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Nonlocality and entanglement in measured critical quantum Ising chains
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We study the effects of measurements, performed with a finite density in space, on the ground state of the
one-dimensional transverse-field Ising model at criticality. Local degrees of freedom in critical states exhibit
long-range entanglement, and as a result, local measurements can have highly nonlocal effects. Our analytical
investigation of correlations and entanglement in the ensemble of measured states is based on properties of
the Ising conformal field theory (CFT), where measurements appear as (140)-dimensional defects in the
(1+1)-dimensional Euclidean spacetime. So that we can verify our predictions using large-scale free-fermion
numerics, we restrict ourselves to parity-symmetric measurements. To describe their averaged effects analytically
we use a replica approach, and we show that the defect arising in the replica theory is an irrelevant perturbation
to the Ising CFT. Strikingly, the asymptotic scalings of averaged correlations and entanglement entropy are
therefore unchanged relative to the ground state. In contrast, the defect generated by postselecting on the most
likely measurement outcomes is exactly marginal. We then find that the exponent governing postmeasurement
order parameter correlations, as well as the “effective central charge” governing the scaling of entanglement
entropy, vary continuously with the density of measurements in space. Our work establishes connections between
the effects of measurements on many-body quantum states and of physical defects on low-energy equilibrium

properties.
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I. INTRODUCTION

Measuring one of the qubits in a Bell pair nonlocally alters
the state of the unmeasured qubit. In many-body systems,
where the entanglement of a state can be highly complex, the
nonlocal effects of measurements can give rise to a remarkable
variety of different structures [1-15]. Strikingly, even when
starting from a state with short-ranged entanglement, one
can use measurements to create topological order and other
long-range entangled states [3,5,6,8,10—13]. In the context of
the measurement-induced phase transition in quantum circuits
[16-24], the nonlocal effects of measurements are known to
be crucial for the emergence of conformal symmetry at the
critical point [2].

Given such a diverse range of phenomena, it is important
to seek unifying principles underlying the effects of mea-
surements on many entangled degrees of freedom. Critical
ground states [25] in one spatial dimension here offer a high
degree of theoretical control because universal structures are
described at long distances by (141)-dimensional conformal
field theories (CFTs) [26-28]. Moreover, as shown in Ref. [9],
studies of the effects of measurements on these states are
closely related to problems arising in the theory of surface
critical phenomena [29,30]. This connection has more re-
cently appeared in studies of the effects of local decoherence
on topological [31-33] and critical states [33,34].

In this work we set out to understand the effects of mea-
surements on the ground state of the transverse-field Ising
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model (TFIM) at criticality, which is described at long dis-
tances by the Ising CFT [25], and to study the entanglement
entropy of the postmeasurement quantum states. The struc-
ture of these states can be understood by considering the
introduction of (1+0)-dimensional defects to the Ising CFT,
a problem which has been studied extensively both in and out
of equilibrum [35-40].

Our study of the TFIM is motivated in part by the aim
of observing measurement-induced collective phenomena
in experimental quantum simulators. As discussed in
Refs. [9,11,41-44], the effects of large numbers of measure-
ments can, quite generally, be observed when experimental
data are complemented by results from a simulation, thereby
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FIG. 1. Schematic depiction of the measurement protocol con-
sidered in this work. The ground state [y,,) of the critical
transverse-field Ising model (1) is measured using the measurement
operator My, which is a product of an extensively large set of local
projectors. The remaining state |¥,) o Mng.s.) retains nontrivial
long-range correlations and entanglement scaling.
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avoiding the infamous “postselection problem” [16,18,41,45].
This raises the question of which phenomena can be observed
in exact simulations. The TFIM is a natural setting to explore
this because, within certain measurement schemes, the
many-body state can be represented exactly with polynomial
computational resources. With this hybrid of quantum and
classical simulation in mind, throughout this work we will
emphasize the connection between the effects of projective
measurements on a lattice model, which bears a close relation
to the situation in experiment, and that of defects in a CFT.
We focus on parity-preserving local measurements per-
formed with a finite density in space (see Fig. 1). We first
consider physical quantities averaged over the ensemble of
measurement outcomes, weighting the contributions from dif-
ferent outcomes according to the Born rule. To characterize
a postmeasurement state one can compute the expectation
value of an observable, but since this object is linear in the
postmeasurement density matrix, a naive average over runs
of the experiment converts our local measurements into a
dephasing channel with strictly local effects [46]. In order to
diagnose the nonlocal effects of measurements on average, it
is instead necessary to consider quantities postmeasurement
that are nonlinear in the density matrix, such as connected
correlation functions and the entanglement entropy of a sub-
region. Following Ref. [9] we use a replica approach to study
averages of these nonlinear objects. These observables can
then be studied at long distances using a replicated Ising CFT,
where measurements give rise to an interreplica coupling at
a fixed imaginary time (a “spacelike” defect). For averages
over parity-preserving measurements this defect is irrele-
vant under the renormalization group (RG), and consequently
long-distance properties of the ensemble of postmeasurement
states are not significantly modified relative to the ground
state. Remarkably, critical correlations are therefore robust
to measurements: the exponents governing power-law corre-
lations between unmeasured qubits, and the prefactor of the
logarithmically scaling entanglement entropy, are unchanged.
Following this, we consider the effects of ‘“forced”
measurements, which in practice would correspond to postse-
lecting for a particular set of outcomes. We focus our attention
on the single most likely measurement outcome for a given
set of measurement locations; these generate a marginal de-
fect which, in the Ising CFT, appears as a finite density of
energy operators inserted along a line of fixed imaginary
time. This type of defect has been analyzed in the context of
classical statistical mechanics [35-38] and is known to result
in order parameter correlations with a power-law exponent
which continuously varies with the strength of the defect.
Correspondingly, we numerically observe order parameter
correlations in the measured states with a power-law exponent
which continuously varies with the density of measurements
in space. A defect of this kind at a fixed point in space (i.e.,
a “timelike” defect) has also been shown to result in a loga-
rithmically scaling half-system entanglement entropy with a
continuously varying effective central charge [39,40,47-50].
We derive a general relation between the effects of forced
measurements and of physical defects on the entanglement
entropy in CFTs, which suggests a similar logarithmic entan-
glement entropy of arbitrary subregions of the measured state

with the same varying effective central charge. We confirm
this relation numerically in TFIMs.

The effects of measurements on the entanglement of
critical ground states has previously been investigated in
Refs. [7,51,52]. In Refs. [51,52], the authors used CFT tech-
niques to compute the entanglement entropy between two
unmeasured subsystems after completely disentangling a fi-
nite region of space via measurements. Conversely, Ref. [7]
considers the remaining entanglement after measuring nearly
all degrees of freedom of a critical state, such as the ground
state of the critical TFIM, as a diagnostic of the state’s “sign
structure.” In contrast to these previous works, we focus here
on measurements performed with a finite density throughout
all of space. Separately, we note that in the dynamics of
continuously monitored TFIMs and free-fermionic systems
[53-64], a continuously varying effective central charge has
previously been identified in the steady-state entanglement
entropy. However, the physical mechanism behind this entan-
glement scaling is entirely different from that of the present
work; in particular, it does not share the same connection to
surface critical phenomena employed here.

This paper is organized as follows. First, in Sec. II we
describe the lattice model and standard properties of the Ising
CFT. In Sec. IIT we study the full ensemble of measurement
outcomes by calculating postmeasurement correlation func-
tions weighted according to their Born probabilities. There we
also show explicitly the connection between projective mea-
surements on the lattice and a defect in the CFT. In Sec. IV we
then consider postselecting on the most likely measurement
outcomes. Here we derive the connection between the entan-
glement entropies of subregions in (i) the postmeasurement
states and (ii) the ground state of a Hamiltonian featuring
defects at fixed points in space. We discuss our results and
suggest future directions in Sec. V.

II. MODEL

Here we review basic definitions and properties of the
transverse-field Ising model (TFIM). We consider a one-
dimensional system of N qubits with periodic boundary
conditions, with the Hamiltonian

N

H=-J Z(Zij_H +ng), (1)
J=1

where Z; and X; are the standard Pauli matrices acting on
the jth qubit, and Zy,; = Z;. We fix J = 1 throughout. The
TFIM exhibits a quantum phase transition between paramag-
netic and ferromagnetic ground states for g > 1 and g < 1,
respectively [25,65]; the critical point at g = 1, which is our
primary focus, features a gapless spectrum and is described at
long distances by the Ising conformal field theory (CFT) [27].
For both analytical convenience and numerical tractability,
it is useful to rewrite H as a model of Majorana fermions
using the Jordan-Wigner transformation [25]. Defining the
Majorana fermion operators y2;—1 = [[[,_; Xi]Z; and y»; =
(I1;-; X1}, which satisfy {y;, y;} = 24;;, H takes the form

N

H=—-i] 2(8)/2_7—1)/2,;' + 72j¥2j+1), (2)
=1
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where we define y,n41 = —y 1, with IT =] X the total
parity. The ground state |5 ) of H lies in the even-parity
sector, IT = 41 [66]; so long as we restrict our attention to
parity-even observables, we may set [T = +1 throughout. The
model H is then a quadratic free-fermion Hamiltonian and is
amenable to efficient numerical simulation using covariance
matrix techniques [67-69], as discussed in Appendix A.

We will be interested in the effects of measurements on
the critical g = 1 ground state |/ ) of H. Since our focus is
on universal long-distance properties of the postmeasurement
states, it will often be useful to work with the Ising CFT [27],
which can be obtained from the continuum limit of H. In the
scaling limit g — 1, long-distance correlation functions can
be obtained from the Euclidean action

Soly] = %/dtdx U0, —io*d +ma))y,  (3)

where x is the spatial coordinate and 7 is the imaginary time.
Here ¥ = [y, ¥»]7 is a two-component Grassmann field,
with ¥ (x) and v (x) reproducing correlations of y,;_; and
v2j, respectively, and o and o are the Pauli matrices acting
on the two components of Y. The Ising CFT is obtained
upon setting m o< g — 1 to zero. It is useful to note that
has scaling dimension [{] = [x~1/2] = 1/2. We provide more
details in Appendix B on the correspondence between the
lattice model and the continuum field theory.

Throughout this work, we primarily focus on three ob-
servables: namely, the order parameter correlation function
C(r), the connected energy density correlation function G(r),
and the entanglement entropy S(r) of a contiguous subregion
A = [0: r) of r sites. In the ground state, these are [27,70]

Cos.(r) = (ZoZy) g ~ 1714,
Gys.(r) = <X0Xr>g.s, — (X0>g.s.<Xr)g,s, -~ ’,—27 @)
Ses.(r) = —trpg, 1og pys, ~ g logr + bo,

where (-)gs. = (V¥gs.| - [¥gs.) denotes ground-state correla-
tions at the critical point, IOQ.S. = trge|VYgs ) (Yes.| is the
reduced density matrix of subsystem A, and ~ indicates the
asymptotic scaling behavior of these three observables for
large r. In the first two equations we have omitted a nonuni-
versal constant prefactor; in the last equation, the coefficient
1/6 corresponds to a central charge ¢ = 1/2, while b is a
nonuniversal constant [70].

III. BORN ENSEMBLE PROJECTIVE MEASUREMENTS

Due to its algebraic correlations and long-range entan-
glement, local measurements performed on the ground state
|gs.) of the critical TFIM can potentially exhibit highly
nonlocal effects [9]. To determine the effects of projective
measurements on the ground state, we randomly perform a
projective measurement of X; at each site j with probability
p, with measurement outcomes sampled according to the Born
rule. The postmeasurement states remain nontrivial on the
~(1 — p)N unmeasured qubits, and in this section we aim
to characterize the average long-distance behavior of corre-
lations and entanglement in the ensemble of such measured
states.

