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Interlayer superexchange in bilayer chromium trihalides
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We construct a microscopic model based on superexchange theory for a moiré bilayer in chromium trihalides
(CrX3, X = Br, I). In particular, we derive analytically the interlayer Heisenberg exchange and the interlayer
Dzyaloshinskii-Moriya interaction with arbitrary distances (x) between spins. Importantly, our model takes
into account sliding and twisting geometries in the interlayer X -X hopping processes. Our approach can
directly access the x-dependent interlayer exchange without large unit-cell calculations. We argue that deducing
interlayer exchange by various sliding bilayers may lead to an incomplete result in a moiré bilayer. Using the
ab initio tight-binding Hamiltonian, we numerically evaluate the exchange interactions in CrI3. We find that
our analytical model agrees with previous comprehensive density functional theory studies. Furthermore, our
findings reveal the important role of the correlation effects in the X ’s p orbitals, which give rise to a rich interlayer
magnetic interaction with remarkable tunability.

DOI: 10.1103/PhysRevB.107.245133

I. INTRODUCTION

Two-dimensional (2D) magnetism in CrX3 [1–6] exhibits
many fascinating phenomena such as topological magnons
[7–13], moiré magnetism [14–24], and Kitaev physics
[25–29]. Interestingly, CrX3 may serve as a magnetic build-
ing block in forming van der Waal heterostructures [30,31]
for spintronic applications [32–40]. Furthermore, the mate-
rial’s unique interlayer exchange coupling is highly tunable
leading to intriguing stacking-dependent magnetism [41–50].
In this regard, it has recently attracted much research inter-
est [51–60], particularly in its moiré lattice. Studying these
magnetic 2D materials may require comprehensive ab ini-
tio modeling that can be challenging in a large moiré cell.
Therefore, an analytical model that can evaluate the spin
Hamiltonian accurately is highly desirable. However, this de-
mands an understanding of the interlayer exchange at the
microscopic level. Nevertheless, the microscopic origin of
the material’s interlayer antiferromagnetic (AFM) exchange
and its competition with the interlayer ferromagnetic (FM)
exchange [53,54] remains elusive in theory and experiment.

Investigating the interlayer exchange in a CrX3 moiré bi-
layer is a nontrivial theoretical problem since the exchange
coupling mediated by Cr-X -X -Cr hopping is a complicated
process [51] [Fig. 1(d)]. Moreover, studying the noncollinear
spin order due to the interlayer Dzyaloshinskii-Moriya (DM)
interaction induced by spin-orbit coupling (SOC) is also an
outstanding question in this moiré bilayer. In this paper, we
focus on tackling these problems by developing a microscopic
model using the superexchange theory [61–63]. In our model,
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we show that the AFM exchange stems from the hopping pro-
cesses involving the correlated virtual hole pair in the X ion.
Also, we will demonstrate that our analytical model yields an
accurate spin Hamiltonian for a moiré bilayer by performing
a small-scale density functional theory (DFT) simulation.

II. MODEL

To study the magnetic ground state, we model the bilayer
CrX3 on-site Hamiltonian [63] as

H0 =
∑
�=1,2

∑
R=r,ṙ
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where, in each layer �, the X ’s and Cr’s in-plane positions
are labeled by r and ṙ. The occupation number and the spin
angular momentum operators are
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ṙα̇σ are the creation field operators for p and
d orbitals with orbital indices α and α̇. Here, σ is the spin
index which is quantized in the out-of-plane (z) direction and
τ = (τ x, τ y, τ z ) are the Pauli matrices. We note that we use
the dotted and undotted indices to explicitly distinguish be-
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FIG. 1. Intralayer and interlayer couplings. (a) Monolayer CrX3

with hopping constants, tṙα̇,rα , uṙα̇,ṙ′α̇′ , and vrα,r′α′ , and intralayer
exchanges, J (Heisenberg), D,D′ (DM), and K j j′ (symmetric). For
each unit cell (dashed parallelogram), it contains two Cr sublattices
A and B. (b) The orbital levels for spin-up and spin-down states
with Fermi energy EF . (c) The unit cell of a parallel (P) stacking in
bilayer CrX3 (displaced by v for clarity). Antiparallel (AP) stacking
is obtained by rotating the bottom layer by π/3. (d) The interlayer
exchanges J ⊥ and D⊥ are mediated by the hopping between the X
ions located in the two red dashed triangles.

