
where g > 0 is the coupling strength.

Flat-band stimulated superconductivity. Let us first ad-
dress the Cooper pairing inside the AA domains neglecting
coupling with their surroundings. Performing the Hubbard-
Stratonovich transformation in the Cooper channel for the
respective action in the path-integral formalism utilizing
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FIG. 2. Phase diagram as a function of temperature for different
Zeeman energies and fixed interaction strength g = 1.2g.. Further
enhancement of g affects the amplitude of |A;| without altering the
qualitative behavior.

Hamiltonian H [28], one can introduce the bosonic field
Al e for s#s" and & # &' inside the ith domain [32].
Note that there are several possible combinations of pairing
among eight moiré valleys. However, as long as moiré-valley
degeneracy is preserved, we shall continue with a single chan-
nel A; = Al{:ﬁ; oo being insensitive to sublattice index.

Hereafter, following the standard approach of integrating
out the fermions [28], we arrive at the partition function in the
static case at temperature T as Z = [ D(A, A*)e FIAAVT,
The Ginzburg-Landau energy functional is given by F =
> F; with

Ai 2 Ei _
E:&L—ZTZM [cosh <$>i|, (5)
g n =~ 2T

where E; = /u?+ |A;|* is the quasiparticle energy and
gc =2uSg is the critical interaction strength. The self-
consistency equation for |A;| can be found from (5) as E; /. =
(8/28c) Y, tanh(E; — sw./2T); for plot see Fig. 2.

For example, at w, = 0 and T > |A;| one finds the tran-
sition temperature between metallic and preformed states
[30] as

uw

=g (6)
artanh(g/g)

P
It can be seen that a solution exists provided g > g.. This tran-
sition temperature is typically around (0.2-0.6)u for g/g. =
1. It is the strong-coupling case.

Note that depending on the parameters (7', w,, g), the phase
transition between metallic and preformed Cooper pair states
can be of the first or second order. In particular, at 7 = 0
one obtains an equation E;/u = (g/g:)[1 — 0(|w;| — E;)]. For
E; > |w,|, it has two solutions |A;| = u+/(g/g:)? — 1 and
|Aj] = \/w? — 2. The latter exists provided 1 < |w.|/p <
g/g.. No solutions exist for E; < |w,|. In the case of the
first-order phase transition, there exists two solutions for |A;|

FIG. 3. A schematic sketch of Andreev scattering process be-
tween two domains with preformed Cooper pairs.

at a given temperature. The smaller (larger) value of |A;]
corresponds to the ground (metastable) state. To illustrate, in
Fig. 2, the second-order phase transition is shown for w, =
(0, 0.4)1e, whereas the first-order phase transition can be seen
for w, = (0.8, 0.95, 1.05) .

The saddle point solution A; is determined up to a random
phase on each grain and does not establish global coherence in
the system. However, it might provide a local density of states
suppression, which resembles the pseudogap-like behavior
in the tunneling spectra. We note that the signatures of the
pseudogap in magic-angle TBG above the superconducting
transition temperature were seen in the tunneling spectra as
reported recently in Ref. [16].

To proceed, in the limit of small gap u > |A;|, we expand
the free energy functional at the vicinity of phase transition in
the power series of |A;| as

c c
Fi=So(elal + Sl +S1AI0). @)

where we have dropped |A;|-independent terms which do
not play a role here. The coefficients c; 3 change sign as
a function of (T, w., g, g.) and determine the stability of the
preformed Cooper pair state. Allowing for arbitrary signs of
c1 and ¢, we shall restrict c3 > 0 where expansion Eq. (7) is
valid. For details see the SM [28]. The transition temperature
for the Cooper pairing instability can be found analyzing the
minima of F; with respect to A;. Similar analysis was per-
formed to study the phase transition between homogeneous
and LOFF superconducting states [15]. However, here we
neglect spatial variation of A; within the AA domains.

Let us comment on several limiting cases. At ¢; < 0 and
¢y > 0, there are one maximum at A; =0 and minimum
at |A;| = /|c1|/ca2, which indicates the gap function in the
preformed Cooper pair phase. Here the line ¢; = 0 defines
the second-order phase transition. At ¢; > 0 and ¢; < 0, the
higher-order term o c¢3 is required for the stability of the
functional. Here, we have two minima at A; = 0 and |A;| =

[(|c2l 4+ y/c3 — 4cic3)/(2¢3)]'/2. In this case there is a first-

order phase transition along the line ¢, = —44/cjc3/3 with a
discontinuity in the gap +/3|c2|/(4c3). Atc; < 0 and ¢; < 0,
no minimum exists and this region is in the metallic state.

We shall now move to study the phase-coherent supercon-
ductivity for which we keep each AA domain in the preformed
state in the regime of ¢; < 0 and ¢, > 0. Note that ¢; <0
requires Zeeman energy much larger than the one which sup-
presses the interdomain coupling; hence we restrict to ¢, > 0
case in what follows.

