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Two-phonon scattering in nonpolar semiconductors: A first-principles study of warm
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The ab initio theory of charge transport in semiconductors typically employs the lowest-order perturbation
theory in which electrons interact with one phonon (1ph). This theory is accepted to be adequate to explain the
low-field mobility of nonpolar semiconductors but has not been tested extensively beyond the low-field regime.
Here, we report first-principles calculations of the electric field dependence of the electron mobility of Si as
described by the warm electron coefficient β. Although the 1ph theory overestimates the low-field mobility by
only around 20%, it overestimates β by over a factor of two over a range of temperatures and crystallographic
axes. We show that the discrepancy in β is reconciled by the inclusion of on-shell iterated two-phonon (2ph)
scattering processes, indicating that scattering from higher-order electron-phonon interactions is non-negligible
even in nonpolar semiconductors. Further, a ∼20% underestimate of the low-field mobility with 2ph scattering
suggests that nontrivial cancellations may occur in the perturbative expansion of the electron-phonon interaction.
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Introduction. Recent advances in the first-principles treat-
ment of charge transport in semiconductors have enabled the
calculation of the low-field electrical mobility without any ad-
justable parameters [1,2]. The method, based on the Wannier
interpolation of electron-phonon matrix elements [3,4], allows
the Boltzmann equation to be solved on a sufficiently fine
grid to ensure converged transport properties. Calculations of
low-field mobility have been reported for various semiconduc-
tors, including Si [5–7], GaAs [8–10], and others [11–13].
Methodological developments continue to be reported, in-
cluding an ab initio treatment of two-phonon scattering [10]
and the quadrupole electron-phonon interaction [14]. A recent
work has extended these methods to magnetotransport [15],
high-field transport [16], and transport and noise of warm and
hot electrons in GaAs [17,18] and holes in Si [19].

The accuracy of first-principles theory has been tested pri-
marily by computing the low-field mobility and comparing
to the available experimental data at various temperatures
and doping concentrations. The warm electron regime, de-
fined as the regime in which the next-to-leading-order term
of the expansion of current density with electric field is non-
negligible, is of interest because it contains information on the
band-structure anisotropy [20] and energy relaxation [21] not
evident in the low-field mobility. The non-Ohmic mobility of
Ge and Si beyond the low-field regime was first reported by
Shockley [22] and Ryder [23]. Subsequent investigation led
to the prediction [24] and experimental observation [25–29]
of the anisotropy of the mobility at high electric field in
multivalley semiconductors owing to the differential heat-
ing of transverse and longitudinal valleys, known as the
Sasaki-Shibuya effect. In 1963, Schmidt-Tiedemann reported
a theory of the warm electron tensor, showing that in cubic
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crystals the fourth-rank warm electron tensor can be com-
pletely described by two independent components owing to
crystal symmetry [20]. The two independent components are
denoted β and γ , with β describing the variation of con-
ductivity with electric field and γ the nonparallelism of the
current and electric field. Substantial experimental data versus
temperature and crystallographic direction are available for
both β and γ for electrons in Si [26,27,30–32].

Although scattering by the interaction of an electron with
one phonon (1ph) has typically been employed in theoreti-
cal and Monte Carlo studies at low field and in the warm
electron regime to interpret transport studies, [29,32–35]
other experiments suggest a non-negligible role for higher-
order processes [36–39]. In Si, two-phonon (2ph) deformation
potentials were extracted from second-order Raman spec-
tra [40,41], and calculations of charge transport properties
based on these values have indicated that 2ph scattering may
make a non-negligible contribution to scattering rates [42–44].
Recent ab initio works have reported that two-phonon scatter-
ing plays a role in both low-field and high-field transport in
the polar semiconductor GaAs [10,18]. Despite these works,
the accepted conclusion from ab initio studies is that 1ph
scattering is sufficient to describe the low-field mobility of
nonpolar semiconductors [11]. However, this conclusion has
not been extensively tested away from the low-field regime.