where we used the shorthand notation n ≡ (rnαn) and ṅ ≡
(ṙnα̇n) to represent the position and the orbital index for p and
d orbitals. The intralayer nearest-neighbor (NN) and next-NN

hopping constants are t11̇, u1̇2̇, and v12 [Fig. 1(a)]. The SOC
is written in vector form �12 = −iλ

∑
α pα

r1
εαα2α1δr2r1 with

coupling strength λ and Levi-Civita symbol εαα2α1 . We remark
that the p-orbital quantization axes px̃,ỹ,z̃

r (|pα
r | = 1) are not

arbitrary due to the crystal-field splitting [63].

III. SUPEREXCHANGE THEORY

The magnetic properties are mostly determined by the
low-energy excitations in the Mott’s insulating ground state
[61,62]. The Mott’s state has the many-body wave function

|�̃〉 =
∏
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∏
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ṙz ) with

|s�
ṙ| = 1 [64]. In the Mott’s state, the p orbitals are filled while

the d orbitals are half filled in t2g (α̇ = 1, 2, 3) and empty
in eg [α̇ = 4, 5, Fig. 1(b)]. Because of Hund’s interaction, in
Eq. (3), all the spins at ṙ are deemed to be parallel with s�

ṙ.
The grand partition function for Mott’s state in the inter-

acting picture (treating H′ as a perturbation) is
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ṙσ . Here, T is the
time-order operator and H′(τ ) = eτH0H′e−τH0 with τ being
the imaginary time. Here, β is the inverse of temperature. At
low temperature, this perturbation expansion [63,65] (seventh
order) leads to

Hs =
∑

�

⎡
⎣∑

〈ṙṙ′〉
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with S�
ṙ = 3

2 s�
ṙ. In the spin Hamiltonian Hs, the first three terms are the intralayer NN exchange between AB sublattices

[Fig. 1(a)]. The fourth term is the intralayer NN exchange between AA/BB sublattices. The last two terms are the interlayer
Heisenberg exchange J ⊥

ṙṙ′ and interlayer DM interaction D⊥
ṙṙ′ which are relevant to the moiré magnetism. The derivation of these

interlayer exchanges can be found in the Supplemental Material [66] (SM) and we summarized their analytical expression as
follows,
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ṙ1 ṙ2

= i
22

32

t1̇1t51̇

E1̇1E1̇5

⎧⎨
⎩Pα̇2 T �2�1

45 t2̇4

[
T �1�2

12 �23 + �12T �1�2
23

]
t32̇

(ω1̇ − ω̄2̇ )E1̇2E1̇3E1̇4
+

T �2�1
45 t22̇

(
1
E2̇2

− 1
E1̇4

)+ ξT �2�1
25 t42̇

(
1
E2̇4

− 1
E1̇2

)
(
E1̇2 + E2̇4 + �

ξ
24

)
[

T �1�2
14 t2̇3�32

E2̇3(E1̇1 + E2̇2 )

− T �1�2
34 t2̇2�13

E2̇2(E1̇3 + E2̇2 )
− ξ

(
T �1�2

13 �32 + �13T �1�2
32

)
t2̇4

E1̇2E1̇3
+ �34

2

T �1�2
12 t2̇3

(
1
E1̇2

− 1
E2̇3

)+ ξT �1�2
13 t2̇2

(
1
E2̇2

− 1
E1̇3

)
(
E1̇2 + E2̇3 + �

−ξ
23

)
⎤
⎦
⎫⎬
⎭, (6)

245133-2



INTERLAYER SUPEREXCHANGE IN BILAYER CHROMIUM … PHYSICAL REVIEW B 107, 245133 (2023)

AB  stacking

FIG. 2. Koster-Slater parameters. The dashed curves are fitted by
using Eq. (7). The KS integral is obtained by the DFT calculation
with the AB-stacking bilayer (P stacking). The interlayer distance
increases in steps of 0.5 Å.

