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Softening of Majorana edge states by long-range couplings
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The inclusion of long-range couplings in the Kitaev chain is shown to modify the universal scaling of
topological states close to the critical point. By means of the scattering approach, we prove that the Majorana
states soften, becoming increasingly delocalized at a universal rate which is only determined by the interaction
range. This edge mechanism can be related to a change in the value of the bulk topological index at criticality,
upon careful redefinition of the latter. The critical point turns out to be topologically akin to the trivial phase
rather than interpolating between the two phases. Our treatment moreover showcases how various topological
aspects of quantum models can be investigated analytically.
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I. INTRODUCTION

Efficient quantum computing is probably the primary
goal of modern physics research and the race for quan-
tum advantage involves research groups all around the
globe [1–7]. The first spark to this intense research activity
came from the formulation of Shor’s algorithm for prime
factorization [8,9], which was followed by a large num-
ber of influential theoretical proposals [10–14]. Nowadays,
state-of-the-art quantum simulators include ensembles of su-
perconducting qubits [15], trapped ions [16], cold atoms
confined in optical cavities [17,18], and Rydberg atom experi-
ments [19,20]. Interestingly, most of these quantum platforms
feature long-range power-law decaying interactions, which
are hence becoming an essential ingredient of modern quan-
tum simulation [21].

Although not yet realized in experiments, topological
quantum computation represents a promising route to fault
tolerance [22]. As a consequence, recent years have also wit-
nessed outstanding efforts in the experimental and theoretical
study of topological matter [23–30], see Refs. [31,32] for a
review. A promiment model exhibiting topological nature is
surely the Kitaev chain (KC) [33], a 1D superconductor with
nearest-neighbor (NN) hopping and pairing. Its most strik-
ing feature is the presence of unpaired Majorana zero-modes
at the edges of the sample. Such modes have been pro-
posed as ideal “topological qubit” candidates, thereby igniting
extreme interest in the quantum information and computa-
tion communities [34–39]. Not only is this model an ideal
theoretical playground, but increasingly sophisticated exper-
imental realizations are seeing the light. For example, [40]
uses quantum dots coupled via electron tunneling and crossed
Andreev reflection, whereas [41] implements the model on the
three noisy qubits of a publicly available quantum computer.
Superconductor-semiconductor (SC-SM) nanowires, specifi-
cally devised for experimental detection of zero-modes, have
also been shown to map to such model [42].

Long-range effects and topology happily marry in the
Kitaev chain, upon long-range (LR) extension of the latter
by endowing the hopping ( j) and pairing (�) terms with a

dependence on the interaction distance r. For fast-decaying
coupling terms, say e.g. jr,�r ∼ e−|r|, the nearest-neighbor
physics is largely recovered. However, the system with
algebraic decay jr ∼ |r|−α, �r ∼ |r|−β (where α, β > 1
throughout this paper) represents an example of infinite-order
model [43] and displays novel and interesting phenom-
ena [44–50]. Long-range extensions are not just theoretically
enticing, but experimentally motivated. Superconductor-
semiconductor (SC-SM) nanowires actually present next-to-
nearest-neighbor (and beyond) corrections to the standard NN
hopping and pairing terms [42], and LR Kitaev models have
moreover been proposed as effective descriptions of periodi-
cally driven (Floquet) systems [51,52]. On top of that, the LR
Kitaev chain approximates the long-range Ising model [53],
experimentally implementable on currently available quantum
simulation platforms [54].

Independently of the interaction range, finite-size (or
semi-infinite) topological superconductors usually exhibit
compactly supported modes about their edges. Much of the
boundary physics is related to such edge states and their
decay in the bulk. Their analytical or numerical exploration
is therefore a problem of interest, and even more so in the KC,
where they are the sought-after Majoranas. Various detection
methods are available in the literature: exact diagonalization,
finite difference equations, transfer matrices [55,56], and so
on [47,57]. Yet, most of these methods are numerical and can
only target a finite chain. The study of universal scaling be-
havior, however, requires to explicitly address systems in the
thermodynamic limit. We thus introduce a different technique,
the scattering approach, capable of describing topological
states in the (semi)-infinite problem. The scattering approach
proposes to use a linear combination of adequately modified
bulk-eigenstates, i.e., the known solutions of the eigenvector
problem in the thermodynamic limit, to construct the desired
(bound) edge-states [58–60]. This paradigm allows us to an-
alytically study Majorana zero-modes (MZMs) both in the
NN and long-range settings, recovering the expected expo-
nential decay in the first case, and showing softening in the
second one.
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By means of the scattering approach, we also substantially
deepen our understanding of the interplay between long-range
couplings and topology by establishing a relation between
(zero-energy) edge states in the Kitaev chain and the value of
the bulk topological index w at the quantum critical point. The
index w, originally defined for the NN chain, can be extended
to the long-range (LR) case [47]. It attains an integer nonzero
(zero) value in the topological (trivial) phase independently
of the interaction range. The quantum phase transition is
achieved by tuning a chemical potential μ. At the transition
point, i.e., when μ attains a critical value μc, w is formally
ill-defined. This can be remedied via a straightforward redef-
inition, as we show. The newly introduced critical value wc

of w is wc = 1/2 in the NN model, perfectly interpolating
between the trivial (w = 0) and topological (w = 1) phase,
see Appendix C.