Our protocol is conveniently described using a measure-
ment operator My, = ]_[]jy:1 M., j, which is a product of the
local measurement operators

Mo ;=+/1-Dp,

Here m; = 0 corresponds to not performing a measurement
on site j, while m; = %1 corresponds to a projective mea-
surement of X; with result 1. Naturally, the full set of
measurement operators satisfies the probability-conserving
condition Y M2 =1 (in other words, the set of all M2,
constitute a positive operator-valued measure [46]). The mea-
surement outcome m occurs with Born probability py, and
results in the postmeasurement state |1y, ), where

M| Ves .
V) = mlVes) Pm = (Mg), - (6)

(V13),

In Appendix G we additionally discuss projective measure-
ments of Z;Z;,, for each bond. The results are qualitatively
similar to the case of X; measurements discussed here; in the
continuum limit, both operators are given to leading order by
the Ising CFT energy operator [71].

We would like to determine the typical behavior of long-
range correlations in the states |Yr,). As has been elaborated
elsewhere [9], although a given set of measurements can have
nonlocal effects on the ground state, the averaged behavior
of linear observables (O)m = D, Pm(¥m|O|¥m) is identical
to the behavior of observables following a series of local
quantum channels. Since local quantum channels can exhibit
only local effects on the ground state, the nonlocality of mea-
surements is hidden from these averages.

Instead, we focus on the measurement-averaged behavior
of observables which are nonlinear in the density matrix oy, =
[¥m) (¥m|: namely, the squared order parameter correlation
function C2 (r), as well as the connected energy density cor-
relation function Gy, (r) and the entanglement entropy Sy (7),
the latter two of which are already nonlinear observables. Here
the subscripts m indicate that these observables are computed
with respect to the postmeasurement state |yy,), rather than
[Vss.) as in Eq. (4). Explicitly,

Gm(}’) = <X0Xr>m - (X0>m(Xr>mv
Sm(r) = —trpp, log pj- @)

N 1+X;
My ;= ./p 2 L. (5)

Ca(r) = (ZoZy ),

We now describe how averages of these objects, with weights
given by the Born probabilities pp,, can be studied analyti-
cally.

A. Replica field theory

To analyze the average effects of measurements on these
nonlinear observables, we develop a replica approach analo-
gous to the one employed in Ref. [9]. The resulting replica
observables are described by a replicated Ising CFT in the
continuum limit, and we show that the average effect of pro-
jective measurements on the ground state is to couple the
replicas together along the T = 0 axis in Euclidean spacetime.
A simple scaling analysis will then suggest that this coupling
is irrelevant.
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For purposes of illustration, consider the average of Gy, (7).
We will comment on Crzn(r) and Sp(r) at the end of this
section. Starting with just the disconnected piece, the average
is given by

(XoMg,), (X M3,)
X, m= me(XO)m<Xr>m= Z gASZ g.s.’
(M3), .
m m g.s.
A ®)
where we have used [X;, Mp] = 0. The difficulty in averaging
this quantity directly lies in the nontrivial denominator arising
from the normalization of |uy,). In order to compute observ-

ables of this form, we employ the following replica scheme:

e > m P (X0)m (X ) m
D) (K = lim S
52 \n—2 2 2
_ hIIl] Zl'l‘l <Mm)g.s. <X0]AW;H>’§g.s‘<XVMm>g.S‘ )
" Zm <Mm)g.s.

In this scheme, we effectively weight each set of measure-
ment outcomes m by the alternative probability distribution
P/ Y o Doy, thereby biasing the distribution towards the
most likely measurement outcomes. By writing the product
of expectation values as a single expectation value over an
n-fold replicated Hilbert space, we obtain Gy, (r) asthen — 1
replica limit of

(920 06X = XX W 2]
( g~S-|Man|wg.s.>

Here X;a) denotes the X; operator in replica o, while Mavg is
given by

Mg = § (2]
oo 5 (2]

G (r) = (10)

j=1 m,_il
N ln/2]

aﬂ(l—i—uZ >ooox.x <“2f> (11)
j=1 r=1 1<a|<...<ay,<n

where u = [14+2""'(p~' — 1)’ is a monotonic function
of p, and we have neglected an overall constant which cancels
between the numerator and denominator. Acting on |1ﬂ®”)
Mavg has the effect of weakly locking the multiple replicas to-
gether by favoring spin configurations in which X j(l) =
x".

As in Ref. [9], we now interpret the insertion of Mavg as
a spacelike defect in Euclidean spacetime. Towards this end,
we rewrite both the numerator and denominator of Eq. (10)
using an imaginary-time path integral of Majorana fermions,
and we take a continuum limit; technical details are contained
in Appendix D. The denominator of Eq. (10) is then given by
the partition function Z}g’ )of a multireplica Ising field theory
with an interreplica coupling along the T = 0 line, defined by

n
N\ ) Qln) a)
Z0 ZfHDW(a)e Sia Sl -SPUON (1

a=1

where Sz(\; [y @] gives the coupling between replicas due to
measurements:

S ==Y [ dxw WO 4 13

a<pf

where the ellipsis denotes four-replica terms and higher,
which are less relevant than the two-replica term written ex-
plicitly. The numerator of Eq. (10) is given by a multireplica
correlation function having the same action. Note that the
fields in S]&’) are evaluated strictly at T = 0. By dimensional
analysis, one immediately finds that x has dimension —1, and
is therefore irrelevant. Furthermore, we show in Appendix D
that higher-order corrections in the perturbative RG cannot
generate relevant or marginal terms; more precisely, we show
that any possible marginal terms generated by the perturbative
RG are inconsequential to observables in the n — 1 replica
limit.

B. Correlation functions

Having developed a field-theoretical framework for ana-
lyzing the effects of measurements on the TFIM ground state,
we now discuss the consequences for the nonlinear observ-
ables of Eq. (7). In the previous section we showed that the
average effect of X; measurements on the correlation function
Gm(r), with outcomes sampled according to the Born rule,
is to contribute an irrelevant defect-like perturbation to the
replicated Ising CFT. We therefore expect Gy, (r) to exhibit the
same asymptotic scaling as in the unmeasured ground state.
Specifically, we expect

Gm(r) ~ 2

(r>1. (14)

On the other hand, the preceding analysis does not im-
mediately apply to C2(r), since Z; does not commute with
the measurement operator My, whenever site j is measured.
Instead, it is useful to note that both Gy, (r) and C, () vanish
for every measurement realization in which either site O or site
r is measured. We can therefore freely replace our measure-
ment averages in both quantities with a restricted ensemble
in which sites 0 and r are unmeasured. The resulting average
measurement operator in this case then commutes with both X
and Z observables, and the above mapping follows identically
for both cases. We elaborate this discussion in more detail in
Appendix E, where we show explicitly that CZ(r) is given at
long distances by

< §£|Z(0)Z(1)Z(O)Z(1)M g|1//§§:l>
<gs| avgw/ )

Whereas (10) is exact, Eq. (15) is expected to hold asymptot-
ically at long distances. We may now immediately apply the
analysis of the preceding section: since the contribution (13)
to the action due to measurements is irrelevant, we again ex-
pect CZ (r) to asymptotically recover its ground-state scaling
at long distances:

Ca(r) ~ lim (15)

C2(r)~r % (r>1). (16)

We now numerically verify these analytical predictions.
A crucial benefit of focusing on parity-preserving projective
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FIG. 2. Ensemble-averaged correlation functions (a) CZ(r) and
(b) G (r) as defined in Eq. (7), for measurement probabilities p =
0.2 (blue), 0.5 (green), and 0.8 (red), and for system sizes N = 32,
64, 128, and 256 (light to dark). Data are plotted as a function
of s = % sin(%) to achieve scaling collapse of the various system
sizes. Dotted lines depict the behavior in the unmeasured system.
Both correlation functions exhibit excellent scaling collapses with
the power-law exponents of the unmeasured system at sufficiently
large distances.

measurements of the TFIM is that our analytical predictions
can be confirmed using large-scale free-fermion numerics
[67-69]. We provide explicit details of our numerical ap-
proach in Appendix A; in short, since arbitrary k-point
correlations of the quadratic Hamiltonian (2) can be obtained
using Wick’s theorem, the full physical content of the state
[/gs.) is contained in the N(2N — 1) entries of the covari-
ance matrix G;; = (iy;y;)gs. — id;;, rather than in 2N complex
amplitudes (as would be the case in a generic nonintegrable
system).

Figure 2 depicts the ensemble-averaged correlation func-
tions G (r) and CZ (r) for several measurement probabilities
and system sizes, computed numerically using Monte Carlo
sampling of both the measurement locations and outcomes.
As demonstrated in Appendix C, conformal invariance pre-
dicts that both of these correlation functions depend on the
single parameter

5= %Vsin (%) (17)

From the analysis of Sec. Il A, we expect C2(r) ~ s~ and
Gm(r) ~ s7/? at sufficiently large values of s. Figure 2
supports this conclusion, with excellent finite-size scaling col-
lapses of both correlation functions.

Interestingly, CZ(r) does not exhibit any pronounced
crossover behavior at any measurement probability: even at
p = 0.8, measurements reduce the power-law prefactor with-
out altering the s~!/? scaling. In contrast, Gy (r) exhibits
stronger crossover behavior at short distances, and it would
be interesting to understand the origin of this effect.

Note that we have omitted the p = 0.8 curve in Gy (r)
since this exhibits strong finite-size effects. We nevertheless

T
1.2 POt
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-
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0.6 - ) > B
> T
((‘1‘
0.4 oo™ y
O
5
, @
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FIG. 3. Ensemble-averaged entanglement entropy Sp,(r) for a
contiguous subregion [0 : r) of r sites, for measurement probabilities
p = 0.2 (blue), 0.5 (green), and 0.8 (red), and for system sizes N =
32, 64, 128, and 256 (light to dark). Data are plotted as a function of
s= g sin(%} ) to achieve scaling collapse of the various system sizes.
The dotted line depicts the behavior of the unmeasured system. For
each measurement probability, the entanglement entropy exhibits an
excellent scaling collapse with logarithmic scaling corresponding to
the central charge ¢ = 1/2 of the unmeasured system at sufficiently
large distances.

expect that the s> decay observed at smaller measurement
probabilities will be recovered at sufficiently large values of s.

C. Entanglement entropy

Finally, we address the average behavior of the entangle-
ment entropy by noting that it can be obtained via the replica
limit [21]

> Vntr[(om)"]

where :011‘1‘1 = (rpe [Mm [Yes) (Vgs. |Mm]/pm' Following
Refs. [70,72], the numerator within the logarithm can be
understood as the partition function of the same model
defined on an n-sheeted Riemann surface with a branch cut
running from (7, x) = (0, 0) to (7, x) = (0, r). The impurity
(13) due to measurements, which couples fields between
sheets of the Riemann surface, can be taken to lie at T = 0~
just below the branch cut. Given that the impurity is irrelevant,
we expect that the asymptotic logarithmic scaling é log r will
be recovered at sufficiently large r, up to a renormalization of
the nonuniversal constant by.

Figure 3 depicts the ensemble-averaged entanglement en-
tropy Sm(r) for several measurement probabilities and system
sizes, again plotted as a function of s. In the unmeasured
system, S(r) ~ élogs + by (p) for a r-independent constant
b1 (p) which decreases with p. Remarkably, we see from Fig. 3
that the logarithmic scaling of the entanglement entropy and
the prefactor 1/6 are unaffected by measurements, even at
large measurement strengths.

