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Nonlinear circular dichroism in achiral dielectric nanoparticles
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We present a theoretical study of circular dichroism in the second-harmonic signal of single dielectric
nanostructures with different symmetries and noncentrosymmetric materials. We show that this effect is defined
not only by macroscopic (particle) and lattice symmetries but also by their relative orientation. Using symmetry
and modal analysis, we provide a general and very simple formula to determine whether the dichroism exists
and a chart with the most significant cases.
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Introduction. Chirality is a property that plays a signifi-
cant role in physics, chemistry, biology, and medicine. Many
examples of chirality can be found in nature, for example,
in amino acids, which often have inherent handedness [1,2].
Circular dichroism spectroscopy is an excellent method for
evaluating the unique properties of proteins, molecules, and
chiral materials [3–6]. As chiral effects are usually weakly
manifested in natural media, chiral metamaterials [7–9] and
chiral plasmonic structures [10–14], for example, with Fano-
enhanced circular dichrosim (CD) [15,16], have been widely
used in recent years as a useful tool for achieving strong
chiroptical responses.

Circular dichroism can be obtained in nonlinear optical
processes, such as second- and third-harmonic generation.
Circularly polarized light interacting with resonances of
nanostructures in the nonlinear regime can produce a signif-
icant chiroptical signal, which is of great interest due to its
high sensitivity to symmetry breaking [17–21]. Generally, this
nonlinear effect is observed in chiral plasmonic structures,
for example, G-shaped structures [22–24], structures with
Cn rotational symmetry [9,25,26], or structures with other
chiral asymmetric shapes [27–30]. Meanwhile, the crystalline
lattices of dielectric nanostructures with a huge second-
order susceptibility have no inversion symmetry [31–34],
which makes them promising for circular dichroism spec-
troscopy. Owing to the presence of Mie resonances [35,36],
anapole states [37,38], and quasibound states in the contin-
uum [29,39], such structures can generate locally enhanced
electromagnetic fields needed for sensitive CD measurements.
Researchers have already developed several approaches to
enhancing chiroptical signals using nanoparticles [40–42].
Sometimes, objects that, at first glance, are not chiral demon-
strate an unexpected chiroptical response. Such a response can
be enabled by symmetry breaking at arbitrary incidence on the
metasurface [43–48], “structural” effects (relative orientation
of meta-atoms in an array) [49,50], or another nontrivial rea-
son, such as different coupling to the multipole moments of
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the structure [51], rotation of the particles [52], asymmetric
excitation [53], plasmonic enhancement of a small chiroptical
response [54], or even an oriented intermediate state in single
atoms [55]. Surprisingly, for the second harmonic (SH) in
achiral nanostructures, strong nonlinear CD can also appear,
as was shown in Ref. [56]. In this Research Letter, we pro-
vide a general rule for determining when nonlinear circular
dichroism occurs in achiral dielectric nanoparticles: This fast
and convenient method will save time for researchers in this
rapidly developing field and could be particularly useful for
chiral sensing [57–60]. Indeed, if a nanoparticle or nanostruc-
ture [61,62] is used to amplify the chiral signal, the chiral
signal from the structure itself must be excluded. In addition,
if the second harmonic demonstrates a strong dichroism, this
will also affect the linear response, because a different amount
of energy will be converted into the doubled-frequency mode.
Results. We analyze the possibility of observing SH-CD in
achiral nanoparticles with different symmetries and materials.
We consider the following geometry: A nanoparticle with a
Cnv or Dnh symmetry (a pyramid or a prism with a regular
polygon base [63]), with the symmetry axis along the z axis,
is irradiated by a normally incident circularly polarized plane
wave (LCP and RCP indicate left and right circular polariza-
tion, respectively); see Fig. 1. We assume that our nanoparticle
is fabricated from a monocrystalline bulk sample using lithog-
raphy. In this case, we can “cut out” this nanoparticle under
different angles with respect to the lattice orientation. We fix
the lattice orientation and suppose that the nanoparticle is
rotated by an angle β with respect to the lattice axis, as shown
in Fig. 1. The presence of a substrate does not alter the result.
SH-CD is described by the following formula [64–66]:

SH-CD = 2

(
I2ω
RCP − I2ω

LCP

)
(
I2ω
RCP + I2ω

LCP

) , (1)

where I2ω
RCP and I2ω

LCP are the total second-harmonic intensity in-
tegrated over all the angles for incident RCP and LCP waves,
respectively. If these intensities are different, we can say that
nonlinear circular dichroism appears.