The same is not generally true in the LR picture, where
appropriately chosen decay exponents α, β can produce
wc = 0. This formal result hints at the possibility of assigning
the critical point to one of the two phases, rather than leaving it
out of the classification as usual. We thus identify the values of
α, β yielding wc = 0 and propose an edge interpretation of the
phenomenon. This interpretation only applies to the hopping-
dominated regime, where α < β and α sufficiently small.

II. BULK MODEL

The anisotropic long-range Kitaev chain consists in a
1D array of N sites hosting spinless fermions. The ith site
fermionic operators are ci, c†

i , satisfying the usual canonical
anticommutation relations. Its Hamiltonian reads

H = −μ
∑

i

(1 − 2c†
i ci ) −

∑
i,r

( jrc†
i ci+r + �rc†

i c†
i+r + H.c.),

(1)
where r represents the interaction distance, and

jr := jr−α, �r := �r−β, (2)

with α, β > 1 and j = � = 1 in the following. Notice that r ∈
{1, 2, . . . ,∞} in the infinite chain case, whereas one usually
assumes r < N/2 for finite sample size.

The bulk problem is solved exactly by successive appli-
cation of a Fourier and Bogoliubov transform. We define the
former as

cr = ei π
4√
N

N
2∑

n=− N
2

cqn eiqnr, qn = 2πn

N
, (3)

where the extra phase prevents the appearance of imaginary
units in the transformed Hamiltonian. The latter then reads

H = −2
∑

k

(c†
kck − c−kc†

−k )εk + (c†
kc†

−k + c−kck )�k, (4)

where εk := μ − jk and

jk =
∞∑

r=1

cos(kr)r−α = Clα (k),

�k =
∞∑

r=1

sin(kr)r−β = Sβ (k), (5)

where Clα (k) and Sβ (k) are Clausen functions of the first and
second kind of index α, β. The final diagonal form

H =
∑

k

ωk

(
γ

†
k γk − 1

2

)
, (6)

with eigenvalues (bands)

±ωk = ±
√

ε2
k + �2

k, (7)

is then achieved via the Bogoliubov transformation

ck = ukγk − v∗
−kγ

†
−k, (8)

where

(uk, vk ) =
(

cos
θk

2
, sin

θk

2

)
(9)

and θk is known as the Bogoliubov angle

tan θk = �k

εk
. (10)

Equation (4) can be recast into Bogoliubov-de Gennes
form H ≡ −2

∑
k �c †

k H (k)�ck, where �ck = (ck c†
−k )T and

H (k) = �h(k) · �σ , (11)

with �σ = (σx, σy, σz ) the vector of Pauli matrices and �h(k) =
(�k, 0, εk ). Equation (11) grants particle-hole symmetry of
H and allows for a handy definition of the bulk index

w = − 1

2π

∮
dθk = 1

2π

∫ π

−π

dk
∂kĥz(k)

ĥx(k)
, (12)

where ĥ(k) := �h(k)/‖�h(k)‖. The rightmost member of
Eq. (12) is the winding number of the curve �h(k) about the
origin.

As anticipated, w = 0 in the trivial phase, where a lack of
Majorana zero-modes at the edges is expected. By contrast,
w > 0 and integer in the topological phase. In principle, w

is undefined at criticality, since the curve �h(k) intersects the
origin. Yet, a reasonable definition of wc is obtained by simply
reading the integrals in Eq. (12) as principal values. In the rest
of the article, this point of view will be adopted to compute wc

and argue when wc = 0, 1/2 or 1. A drawing of �h(k) winding
about the origin in the trivial, critical, and topological regimes
is reported in Fig. 1.

III. EDGE MODEL AND SCATTERING APPROACH

An edge is introduced by cutting out the left-side of the
chain, namely restricting position space from Z to N. Ma-
joranas are hence only found at the “left end” of the chain.
Bulk eigenstates have already been identified as the γ op-
erators of Eq. (8). These operators satisfy the eigenvalue
equation [H, γk] = −ω(k)γk . Edge modes of energy E are
states ψ̂ supported on the right half-line satisfying [Ĥ, ψ̂] =
Eψ̂ , with Ĥ restriction of the bulk operator to the new posi-
tion space. A Majorana is then a zero-energy edge mode M̂,
solution of the equation

[Ĥ, M̂] = 0 · M̂ = 0, (13)

i.e., an edge state commuting with the restricted Hamiltonian.
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(a) µ > µc (b) µ = µc (c) µ < µc

FIG. 1. Visualization of the bulk index. Depicted is the curve �h(k), k ∈ {0, 2π}, whose winding about the origin constitutes the bulk index
w, for various values of α, β. The left (right) panel represents the situation in the trivial (topological) phase. At criticality, central panel, curves
intersect the origin and the winding number is formally ill-defined.