where the sums of all indices are implicitly assumed ex-
cept ṙ1,2. In the above, ωṅ (ω̄ṅ) is the energy for creating
a quasielectron (quasihole) in the d orbitals with a spin
wave function χ�+

ṙσ . Namely, the quasielectron (quasihole)
state is |ṅ〉 = χ�+

ṙnσ
d�†

ṅσ |�̃〉 (|ṅ〉 = χ̄ �+
ṙnσ

d�
ṅσ |�̃〉) with H0|ṅ〉 =

ωṅ|ṅ〉. Furthermore, Eṅn is the creation energy of a d-electron
and p-hole pair, |ṅn〉 = χ̄ �+

ṙnσ ′ p�
nσ ′ |ṅ〉, with H0|ṅn〉 = Eṅn|ṅn〉.

Similarly, the two electron-hole pairs are |ṁm, ṅn〉ξ =
χ̄ �+

ṙmσ ′ χ̄
�+
ṙnσ ′′ (p�

mσ ′ p�
nσ ′′ + ξ p�

mσ ′′ p�
nσ ′ )|ṁṅ〉 where ξ = ±1 for a

spin triplet/singlet state with energy H0|ṁm, ṅn〉ξ = (Eṁm +
Eṅn + �ξ

mn)|ṁm, ṅn〉ξ . The spin singlet-triplet energy splitting
due to an interaction is given by �ξ

mn = 1
2 [U αmαn

rm
− (2ξ +

1)(1 − δαmαn )Jαmαn
rm

]δrmrn . For simplicity, in Eqs. (5) and (6),
the high-energy virtual states in the d orbitals [66] [spin-down
states in Fig. 1(b)] are projected out [63]. For calculating the
exchange coupling of any two spins, we consider only the first
nine shortest paths for the interlayer X -X hopping which is
depicted in Fig. 1(d).

IV. INTERLAYER EXCHANGE IN CrI3

To estimate the interlayer exchange coupling, we model the
interlayer hopping as

T ��′
rα,r′α′ = δαα′V ⊥

π + (V ⊥
σ − V ⊥

π )
pα

r · d pα′
r′ · d

d2
, (7)

where d = r + h� − (r′ + h�′ ) is the displacement between
two X ions with h1,2 = ± 1

2 (0, 0, L). Here, L is the interlayer
distance between Cr planes (Fig. 2). The Slater-Koster (SK)
overlap integral is parametrized [67] by a d-dependent func-
tion as

V ⊥
b = νb exp[−(d/Rb)ξb], b = π, σ. (8)

To find the SK parameters νb, Rb, and ξb, we compute T ��′
rα,r′α′

by constructing an ab initio TB Hamiltionian using QUANTUM

ESPRESSO [68], WANNIER90 [69,70], and the pseudopoten-
tial from the standard solid-state pseudopotential efficiency
library [71,72] (see SM [66]). We then perform the fitting
(Fig. 2) for the SK parameters [73] by using T ��′

rα,r′α′ with

TABLE I. Koster-slater integral V ⊥
b = νb exp[−(d/Rb)ξb ] for in-

terlayer hopping.

b νb Rb ξb

σ 5.3547 2.6794 2.2148
π −2.3698 1.7993 1.7021

various interlayer distances (L = 6.3–8.3 Å) and the result is
summarized in Table I.

We then proceed to obtain the TB constants and pα
r in H′

by extracting them from the spin-up ab initio TB Hamiltonian.
Using the spin-down TB constants only leads to minor modifi-
cations [63]. However, we note that the correlation energy �

ξ
ṅn

cannot be obtained by the one-particle Kohn-Sham spectrum.
Therefore, the interactions between p holes, U αα′

rn
and Jαα′

rn
,

remain free parameters in our model. Here, we use U αα′
rn

=
1.2 eV and Jαα′

rn
= 0.5 eV from Ref. [63]. Once all the model

parameters are determined, we can calculate the superex-
change in Eqs. (5) and (6). But, the quasiparticle energies
between the spin-up t2g (valence) and eg (conduction) bands
[Fig. 1(b)] in the ab initio TB Hamiltonian are inaccurate
due to the band-gap underestimation in DFT [63]. To correct
this, it requires performing a GW calculation [74,75] which
is beyond the scope of this paper. Instead, we employ the
“scissor” correction [76–79] by rigidly shifting the conduction
eg bands by an additional 1.2 eV [66] above the valence t2g

band to match the intralayer exchange [80–86], J ∼ 4 meV.
To investigate our model, we analyze the isotropic ex-

change J ⊥
ṙṙ′ with arbitrary in-plane displacement x = ṙ − ṙ′

(with L = 6.8 Å). In Fig. 3, we plot two different types of su-
perexchange, SE1 and SE2 (left panel). They both contribute
to J⊥