Here, we report first-principles calculations of the warm
electron tensor in Si. At the 1ph level of theory, both the
low-field mobility and β are overestimated, with a marked dis-
crepancy of β at 300 K of over a factor of two. To address this
discrepancy, we compute the scattering due to sequential 1ph
processes, corresponding to one of the terms at second order in
the electron-phonon interaction. The scattering rates are found
to be comparable to those of 1ph scattering over a range of
energies, and their inclusion eliminates the discrepancy in β.
The resulting ∼20% underestimate of mobility suggests that
accounting for cancellations of the two second-order terms of
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the electron-phonon interaction may be necessary to achieve
quantitative agreement for both the mobility and β.

Theory and numerical methods. We begin by describing
the numerical approach to compute the transport properties
of electrons in Si in the warm electron regime. The low-field
mobility calculation is now routine and has been extensively
described in Refs. [1,2]. In the low-field regime, the carrier
temperature equals the lattice temperature and the current den-
sity varies linearly with the electric field. The proportionality
coefficient is simply σ0, the linear dc conductivity.

The warm electron regime is defined by electric fields for
which the cubic term of the expansion of current density with
electric field becomes non-negligible [20]. Mathematically,
the current density vector j in the warm electron regime can
be expanded in powers of the electric field of magnitude E
as ji = Eσ0ei + E3σiklmekel em + · · · , where ei are the com-
ponents of the unit vector in the direction of the electric
field along Cartesian axis i and σiklm is the fourth-rank warm
electron conductivity tensor. In cubic crystals, warm electron
transport is fully defined by two components of the tensor, β

and γ , where σ1111 = σ0β and σ1122 = 1
3σ0(β − γ ). Equiva-

lently, the warm electron tensor can be specified by the values
of β along different crystallographic axes.

The warm electron tensor has not been calculated pre-
viously by ab initio methods. It may be obtained from the
first-principles approach described in Sec. II of Ref. [17] to
solve the Boltzmann equation in the warm electron regime.
Briefly, the Boltzmann equation for a nondegenerate, spatially
homogeneous electron gas subject to an applied electric field
E is given by Eq. (2) of Ref. [17]. The electron-phonon
scattering matrix is obtained following the standard method
involving Wannier interpolation [3] and explicitly constructed
into a collision matrix as described in Refs. [17,18]. In the
warm electron regime, the reciprocal space derivative of the
total distribution function must be computed. The full deriva-
tive is evaluated using a finite-difference approximation given
in Refs. [3,45]. The Boltzmann equation then becomes a linear
system of equations [Eq. (5) in Ref. [17]] that can be solved
by numerical linear algebra methods. With the distribution
function obtained, the mobility at various electric fields is
computed by Brillouin zone integration. Finally, the warm
electron coefficient β is obtained by fitting the mobility versus
field to a quadratic polynomial as μ = μ0(1 − βE2). We note
that β can also be computed via an expansion of the current
density in powers of electric field, as shown in the Supple-
mental Material [46] (see also Ref. [47] therein). We choose
the former method for simplicity, although either method is
valid. We define the fitting range as that corresponding to a
0.1% increase in electron temperature; the value of β is not
sensitive to this choice.

Regarding numerical details, the electronic structure and
electron-phonon matrix elements are computed on a coarse
8 × 8 × 8 grid using density-functional theory (DFT) and
density-functional perturbation theory (DFPT) with QUAN-
TUM ESPRESSO [48]. We employ a plane-wave cutoff of 40 Ry
and a relaxed lattice parameter of 5.431 Å. Once the electronic
structure and electron-phonon matrix elements on a coarse
grid were computed, they were interpolated on a finer grid
of 1003 using PERTURBO. We set the Fermi level 203 meV
below the conduction band minimum (CBM) corresponding

to a nondegenerate electron gas of concentration of 1016 cm−3

at 300 K. The energy window of the Brillouin zone was set
to 287 meV above the CBM. Increasing the energy window
to 447 meV changed the mobility by 0.1% and β by 0.8%,
while increasing the grid density to 1403 resulted in mobil-
ity changes on the order of 1%. The final system of linear
equations was solved by a PYTHON implementation of the
generalized minimal residual (GMRES) method [49].