The main results are presented in Fig. 2. In the left-
most column, different particle symmetries (with examples of
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FIG. 1. Schematic of the concept. A single symmetric nanopar-
ticle (for example, a cube, prism, or pyramid) with a certain lattice
symmetry and orientation generates a second harmonic when excited
by a circularly polarized wave. β is the angle between a certain
vector of the crystalline lattice and a chosen axis of the nanoparticle.
Examples of different nanoparticles are shown.

corresponding particle shapes) are shown. Let us note that
the exact shape does not affect the results. For example, we
can consider a trimer structure in the same way as a trian-
gular prism if they both possess D3h symmetry. The incident
wavelength does not play a major role either, but for a more
pronounced SH-CD, we chose it to be in the vicinity of
the first Mie resonances. In the leftmost column, we show
some relative angles β between the lattice axis/vector and
nanoparticle axis for a fixed lattice position, as shown in the
uppermost row. Our method is applicable for any crystalline
lattice orientation if the initial (not rotated) nonlinear suscep-
tibility tensor χ̂ (2) is known. The “rotated” tensor for different
orientations [67] is obtained with the MATLAB code given in
the Supplemental Material [68]. In our considerations, we
assume that all the fields are decomposed into a series of
multipoles [69,70], but we will be interested only in the total
angular momentum projection m. In the uppermost row, we
also provide the SH power flow into the upper half- space with
an angular distribution for a single cylindrical or conical parti-
cle. Such patterns with several petals can be formed only if the
radiation has several different angular momentum projections
m. The number of petals depends on the difference between
the projections.

In Fig. 2 we put a check mark if the dichroism appears.
It usually exists for all angles β except for a finite number of
angles, which are also given in each cell. We put a cross if SH-
CD never appears for such a particle shape and orientation.

Theory. Although the theory of second-harmonic genera-
tion in nanostructures has already been sufficiently developed
in previous works [56,70], manually considering each individ-
ual case is time-consuming and requires lengthy calculations.
Moreover, both at the first- and the second-harmonic frequen-
cies, several modes of different symmetry are excited, and all
of them must be considered differently, depending on whether
they are degenerate or not. However, we propose a simple
approach based on the law of conservation of momentum

FIG. 2. Main results regarding the existence of nonlinear circular
dichroism in achiral nanoparticles with different symmetries and
crystalline lattices. The uppermost row shows the angular depen-
dence of the SH power flow into the upper half-space for a single
cylindrical or conical particle for each crystalline lattice, and the top
view of the lattices. Below this row, we provide the analysis results
for different symmetry groups: Either SH-CD appears for all particle
rotation angles β, except for certain angles, or it is not possible at all.

projection [70,71]. It consists of several simple steps (which
are given in detail in the Supplemental Material [68] (see also
Refs. [72–77] therein)).

(1) The incident LCP or RCP plane wave has a projection
mwave = ±1. Thus it excites the modes in the nanoparticle.

(2) If the nanoparticle has n-fold rotational symmetry, an
additional momentum exists, which is a multiple of n. Thus, at
the fundamental frequency, modes containing terms with the
following m values are excited inside the nanoparticle: min =
±1 + nν, ν ∈ Z.

(3) The nonlinear polarization is written as follows:
P2ω(r) = ε0χ̂

(2)Ein(r)Ein(r), where the field inside the nanos-
tructure Ein(r) has the momentum min, and the additional
momentum mχ is created due to the lattice symmetry. This
expression can be easily obtained by rewriting the tensor in
cylindrical coordinates [78].
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(4) Combining all the additional terms, we obtain that
modes with m2ω = ±2 + nν + mχ are excited at the doubled
frequency with the additional phase −mχβ, which is also seen
from the tensor in cylindrical coordinates.

(5) We should note that there are always several different
mχ . We introduce �mχ as the difference between any two
values of mχ .

(6) Then, we consider the excitation of two modes with
the difference �mχ . For LCP, the polarization will be propor-
tional to

P2ω(r) ∝
∑

ν

e−imχ β
[
P2ω

m2ω,ν (r, z)eiϕ(2+nν+mχ )

+ P2ω
m2ω+�mχ ,ν (r, z)eiϕ(2+nν+mχ +�mχ )e−i�mχ β

]
. (2)

For RCP, we consider the modes with opposite m2ω; due to the
tensor structure, they are always presented

P2ω(r) ∝
∑

ν

eimχ β
[
P2ω

−m2ω,ν (r, z)eiϕ(−2+nν−mχ )

+ P2ω
−m2ω−�mχ ,ν (r, z)eiϕ(−2+nν−mχ −�mχ )ei�mχ β

]
.