ṙṙ′ . In the superexchange hopping processes, SE1 creates
only one virtual p hole (|ṅn〉) while SE2 creates two virtual
p holes (|ṁm, ṅn〉ξ ). In contrast to the previous studies, we
go beyond the SE1 process and we find that the interlayer
AFM exchange is mostly mediated by a virtual singlet hole
pair through the eg-eg hopping process in SE2 [63]. As we can
see, SE1 mediates mostly FM exchange which cannot explain
the emergence of AFM exchange. Combining SE1 and SE2
gives the total interlayer exchange whose result agrees with
the comprehensive DFT calculation in Refs. [22,24]. Simi-
larly, we calculate the interlayer DM interaction in Fig. 4.
In P stacking [Fig. 1(c)], at x = 0, we find that D⊥(0) has
zero in-plane components due to threefold rotational symme-
try [87]. However, in AP stacking, we find that D⊥(0) [87]
vanishes since it has an additional mirror symmetry between
the top and bottom layers. Similar to J ⊥

ṙṙ′ , we also find that
SE1 and SE2 have comparable contributions for D⊥

ṙṙ′ . Fur-
thermore, our theory can also derive the analytical form for the
intralayer next-NN DM interaction [88] D′ and the NN sym-
metric exchange tensor [89] Ki j . These higher-order intralayer
exchanges are relevant for topological magnetic phenomena
[7–13] and Kitaev physics [25–29].

V. MAGNETIC MOIRÉ BILAYER

As demonstrated in previous work [20,21,23,24], J ⊥
ṙṙ′ can

also be deduced by mapping the local Cr-Cr stacking order in
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FIG. 3. Interlayer exchange coupling. The dependence of x =
ṙ − ṙ′ in the interlayer exchange coupling J ⊥(x) between spins at
in-plane positions ṙ and ṙ′. (a) The exchange coupling between AA
sublattices in P stacking [see Fig. 1(c)]. The left panel shows the
separate contributions from SE1 and SE2 processes. The right panel
is the total exchange coupling. (b) The exchange coupling between
AA sublattices in AP stacking.

P stacking

AP stacking

P st

AP AP

(a)

(b)

FIG. 4. Interlayer DM interaction. (a) Interlayer DM interaction
between AA sublattices for P stacking. The left panel is the coupling
strength for D⊥

x and D⊥
y components. In the right panel, the vector

field shows the in-plane component of the DM interaction. The out-
of-plane component is illustrated by the color plot. (b) Interlayer DM
interaction between AA sublattices in AP stacking.

FIG. 5. Moiré field. (a) The mapping between the local stacking
order in a moiré lattice and the bilayer stacking with various sliding
vectors v. (b) The moiré field for P stacking is obtained by using
Eqs. (4) and (5), and setting K j j′ = 0. (c) The moiré field for AP
stacking. (d) The unit cells in different layers with the sliding vector
v = v1a1 + v2a2.

a moiré cell to the corresponding sliding bilayer [Fig. 5(a)]. In
this “sliding-mapping” approach [24], the DFT calculation is
performed in the sliding bilayer instead of the twisted bilayer
with a large moiré cell. To compare our model with this ap-
proach, we calculate EAFM − EFM = 2