As in prior work, spin-orbit coupling is neglected as it has
a weak effect on electron transport properties in Si [7,11].
Quadrupole electron-phonon interactions were neglected as
they provide only a small correction to the low-field mobility
of silicon at room temperature [14].

Mobility and warm electron tensor. Figure 1 shows the
computed low-field mobility versus temperature for electrons
in Si at the 1ph level of theory. The low-field value at 300 K
is 1737 cm2 V−1 s−1, approximately 20% higher than experi-
mental drift mobility values, which range between 1300 and
1450 cm2 V−1 s−1 [50–53]. The calculated value at 300 K is
generally consistent with prior ab initio studies, which report
values of 1915 cm2 V−1 s−1 [11], 1860 cm2 V−1s−1 [5], and
1750 cm2V−1 s−1 [6]. The use of the experimental lattice con-
stant and GW quasiparticle corrections leads to lower mobility
values [7]. The general overestimate of low-field mobility in
past ab initio studies occurs across a wide range of temper-
atures, as Refs. [5,11] show an overestimated mobility from
100 to 300 K.

At higher fields, the mobility decreases below the low-field
value owing to electron heating as described by β. Because
β depends on the direction of the applied field, we denote
β without subscripts to indicate the electric field is applied
along the [100] crystallographic axis. In Fig. 2(a), we show the
mobility versus electric field in the 1ph framework with the
electric field applied in the [100] and [111] crystallographic
axes along with the quadratic fit. The quadratic fit is observed
to agree well with the calculated values. The coefficient of
the quadratic fit yields β. The [100] mobility decreases more

FIG. 1. Low-field mobility vs temperature for the 1ph (dashed
black line) and 1+2ph (solid orange line) frameworks. The mobility
is overestimated with the 1ph level of theory, but underestimated
when including on-shell 2ph scattering. Experimental data: Fig. 11,
Ref. [50] (green triangles), Fig. 1, Ref. [54] (purple circles), Fig. 2,
Ref. [55] (blue squares).
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FIG. 2. (a) Mobility vs electric field applied along both the [100]
(red diamonds) and [111] (purple circles) crystallographic axes at
300 K using 1ph scattering along with the quadratic fits (solid lines).
(b) β vs temperature for the 1ph (dashed black line) and on-shell 2ph
(solid orange line) frameworks. β is overestimated by �100% at the
1ph level of theory across all temperatures. When including on-shell
2ph, the discrepancy is eliminated. Experimental data from Fig. 11,
Ref. [32] (blue squares) and Figs. 3 and 4, Ref. [31] (purple circles).

rapidly with field than the [111] case, thus yielding a larger
value for β100 than β111.

In Fig. 2(b) we compare the computed β versus temper-
ature with experimental data. The prediction from the 1ph
level of theory is clearly larger than the experimental values
by around 150% across all temperatures. This discrepancy
is markedly larger than that of the low-field mobility. Fig-
ures 3(a) and 3(b) show β versus angle between current
direction and electric field at 300 and 194 K, respectively.
Here, the mobility is presented as the field is rotated from the
[001] direction (corresponding to 0◦) to the [110] direction
(corresponding to 90◦). While the qualitative trend in β with
field orientation seen in experiments is captured by the 1ph
theory, the computed results again are greater than experi-
ments by over 100% at both temperatures.