Here we have shown that, on average, the correlations char-
acteristic of the critical TFIM are robust to parity-preserving
measurements. However, as we show in the next section, for

_ 1
Sm(r) = lim log !
n—1 l —n
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the most likely measurement outcomes correlations are altered
radically relative to the ground state.

IV. FORCED PROJECTIVE MEASUREMENTS

In the previous section, we found that parity-preserving
projective measurements sampled according to the Born rule
fail to alter the asymptotic scaling of correlations or entan-
glement of the critical TFIM ground state |y, ). It is natural
to ask whether an alternative measurement scheme can ex-
hibit larger effects on these observables. In previous work
[9] we found that postselected “no-click” density measure-
ments performed uniformly throughout a Luttinger liquid are
relevant (irrelevant) for Luttinger parameters K < 1 (K > 1).
Motivated by this result, we now consider postselecting on a
particular set of measurement outcomes in the TFIM. Since
the K =1 Luttinger liquid is related to two copies of the
Ising CFT via bosonization [73], it is particularly interesting
to consider postselected measurements in the TFIM: if a finite
density of postselected projective measurements are believed
to behave qualitatively similarly to a uniform strength of
weak measurements, then the postselected measurements are
expected to contribute marginally.

Our measurement scheme is as follows: we again perform
X; measurements on each site with probability p, but we
now force the outcome X; = +1 for each measured site. This
outcome corresponds to qubits aligned along the local trans-
verse fields, and is the single most likely outcome given the
chosen measurement locations. It is convenient to describe
such a measurement protocol with a measurement operator
Ry = ]_[]JY=1 Iekj, j given by a product of local measurement

operators I%k,., j» defined here as
1+ Xj
7

Unlike the previous measurement scheme, where m; = 0, &1
is sampled according to the Born rule, in this scheme we
simply choose to measure site j (k; = 1) or leave site j
unmeasured (k; = 0) with probabilities p and 1 — p, respec-
tively. The state |k) is obtained with probability py, where

Iek|¢'.s.>
(V) = A—E’, =pMA-p

(Kk)g.s.

Koj=1, K ;=

19)

VL o)

where |k| = Z?’Zl k; is the number of measurements per-
formed. Our focus here will be on correlation functions Gy (r)
and Cx(r), as well as the entanglement entropy Sk(r), in the
postmeasurement states |{y). These correlation functions are
defined in analogy with Gy, ('), Ciy (7), and Sy (7) [see Eq. (7)],
respectively, differing only in the fact that they are evaluated
for states |y ) rather than |y,). We now show how averages
of these objects with respect to px can be studied analytically.

A. Replica field theory

Since measurement outcomes are not sampled according to
the Born rule, even observables linear in the postmeasurement
density matrix px = |¥x) (x| can be sensitive to the nonlocal
effects of measurements. Due to the nontrivial denominator
appearing in correlation functions arising from the normal-

ization of |Yg), we nevertheless require a replica approach
to average over measurement locations. In the following we
show how the forced projective measurements appear in the
field theory [see Eq. (25)]. Taking Gk (r) again as an example,
the average over disorder realizations is given by

> PuliXoX, )y —
k

_ Z XOX Kk B <X0Iek>g.s.<XrIek>g.s.
Kk)g S. '

Gx(r) = (X0)k (X )x]

2y

where we have used [X}, Rx] = 0. Due to the absence of
Born factors in the sampling probabilities pg, we can employ
a replica approach directly analogous to those used in the
classical statistical mechanics of disordered systems [74]. We
obtain Gg(r) from the n — 0 limit of the replica quantity

G]((”)(r), defined as

GU(r) = Z iR (X0 X K

;
2k Pr Ky

— (R XoRies. (X Rides.)
WS C0X ) — XX ) e 9 E2)

— .S, _ S g.s.' 29
Ve Rl V) 22

As in the Born ensemble case, we have written the product
of expectation values as an expectation value over an n-fold
replicated ground state [/, ®m). The average measurement op-

erator Ky, is given by

kavg = Zpk[kk](gm

k

e )]
aﬁ<1+v2n: >

j=1 r=1 1<y <...<a,<n

X ~X;°")>, (23)

where v =[142"(p~!' — 1)]! is a monotonic function of
p. The average effect of forced measurements on the multi-

replica ground state | g’s’f) is once again to weakly lock the

replicas together. However, unlike Mavg, Kavg contains terms
with an odd number of X; @ replicas. These terms bias towards

amplitudes for which X; @

surement scheme.

We can again interpret the insertion of I?avg as a defect
along the T = 0 line in Euclidean spacetime. The denominator
of (22) is given by a partition function Z ), analogous to that
of Eq. (12):

= +1, as expected from the mea-

n
n o (n) «
Z0 = / [[ Dy e TiaStei-sfvn oy

a=1
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where Sg”[{y@)}] is given by
S=v) / dx(y’ o )+ (25)
a=1

and the ellipsis denotes irrelevant terms, including those listed
explicitly in Eq. (13). The translation-invariant perturbation in
Eq. (25) represents the dominant averaged effect of the forced
projective measurements. In fact, this perturbation also arises
from a forced weak measurement scheme that is manifestly
translation invariant [9], as we discuss in Appendix H.

Notably, this perturbation is exactly marginal, and as we
show below it has interesting consequences for the behavior
of both correlation functions and the entanglement entropy.
Since the leading term decouples across replicas, it will in
fact be sufficient to focus on the single replica theory in
discussions of long-distance properties. We then arrive at a
continuum theory identical to one arising in studies of lines
of weakened bonds in two-dimensional classical Ising models
[37], and therefore of local defects in the Hamiltonians of
TFIMs.

B. Correlation functions

First, we discuss the effects of the perturbation (25) on
the few-body correlation functions Ck and G. Exact calcula-
tions in two-dimensional classical Ising models and based on
field-theoretic techniques [37] have shown that energy density
correlators along the defect line retain the same scaling form
as in the homogeneous Ising CFT. This can be understood
simply by noting that the quadratic perturbation (25) does
not modify the scaling dimension of the fermion operators
¥(t,x), and therefore cannot modify the scaling form of
observables which are local in the fermion representation. We
therefore once again expect at sufficiently long distances

Gk ~r2 (r>1), (26)

as in the unmeasured case.

The order parameter correlations Ci(r), on the other
hand, are nonlocal in the fermionic representation and can
be strongly modified by the defect (25). In particular,
Refs. [35,36] demonstrated that order parameter correlations
along the defect line of a classical Ising model exhibit nonuni-
versal scaling with a continuously varying exponent. We
therefore similarly expect Cix(r) to exhibit a continuously
varying power law:

Ci(r) ~ r 220 (r > 1), (27

where A(p) defines the power-law scaling of Ck(r), with
A(0) = 1/8. Heuristically, the asymptotic limit of A(p) as
p — 1 can be inferred by writing Cx(r) as

JjHr—1

(ZjZjrrx = <J/2j—1 [T x V2j+2r—1> . (28

i=j K

At large values of p, X;|yx) = +|yg) for a large frac-
tion of sites j. The leading contribution to Ci(r) then
comes from (iy2;_1Y2j42r-1)gs. ™~ r~!, and we therefore ex-
pectlim,_.; A(p) =1/2.
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FIG. 4. Ensemble-averaged correlation functions (a) Gy (r) and
(b) Gi(r) in the forced-measurement ensemble, for measurement
probabilities p = 0.2 (blue), 0.5 (green), and 0.8 (red), and for
system sizes N = 32, 64, 128, and 256 (light to dark). Data are
plotted as a function of s = %sin(%) to achieve scaling collapse
of the various system sizes. Black dotted lines depict the behavior
in the unmeasured system, while the red dotted line depicts the
asymptotic power law of G (r) as p — 1. While Gy (r) ~ 572 as in
the unmeasured system, Cy (r) ~ s~22%?) exhibits power-law scaling
with a continuously varying exponent A(p). For the measurement
probabilities shown, we have A(0.2) >~ 0.167, A(0.5) ~ 0.252, and
A(0.8) ~ 0.367.

The analytically predicted behavior of these two correla-
tion functions can again be verified numerically. Figure 4
depicts the averaged correlation functions Gg(r) and Cy(r)
for various measurement probabilities and system sizes, once
again plotted as a function of the single parameter s [see
Eq. (17)]. As in the case of measurements sampled from the
Born ensemble, we observe an excellent finite-size scaling
collapse of both correlation functions. We observe as pre-
dicted that Gy (r) retains its s—2 scaling for each measurement
probability, while Ci(r) ~ s~22%) obtains a continuously
varying critical exponent A(p). With increasing p, A(p) in-
creases monotonically towards an asymptotic value of 1/2.

C. Entanglement entropy

Whereas the correlation functions Gy (r) and Cy(r) have
natural interpretations in terms of analogous observables in
either classical Ising models with defect lines or the TFIM
with an ordinary timelike defect, the entanglement entropy
Sk(r) has no immediately obvious analog in either of these
models. In this section, we will utilize conformal invariance of
the Ising CFT to demonstrate a nontrivial connection between
Sk (r) and the entanglement entropy of a model with ordinary
timelike defects. In particular, we will show that the average
entanglement entropy following forced projective measure-
ments retains its logarithmic scaling, but with an effective
central charge c.¢(p) which continuously decreases with in-
creasing measurement probability:

cetf(P)

Sk(r) ~ logr +by(p) (r>1). (29)
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FIG. 5. (a) Spacetime diagrams depicting the relation between the average entanglement entropy Sy (r) of the TFIM following forced
projective measurements and the entanglement entropy S;(N/2) of a dual impurity problem. (ai) One sheet of the Riemann surface used
to compute the partition function 2, in Eq. (31). The red line denotes the measurement defect along the t = 0 line, while the blue line
denotes the entanglement branch cut. (aii) By redefining the replica fields ¥ “(z, x) in region D as in Eq. (33), the branch cut is continuously
deformed from the real axis onto the semicircle. (aiii) Using the conformal mapping of Eq. (34), the infinite plane is mapped to a cylinder
of circumference L. The spacelike measurement defect is mapped to two timelike impurities at x’ = 0 and x’ = L/2, while the deformed
entanglement cut is mapped to a spacelike cut along the v/ = 0 axis. (b) Ensemble-averaged entanglement entropy Sk(r) of a contiguous
subregion of r sites in the forced-measurement ensemble, for measurement probabilities p = 0.2 (blue), 0.5 (green), and 0.8 (red), and for
system sizes N = 32, 64, 128, and 256 (light to dark). Data are plotted as a function of s = g sin(’%; ) to achieve scaling collapse of the various
system sizes. The dotted line depicts the behavior in the unmeasured system. We observe Sy (r) ~ Ce%(”) log s + b, (p) exhibits logarithmic
scaling at all measurement probabilities with a continuously decreasing effective central charge c.(p). For the measurement probabilities
shown, ¢ (0.2) >~ 0.478, ce(0.5) =~ 0.339, and c.(0.8) >~ 0.105. (c) Numerical comparison between the effective central charge cex(p) in
the average entanglement entropy Sk(r) in the forced-measurement ensemble, and the effective central charge cesr 4(g4) of the half-system
entanglement entropy S;(N/2) of a dual TFIM with defects described by the Hamiltonian (36). Purple dots: effective central charge c.(p) for
several measurement probabilities p between 0 and 0.95 in increments of 0.05, as a function of the effective scaling dimension A(p) governing
the decay of Ci(r). Black curve: effective central charge c.i 4(g4) as a function of the scaling dimension A,(g,) governing the decay of order
parameter correlations (Y412, Zy,|¥,) between the two impurities.