Various methods to solve Eq. (13) exist. The conceptu-
ally simplest one consists in writing H in its position-space
BdG form and finding the zero-eigenvalue eigenvectors of the
2N × 2N matrix HBdG. This method is feasible as long as
HBdG is a banded Toeplitz matrix. Such a feature is lost when
couplings become all-to-all, as for the power-law decaying
interactions treated here. Then, HBdG is a full matrix and
brute-force numerics fail for relatively small chain-size N .
This hinders the realization of an effective finite-size scaling
capable to describe the behavior of the half-infinite system.
Analytical solutions of Eq. (13), however, have difficulties
going beyond NNN interactions, e.g., Ref. [49] with Lieb-
Schulz-Matthis method, or do so at the price of engaging in
very heavy computations [57,61].

By contrast, we wish to propose a more straigthforward
technique, known in the mathematical physics literature as
the “scattering approach” [58–60], that requires nothing
but the solution of the bulk model (given above) and few
reasonable calculations. Most noticeably, the NN and LR
results presented below will be obtained directly in the
thermodynamic limit. This desirable feature is rare in the
literature, but not unheard of: Refs. [61,62] achieve it using
methods similar to ours.

Let us illustrate here the philosophy behind this approach.
The fully general procedure is only reported in Appendix A,
but the central idea follows. Eigenstates γ 


±k (
 standing for
“nothing” or †) of the translation-invariant bulk Hamiltonian
H are, in essence, plane waves. Consider now γ 


κ , where
k ∈ R was substituted by κ ∈ C. These are still formal so-
lutions of [H, γ 


κ ] = ±ω(κ )γ 

κ , yet they cannot be considered

proper eigenstates: akin to growing or decaying exponentials,
they diverge toward one of the two “ends” of the infinite
chain. However, when retaining only the right half of the line,
“evanescent” modes (those with Im κ > 0) become physical,
and localize around the boundary, like the sought after edge
(bound) states. This reasoning prompts, for an edge mode of
positive energy E , the ansatz

ψs(E ) =
∑
j∈J

A j γ̂
†
κ j

+ Bj γ̂
†
−κ j

, (14)

where J is the (possibly empty) set of labels j of complex
momenta κ j such that ω(κ j ) = E and Im κ j > 0 (evanescent
wave). Modes γκ, γ−κ do not enter in Eq. (14) by assumption
of positive energy. By contrast, the operators appearing carry
a hat to signify restriction to the half-line.

Majoranas are thus obtained from the ansatz above by
setting E = 0. In this case, γ

†
−κ comes to coincide with its

particle-hole conjugate γκ , and one can thus tweak Eq. (14) to

ψs(0) ≡ M̂ =
∑
j∈J

A j γ̂
†
κ j

+ Bj γ̂κ j . (15)

A few remarks. First, γ̂ †
κ is not an eigenstate of momentum

when κ ∈ C. Unable to write it in momentum space, we
just consider the original γ

†
k (k real) in position space and

produce the “wave function” of γ †
κ by k 
→ κ substitution and

restriction to N

γ̂ †
κ = C

[
−e−i π

4 sin

(
θκ

2

) +∞∑
s=0

cse
iκs

+ ei π
4 cos

(
θκ

2

) +∞∑
s=0

c†
s eiκs

]
, (16)

with C ∈ R a normalization constant.
Second, particle-hole conjugation, here denoted P (·)P−1,

acts like (·)† on linear combinations of cl , c†
l . It is customary

to deem a state ψ particle-hole symmetric if ψ† = ψ . This
relation cannot be satisfied by our bulk modes, due to the extra
phase introduced in the Fourier transform. In the following,
we “rotate” such modes back to the standard convention, i.e.,
work with

χ+(κ ) := e−iπ/4γ †
κ , χ−(κ ) := eiπ/4γκ,

ϕ−(κ ) := eiπ/4γ−κ , ϕ+(κ ) := e−iπ/4γ
†
−κ . (17)

Finally, the attentive reader may argue that edge eigenstates
akin to Eq. (16) could have been obtained by substituting the
discrete Fourier transform in Eq. (3) with a Laplace trans-
form cr 
→ cκ , κ ∈ C. The scattering approach is equivalent
to solving the edge problem anew via Laplace transform,
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but here edge solutions are simply obtained from their bulk
(Fourier) counterpart by the extension k ∈ R to κ ∈ C.