N

∑
ṙṙ′ (J ⊥

ṙṙ′ + J ⊥
ṙ′ ṙ )( 3

2 )2

for a bilayer with N unit cells where EAFM and EFM are the
total energies per unit cell in layered-AFM and FM states.
The result is plotted as a “moiré field” [21] with a sliding
vector v in Figs. 5(b) and 5(c). Even though our model is
constructed based on five DFT data points on the AB stacking
(Fig. 2), our result in Fig. 5 agrees with the comprehensive
DFT studies [20,21,51,55]. We note that the AFM domain has
a slight mismatch with a smaller energy gain as compared to
the other DFT studies. This discrepancy may be attributed to
the lack of variation of pα

r in response to the change of local
crystal field in different stacking structures. This is especially
evident for the AP stacking moiré field [Fig. 5(c)], as we use
Eq. (7) deduced from AB stacking (Fig. 2) in the calculation.
In superexchange theory, the interlayer exchange is expected
to strongly depend on the details of pα

r , since it governs the
overlapping between p orbitals [90,91].

VI. CONCLUSION

We have built a microscopic spin Hamiltonian for a moiré
bilayer by using the superexchange theory. Although the con-
struction is done by a relatively small DFT simulation, our
analytical model yields a similar result as compared to the
rigorous DFT studies. Furthermore, we identify the micro-
scopic origin of the interlayer AFM exchange. This exchange
is mediated by the singlet hole pairs in the X ’s ion [63].
These low-energy SE2 processes play a vital role in interlayer
exchanges.
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In superexchange, the interlayer exchange coupling is
highly sensitive to the interlayer X -X hopping geometry,
which can lead to different x-dependent behavior in twisting
(see P and AP stackings in Figs. 3 and 4). In the sliding-
mapping approach [20,21,51,55], the moiré fields in P and AP
stackings [55] [Figs. 5(b) and 5(c)] will generate two differ-
ent J ⊥(x). Also, P and AP stackings do not transform into
each other by sliding since this does not introduce a relative
rotation between X planes [92]. Hence, the sliding method
may not realize all the relevant interlayer exchange coupling
in a twisted bilayer. Therefore, we argue that our microscopic
approach can complement the incomplete part of the sliding
method.

In our theory, the KS parametrization in Eq. (7) may not
be sufficient since it does not take into account the variation
of the p-orbital quantization axes in different crystal-field
environments. To improve our model by including such ef-
fects, it requires more DFT simulations with different stacking
configurations. This is particularly important for evaluating
anisotropic exchanges such as interlayer DM interactions.
Another limitation of our approach is that the Coulomb and

Hund’s interaction in the p orbital cannot be obtained from the
DFT Kohn-Sham spectrum since this information is contained
in the two-particle spectrum. This may require further effort
in evaluating the two-particle spectrum from first-principles
studies.

In conclusion, our work provides microscopic insights into
the problem of interlayer magnetic exchange interactions. Un-
like conventional bulk materials, the p-orbital wave functions
do not have symmetry constraints in the out-of-plane direc-
tion. Owing to the absence of this crystalline symmetry, this
unique property in 2D materials leads to a fascinatingly rich
stacking-dependent magnetism with remarkable tunability.
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Giannini, and A. F. Morpurgo, Very large tunneling magnetore-

sistance in layered magnetic semiconductor CrI3, Nat. Commun
9, 2516 (2018).

[37] H. H. Kim, B. Yang, T. Patel, F. Sfigakis, C. Li, S. Tian, H. Lei,
and A. W. Tsen, One million percent tunnel magnetoresistance
in a magnetic van der Waals heterostructure, Nano Lett. 18,
4885 (2018).

[38] T. Song, M. W.-Y. Tu, C. Carnahan, X. Cai, T. Taniguchi, K.
Watanabe, M. A. McGuire, D. H. Cobden, D. Xiao, W. Yao, and
X. Xu, Voltage control of a van der Waals spin-filter magnetic
tunnel junction, Nano Lett. 19, 915 (2019).

[39] S. Rahman, J. F. Torres, A. R. Khan, and Y. Lu, Recent de-
velopments in van der Waals antiferromagnetic 2D materials:
Synthesis, characterization, and device implementation, ACS
Nano 15, 17175 (2021).

[40] M.-C. Heißenbüttel, T. Deilmann, P. Krüger, and M. Rohlfing,
Valley-dependent interlayer excitons in magnetic WSe2CrI3,
Nano Lett. 21, 5173 (2021).