Here ce(p) is a monotonically decreasing function, with
cetf(0) = 1/2 and ce(1) = 0, and b, (p) is an r-independent
contribution that is generically different from b;(p) in
Sec. IIIC, which we also expect to continuously decrease
with increasing measurement probability. We present the basic
qualitative argument here and leave certain technical details
for Appendix F.

The irrelevance of interreplica couplings in Eq. (25) indi-
cates that it is sufficient to work directly at the fixed point [see
also Appendix H]. We therefore consider the entanglement
entropy of a contiguous subregion A of length r of the Ising
CFT with a measurement defect along the T = 0 line, with the
action

S* Y] = Solyl+v / dxy’ oy, (30)

where Sy is given by Eq. (3) with m = 0, and in the latter term
¥ (7, x) is taken along the line T = 0. Following Refs. [70,72],
the entanglement entropy can be computed from the n — 1
limit of the ratio of two partition functions:

Zy
log <5> 31
1

S*(r) = lim
(r) n—1 1 —n
Here S*(r) denotes the entanglement entropy in the fixed-
point model (30), Z; = [ Dy e~ is the single-replica
partition function, and Z,, is the partition function of an n-fold
replicated theory subjected to the boundary conditions

YT =0",x), xdA

YDz = 0%, x), x€A. (32)

Y@ (r=0",x)= {

Alternatively, one can consider the n fields ¢ as a single
field defined on an n-sheeted Riemann surface. The Riemann
surface has a branch cut along the T = 0% axis, just above the
measurement defect, running from x = —r/2 tox = r/2.

Utilizing conformal invariance, we are free to perform a
scaling transformation so as to set r = 2. The entanglement
branch cut then lies along the x-axis with branch points
located at x = £1, as depicted in Fig. 5(ai). We can now
continuously deform the branch cut from the real line to the
unit semicircle in the upper-half plane, as shown in Fig. 5(aii).
As a theory defined on an n-sheeted Riemann surface, the
precise location of the branch cut is unphysical and can be
freely deformed, so long as the branch points at x = £1 are
left unmodified. Equivalently, as a theory of n replicated fields
subjected to the boundary conditions (32), the deformation
of the branch cut amounts to defining a new set of fields
¥ (7, x) via

¥ @(T, x),
Y@ (g, x),

where D is the filled semicircle in the upper-half plane, shown
in Fig. 5(aii).

By deforming the entanglement cut onto the unit semi-
circle, we can relate the entanglement entropy in our
measurement problem to that of a problem with ordinary
timelike defects. Letting z = x + it and 7 = x’ + it’, we use
the conformal mapping

(t,x)¢D

(t,x) e D, (33)

U@ (r,x) = {

L
2> 7 = f(z) = —i—logz (34)
2
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to map the infinite plane to a cylinder of circumference L. The
measurement defect maps to two timelike defects at locations
x' =0 and x’ = L/2, while the deformed entanglement cut
maps to a spacelike entanglement cut fromx’ = Qtox’ = L/2,
as shown in Fig. 5(aiii). We therefore obtain a relation be-
tween the average entanglement entropy S*(r) of the Ising
CFT in the presence of forced measurements, and the half-
system entanglement entropy S (L/2) of the Ising CFT on a
cylinder with ordinary defects at the entangling boundaries.

Having established this connection, we can now make con-
tact with previous studies of the effects of physical defects
on the entanglement entropy [39,40,48-50]. For the case pre-
sented here with exactly marginal defect lines, these works
suggest that the entanglement entropy should maintain its
logarithmic growth in L, but with an effective central charge
ck¢(v) which continuously decreases with increasing defect
strength:

@ logL + by(v). 35)

SH(L/2) =
Using the transformation properties of correlation functions
under conformal transformations, the results of the above
sequence of mappings suggest the form (29) for the entangle-
ment entropy of a subregion of length r in the original problem
with forced measurements. If the microscopic measurement
probability p results in a fixed-point defect strength v(p), then
cerr(p) = i (V(p)).

We can once again numerically verify the predicted be-
havior (29) for the entanglement entropy following forced
projective measurements. Figure 5(b) depicts the average
entanglement entropy Sk(#) for various measurement prob-
abilities and system sizes; we again obtain an excellent
finite-size scaling collapse by plotting as a function of the
parameter s [see Eq. (17)]. As predicted, Sx(r) retains its
logarithmic scaling at all observed measurement probabilities
p, with a continuously decreasing effective central charge
Ceff (P)

To verify the proposed connection to the Ising CFT with
ordinary timelike defects, we additionally numerically simu-
late the ground state |y;) of the critical TFIM with two defect
transverse fields, for several system sizes N. The Hamiltonian
is

Hy = H — g4(X1 + Xyp2), (36)

where H is the TFIM Hamiltonian in Eq. (1) with g =1,
and g, gives an enhancement of the transverse field at the
defect sites j = 1 and j = N/2. Using free-fermion numerics
(see Appendix A), we compute order parameter correlations
(ValZ1Zns2|Wa) between the two defect sites and the entan-
glement entropy S;(N/2) = —trpﬁ‘" log pﬁ‘" of the subregion
Ayz =[1:N/2] containing N/2 sites, including both defect
sites. As expected from previous works on the TFIM with
defects [39,40,48-50], we find

(ValZ1Znpp|Wa) ~ N*ZAd(gd)’

Ceft,d(8d)
3

A priori, it is difficult to directly compare the effective central
charge cesr 4(gq) in the defect model (36) with the effec-

Sa(N/2) ~ log N + b3(ga). 37

tive central charge c.(p) following forced measurements;
although both models are described at long distances by the
same Ising CFT with a defect line, there is no simple relation
between the microscopic parameters p and g; and the defect
strength v at the fixed point. Instead, noting that both the order
parameter scaling dimension A(p) and the effective central
charge c.¢(p) are controlled by the fixed-point defect strength
v [and similarly for A;(gys) and cesr 4(g4)], we eliminate v al-
together by plotting c.¢ (p) as a function of A(p) and cefr 4(ga)
as a function of A;(g,). The result is shown in Fig. 5(c), with
the black line denoting data obtained from the defect model
(36), and with purple dots depicting data obtained from the
large-s behavior of Sk(r) and Ci(r) for measurement proba-
bilities p between 0 and 0.95 in increments of 0.05. We find
a remarkable agreement between the data of the two models,
providing strong numerical support for the analytical mapping
discussed in this section.

V. DISCUSSION

Measuring part of a many-body quantum state can give
rise to surprising new correlations. In this work we have
studied the effects of local measurements on the critical
one-dimensional TFIM, a highly entangled system for which
exact numerical calculations are possible. Our focus has been
on the partial collapse of the ground state that arises from
parity-preserving measurements of a finite fraction ~p of the
degrees of freedom. We have shown that, although measuring
all degrees of freedom (p = 1) certainly destroys quantum
correlations, if a finite fraction ~(1 — p) remain unmeasured,
then the original critical correlations survive on average at
long distances. The origin of this robustness can be under-
stood from properties of the Ising CFT. We have developed
the replica framework of Ref. [9] to include the physically
realistic case of projective measurements, and in this way we
have established a direct link between a microscopic lattice
description of measurements of the TFIM and of defects in the
Ising CFT. In particular, parity-preserving measurements with
outcomes sampled according to the Born rule fail to alter long-
distance correlations (for p < 1) because they correspond to
an irrelevant perturbation in the replica theory: While the
unperturbed Ising theory in (1 4 1) dimensions is quadratic
in the fermion field v (7, x), the perturbation is quartic in
¥(t,x) and acts only on a (1 + 0)-dimensional surface of
fixed imaginary time [see Eq. (13)].

However, postselecting on certain outcomes of parity-
preserving measurements does lead to interesting new correla-
tions. Measuring X; (or Z;Z;; see Appendix G) and forcing
the most likely outcome X; = +1 generates a marginal pertur-
bation in the field theory (quadratic in fermionic fields rather
than quartic). We have shown in Sec. IV that the exponents
governing the postmeasurement power laws vary continuously
with the fraction of measured sites. Continuously varying
power laws of this kind were identified some time ago in stud-
ies of the statistical mechanics of two-dimensional classical
Ising models with modified couplings along a line [35-37],
and the continuum description of these systems is essentially
the same as for our measured ground state with forced mea-
surements.
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A quantity that is meaningful in the problem we have
considered, but which does not arise naturally in classical
statistical mechanics, is the entanglement entropy. In addition
to modifying correlation functions, we have shown in Fig. 5(b)
that forced measurements lead to a variation of the effective
central charge. A key contribution of this work is to show that
the entanglement entropy of a finite subregion in this mea-
surement problem can be mapped, through a conformal trans-
formation, to an entanglement entropy of a system with two
physical defects; the latter problem having been the subject of
a number of previous studies [39,40,47-50]. By comparing
long-distance properties of lattice models corresponding to
the two sides of this duality transformation, we have con-
firmed numerically that the effective central charges coincide.

It is interesting to compare the entanglement scaling in
the present work to that of dynamically monitored TFIMs or
free fermion models [53-57]. As noted earlier, previous works
have observed logarithically scaling subsystem entanglement
entropy in the steady states of continuously monitored free
fermion dynamics, with effective central charges tuned by the
rate of either Born-averaged or forced measurements. More
recently, field-theoretical studies [75,76] have demonstrated
that the monitored dynamics of free fermion chains can be
described by a family of nonlinear sigma models; in contrast
to prior numerical studies, these works suggest that the late-
time subsystem entanglement entanglement entropy exhibits
area-law scaling or (logr)? scaling in complex fermions or
Majorana fermions, respectively. We emphasize that the phys-
ical effects of measurements in these dynamical problems
differ strongly from the effects of measurements in the static
setting of the present work: whereas a single round of com-
muting measurements on a critical ground state appears as
a defect-like perturbation in Euclidean spacetime, measure-
ments in the monitored dynamics of free fermions appear as a
“bulk” perturbation to a field theory.

An advantage when working with the integrable TFIM
is that its ground state, and the effects of parity-preserving
measurements, can be described exactly with polynomial
computational resources. This has allowed us to verify the
above predictions numerically. While our numerical method
relies on the fact the that system is integrable, aspects of our
field-theoretic analysis do not. For example, if we introduce
to the Hamiltonian an irrelevant integrability-breaking pertur-
bation, then we expect that correlations will be modified at
short but not at long distances. The change in short-distance
correlations could lead to a renormalization of the effective
measurement probability, but we nevertheless expect long-
distance postmeasurement correlations to decay with the same
exponents as in the ground state. We also remark that our
results can be applied to certain measurement protocols of
tight-binding models (or equivalently XX models), whose
Hamiltonians can be expressed as two independent critical
Ising models [25].

If one moves away from free fermion simulations, it is
natural to consider the effects of measurements which do not
preserve the parity of the state. In particular, one can perform
local measurements of the order parameter, i.e., of the Z;
operators. Within the replica description of the Born ensemble
in Sec. III one immediately finds that, since the scaling dimen-
sion of the order parameter is 1/8 in the Ising CFT, measuring

these operators generates a relevant perturbation. This sug-
gests that measuring Z; typically causes the postmeasurement
field theory to flow to a “strong measurement” fixed point,
where the long-distance properties of correlation functions are
modified relative to the ground state.