IV. EDGE STATES OF THE NN MODEL

Let us apply the outlined procedure to the original Kitaev
chain. Start by replacing γ̂ †, γ̂ with χ̂+, χ̂− in Eq. (15), to re-
cover the standard particle-hole symmetry as explained above.
This results in

M̂ =
∑
j∈J

A jχ̂+(κ j ) + Bjχ̂−(κ j ). (18)

Let us focus on χ+ first. By its definition and Eq. (16), it
explicitly reads

χ+(κ ) = C

[
i sin

(
θκ

2

) +∞∑
s=−∞

cse
iκs+ cos

(
θκ

2

) +∞∑
s=−∞

c†
s eiκs

]
.

(19)

The first step toward determining M̂ is solving ω(κ ) = 0. By
the definitions in Eq. (5) one has ε(k) = μ − cos(k) and �k =
sin(k) in the NN case, so that

ω(κ ) =
√

μ2 + 1 − 2μ cos(κ ); (20)

see Eq. (7). Then ω(κ ) = 0 only if

κ̂1 = i arccosh

(
μ2 + 1

2μ

)
, (μ > 0),

κ̂2 = π + i arccosh

(
μ2 + 1

−2μ

)
, (μ < 0), (21)

where each solution is actually double (arccosh is two-
valued).

Let us consider μ > 0 for simplicity; μ < 0 is analo-
gous in all respects. χ+(κ̂1) can only represent a Majo-
rana if it is particle-hole symmetric. Equation (19) entails
Pχ+(κ̂1)P−1 = χ+(κ̂1) if and only if

cos(θκ̂1/2) = −isin(θκ̂1/2), (22)

condition that is met when θκ̂1 → −i∞. Recalling Eq. (10), it
must then be �κ̂1/εκ̂1 = −i or equivalently

εκ̂1 − i�κ̂1 = 0. (23)

However, by direct substitution of Eq. (21) into �k =
sin(k), ε(k) = μ − cos(k),

�κ̂1

εκ̂1

= i sgn(μ2 − 1), (24)

implying that Majoranas exist for 0 < μ < μc = 1. Repeat-
ing the computations for μ < 0, using κ̂2 rather than κ̂1,
yields existence for −1 < μ < 0. We have thus identified
the topological phase as −1 < μ < 1, in agreement with the
expectation obtained by the bulk topological index; see Fig. 1.

A simple substitution of κ̂1 into χ+ now yields

χ
(1,2)
+ (κ̂1) = C(κ̂1)

∑
s

(cs + c†
s )eiκ̂1s

= C(κ̂1)
∑

s

(cs + c†
s )μ±s, C(κ̂1) ∈ R, (25)

where the normalization constant diverges. Here, this fact
carries no physical consequence, but we will have to bear it
in mind for our long-range analysis. The two solutions χ

(1,2)
+

correspond to the two branches of arccosh.
The entire procedure can be repeated for χ−(κ ), obtaining

(0 < μ < 1),

χ
(1,2)
− (κ̂1) = iD(κ̂1)

∑
s

(cs − c†
s )μ∓s, D(κ̂1) ∈ R. (26)

Having determined all of the linearly independent zero-energy
solutions for positive μ, we combine them as

M = A1χ
(1)
+ + A2χ

(2)
+ + B1χ

(1)
− + B2χ

(2)
− . (27)

The states χ
(1,2)
± (κ̂1) are still defined on the entire 1D lattice,

and restriction to N is only possible upon discarding the
divergent waves χ

(2)
+ , χ

(1)
− . The final form of the Majorana

edge modes, see Eq. (18), is hence

M̂ = A1

∞∑
s=0

(cs + c†
s )μs + iB2

∞∑
s=1

(cs − c†
s )μs, (28)

where A1, B2 ∈ R have absorbed the normalization constants
C(κ̂1), D(κ̂1), cf. Eqs. (25) and (26). Albeit derived with
completely different methods, the last equation is in perfect
agreement with Ref. [33].

In closing, let us comment on how many independent
Majorana modes exist according to Eq. (28). There are two
complex coefficients A1 and B2. When interactions are nearest
neighbor, the boundary condition consists in a single equation,
which fixes one of them. The remaining coefficient is deter-
mined by normalization. One must thus conclude that no more
than one Majorana mode can localize at the left edge of the
semi-infinite chain, in agreement with all existing literature.

V. THE LONG-RANGE CASE, ALGEBRAIC
DECAY OF MAJORANAS

There is no fundamental obstruction to extending the meth-
ods above to the long-range case. However, identifying edge
states of energy E requires solving

ω(κ ) =
√

[μ − Clα (κ )]2 + S2
β (κ ) = E , (29)

far from an easy task. Nonetheless, the expertise matured in
solving the NN problem and some carefully chosen approx-
imations will allow us to deduce the qualitative behavior of
Majorana edge modes, and in particular their algebraic de-
cay [46,47,57,63] close to a quantum critical point.