[41] B. Huang, G. Clark, E. Navarro-Moratalla, D. R. Klein, R.
Cheng, K. L. Seyler, D. Zhong, E. Schmidgall, M. A. McGuire,
D. H. Cobden, W. Yao, D. Xiao, P. Jarillo-Herrero, and X.
Xu, Layer-dependent ferromagnetism in a van der Waals crys-
tal down to the monolayer limit, Nature (London) 546, 270
(2017).

[42] B. Huang, G. Clark, D. R. Klein, D. MacNeill, E. Navarro-
Moratalla, K. L. Seyler, N. Wilson, M. A. McGuire, D. H.
Cobden, D. Xiao, W. Yao, P. Jarillo-Herrero, and X. Xu, Electri-
cal control of 2D magnetism in bilayer CrI3, Nat. Nanotechnol.
13, 544 (2018).

[43] D. R. Klein, D. MacNeill, J. L. Lado, D. Soriano, E. Navarro-
Moratalla, K. Watanabe, T. Taniguchi, S. Manni, P. Canfield, J.
Fernández-Rossier, and P. Jarillo-Herrero, Probing magnetism
in 2D van der Waals crystalline insulators via electron tunnel-
ing, Science 360, 1218 (2018).

[44] W. Chen, Z. Sun, Z. Wang, L. Gu, X. Xu, S. Wu, and C.
Gao, Direct observation of van der Waals stacking–dependent
interlayer magnetism, Science 366, 983 (2019).

[45] H. H. Kim, B. Yang, S. Li, S. Jiang, C. Jin, Z. Tao, G. Nichols,
F. Sfigakis, S. Zhong, C. Li, S. Tian, D. G. Cory, G.-X. Miao,
J. Shan, K. F. Mak, H. Lei, K. Sun, L. Zhao, and A. W. Tsen,
Evolution of interlayer and intralayer magnetism in three atomi-
cally thin chromium trihalides, Proc. Natl. Acad. Sci. USA 116,
11131 (2019).

[46] D. R. Klein, D. MacNeill, Q. Song, D. T. Larson, S. Fang, M.
Xu, R. A. Ribeiro, P. C. Canfield, E. Kaxiras, R. Comin, and
P. Jarillo-Herrero, Enhancement of interlayer exchange in an
ultrathin two-dimensional magnet, Nat. Phys. 15, 1255 (2019).

[47] T. Li, S. Jiang, N. Sivadas, Z. Wang, Y. Xu, D. Weber, J. E.
Goldberger, K. Watanabe, T. Taniguchi, C. J. Fennie, K. F.
Mak, and J. Shan, Pressure-controlled interlayer magnetism in
atomically thin CrI3, Nat. Mater. 18, 1303 (2019).

[48] X. Guo, W. Jin, Z. Ye, G. Ye, H. Xie, B. Yang, H. H. Kim,
S. Yan, Y. Fu, S. Tian, H. Lei, A. W. Tsen, K. Sun, J.-A. Yan,
R. He, and L. Zhao, Structural monoclinicity and its coupling
to layered magnetism in few-layer CrI3, ACS Nano 15, 10444
(2021).

[49] G. Cheng, M. M. Rahman, A. L. Allcca, A. Rustagi, X. Liu,
L. Liu, L. Fu, Y. Zhu, Z. Mao, K. Watanabe, T. Taniguchi,
P. Upadhyaya, and Y. P. Chen, Electrically tunable moiré
magnetism in twisted double bilayers of chromium triiodide,
Nat. Electron (2023).