Role of higher-order phonon scattering. Figures 2(b) and 3
indicate that β is markedly overestimated at the 1ph level
of theory. The magnitude of discrepancy cannot be easily
explained by inaccuracies in band structure, as the dis-
crepancies of the effective mass are ∼7%. Therefore, we

FIG. 3. (a) β vs electric field orientation angle between the [001]
and [110] crystallographic axes at 300 K for the 1ph (dashed black
line), scaled 1ph (dotted blue line), and 1+2ph (solid orange line)
frameworks. The 1ph theory captures the qualitative dependence of
β on angle, but the value is overestimated by ∼200%. The discrep-
ancy is reduced to ∼15% with inclusion of on-shell 2ph scattering.
Experimental data from Fig. 7, Ref. [28] (upward green triangles).
(b) Same as (a) at 194 K. Data from Figs. 3 and 4, Ref. [31] (purple
circles and green triangles).

FIG. 4. (a) Computed 1ph (blue), on-shell 2ph (green), and
1+2ph (orange) scattering rates vs energy at 300 K. The on-shell
2ph rates are approximately 50% of the 1ph rates, indicating a non-
negligible contribution to transport properties. (b) Computed on-shell
2ph (green), 2e (brown), 2a (purple), and 1e1a (gray) scattering rates
vs energy at 300 K. For energies less than 100 meV, the range
relevant to transport properties at 300 K, the 1e1a rates are largest
and have the dominant effect on transport properties.

considered whether higher-order phonon scattering processes
could account for the poor agreement. The 1ph level of the-
ory accounts for the leading-order electron-phonon scattering
process for which electrons scatter with one phonon. We im-
plemented a treatment of the next-to-leading-order scattering
processes where electrons scatter with two phonons using the
ab initio approach described in Ref. [10]. As in Ref. [18], be-
yond the low-field regime the full 2ph calculation is presently
computationally intractable, and so we included only on-shell
2ph processes that are within 25 meV of a band energy. De-
spite the neglect of off-shell processes, Ref. [18] indicates that
most of the relevant processes are included with the approxi-
mation used here. The 2ph rates were iterated five times.

The computed one- and two-phonon scattering rates are
shown in Fig. 4(a). Near the CBM, the 2ph rates are com-
parable to the 1ph rates. At 100 meV, the maximum energy
relevant for transport properties at 300 K, the 2ph rate is ap-
proximately 50% of the 1ph rate owing to the weaker energy
dependence of 2ph scattering. A disaggregation of the rates
into specific emission and absorption processes is shown in
Fig. 4(b). For energies less than 100 meV, the 1e1a (one-
phonon emission plus one-phonon absorption) rates are the
largest and thus have the largest effect on transport properties,
while the 2e (two-phonon emission) rates rise once electrons
are able to emit two optical phonons. The 2a (two-phonon
absorption) rates are relatively negligible at all energies and
are only weakly dependent on energy. These characteris-
tics are qualitatively similar to those reported for GaAs in
Refs. [10,18].

We now examine the impact of the on-shell 2ph rates
on the low-field mobility and β. In Fig. 1, the computed
mobility versus temperature including on-shell 2ph scatter-
ing is shown. The computed 1+2ph curve underestimates
experiment by about 20%. At 300 K, the low-field mobil-
ity is 1089 cm2 V−1 s−1. In Fig. 2(b), β including on-shell
2ph scattering versus temperature is shown. With the inclu-
sion of on-shell 2ph scattering, good agreement is observed
with two independent experimental reports [29,32]. Simi-
larly, in Fig. 3(a), the agreement with experiment [28] of the
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dependence of β on orientation angle at 300 K is greatly
improved by including on-shell 2ph. The qualitative trend of
a decrease in β from 0◦ until ∼55◦ (corresponding to the elec-
tric field in the [111] direction), followed by an increase until
90◦ is unchanged, but it is uniformly decreased in magnitude.
The computed β dependence on orientation angle at 194 K
shown in Fig. 3(b) lies between two data sets [31] of different
resistivities.