The possibility for simulating the effects of measurements
has important implications for experiments. This is because
the effects of many measurements can be observed without
postselection provided one has access to an appropriate simu-
lation on a classical computer [9,11,41,42]. Only averages of
quantities nonlinear in the postmeasurement density matrix,
such as (ZyZ,)2,, are sensitive to the effects of measurement
as distinct from dephasing, but these cannot be determined
directly since each outcome m occurs at most once (see the
discussion in, e.g., Ref. [9]). Instead of trying to determine
averages such as (ZyZ,)Z, which suffer from a postselection
problem, one can weight the results of measurements of the
operator ZyZ, by estimates for its expectation value coming
from a simulation on a classical computer (ZOZ,)le'. In this
way one can obtain the “quantum-classical estimator” [9]
(Z0Z, Y4 {ZoZ,)m (or “computationally assisted observable”
[11]) which is the cross-correlation between the experiment
and our prediction, and the “classical-classical estimator”
({(ZoZ,)eh)?, which is simply the prediction. Coincidence be-
tween these two objects provides a necessary condition that
the quantum system studied in experiment has exhibited the
same behavior as the classical simulation.

With regard to experimental platforms, Rydberg quantum
simulators have proved to be a highly controllable setting for
the study of quantum Ising models [77,78], with the important
caveat that the long-range van der Waals interactions render
the effective Ising models nonintegrable. However, since these
interactions decay as the sixth power of the separation be-
tween qubits, they are an irrelevant perturbation to the Ising
CFT, and certain coarse-grained features of a classical simula-
tion of the integrable TFIM should match those of a quantum
simulation using Rydberg atoms. It is natural to ask whether,
by cross-correlating results from a Rydberg quantum simula-
tor with the results of exact free-fermion numerics, the effects
of measurements can be observed without postselection. One
can also address this kind of question numerically: given two
different lattice simulations of the same critical theory, to
what extent are coarse-grained correlations postmeasurement
sensitive to differences on short length scales?

It is also worth noting that postmeasurement correlation
functions are essentially unaffected by local decoherence. Al-
though the statistics of operators such as ZyZ, are in principle
modified by measurements at all sites, the fact that local
quantum channels have strictly local effects means that these
statistics are sensitive only to decoherence involving sites
0 and/or r. Using classical simulations and a noisy quan-
tum simulator, it should therefore be possible to observe the
robustness of critical Ising correlations to parity-preserving
measurements, as well as their modification by measurements
of the order parameter. The entanglement of a large subregion
is, however, vulnerable to decoherence within it. While both
measurements and decoherence tend to disentangle system
degrees of freedom, they are distinguished by the nonlocal
effects of the former. Building on Refs. [33,34], it would be
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interesting to understand how this distinction manifests in the
ensemble of postmeasurement states.

Note added. We would like to draw the readers’ attention
to two parallel works by Yang et al. [79] and Murciano et al.
[80]. Our results agree where they overlap.
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APPENDIX A: FREE FERMION SIMULATION

Here we summarize some of the technical details required
for simulations based on fermionic Gaussian states. On a
finite system of size N with periodic boundary conditions, the
Hamiltonian reads

N
H=—J (gX;+ZZi1)

j=1
N N-1
= —iJgZ V2j-172j — i/ Z Y2iV2j+1 + iy,
- - (A1)
where we have used the Jordan-Wigner transformation

i1 j—1

V2j—1 = l_[Xi Zi, = HXi Y;. (A2)
i=1 i=1

The Majorana fermions y; satisfy the anticommutation rela-
tions {y;, y;} = 26;;, as well as the identities X; = iy»j_1y2;
and Z;Z; | = iy»j¥2j+1. We have also defined the total parity
operator

n=[]x="]»-

Jj=1 J=1

(A3)

which appears, with periodic boundary conditions, in the
bond-connecting sites j = 1 and j = N. Thus, the Majorana
representation of the TFIM has antiperiodic boundary condi-
tions in the parity-even (IT = +1) sector of the Hilbert space,
while it has periodic boundary conditions in the parity-odd
(IT = —1) sector. Since the exact ground state of H lies in
the parity-even sector [66], we can freely set IT = +1 so long
as we consider measurements and observables which preserve
the parity of the ground state.

The Hamiltonian (A1) with IT = 1 is quadratic, and there-
fore its ground-state correlations can be efficiently computed
[67-69,81]. Let us briefly review the method for a generic
quadratic Hamiltonian of the form

. 2N
l
H=2) vy (Ad)

ij=1

Here A is a 2N x 2N real antisymmetric matrix, and so can
be block-diagonalized into blocks of the form ¢,(ic”) by a
matrix R € SO (2N) [82]. To do this one can first diagonalize
the (fully imaginary) Hermitian matrix —iA, whose (real)
eigenvalues come in oppositely signed pairs. Note then that
the diagonalized —iA is expressed in terms of 2 x 2 blocks
£40°%, which are unitarily related to e,0”. Finally we identify
ex(ic”) as the real antisymmetric blocks of the transformed
matrix A, and from this procedure we extract R. If we then ap-
ply the orthogonal transformation R to the Majoranas (which
preserves the anticommutation relations), we obtain

. N 2N
l
H = 5 E 18017]2(1—1”2(1’ Na = E 1 Riotyi~ (AS)
a= i=

Choosing each g, to be positive, the ground state and
ground-state energy are immediately found by demanding
iNyw—1M2e = —1. In particular, the two-point correlations in
the ground state are

2N
Gij = (iviy)) — i8ij = Y _ RigRjy[{ingny) — i8p, ]
B.y=1

N
= - Z(Ri,Za—le,Zoz —Ri2R;j20-1),

a=1

(A6)

where we have used the fact that (ingn, ) = 0 unless B, y =
2a — 1, 2« (in either order).

The ground state of a quadratic Hamiltonian (A4), or more
generally a thermal state of any inverse temperature! B, is
called a Gaussian state [69]. Once the covariance matrix G;;
of a Gaussian state has been obtained, all higher-order corre-
lations of the Majoranas are determined via Wick’s theorem
[67]. For example,

P (viviveve) = (vivilliveve) — (iviv) ivive)
+ (iyive) (ivve)
= GijGre — GiGj¢ + GG (AT)

In general, a 2n-point correlation function i"(y;, ...y, ) can
be computed using the Pfaffian of a submatrix of G;;, contain-
ing only the rows and columns i; through #,,. Explicitly,

1
i"<)/,~] o yiz”) - ZTn' Z (—1)U<i)/,‘gmy,~d(2)> T <iJ/iU(2n—l)yia(2/x)>

0 €Sy
1 o
= gl Z (=D Gio(l)im) e Gimknimn)
T oeSy
=Pf;, i, [G], (AB)

ITo be precise, the set of Gaussian states consist of density matrices
of the form p = %e*”’ , where H is of the form (A4) and Z =
tre P In this equation, B = oo recovers the ground-state density
matrix p = |¢¥)(y¥|. Even more generally, H is allowed to have indi-
vidual single-particle energies ¢, = F00, corresponding to definite
fermion parities (in4—112¢) = F1 amongst other indefinite fermion
parities.
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where S5, is the permutation group of 2n elements, (—1)° =
41 is the sign of the permutation o, and the indices of Pf
denote the subset of rows and coulumns of G appearing in the
second line. Such a Pfaffian can be computed efficiently using
the algorithm of Ref. [83]. We also note that Gaussian states
necessarily commute with parity, which immediately implies
that odd (2n + 1)-point correlators vanish.

As an application of Egs. (A7) and (A8), we provide ex-
plicit formulas for the correlators (X;X;.,) — (X;)(X;;,) and
(Z;jZ;4,) employed in the main text. The former correlator
is local in the Majorana representation and therefore has a
simple representation in terms of the covariance matrix:

(X)) (Xjrr) =

(XiXjyr) — G2j-1,2j+2rG2j2j4+2r-1

— Gaj12j42r-1G2j 212, (A9)

On the other hand, the latter expression is nonlocal in the
Majorana representation and requires computing a Pfaffian of
a 2r x 2r submatrix of G:

(ZiZjsr) = 2j+2r-1[G]. (A10)

Projective measurements of the pairing operators iy y, pre-
serve the Gaussianity of the ground state [67,69]; in particular,
measurements of both X; = iys;_1y2;and Z;Z; 1 = iy2jy2j41
preserve Gaussianity. Up to a normalization factor, the effect
of such a projective measurement on a state |) is

(i"yaj - vajyar—1) = Py

1+ iyiye
—
where the outcomes iy,y, = 1 occur with probability

(Y |P,j§ |1r) respectively, according to the Born rule. Following
the measurement, the covariance matrix evolves to

(W |PEiviyiPEIW)
(Y IPEIY)

which can be evaluated using Wick’s theorem if the initial
state |1) is Gaussian.

Finally, computation of the entanglement entropy S(A) of a
subregion A can be performed efficiently using the covariance
matrix. We first note that the reduced density matrix p* =
trac |y ) (| is automatically Gaussian if |¢) is Gaussian, since
all of its correlations can be obtained using Wick’s theorem.
Its correlation matrix Gf‘j is simply a submatrix of G;; with

) > PEIY), PE= (A11)

Gij’_> G:jz , (A12)

entries from region A. We can then infer the spectrum of p*
directly from the spectrum of G;: block-diagonalizing G
using an orthogonal matrix R%,,

MO0 g
T - (L %)

i,jeA a=1

(A13)

where |A,| < 1. The unique Gaussian reduced density matrix
reproducing these correlations is then

Na .
o = 1—[ (1 + lA-aiZa—lSZa)’ £, = ZRﬁxVi’

a=1 icA

(A14)

where N, is the number of sites in region A. From this ex-
pression we can immediately read off the spectrum of p*, and

thereby compute the entanglement entropy:
S(A) = —trp” log oA

—- 2 (e ()
(5 e (5

We can therefore numerically compute S(A) simply by block-
diagonalizing Gf‘j, or equivalently by diagonalizing iG?j.

(A15)

APPENDIX B: ISING CONFORMAL FIELD THEORY

In this Appendix we provide a brief account on the relation
between the microscopic lattice Hamiltonian (1) for the TFIM
and the continuum action (3) for the Ising CFT. Starting from
the Majorana representation (2), we can trivially rewrite the
Hamiltonian as

i] &
H=—— Z[V2j(7/2j+l —v2j-1) + v2j-1(02j — Y2j-2)
2 o=
+ (¢ — D2j-1Y2; — v2jv2j-1)] (BD)
In the scaling limit g — 1, the correlation length diverges
and the lattice Hamiltonian can be traded for a continuum

description. We introduce a lattice spacing a — 0 and a
two-component spinor ¥ (x = ja) = %[ygj 1 yzj]T whose

components satisfy {lpa(x) 1//b(x )} == a;,aj]/ — Supd(x —
x"). Up to irrelevant terms, the Hamiltonian is written in terms
of Y as

H=- 3 /dm/f (—io*d, + ma” ), (B2)

where v = 2Ja is the Fermi velocity from the exact solution
of the TFIM, and m = (g — 1)/a vanishes at the critical point.

To derive the path integral representation of the above
continuum model [73], we introduce a second copy of the
same system, written in terms of a Majorana spinor X (x). We
can then combine ¢/ and % into a single Dirac spinor, D =

L 7 (1// + i%), which is an ordinary complex Dirac fermion. We
then write the partition function using the usual Grassmann
coherent-state path integral, trading the fermion operators D,
and lA)Z for Grassmann numbers D, and D,. Finally, we re-
express the “complex” Grassmann spinor D = %(w +ix)
in terms of “real” Grassmann spinors i and y, which are
decoupled from each other, and integrate over x. Absorbing
v into the definition of the imaginary time t, the result of this
computation is the imaginary-time action

Solv] = /d‘L’dXI/f (0; — i0%0, + ma)¥r. (B3)
Following this same procedure for arbitrary correlation func-
tions of 1&, one finds that each such correlation function is
obtained in the path integral representation simply by replac-
ing operators ¥ with Grassmann numbers 1.