Phase-coherent state: Effect of delocalized fermions. The
delocalized states in the AB regions provide Andreev cou-
pling between different AA domains, Fig. 3. It might lead
the system to reach the global phase coherence. To obtain
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such coupling, we expand the effective action of the TBG,
described by the total Hamiltonian #, up to the fourth power
of the hybridization energy between localized and delocalized
fermions Eq. (3); see the SM [28]. The free energy functional
is now given by F =} (F; — >_,; F;;) where the coupling
between the grains is described by

ST eos (2Ry)

ie (Rj
[ ; 27‘/“’,/ AdR
l
UFRU smh(zfj’—FTR,'j)

F; =877 +H.c.].

®)
Here, vg = /1t/2m is the Fermi velocity, v,, = m/2m is the
density of states per spin, valley, and layer of the AB region,
R;; = |R; — R;| denotes the distance between the grains, and
F=(tl/ w)* /(4r )2 « 0.1 is the renormalized tunneling am-
plitude between two regions. The phase factor is attributed
to the vector potential of the weak magnetic field. The Zee-
man field enters through the oscillatory cosine term which
drastically affects the coefficients of free energy functional
expansion.

The above coupling term is now treated within the
mean-field approach assuming weak fluctuations of the
order parameter AYA; >~ A¥(A;) 4+ (Af)A;. The position-
dependent mean-field order parameter is defined by

[dAdA* Aje=Pe/T
[ dAdAxeFue/T

i) = C))
It also determines the transition temperature to the
phase-coherent superconducting state. Here the mean-
field Ginzburg-Landau functional is defined as Fyp = F; —

>z FijlAi, (Aj)]. Expanding the numerator of the above
equation and performing functional integration, we arrive at
VapSET
(A) = 8T =5 (|AP)
VR
cos AjY e (R
« Z ) ( ,/)eszRifAdR’ (10)
smh ,j) R;;
where
5 fdxxe—56(01x+%xz)/7
(1A7) = (11)

[ dxe=Se@xt 2T "

Considering the distance between the neighboring grains to
be much smaller than vg/w, and vg/T, we switch to the
continuurp limit Zj%i(. L) = Sgl f(. ..)dR, which yields the
self-consistent equation as

[Bo — (IAP) " + BiP? + B, (P?)’](A)) =0, (12)

where now P; = —iVyg, — (2¢/c)A(R;). The signs of the co-
efficients By 1 o are sensitive to (T, w,, g, g.), and the density
of states in the AB region v as shown in the SM [28]. In
particular, the coefficient §; changes sign to negative at low
temperatures and high magnetic fields, signaling the inhomo-
geneous LOFF state (8; < 0 and B, > 0). Before coming to
the LOFF state, let us briefly comment on global coherence in
the case of the homogeneous superconductor.

Transition temperature for the homogeneous supercon-
ductor. Here, we consider the case of the homogeneous
superconductor in the presence of a weak Zeeman field

neglecting the out-of-plane magnetic field effect which is
strongly suppressed due to small separation between the
graphene layers [33]. Dropping the derivative expansion of
the free energy functional in Eq. (12), we obtain the self-
consistent equation as Bo(|A|?) = 1. Let us analyze this
equation in the two limiting cases of weak (g < g.) and strong
(g Z g.) interaction.

At g < g. and Sgc?/Tcy 3> 1, we can ignore the ¢, term
in Eq. (11) and estimate (A2 = T/[25c(g™! —g;l)]. In
the absence of the Zeeman field, substituting (|A|?) into the
self-consistency equation (10), we recover the transition tem-
perature between metal and superconductor as

! ~(1 — 5)] (13)
gvabt 8¢

This is the BCS-type behavior except for the flat-band induced
enhancement of the exponent by a factor (1 — g/g.) [30,34].
It can be shown that the self-consistency equation for
the critical Zeeman field (w, ) is similar to the BCS one
In|T./T| =Re[¥(1/2 —iw, /27 T)] — W(1/2), where W(z)
is a psi function. The (7, w..) phase diagram is shown in
Fig. 2 of the Supplemental Material [28]. The above equa-

tion can be further simplified at near zero field as w?, =

262 T*(1 — T/T,), where € = 27 / /T4 (3) ~ 18.4.

The more interesting situation is realized in the pre-
formed Cooper pair case at g = g.. For weak fluctuations
Sget/caT > 1, we have (|A]*) = 2u*(1 — g./g). In the ab-
sence of the Zeeman field, it yields the transition temperature
between the preformed Cooper pair and phase-coherent state

T. =2uexp [—

(14)

T. = Z/L(l — g—)tgcvab In|= .

8 g cVab
It depends on the density of states of the AB region as
vap In |1/fg.vyp| different from the BCS result. We estimate 7,
to be around 102 for values of g./g = 0.9 and 7g.vy, = 0.1,
which are much smaller than the preformed Cooper pair tran-
sition temperature 7, of Eq. (6).