The prescriptions of the scattering approach and particle-
hole symmetry of the zero-modes impose the following form
for a Majorana state:

M̂ =
∑
j∈J

∞∑
s=0

cos

(
θκ j

2

)
[Aj (cs + c†

s ) + iB j (cs − c†
s )]eiκ j s,

(30)
where Aj, Bj ∈ R and ω(κ j ) = 0, ∀ j ∈ J . The set {κ j} con-
tains all possible solutions to Eq. (29) with E = 0. The exact
κ j are not known, due to the difficulty in solving Eq. (29), and
cos(θκ j /2) diverges for zero-energy solutions, as seen in the
NN case.
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In analogy with the NN case, we retain only the “even”
half of Eq. (30), and pick the boundary condition in such a
way that Aj = Ak, ∀ j, k, leading to

M̂ =
∑
j∈J

∞∑
s=0

cos

(
θκ j

2

)
(cs + c†

s )eiκ j s. (31)

Since we are interested in investigating the topological proper-
ties at the critical point, which will be related to the universal
scaling of the topological states, we introduce a low-energy
approximation by expanding the coupling coefficients at
small κ ,

εκ = τ − εακα−1 + ε2κ
2 + O(κ4),

�κ = δβκβ−1 + δ1κ + O(κ3), (32)

where τ = μ − μc and ε(·), δ(·) are currently unspecified com-
plex coefficients. Inserting the expansions in Eq. (32) into
Eq. (29), we will obtain an explicit expression for the inverse
localization lengths κ j .

Before following the aforementioned procedure two re-
marks are in order: (i) Since the expansions in Eq. (32) have a
finite convergence radius [64,65], they reproduce the nonana-
lytic (log-type) behavior of the true coupling functions εκ,�κ

in Eq. (5). Therefore, infinitely many κ j solutions emerge,
which is a known consequence of the infinite coordination
number of long-range interactions [47]. (ii) Also in the long-
range case, the expression for cos(θκ j /2) diverges as the limit
E → 0 is approached. Extra care will be demanded to treat
this divergence.

Our approach starts by inserting Eq. (32) into Eq. (29),
which yields

ω2 = τ 2 − 2τεακα−1 + ε2
ακ2(α−1)

+ δ2
βκ2(β−1) + (

δ2
1 + 2τε2

)
κ2 + · · · = λ2, (33)

having set E = λ2, with λ a small yet finite constant. Keeping
λ �= 0 prevents us from hitting certain infinities, thus making
the computations technically manageable.

Three different regimes can be identified, depending on the
leading power of κ in Eq. (33):

(1) Almost finite-range. if α > 3 and β > 2, then κ2 leads.
The universal scaling of quantities in this regime is akin to the
nearest-neighbor case.

(2) Hopping-dominated. if α < 3 and α < β, then κα−1

(embodying the hopping term of the Hamiltonian) leads.
(3) Pairing-dominated. if β < 2 and α > β, then κ2(β−1)

(embodying the pairing term of the Hamiltonian) leads.
In the almost finite-range case, there is only one solution κ1

to the leading order of Eq. (33), and everything reduces to the
NN case. By contrast, in the other two cases, one has as many
κ j as there are roots to κ � τ 1/(α−1) or κ � τ 1/(β−1). For α, β

irrational (which is the general case), this number is infinite
and the solutions lie homogeneously on a circle Cρ of fixed
radius ρ in the κ-complex plane.

The Majoranas can now be constructed, upon evaluation
of cos(θκ/2) at κ j . Performing the operation with great care

yields, in each of the three regimes above

cos

(
θκ j

2

)
∝

⎧⎪⎪⎨
⎪⎪⎩

κ j if α > 3 and β > 2,

κα−1
j if α < 3 and α < β,

κ
β−1
j if β < 2 and α > β,

(34)

up to the expected λ-dependent divergent prefactor. See
Appendix B for details.

Let us focus specifically on the hopping-dominated regime.
Of the infinitely many κ j , we retain only the physical solutions
which decay on the correct half-space and plug Eq. (34) into
Eq. (31). Since the κ j solution become dense on Cρ , we ap-
proximate the infinite sum in Eq. (31) by an integral, leading
to (see Appendix B for details)

M̂ = C
∞∑

s=1

∫
C+

ρ

κα−1(cs + c†
s )eiκsdκ (35)

≡ C
∞∑

s=1

f (s)(cs + c†
s ), (36)

where C+
ρ represents the upper half of the radius-ρ circle in

the complex κ plane and

f (s) :=
∫
C+

ρ

κα−1eiκsdκ. (37)

Assuming s → ∞ (to study the physics deep in the bulk), by
the saddle point method f (s) ∝ s−α . Hence,

M̂ = C̃
∞∑

s=1

s−α (cs + c†
s ), (38)

with C̃ absorbing the λ-dependent divergence. Similar com-
putations, reported in Appendix B, yield an s−β decay in
the pairing-dominated phase, reproducing the findings of
Refs. [57,61], at least for α < 3 or β < 2. A disagreement
with said references emerges when α > 3 or β > 2. This is a
consequence of the different approximations employed in our
treatment with respect to the one of Refs. [57,61]. This issue
is further discussed in Appendix B.