At the critical point m = 0, Sp[/] is one of the simplest
examples of a CFT [27]. The Ising CFT in particular is
characterized by two scaling operators o(t,x) and &(7, x),
with scaling dimensions A, = 1/8 and A, = 1, respectively.
These represent the two relevant perturbations to the Ising
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critical point and, respectively, reproduce the correlations of
the operators Z; and X; at long distances:

(Z0Z,)ss. ~ (000 () = =7,

1

(XOXr>g.s. - <X0)g.s. (Xr>g.s. ~ ((0)e(x)) = ;v (B4)
where we are restricted always to equal-t correlations, and
we have set x = ra. The energy operator’ & = 27i : YV : is
invariant under the Z, Ising symmetry and can therefore be
expressed locally in the fermionic representation. On the other
hand, the spin operator ¢ is nonlocal in the fermionic repre-
sentation. Nevertheless, the correlators (B4) can be obtained
both directly within the fermionic representation [84] or by
utilizing bosonization techniques [27,85].

It is well known that critical one-dimensional systems ex-
hibit logarithmic-scaling entanglement entropy. In particular,
it can be shown quite generally that the entanglement entropy
of a contiguous subregion [0 : r) of length r in the ground
state of a one-dimensional CFT is given by [70]

S(r) = glogr + by, (BS)
where by is a nonuniveral constant, and ¢ is the so-called
central charge of the CFT. In the Ising CFT, ¢ = 1/2.

APPENDIX C: FINITE-SIZE SCALING

In numerical simulations of finite-sized systems, it is con-
venient to work with periodic boundary conditions, j = j +
N. Conformal invariance of the low-energy theory then al-
lows for a precise prediction of the behavior of correlation
functions C(r) and G(r) as a function of the system size N
[27]. Specifically, if the continuum model (B3) is taken at
the critical point m = 0, we expect that correlation functions
will transform covariantly under holomorphic mappings z +—
7 = f(z) of the complex variable z = x + it. If the model
is initially defined on the cylinder, such that x = x 4+ L with
L = Na, then we can obtain correlation functions on the cylin-
der from correlation functions on the infinite plane using the

mapping

¢ =f(z)=Ltan (%) 1)
which maps the cylinder to the infinite plane. This partic-
ular mapping is especially useful for our purposes, since it
preserves the T = 0 line. Since measurements in our models
appear as defects along the t = 0 line of Euclidean spacetime,
we can therefore predict the numerically observed effects of

2Here i 1YV : = iy, — (i %) denotes normal ordering. Nor-
mal ordering is a priori unnecessary at the fixed point, since the
symmetry ¢ — o*y implies (iy;¥,) = 0. However, since this sym-
metry is broken by irrelevant perturbations, we keep normal ordering
to ensure (¢(x)) = 0 and ¢ — —¢ under Kramers-Wannier duality.

measurements on finite-sized systems using analytical calcu-
lations in the thermodynamic limit. Specifically, the above
mapping suggests that the correlators (B4) on the cylinder are
given by?

L o\
eyl _ | 2 —
(0(0)o (X)) = [ . Sm( )} ’
(C2)

We therefore expect the correlators G(r) and C(r), which are
a priori functions of r and N separately, to be functions of
the single variable s = % sin(%7). The infinite-plane behavior
is recovered in the limit N — oo, upon which s — r for any
finite . A similar result holds for the entanglement entropy of
a finite system with periodic boundary conditions [70]:

A = Stoe | N in (T /
s (r)_3log|:ns1n(N>]+b0. (C3)

These finite-size expressions allow for excellent scaling col-
lapses of various numerically computed observables across
several system sizes, as demonstrated in the main text.

APPENDIX D: CONTINUUM LIMIT OF M,,, AND K,,,

In this Appendix we explain the continuum descriptions of
the averaged measurement operators Mavg and Kavg defined in
Egs. (11) and (23), respectively. In particular, we show that
these two measurement operators result in defects along the
7 = 0 line in Euclidean spacetime; the former of these defects
is irrelevant, while the latter contains an exactly marginal
perturbation to the Ising CFT. We also show that the irrelevant
contributions to the former averaged measurement operator
cannot generate marginal terms at higher orders of the pertur-
bative RG—or, more precisely, that any generated marginal
terms are inconsequential to observables in the replica
limit.

Starting with Mavg, the denominator of n-replica correla-
tion functions of the form (10) takes the form of a partition

3In CFT, o and ¢ are examples of so-called “primary operators.”
Under a conformal transformation z — f(z), a generic primary op-
erator ¢(z, 7) transforms inside correlation functions as ¢(z, z) —
& @, 7) =1 O™ F @1 ™"¢(z, 7), where (h, h) are the so-called
“conformal dimensions” of ¢. Using h, = hy, = 1/16and h, = h, =
1/2, one immediately obtains the given expressions for the correla-
tions (0 (0)o ()} and (£(0)e(x))$! on the cylinder.
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function
N [n/2]
PARES (e ’Mavghlf ") o <1_[ 1+MZ Z (l'J/zj—ll/zj)(a')"'(i)/zj—l)/zj)(az’)> : (D1)
j=1 r=1 1<a; <<y, <n

g.8.

Note that from the definition of Zﬁ;’) we have the normalization Z](\,';) = 1 for p = 0. The notation (iy2;_12;)® simply means

zyz(j’) 1;/2 e ), the product of Majorana operators within replica .

We can write Zﬁ;’) within the path integral formalism by simply replacing each y; with the Grassmann field* V2 (7)),
evaluated at T = 0:

[n/2]
zZy = / ]"[DW’ RS 150“”‘“”1_[<1+u2 Yo Qi 10 (0) ) - Qi 1(0>1//2,<0))<“2')

r=1 1<a)<...<ap,<n

/ 1'[Dw<“> Lo SV ]eXp{uZ D Qi1 (002 (0) @ i1 (0)ra; (0P + - } (D2)

j=1 1<a<pB<n

where the ellipsis denotes four-replica terms and higher. Finally, we take the continuum limit by constructing the continuum
Grassmann spinor ¥ (7, x = ja) = \/%[1//2]-,1(1), ng(r)]T. Rewriting 2ivrs;_1Yr; = —ay T 0¥y, we obtain the result

a=1

Z(n) /l_[Dw(zx) =Y i Sl @] exp{ Z /dx(lﬂ O—)w)(a)(w Uyw)(ﬂ) }: /DW 6780[1#]78},’,”[{1//(”)}]’ (D3)

I<a<p<n

where i = pa has dimension —1; in the main text we set a = 1 for simplicity. In the first equation, the field ¢ in the latter
exponential must be understood as ¥ (t = 0, x), and in the second line we have defined Sz(\; {1 @)}] as the exponent appearing
in braces {- - - } in the first. Considering the quantity in braces as a perturbation to the Ising CFT localized to the T = 0 line, one
immediately finds from dimensional analysis that the parameter jt is irrelevant.

A similar analysis applies to kavg. Performing the same continuum limit as above, we obtain

N n
(W[ RuelWl) = 2 o <1_[ [1 Ty > ) (i)/zj—1)/2j)(ar)}>
g.s.

j=1 r=1 1<) <-<a,<n

/ HDw(a) =Y a1 Solv] l_[ (1 +v Z Z (21.1,02]‘—11//21‘)(“]) .. (Zinj—llffzj‘)(a’))

r=1 1<a; <<, <n

— / HDw(a) e Yot Solvr] exp { — P Z/dx(wTUydf)(a) 4+ }
a=1 a=1

n
_ / [] oy @e i Ste =500, D4)

a=1

where the ellipsis again denotes higher-order irrelevant terms, including those written explicitly in (D3). As above, in the final
line we have defined the perturbation to the action, here S 1((") [{®)}], as the exponent appearing in braces in the previous line.

An important question is whether higher orders in the perturbative RG can generate relevant or marginal terms in (D3). It
is immediately clear that no relevant terms can be generated: since any Grassmann-even contribution to the action contains at
minimum two ’s with scaling dimension 1/2, power counting suggests that there are no relevant perturbations upon restricting
to the T = O line. There are, on the other hand, marginal perturbations of the form

88ma=—2 Y / dx( o y) . (D5)
a=1

While this term properly respects the replica symmetry, it does not respect the symmetry ¥ ® — o present at the
unperturbed critical point, and so it cannot be generated under the perturbative RG.

An important subtlety, however, is that this symmetry is explicitly broken by irrelevant perturbations to Sp. If we intend to
understand measurements of the microscopic lattice TFIM, rather than measurements of the Ising CFT, then these irrelevant

4The factor of +/2 arises from our normalization convention for the Majorana operators, {y;, vj} = 26;j, rather than {y;, y;} = §;;. It can be
obtained by retracing the steps outlined in Appendix B for deriving the path integral representation of the Majorana system.
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terms must be taken into consideration. These irrelevant perturbations result in a nonzero expectation value (7 o¥vr) gs.-

As a

result, performing a single step of first-order perturbative RG on SZE;') yields

8Sua=—f Y

1<a<B<n

where B is a constant originating from the integration of fast
modes.” We therefore find, at first order in the perturbative
RG, that yu, = iB(n — 1).

While it seems that the RG has generated an exactly
marginal term, it is important to note that its prefactor
is proportional to n — 1. As a result, it is inconsequential to
any correlation function upon taking the replica limit n —
1: performing a perturbative expansion in §Sy 2, each term
containing a factor u, will vanish upon taking the replica
limit. This observation can be understood simply on physical
grounds: since probability conservation requires Y Mﬁl =
1, we must have Z,S) = (Yos.|¥es) = 1. As a result, all
single-replica contributions to to the action of the form (D6)
must vanish in the n — 1 limit. The vanishing of p, asn — 1
is therefore completely general, to all orders of the pertur-
bative RG, and this term can be discarded for purposes of
computing correlation functions in the replica limit.

(MinZoZ,Mm)?

2z =D .

m

BT ") + T ) B =~ ~ 1Y [ dap o),
a=I

(D6)

APPENDIX E: NONCOMMUTING MEASUREMENTS
AND OBSERVABLES

In the main text, our analytical approach relied on as-
suming that the measurement operator commuted with the
observable being investigated. In this Appendix we show how
to analyze observables which do not commute with the mea-
surement operators using the same analytical mapping. The
details are slightly more technically involved than the ap-
proach followed in the main text, but are conceptually similar.

We demonstrate our approach explicitly for CZ(r) =
(ZyZ,)%, in the ensemble-average measurement scheme other
cases, such as Cyx(r) in the forced measurement scheme, or
Gi(r) under ZZ measurements (see Appendix G), follow
similarly. To start, it is useful to note that (ZyZ,), vanishes
whenever sites 0 or r are measured. Using the replica scheme
of Eq. (9), the numerator reads

= (1 - p{y 2|20z 20z T [(1 —p) Y (H%) ]I 7). (El)

J#0.r

mj=%x1

To recover the form (11) for the averaged measurement operator on the right, we simply multiply and divide by the local terms
in braces on the right corresponding to sites 0 and r. We note that these operators have strictly positive spectra, and therefore

have well-defined inverses. In particular,

1 ®n -1
[(l—p) +7" ) ( % ) } = (1

mj==%1

n I8 1+ m;X;
] — — & S ke
8 [ (ErETp> ( 2

)]

mj==%1

Ln/2]

x1—w X x e, (E2)
XX Xex

r=1 1<) <<y, <n

where  is a monotonically increasing function of p, and we have omitted a p-dependent prefactor which does not affect the

asymptotic scaling behavior of CZ (r). We therefore obtain

> PalZoZ0) o

ln/2]

X l—a)Z Z

®n|—7(0)~7(1)~(0)—~(1)
g.s.|ZO ZO Zr Zr

[n/2]
-0y Y XWXy
r=1 1<a) <<, <n
. ~ ®.
Xr(otl) .. .Xr(az ) Mavg| gsn> 9

r=1 1<a;<-<ar<n

This equation is thus far exact, and is simply a sum of higher-order multireplica correlation functions with respect to multireplica

ground state coupled by the defect Mavg.