(3)

(7) Now, we recall that the structure is not chiral; thus
modes with opposite m2ω are excited by the same polarization
terms [|P2ω

m2ω,ν
(r, z)| = |P2ω

−m2ω,ν
(r, z)|] with the same weight.

However, the phase difference between modes, ei�mχ β , is
different for LCP and RCP cases, which means that if these
modes interfere, they will interfere differently for two incident
wave polarizations. Thus, in order for the SH-CD to appear,
we need these modes to interfere, and ei�mχ β �= e−i�mχ β .

Summarizing the above considerations, we derived a rule
that is applicable for all cases of SH-CD in achiral struc-
tures. All we need to know is the susceptibility tensor χ̂ (2)

in cylindrical coordinates and the symmetry group Cnv(Dnh)
of the considered nanoparticle. The tensor χ̂ (2) in cylindrical
coordinates contains exponential terms, eimχ ϕ , and therefore
we introduce �mχ as the difference between any two mχ .
For several lattices, we present all the possible �mχ in the
headings at the top of Fig. 3. After that, one can find the angles
β of the crystalline lattice rotation at which nonlinear circular
dichroism appears.

Main rule. If there is a number ν ∈ Z such that the differ-
ence between the angular momentum projections �mχ from
the nonlinear susceptibility tensor is equal to νn, where n is
related to the symmetry group, we introduce the number s:

s = �mχ = νn. (4)

The nonlinear circular dichroism in such a nanoparticle ap-
pears for any angles of the crystalline lattice rotation

β �= πν

s
. (5)

If such an integer number ν ∈ Z exists for several �mχ , then
it is necessary to choose only those angles β �= πν/s that are
the same for all s = �mχ .

Discussion. In short, CD is present when the modes excited
by different terms of the χ̂ (2) tensor have the same symmetry
and interfere, and the phases depend on the incident polariza-
tion. This is possible only if (5) is satisfied. The application of

FIG. 3. Illustration of the main rule for different cases. For each
crystalline lattice and symmetry group Cnv(Dnh), we show the num-
ber s and angles β at which nonlinear circular dichroism exists; “no”
means that SH-CD is not possible. In the headings at the top, the
difference �mχ between the angular momentum projections in the
tensor χ̂ (2) is also provided.

the rule is shown in Fig. 3. We did not include the trivial case
of the crystalline lattice BaTiO3 with [001]‖z. For this case,
we only have single mχ = 0. Therefore circular dichroism in
such a crystalline lattice is not possible for any symmetry
of the nanoparticle, as nothing depends on the incident po-
larization. In this Research Letter, we omit the discussion of
SH-CD strength for every particular case; huge values close
to 1 have been achieved already [56], and an example is given
in the Supplemental Material. However, we should note that
SH-CD will have local maxima close to the resonances of
the modes with m2ω + �mχ , where the phases are changing
rapidly, allowing constructive or destructive interference.

The correctness of the results was verified with the sym-
metry analysis of the overlap integrals (see Supplemental
Material) and numerical modeling in COMSOL MULTIPHYSICS

in the undepleted pump approximation. The method is well
known, and it was described, for example, in Refs. [79,80].

Conclusion. In this Research Letter, we provide a sim-
ple rule based on angular momentum projection conservation
and modal analysis: This rule allows us to determine when
nonlinear circular dichroism appears for all possible shapes
and crystalline lattices of an achiral Cnv(Dnh) nanoparticle.
Moreover, the main formula does not depend on the angular
momentum of the incident wave, which suggests that it could
be applied for irradiation with beams of arbitrary angular
momentum. The method can also provide ideas as to how to
describe the appearance of CD in other systems where the
lattice and meta-atom symmetries interact, for example, in
metasurfaces with rotated meta-atoms. We can also assume
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that oblique wave incidence can be described as a normal
incidence on a rotated particle, which can be equivalent to a
particle of lower symmetry. A detailed study of these hypothe-
ses may be the subject of further research.

Data and codes for the results presented in this Research
Letter are available in the Supplemental Material [68] and
Ref. [67].
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