VI. UNIVERSAL SCALING AT CRITICALITY

After having determined the spatial decay of the Majorana
edge states we can characterize their scaling at criticality and
relate it to the values of wc. Indeed, the critical bulk index wc

of the long-range model can vanish, signaling a discrepancy
between the critical properties of the long-range model and
the NN case, where wc = 1/2. The aim of this paragraph is to
explain the genesis of this discrepancy, identify the values of
(α, β ) s.t. wc = 0 and propose an “edge” interpretation of the
phenomenon.

Recall the definition (12) of w, winding of the curve �h(k) =
(hx(k), 0, hz(k)), k ∈ [−π, π ] about the origin. By the funda-
mental theorem of calculus

w = − 1

2π
(θπ − θ−π ). (39)

This quantity is ill-defined when μ = μc, because the curve
intersects the origin, namely the point our angle is measured
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FIG. 2. Computing wc. The left (right) panel represents the
εk/�k → +∞, k → 0 (εk/�k → 0, k → 0) situation. In the first
case, �h(ε) and �h(2π − ε) become parallel as ε → 0. By contrast,
they become antiparallel in the opposite regime.

from. Nonetheless, we are free to redefine

w|μ=μc ≡ wc := − 1

2π
lim

ε→0+
(θπ−ε − θ−π+ε ). (40)

Notice that a similar definition already appeared in
Refs. [66,67]. Simple observations allow wc as in Eq. (40)
to be computed “by naked eye,” see Fig. 2. The curve
(hx(k), hz(k)) = (�k, εk ) is symmetric about the z axis by
εk = ε−k and �k = −�−k . Then, θk = π − θ−k for all k > 0,
and this holds true in the k → π limit.

Now, allow us to take k ∈ [0, 2π ], to use the k → 0 expan-
sions (32) of εk,�k . Being at criticality, τ = 0 and

εk = εαkα−1 + ε2k2 + O(k4),

�k = δβkβ−1 + δ1k + O(k3), (41)

both going to zero. If �k goes to zero faster (slower) than
εk , then the vector connecting the origin to (hx(k), hz(k)) =
(�k, εk ) starts out vertical (horizontal), i.e., θε = π/2
(θε = 0). By the observations above, then θ2π−ε = π/2
(θ2π−ε = π ). In other words,

wc = − 1

2π
lim

ε→0+
(θ2π−ε − θε ) =

{
0, (εε/�ε ) → ∞,
1
2 , (εε/�ε ) → 0.

(42)
In practice (see Appendix C for details), wc = 0 is only
achieved in the hopping-dominated phase, for 1 < α < 2. A
similar discrepancy between the universal properties of the
hopping- and pairing-dominated regimes was already noticed
in the study of the Kibble-Zurek mechanism [68].

The “bulk” results above lend themselves to an “edge”
interpretation. If β > α and α < 3, then the inverse localiza-
tion length κ , quantifying how bounded the Majorana modes
are, is κ ∝ τ 1/(α−1). Furthermore, if 1 < α < 2 (2 < α < 3),
then κ ∝ τ γ with γ > 1 (γ < 1). In the former (latter) case,
bound states become half-bound [69] faster (slower) than
τ = μ − μc as τ → 0. Phrased differently, in the former
(latter) situation bound states disappear “before” (as) critical-
ity is reached. Deeming the transition point trivial when no
Majoranas are present, this edge picture agrees with the

critical bulk index wc in assigning μ = μc to the trivial phase
only if 1 < α < 2.

VII. CONCLUSIONS AND FUTURE DIRECTIONS

To the best of our knowledge, this is the first time that
the scattering approach was applied to the investigation of
edge states in the Kitaev chain. This led to recovering the
familiar Majorana zero-modes in the nearest-neighbor model,
in perfect agreement with the celebrated results of Ref. [33].
The method has moreover proven itself flexible enough to
treat fully connected power-law decaying couplings with-
out additional difficulties. In the latter case, the emergence
of nonanalytic terms in the momentum-space couplings, see
Eq. (32), generates infinitely many edge state solutions at
low energy. The actual Majorana modes then emerge as a
convolution of all the zero-energy solutions, leading to the
well-known power-law decaying behavior in real space. For
α < 3 or β < 2, such decay agrees with the one found in
Ref. [57].