3To avoid unnecessary details, we have not explained the perturbative RG explicitly. The constant B is given by the expectation (7o, Vas.
of the modes with momenta between a shell of width d€. The rescaling step is inconsequential, since the term is marginal at tree level.
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At sufficiently long distances, higher-order terms proportional to @ or w? decay more rapidly than the zeroth-order term
proportional to . Since we are anyway primarily concerned with the long-range behavior, we are justified in dropping all of

these higher-order terms. Altogether, we find

e 202 707 M| 2]

g.s.

— Z07,)>
) = lim ZmIm G %,
n—1 Zm p’:n n—1

APPENDIX F: FORCED MEASUREMENT
ENTANGLEMENT ENTROPY

In Sec. IV C we used the conformal invariance of the Ising
CFT to provide a qualitative argument relating the average
entanglement entropy Sk(r) of the TFIM following forced
projective measurements to the half-system entanglement en-
tropy S;(N/2) of a dual ground-state defect problem. Here we
provide some of the technical details required to complete the
argument.

As in Sec. IV C, we are interested in computing the en-
tanglement entropy S*(r) of the fixed-point model (30), for a
subregion of length r. This can be computed from the n — 1
limit of the following ratio of two partition functions:

Zn(rv EO)
zr |

S*(r, €g) = lim ! 10g|: (F1)
n—0 1 —n
Here Z, = [ Dy e~S*¥1 is the single-replica partition func-
tion, while Z,(r, €y) is the partition function of an n-fold
replicated theory subjected to the boundary conditions given
in Eq. (32). Alternatively, we can think of the n replica fields
¥ @(z, x) as a single field defined on an n-sheeted Riemann
surface, with a branch cut running from x = —r/2 to x =
+r/2 along the v = 0 axis. Both partition functions contain
a defect running along the T = 0 axis,® as given in (30). In
defining (F1), we have introduced explicit dependence on a
short-distance cutoff ¢ into the definition of both S*(7, ()
and Z,(r, €p), which widens the branch points at x = £r/2
into circles of radius €. The value of ¢ is fixed but otherwise
arbitrary, and is necessary for obtaining a finite expression for
the entanglement entropy [70,72].

In order to exploit conformal invariance of the Ising CFT,
it is useful to introduce the complex coordinate z = x + it.
Then, using the scale invariance of the action (30), we first
rescale z — 2z/r. This transformation maps the branch points
from z = +r/2 to z = %1, but modifies the short-distance
cutoff from ¢y to 2¢p/r. We therefore have Z,(r, €y) =
Z,(2,2¢/r). Without loss of generality, may therefore set
r = 2 and compute Z,(2, €), from which we obtain the result
for general r by setting € = 2¢¢/r.

We next deform the entanglement branch cut from the
real line onto the unit semicircle in the upper-half plane, as
depicted in Fig. 5(aii). As discussed in Sec. IV C, the precise

To avoid the branch cut lying at exactly the same imaginary time
as the defect, we can take the second term in the action (30) to
be evaluated at = 0~. By returning to the properly discretized
expression for the entanglement entropy and applying the cyclicity
of the trace, it is clear that the entanglement cut can be chosen to lie
just above the measurement defect.

V2 Flae] V2] >0 D

(

location of the branch cut on a Riemann surface is immaterial
and can be deformed freely so long as its endpoints remain
fixed. Alternatively, as a theory of n replica fields, the field
redefinitions ¥ (t, x) — ¥ *)(, x) of Eq. (33) can be used
to move the branch cut. Explicitly, the boundary condition
Y @0, x) = @D, x) for x| <1 (ie., at the bottom
boundary of the semicircle D) is equivalent to the continuity
condition’ ¥ @ (0™, x) = ¥ @ (07, x). Similarly, the continu-
ity of ¥ (z, x) at the top boundary of region D becomes a
matching condition analogous to that of Eq. (32). We empha-
size that this transformation of fields is exactly what is done
to deform a branch cut in the analysis of an ordinary complex
function defined on a Riemann surface.
Next, we use the conformal transformation

L
2> 7 = f(2) = —iz—logz (F2)
27

which maps the complex plane to a cylinder of circumference
L, with complex coordinate 7/ = x" + it’ withx’ = x’ + L [see
Fig. 5(aiii)]. The defect due to measurements, which lies along
the v = 0 line of the original complex plane, maps to two
timelike defects on the cylinder: the positive real axis maps
to the line x’ = 0, while the negative real axis maps to the line
x' = L/2. Meanwhile, the branch cut along the unit semicircle
in the upper-half plane is mapped to the semicircle from
x' =0tox' = L/2 along the t" = 0 line.

Under the transformation (F2), a short-distance cutoff of
size € on the complex plane becomes a cutoff of size Le /2n
on the cylinder; explicitly, an infinitesimal rectangle of area >
centered on z = %1 is mapped to an infinitesimal rectangle of
area (eL/2m)* on the cylinder. Let Z¥'(L, €) denote the par-
tition function of the n-fold replicated cylinder, with defects
along x’ =0 and x' = L/2, and with a branch cut between
x' =0 and x’ = L/2 along T’ = 0. Then the above sequence
of mappings has shown the following equivalence of partition
functions:

Z,(r, €0) = Z,(2,2€0/1) = Z;yl(L, Leg/mr). (F3)

Having formally established the connection between par-
tition functions, we may now make connection with known
results from the literature. From previous studies of the en-
tanglement entropy of the TFIM and the Ising CFT in the
presence of exactly marginal defects [39,40,48-50], it is

"Note that we are being somewhat cavalier about ¥ (z, x) being
a Grassmann field; strictly speaking, the field ¥ @(z, x) is indeter-
minate, and its continuity is ill-defined. Instead one should consider
a properly discretized path integral, where the continuity condition
is realized by couplings between lattice points across the t =0
boundary.
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known that the half-system entanglement entropy with defects
at the entangling boundaries exhibits the following form:

ZML, €)
Exal

Si(L/2, €)= 111_1:111 T log |:

y L
=& “3(“) log = + bu(v). (F4)

where cZ;(v) is a continuously varying effective central
charge which depends on the defect strength v, while b, (v)
is an L-independent constant which depends on the precise
regularization scheme used. Substituting € = Ley/mr, we ob-
tain the following result for the original entanglement entropy
(F1):

S*(r, €0) = Sj(L/2, Leg/mr)

_ ()

L
0
3 & Ley/mr

_ ()
3

)+bd(V)

= logr + b'(v), (F5)
where we have absorbed the constant log(m/€p) into the
definition of &'(v). Notably, all dependence on the cylinder
circumference L has been eliminated from the final expres-
sion; since L can be chosen arbitrarily, this is to be expected.
We therefore arrive at the desired result: the entanglement
entropy of a subregion of length r in the Ising CFT, in the
presence of a marginal defect along the 7 = O line (such as
that arising due to forced projective measurements), scales
logarithmically with r with an effective central charge cZ(v)
that continuously varies with the defect strength.

APPENDIX G: Z;Z;,; MEASUREMENTS

Throughout the main text, we considered measurements of
the observable X; throughout the Ising chain. An alternative

J

Ln/2]

i, = S () o TT (140 3

r=1 1<) < <ay,<n

m

The derivation of the continuum limit of MZ%_ then follows

avg
nearly identically to that of Mavg in Appendix D. The only
difference lies in the replacement of the operators X; =
iysj—1v2j with Z;Z; 1 = iy»jy2j+1. The partition function
ij,;’)z = (Y |1\;1azvg [ &) is then given by the same expression

as Eq. (D2), with the replacement®
2ivnj 1 — YY)
= =201V + 20 (Y211 — V2j—1)

=ay o'y +id® Yo" 0. (G4

8In the final term, we have integrated by parts and dropped a total
derivative, which vanishes under the integral [ dx.

scheme is to consider measurements of Z;Z; ;. Since X; and
Z;Z; are related by the Kramers-Wannier duality [86], it
is natural to expect that measurements of these observables
have similar effects on the ground state. There are, however,
important differences in the behavior of observables.

1. Born projective Z;Z;,; measurements

We first consider a measurement protocol analogous to
that of Sec. III: for each site j, we perform a projective
measurement of Z;Z;, with probability p, and sample the
measurement outcome according to the Born rule. Such a
protocol is described by a measurement operator Mfl, which
is a product of local measurement operators:

N
Nz _ 7z N7 _ —
My =11, M§;=Vi-p
j=1

X 1+Z,Z;
Mil,j=ﬁ+]“~ (GD
We obtain the state [yZ) with probability pZ,, where
AL o
V) = = m = ([Ma]),., (G2)

JmzD,.

The discussion of Sec. IIT A then follows identically, with
the caveat that we focus on the correlator [Cfl(r)]2 =
[(ZoZ,)%]? in developing our replica scheme, where (-)Z =
(Ul - 1Y), To study GR(r) = (XoX, )5 — (Xo)im (X,)ims We
use the approach of Appendix E to handle noncommuting
measurements and observables. Following the same steps,
we arrive at an averaged measurement operator Mazvg which

couples the n replicas:

Z Z(al)z(al) - Z(QZr)Z(D‘Zr)
J J

41 41 (G3)

(

Altogether, the defect created by Z;Z; | measurements sam-
pled according to the Born rule is described by a contribution
to the action of the form

Sz =—1m) / dx(y" oy + iay" 0", )

a<f

x (YT oy +iayp oo, y) P + - (G5)

The extra derivative terms iy’ ¥,y are further irrelevant
compared to the term 7oY. We therefore arrive at the
same conclusion as in Sec. III: a nonzero density of Z;Z;,,
measurements performed on the ground state |/ ) of the
TFIM, with outcomes sampled according to the Born rule, do
not affect the asymptotic structure of correlation functions or
entanglement.
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FIG. 6. [(a),(b)] Ensemble-averaged correlation functions [CZ%(r)]> and G%(r) and (c) entanglement entropy % following Z;Z;
measurements with outcomes sampled according to the Born rule, for measurement probabilities p = 0.2 (blue), 0.5 (green), and 0.8 (red),
and for system sizes N = 32, 64, 128, and 256 (light to dark). Data is plotted as a function of s = E sin(%; ) to achieve scaling collapse of the
various system sizes. Similar to the ensemble with X; measurements (see Sec. III), both correlatlon functions retain their power-law scaling
with exponents of the unmeasured system at sufﬁc1ently long distances, while the entanglement entropy retains its logarithmic scaling with

central charge ¢ = 1/2 of the unmeasured system.

Figure 6 gives the numerically computed correlation func-
tions [CZ(r)]*> and GZ(r) and the entanglement entropy

SZ (r), each defined analogously to Eq. (7) with the replace-
ment [Ym) — |[¥Z). As in the case of X ; measurements, we
find excellent scaling collapses by plotting each observable
as a function of s = % sin(%). As expected from the above
discussion, we find [CZ(r)]? ~ s~ /2 and GZ(r) ~ s~ at suf-
ficiently large s, as well as SZ (r) ~ % log s 4 b4(p).