245133-6

https://doi.org/10.1103/PhysRevResearch.3.013027
https://doi.org/10.1021/acs.nanolett.1c02096
https://doi.org/10.1002/adfm.202206923
https://doi.org/10.1088/2053-1583/acc671
https://doi.org/10.1038/s43588-023-00430-5
https://doi.org/10.1038/s41524-018-0115-6
https://doi.org/10.1103/PhysRevLett.124.087205
https://doi.org/10.1103/PhysRevB.101.060404
https://doi.org/10.1103/PhysRevLett.124.017201
http://arxiv.org/abs/arXiv:2208.02195
https://doi.org/10.1038/nature12385
https://doi.org/10.1126/science.aac9439
https://doi.org/10.1126/sciadv.1603113
https://doi.org/10.1126/science.aar4851
https://doi.org/10.1103/PhysRevLett.121.067701
https://doi.org/10.1103/PhysRevB.100.085128
https://doi.org/10.1038/s41467-018-04953-8
https://doi.org/10.1021/acs.nanolett.8b01552
https://doi.org/10.1021/acs.nanolett.8b04160
https://doi.org/10.1021/acsnano.1c06864
https://doi.org/10.1021/acs.nanolett.1c01232
https://doi.org/10.1038/nature22391
https://doi.org/10.1038/s41565-018-0121-3
https://doi.org/10.1126/science.aar3617
https://doi.org/10.1126/science.aav1937
https://doi.org/10.1073/pnas.1902100116
https://doi.org/10.1038/s41567-019-0651-0
https://doi.org/10.1038/s41563-019-0506-1
https://doi.org/10.1021/acsnano.1c02868
https://doi.org/10.1038/s41928-023-00978-0


INTERLAYER SUPEREXCHANGE IN BILAYER CHROMIUM … PHYSICAL REVIEW B 107, 245133 (2023)

[50] H. Xie, X. Luo, Z. Ye, Z. Sun, G. Ye, S. H. Sung, H. Ge, S.
Yan, Y. Fu, S. Tian, H. Lei, K. Sun, R. Hovden, R. He, and L.
Zhao, Evidence of non-collinear spin texture in magnetic moiré
superlattices, Nat. Phys. (2023).

[51] N. Sivadas, S. Okamoto, X. Xu, C. J. Fennie, and D. Xiao,
Stacking-dependent magnetism in bilayer CrI3, Nano Lett. 18,
7658 (2018).

[52] D. Soriano, C. Cardoso, and J. Fernández-Rossier, Interplay
between interlayer exchange and stacking in CrI3 bilayers, Solid
State Commun. 299, 113662 (2019).

[53] S. W. Jang, M. Y. Jeong, H. Yoon, S. Ryee, and M. J. Han,
Microscopic understanding of magnetic interactions in bilayer
CrI3, Phys. Rev. Mater. 3, 031001(R) (2019).

[54] P. Jiang, C. Wang, D. Chen, Z. Zhong, Z. Yuan, Z.-Y. Lu, and W.
Ji, Stacking tunable interlayer magnetism in bilayer CrI3, Phys.
Rev. B 99, 144401 (2019).

[55] M. Gibertini, Magnetism and stability of all primitive stacking
patterns in bilayer chromium trihalides, J. Phys. D 54, 064002
(2020).

[56] D. Soriano, M. I. Katsnelson, and J. Fernández-Rossier,
Magnetic two-dimensional chromium trihalides: A theoretical
perspective, Nano Lett. 20, 6225 (2020).

[57] S. Sarkar and P. Kratzer, Magnetic exchange interactions in
bilayer CrX3 (X = Cl, Br, and I): A critical assessment of the
DFT + u approach, Phys. Rev. B 103, 224421 (2021).

[58] D. Wang and B. Sanyal, Systematic study of monolayer to
trilayer CrI3: Stacking sequence dependence of electronic struc-
ture and magnetism, J. Phys. Chem. C 125, 18467 (2021).

[59] H. Yu, J. Zhao, and F. Zheng, Interlayer magnetic interactions
in π/3-twisted bilayer CrI3, Appl. Phys. Lett. 119, 222403
(2021).

[60] S. Stavrić, P. Barone, and S. Picozzi, Delving into
the anisotropic interlayer exchange in bilayer CrI3,
arXiv:2305.16142.

[61] P. W. Anderson, Antiferromagnetism. Theory of superexchange
interaction, Phys. Rev. 79, 350 (1950).

[62] P. W. Anderson, New approach to the theory of superexchange
interactions, Phys. Rev. 115, 2 (1959).

[63] K. W. Song and V. I. Fal’ko, Superexchange and spin-orbit
coupling in monolayer and bilayer chromium trihalides, Phys.
Rev. B 106, 245111 (2022).

[64] The local spin wave function with opposite spin direction (−sṙ)
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