Going beyond current literature, the scattering approach
highlighted a novel form of universal scaling, displayed by
the edge states as the critical point is approached. Indeed,
the inverse localization lengths κ vanish as a power-law
κ ∝ τ γ when nearing criticality τ → 0. This mechanism,
which entails that Majorana states become half-bound [69]
at the critical point, is strongly influenced by the presence
of long-range couplings. In particular, the scaling exponent
γ = 1/(α − 1) of the hopping-dominated regime can grow
very large, heavily smearing the (otherwise localized) edge
modes. This softening of the Majorana states is simultane-
ously signalled by the bulk topological index remaining zero
at criticality wc = 0, in contrast with the nearest-neighbor
case wc = 1/2.

Our findings represent a first step toward the characteri-
zation of the topological properties of long-range interacting
systems, directly in the thermodynamic limit. A promising
future direction may consist in adapting the above techniques
to longer-range interactions α, β < 1 (a regime known to
host peculiar effects, like the emergence of massive Dirac
edge modes [44]). Entering this realm is likely to require a
full analytical solution of Eq. (29), which remains the main
technical challenge. Finally, it would be interesting to show
via scattering methods persistence of Majoranas in the weakly
disordered case, a feature established, e.g., in Ref. [42]. This
would however require a much more refined technology, in-
volving heavily the scattering matrix and possibly hinging on
Levinson’s theorem [58,60,70]. Inspiration for any attempt in
this direction could come from works where scattering theory
was successfully applied to disordered systems; see, e.g., the
proof of Anderson localization provided in Ref. [71].

Note added in proof. Recently, a manuscript appeared on
Scipost [72], which discusses the decay of edge states in
long-range Kitaev chains using the Wiener-Hopf equations,
similarly to what is done in [57,61]. The manuscript com-
ments on the difficulty in correctly capturing the leading decay
of the edge states within that method. Therefore, the issue of
the correct leading-order decay of the Majorana edge modes
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in the almost finite-range regime remains open, as argued in
the present work.
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APPENDIX A: THE SCATTERING APPROACH
IN FULL GENERALITY

The aim of this Appendix is to clarify how one would
operationally employ the scattering approach to study a given
(suitable) model. Following the steps below will produce all
of the energy-E edge states, provided that the applicability
hypotheses of the method are met.

(1) In a quantum mechanical context, consider a trans-
lation invariant Hamiltonian H on position space Z or R.
Find its eigenvalues (bands) ωi(k). Let ψ j,i(k) denote the
corresponding eigenvectors. Example: let ω1 be n1-fold de-
generate. Then, the corresponding eigenspace is spanned by
ψ j,1(k), j ∈ {1, . . . , n1}.

(2) Say the spectrum of H has a gap � ⊂ R. Pick an
energy E ∈ �. Allow for k ∈ C, and solve

E = ωi(k) (A1)

for all i.
By construction, the equation above cannot have solutions

for k ∈ R, or else � would not be a spectral gap. Label kl,i(E )
the lth solution of the ith Eq. (A1) (the set may be empty).

(3) Construct the following scattering state:

ψs(E ) :=
∑
i, j,l

Ai jlψ j,i(kl,i(E )), (A2)

Ai jl ∈ C. Due to translation invariance, the bulk eigen-
states can be thought of as plane waves ∼eikx. By contrast,
since Im(kl,i(E )) �= 0 by the spectral gap argument above,
ψs(E ) consists in evanescent (e−|Im(k)|x) or divergent waves
(e+|Im(k)|x), that vanish (diverge) as x increases.

Such states can never belong to the bulk Hilbert space, yet
they solve the “formal” eigenvalue problem Hψ j,i(kl,i(E )) =
Eψ j,i(kl,i(E )) given by Eq. (A1), as long as the dispersion
relations ωi(k) hold even for k ∈ C.

(4) Consider the wave function ψs(E ; x). Restrict the latter
to N (R+). Impose ψs(E ) ∈ Ĥ, the edge Hilbert space. This
amounts to setting to zero the coefficients Ai jl of all divergent
waves.

(5) Impose whatever boundary conditions the problem de-
mands, further fixing the Ai jl .

(6) The resulting (not identically zero) ψs(E ) are bound
edge states with energy E , solving

Ĥψs(E ) = Eψs(E ). (A3)

(7) Finally, the number of Ai jl coefficients that survived
the previous steps represents the number of linearly indepen-
dent edge states with energy E .

APPENDIX B: DETAILS OF LONG-RANGE CASE

The purpose of this Appendix is to fill the blanks left open
in the paragraph devoted to the long-range chain.

As explained, we wish to study edge modes when κ →
0. This should capture all of the relevant physics when
sufficiently close to the critical point (τ small). All the same,
the decay obtained for the Majorana modes in this approx-
imation is in agreement with various other results in the
literature [46,47,57,63]. There are hence reasons to presume
that the validity of our analysis goes beyond the κ → 0 region.