Two differences appear between the numerical results of
Z;Z;y1 measurements and X; measurements. First, whereas
the power-law coefficient in Fig. 2(a) decreases with increas-
ing X; measurement probability, the power-law coefficient of
Fig. 6(a) increases with increasing Z;Z; | measurement prob-
ability. This feature is easily understood on physical grounds:
by projecting a large fraction of the ground state onto X; = %1
the short-range ferromagnetic correlations are reduced; in par-
ticular, since (ZyZ,)m = O whenever my = £1 or m, = %1,
C2 (r) is bounded above by the probability (1 — p)* that both
sites 0 and r remain unmeasured. In contrast, projecting a
large fraction of the ground state onto Z;Z; | = &1 gives
the resulting postmeasurement state |yZ) short-range “spin-
glass” structure; in particular, [CZ(r)]* = +1 with probability
at least p”. Remarkably, even at large p when typical states
|yrZ) feature such spin-glass structure throughout the majority
of the system, at sufficiently long distances the power-law
scaling of the ground state is recovered.

Second, whereas the contribution b;(p) to the entan-
glement entropy Sm(r) strictly decreases with increasing
measurement probability [see Fig. 3], the analogous contri-
bution by(p) to SZ(r) exhibits nonmonotonic behavior [see
Fig. 6(c)]. In contrast to the X; measurement scheme of
Sec. III, where measurements are localized within subsystem

= [0 : r) or its complement and strictly decrease the entan-
glement entropy, here measurements of Z,_1Z, or Z_Z, are
capable of increasing the entanglement entropy between the
two subsystems.

2. Forced projective Z;Z;,; measurements

We can similarly analyze the effects of forced Z;Z; | mea-
surements, in which we postselect on the outcome +1 for
each measurement of Z;Z;, ;. Analogously to the discussion
of Sec. IV, we describe this measurement protocol with the
measurement operator

1 +2,Z;+,

N
>7 o7 >7 o7
KZ = HK,(/J, R, =1, Rf; = 5

j=1

(G6)

We then obtain the state |1//f) with probability px, where

Zh”g S. ) K| N—|k|
Vi) = == pe=pHa—-p @)
(Kk >g.s.
where |k| = ijyzl kj is the number of measurements per-

formed. The analysis of Sec. IV A then follows identically,
with the replacement (G4) in the averaged measurement oper-
ator. The end result is a defect described by the action

S8 = vZ/dxwf A

where as usual i is here evaluated strictly at Tt =0, and
the ellipsis again contains irrelevant terms, including the
derivative term of Eq. (G4). Notably, Z;Z;,; measurements
yield an exactly marginal term identical to that of Eq. (25),
but crucially with the opposite sign. This change of sign
does not affect the scaling dimension of ¥ and therefore
is not expected to affect the asymptotic scaling of G (r).
On the other hand, it has crucial effects on the behavior of
the correlations Cf (r) = (ZZ, ) As a continuum analog of
a two-dimensional classical Ising model with a defect line,
the perturbation (25) corresponds to weakened bonds along
the defect line and results in weaker ferromagnetic corre-
lations along the defect. In contrast, Eq. (G8) corresponds
to strengthened bonds along the defect line and results in

(G8)
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FIG. 7. [(a),(b)] Ensemble-averaged correlation functions CZ(r) and GZ(r) and (c) entanglement entropy SZ(r) in the forced-measurement
ensemble, for measurement probabilities p = 0.2 (blue), 0.5 (green), and 0.8 (red), and for system sizes N = 32, 64, 128, and 256 (light
to dark). Data are plotted as a function of s = % sin(%7) to achieve scaling collapse of the various system sizes. Dotted lines depict the

behavior of the unmeasured system. While GZ(r) ~ s72

exhibits the same scaling as the unmeasured system, CZ(r) ~ s~24”®") exhibits

a continuously varying exponent AZ(p); unlike in the forced X; measurement scheme, where Cy(r) ~ r24?) featured a monotonically
increasing scaling dimension A(p), here the scaling dimension AZ(p) continuously decreases to zero with increasing measurement probability.

—_— V4
The entanglement entropy SZ(r) ~ ‘e%(p) log r + bs(p) again features a continuously decreasing effective central charge cZ:(p), but with a

nonmonotonic contribution bs(p).

enhanced ferromagnetic correlations. Following the results
of Refs. [35,36], we expect CZ(r) ~ rm28%) (o again ex-
hibit a continuously varying power law, but with a scaling
dimension AZ(p) which decreases with increasing measure-
ment strength. Asymptotically as p — 1, we expect projecting
Z;Z;1 = +1 almost everywhere results in near-perfect long-
range order, so that A%(p) — O as p — 1.

Figure 7 depicts the numerically computed correlation

functions CZ(r) and G{(r) and the entanglement entropy

S{(r), defined analogously to Eq. (7) with the replace-
ment |Ymy,) — |1ﬁf ). As expected, Gﬁ(r) ~ 572 exhibits the
same power-law scaling as in the unmeasured system, while
CZ(r) ~ s> () features a continuously varying power law
characterized by a scaling dimension AZ(p). As p increases,
A?(p) decreases towards zero, resulting in longer-ranged
order parameter correlations. Similar to the entanglement en-
tropy Sk(r) in Sec. IV C, the entanglement entropy S (r) ~

@ log s + bs(p) exhibits a continuously decreasing effec-
tive central charge, which can be understood by mapping to a
problem with ordinary timelike impurities as in Sec. IV C.

APPENDIX H: “NO-CLICK” MEASUREMENTS

Throughout the main text, we have considered two ran-
dom projective measurement schemes. Focusing on projective
measurements provides a closer comparison to typical exper-
imental platforms, while performing measurements randomly
throughout space restores translation invariance on average
and effectively softens the average strength of the a priori
completely disentangling projective measurements. One con-
ceptual downside to random measurement schemes, however,
is the requirement of replicas in order to perform statis-
tical averages. Random measurement schemes also impose
an additional computational overhead due to Monte Carlo

sampling, which becomes especially severe in the case of
non-self-averaging observables. An alternative deterministic
measurement scheme, which retains translation invariance, is
to consider the effects of postselected weak measurements
which only partially collapse the ground state. Here we con-
sider a particular postselected weak measurement scheme
which we call “no-click” measurements. A similar measure-
ment scheme was used in the previous work of Ref. [9].

To derive the no-click measurement of the observable X,
we imagine introducing an ancillary qubit initialized in the
state |0). We then couple this ancillary qubit to the jth spin of
the system via the unitary

C(1-X; X
Upc. = exp —ix 7 ® o’

14X, 1-X; o
— J lao’, Hl
(F52)+ (557 e (H1)

where o” acts on the ancillary qubit, and 0 < o < 7/2. Fol-
lowing the evolution by U, ., the state of the system plus
ancilla is given by

1-X; 0
5 )i||¢'g45.>®| )

— X |
> )ll/fg.s.) ® [1).

Unel¥gs.) ®10) = [1 + (cosa — 1)<

. (1
+ sina

Finally, we measure the ancilla qubit in the computational
basis. A “click” of the measurement apparatus corresponds to
the outcome 1, which projects X into the eigenstate —1. In the
absence of a click, corresponding to the outcome 0, the ampli-
tude for X; = —1 is only partially suppressed. Postselecting
on the latter outcome, the effect of the no-click measurement
is given by

(H2)

| Ygs.)
[Vrgs.) H> (eTf)gg_S.’

(H3)
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FIG. 8. [(a),(b)] No-click correlation functions C, . (r) and G, . (r) and (c) entanglement entropy S, (), for measurement strengths 1 —

cosa = 0.1 (blue), 0.3 (green), and 0.5 (red), and for system sizes N =

128, 256, 512, and 1024 (light to dark). Data are plotted as a function

of s = g sin(%7) to achieve scaling collapse of the various system sizes. Dotted lines depict the behavior in the unmeasured system. Similar to

the case of forced projective measurements, G, (r) ~ s2

57280 @) exhibits a continuously varying power-law exponent and S, . (1)

central charge.

where A is a monotonic function of «, with A = oo corre-
sponding to the projective measurement « = 7 /2. Performing
the same no-click measurement on each qubit, we altogether
obtain the state

K. |1/fgs

: (H4)
(K,%_Q)g

N
Vne) = 1'[

We are interested in comparing the behavior of observables
in the no-click state |, ) to that of the unmeasured ground
state |, s ). For example, the connected energy density corre-

lator is given by

Gn.c.(r) = <X0Xr>n.c. - (X0>n.c.<Xr)n.c.
_ (XOXrIer%.Q)g,S, _ <X0[€r12.c.)g,5 <X Kr?c )g (HS)
(Kr%.c»>g.s. <Kgc)gs (Kr%-C.>g.s.

where we have used [X;, M, .] = 0. Order parameter correla-
tions Cp ¢ (1) = (ZoZ,)n.c. and entanglement entropy S, .. (1) =
—trp, log p. are defined similarly, the former of which can
be analyzed within the same framework using the method of
Appendix E. From this expression, we see that correlations in
the postmeasurement state can be obtained from correlations
of the following partition function:

Zoe = (Wes 1K [ Wes)
= /Dw exp{ —30[¢]+:\fdxway1/f}, (H6)

where X is a monotonic function of A, and in the latter
term Y is evaluated at v = 0. We immediately see that
no-click measurements result in an exactly marginal defect
along the 7 =0 line, of exactly the same form as in the
forced measurement scheme [see Eq. (25)]. We therefore
expect identical phenomenology for the long-distance
correlations: in particular, we expect Gy (r) ~ r~2 to
retain the same scaling as in the unmeasured state,

exhibits the same power-law scaling as in the unmeasured system, while C, . (r) ~

~ M log s + by .. (o) exhibits a continuously varying effective

while C,¢.(r) ~ r~24n@® obtains a continuously varying
power-law exponent with Anc.(0)=1/8 and
limg_ 720 Ape (o) =1/2. We additionally expect the
entanglement entropy to exhibit a continuously varying
effective central charge, S, (r)~ F“"T(“) logr + by (o),
such that ceff nc.(0) = /2 and cefr nc. (o) decreases towards
zero as o — /2. These qualitative features are verified
numerically in Fig. 8.

We may alternatively consider no-click measurements of
Z;Z;11. The unitary U7, which implements such a mea-
surement is obtained simply by replacing X; with Z;Z;
in Eq. (H1). The resulting state following Z;Z;,; no-click
measurements for each site j is

nc |¢g,5 Hexzzw
([RZ.T),..

Similarly to the discussion of Appendix G, replacing X; by
Z;Z; results in the same type of defect as in (H6) (up to
1rrelevant terms), but with an altered sign. Explicitly, the par-
tition function used to evaluate correlation functions is given
by

V)= (H7)

= (Yo [KY Yne)

= wa exp{ — Solv] —XZ/dwaa>'1/f}, (H8)

where Az is a monotonic function of A, the latter term
in the exponential is again evaluated strictly at 7 =0,
and we have neglected irrelevant terms. Identically to the
case of forced Z;Z;,; measurements, we expect C. CZ.(r)~

r2A0:.(@) to exhibit a continuously decreasing power—law ex-

ponent AZ (oz) with increasing measurement strength, while
( )~ ) logr + bf.c‘(a) exhibits a continuously de-
creasmg effectlve central charge ¢Z; . . (). These features are

again verified numerically in Fig. 9.
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FIG. 9. [(a),(b)] No-click correlation functions C#_ (r) and GZ (r) and (c) entanglement entropy S (r), for measurement strengths 1 —
cosa = 0.1 (blue), 0.3 (green), and 0.5 (red), and for system sizes N = 128, 256, 512, and 1024 (light to dark). Data are plotted as a function
of s = g sin(%7) to achieve scaling collapse of the various system sizes. Dotted lines depict the behavior of the unmeasured system. Similar
to the case of forced projective Z;Z;,, measurements, G (r) ~ s~2 exhibits the same power-law scaling as the unmeasured system, while

Z
CZ (r)~ §2A%6(@ exhibits a continuously varying power-law exponent and S7_ (r) ~ C““% log s + bZ_ () exhibits a continuously varying

effective central charge.
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