Similarly, we obtain the phase transition in the pres-
ence of the Zeeman field as In |2 /T | — (T /T.)In |2/ T;| =
Re[¥(1/2 —iw, /27 T)] — W(1/2), which can be further
simplified at the vicinity of zero field as w? = 2¢*T2(1 —
T/T.)In|2n/T,|, suggesting an enhancernent of the critical
pair-breaking field in the strong-coupling case.

Transition temperature for the LOFF state. Let us now
discuss the formation of phase-coherent inhomogeneous su-
perconductivity, which originates from the spin splitting of the
conduction electrons by the in-plane magnetic field [14]. The
Cooper pairing in the LOFF state occurs between two spin-
split Fermi surfaces with a total finite momentum ¢, which
reflects in an oscillatory order parameter as A; o A exp(iq -
R;) [14]. The wavelength of the oscillation is determined by
the Zeeman energy.

The self-consistent Eq. (12) transforms to Sy — (| A|?) ™!
B1q°> + Bog* = 0, where B < 0 and B, > 0. It allows to find
the critical field for the transition to the LOFF state. How-
ever, q is still an unknown quantity which can be obtained
from the zero supercurrent condition, i.e., fR () =0 with j =

—4eRe{Af[B1(—iVR,) + 2B2(—iVR,)’1(A;)} and (.. .) stand-
ing for the mean-field average as defined in Eq. (9).
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FIG. 4. A schematic of the Zeeman energy vs temperature phase
diagram in the strong-coupling limit. The temperature of the Cooper
pair preformation 7, is much larger than 7. and not shown here.
The dashed line is the extrapolation away from the tricritical point
(a meeting point of three phases) around which our self-consistency
equation for LOFF state is applicable.

Determining ¢> = —pf;/2p,, we find that temperature de-
pendence of the upper critical field for the inhomogeneous
superconductor can be obtained by solving the equation

T\ _ 1\ {Re[WP(2)])
() ~revven—v(3) - S 09

where z =1/2 —iw, /27T is introduced for brevity. For
weak coupling g < g. one reproduces the BCS result
with I(x) =1n|1/x|, whereas for strong coupling g = g.
we obtain I(x) = In|Q2u/xT.)| —xIn|(2u/T.)|. These two
equations describe the (7, w,.) phase diagram for an in-
homogeneous superconductor, which are bounded by the
divergence at 8, = 0, i.e., Re[W®(z)] = 0. Note that this di-
vergence can be removed only by considering the higher-order
derivative expansion to the free energy functional.

The LOFF phase takes part in the (7, w, ) phase diagram,
which is restricted inside the region defined by 8; = 0 and
Bi1/B> < 0 (see Fig. 2 of Ref. [28]). All in all, the phase
diagram for the weak-coupling limit resembles the one in the

usual superconductors [35]. However, in the strong coupling,
the critical Zeeman field is logarithmically enhanced. Con-
trary to the weak-coupling case, we find a phase transition
between the preformed and LOFF states as shown on the
schematic phase diagram in Fig. 4.

Upper critical magnetic field due to orbital effects.
Here we briefly comment on the effect of the out-of-plane
critical magnetic field (H.;) on the transition to the phase-
coherent superconducting state ignoring the Zeeman field.
Hence, we only consider up to the second-order derivative
expansion in Eq. (12), which yields for the weak cou-
pling H.y = (®o/27) (T, /vp)*(1 — T/T,), where ® is the
flux unit mwhc/le|. Similarly for the strong coupling H,, =
(®o/27 ) (€T, /vp)*(1 — T/T.)In |2u/T,|, indicating a loga-
rithmic enhancement of the critical field [22]. We conclude
that even though the out-of-plane magnetic field does not
affect the preformed Cooper pair in our model, it enhances
the critical field for the phase-coherent state in the strong-
coupling case.

Berezinskii-Kosterlitz-Thouless (BKT) transition. So far we
have used the mean-field approach to estimate the transition
temperature in TBG. It is noteworthy to mention that in
2D systems such an approach lacks accuracy because of the
absence of the usual long-range correlations. The supercon-
ducting phase transition in the 2D system might be described
by the formation of quasi-long-range bound pairs of vortices
with opposite vorticity. The phase transition occurs when such
bound vortex pairs are broken and become free. Thus our
mean-field calculation gives the upper bound for the phase
transition as in the case of monolayer graphene [34]. The BKT
transition for the LOFF state might be an interesting problem
and will be considered separately.

Summary. We have presented a theoretical investigation
of the flat-band induced preformed Cooper pairing in magic-
angle TBG. We have developed an approach within the
mean-field approximation to investigate the superconducting
transition temperature. The TBG might be a playground for an
unusual phase transition between the preformed Cooper pair
state and inhomogeneous LOFF state.
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