We now consider the origin of the improved agreement
with β when including on-shell 2ph processes. The first
mechanism is the increase in scattering rates, which have a rel-
atively larger effect on β compared to mobility. Specifically, it
can be shown that for a uniform scaling of the scattering rates
by a factor ε, β is scaled by ε−2 rather than ε−1 as for the
mobility. Therefore, the increased scattering rates contributed
by on-shell 2ph processes can account for part of the relatively
larger decrease in β. To examine how much of the decrease in
β was due to the increased scattering rates, we scaled the 1ph
scattering rates by a multiplicative factor so that the resulting
low-field mobility was equal to the low-field mobility in the
1+2ph case. The dc mobility versus electric field and β were
then calculated. The scaled 1ph results can be seen in Fig. 3.
At both 300 and 194 K, the majority (94%) of the decrease
in β occurs due to the higher scattering rates. However, the
calculated values of β with the actual on-shell 2ph scattering
rates are still lower than those predicted from the scaled 1ph
rates. This further decrease is due to the larger sensitivity of β

to the scattering rate at low energies near the CBM compared
to that of the mobility (see Supplemental Material [46]). At
these energies, 2ph processes make a relatively larger contri-
bution to the scattering rates than at higher energies, leading
to a larger reduction in β than expected based on a uniform
increase in scattering rates.

Discussion. We now discuss the finding that multiphonon
processes are relevant to transport in nonpolar semiconduc-
tors. Previous experiment and modeling works have suggested
that 2ph processes could account for deviations in the pre-
dicted temperature dependence of the mobility from the
1ph deformation potential theory. In particular, two-phonon
deformation potentials were extracted from second-order Ra-
man scattering measurements [40,41], and using these values
in transport calculations improved the agreement of both
the variation of the low-field mobility and β with tem-
perature [42]. However, these conclusions were subject to
uncertainty owing to the semiempirical nature of the scat-
tering rates employed in the modeling. The present work

overcomes this limitation using the ab initio scattering rates
that are free of adjustable parameters, thereby providing firm
evidence that multiphonon scattering processes are of impor-
tance to low-field and warm electron transport in Si.

We additionally consider the role of other multiphonon
processes that have been neglected in the present Letter and
their potential impact on the transport properties. First, the
addition of the neglected off-shell 2ph processes will further
increase the scattering rates and decrease both the mobility
and β; however, Fig. 2(a) of Ref. [18] indicates this difference
is negligible in GaAs. A more involved complication is the
role of the direct 2ph interaction arising from simultaneous
interactions with two phonons, in contrast to that arising from
two sequential 1ph scattering events considered here. Due to
translational invariance, a cancellation occurs for interactions
involving long-wavelength acoustic phonons [56], and it has
been posited that this cancellation may extend to acoustic
phonons beyond this limit [57]. To estimate the magnitude of
this cancellation, we removed all two-phonon processes that
involve acoustic phonons of energy less than 5 meV and recal-
culated the low-field mobility. The result is 1261 cm2 V−1 s−1,
which is in near-quantitative agreement with experiment. This
result indicates that taking into account the cancellation be-
tween the two 2ph vertices may be needed for predictive
accuracy. Further tests of the role of multiphonon processes
may be obtained by calculating the free carrier absorption
spectrum using the methods of Ref. [58] and the power spec-
tral density of current fluctuations as in Refs. [17,18].

Summary. We have presented a first-principles calculation
of the warm electron transport properties of Si. At the 1ph
level of theory that is typically regarded as adequate for non-
polar semiconductors, the low-field mobility is overestimated
by around 20% while β is overestimated by over 100% across
a wide range of temperatures and crystallographic axes. The
discrepancy in β is reconciled by inclusion of 2ph scattering,
which is found to exhibit a scattering rate that is comparable
to that from 1ph processes. The underestimate of the mobility
at this level of theory provides evidence for the occurrence of
a nontrivial cancellation of second-order terms in the electron-
phonon interaction.
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