The expansions (32), upon reinstating the complete coeffi-
cients, yield

εκ = τ − �(1 − α) cos
[π

2
(α − 1)

]
κα−1

+ ζ (α − 2)

2
κ2 + O(κ4),

�κ = −�(1 − β ) sin
[π

2
(β − 1)

]
κβ−1 + iζ (β − 1)κ

+O(κ3), (B1)

where �(·) is the extension to complex numbers of the
factorial and ζ (·) the Riemann ζ function. Equations (B1)
are derived from the known series of Liγ (eiz ), z → 0, and
γ ∈ R [64,65].

Equations (B1) in turn induce the following expression:

ω2 = τ 2 − 2τ�(1 − α) cos
[π

2
(α − 1)

]
κα−1 + τζ (α − 2)κ2

+�2(1 − α) cos2
[π

2
(α − 1)

]
κ2(α−1) + ζ 2(α − 2)

4
κ4

+�2(1 − β ) sin2
[π

2
(β − 1)

]
κ2(β−1)

− 2i�(1 − β )ζ (β − 1) sin
[π

2
(β − 1)

]
κβ

− ζ 2(β − 1)κ2 + · · · , κ → 0, (B2)

again exhibiting the familiar competition between
κ2, κα−1, κ2(β−1). Depending on the winner, we recover
the three regimes of the main text: almost finite-range,
hopping-dominated and pairing-dominated.

Before computing inverse scattering lengths and Majorana
wave functions, let us dwell on two preliminary results.

First, we notice that cos(θκ/2) can be rewritten explicitly in
terms of εκ, ωκ by θκ = arctan(�κ/εκ ) and some goniometry

cos

(
θκ

2

)
=

√
1

2
+ εκ

2ωk
. (B3)

Second, we lay out the solution of a general integral

I (s) =
∫
C+

ρ

κγ eiκsdκ, (B4)
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Im(κ)

Re(κ)

ρ
κ0

C+
ρ

C

FIG. 3. Original C+
ρ and deformed contour C. Not represented is

the cut of the integrand, which can however be placed so that it avoids
intersecting either curve.

employing the saddle point method in the limit s → +∞.
Rewrite the integral as

I (s) =
∫
C+

ρ

es( γ

s ln κ+iκ)dκ, (B5)

and assume s very large. The exponent has a critical point
at κ0 = iγ /s. One can deform the original contour C+

ρ (see
Fig. 3) to a new one, C, such that κ0 is met as a maximum
of Re(κ ). This can be done without changing the value of
I (s), because no singularities are met while deforming. The
integral will then almost exclusively depend on the value of
the integrand at κ0, and indeed

I (s) = −
(

iγ

e

)γ √
2πγ

1

sγ+1
+ · · · , (B6)

having applied the standard saddle-point formulas. This result
will now be used extensively, with κγ 
→ κα−1, κβ−1.

1. Inverse localization lengths

Recall that by “inverse localization lengths” we mean the
coefficients κ j appearing at the exponent in Eqs. (30) or (31).
When considering edge states of energy λ they are, by the
scattering approach, solutions of ω(κ j ) = λ. The search for
zero-energy modes will be conducted by first keeping λ as
a small but finite regulator, and eventually sending λ → 0 to
achieve the Majorana limit.

(1) Almost finite-range. Rather than solving ω(κ ) = λ di-
rectly, we look at its square. Inspection of Eq. (B2) and
selection of the leading orders yield

τ 2 + [τζ (α − 2) − ζ 2(β − 1)]κ2 = λ2, (B7)

i.e., equivalently κ2 = const. Exactly two solutions κ1,2 are
found, and the physics is qualitatively identical to that of the
NN case: exponential decay of Majoranas, and at most one
Majorana per edge.

(2) Hopping-dominated. This time, requiring ω2(κ ) = λ2

yields

τ 2 − 2τ�(1 − α) cos

[
π (α − 1)

2

]
κα−1 = λ2,

i.e.,

κα−1 = τ 2 − λ2

2τ�(1 − α) cos[π (α − 1)/2]
. (B8)

The exponent α ∈ R is irrational, unless it lies in the
zero-measure set Q ⊂ R. There are hence infinitely many
(α − 1) th roots of the constant on the right-hand side of
Eq. (B8). This crucial fact is what will ultimately produce the
algebraic decay.

(3) Pairing-dominated. The analysis is analogous to the
hopping-dominated case. This time

τ 2 + �2(1 − β ) sin2

[
π (β − 1)

2

]
κ2(β−1) = λ2,

entailing

κβ−1 =
√

λ2 − τ 2

�(1 − β ) sin[π (β − 1)/2]
(B9)

and the infinite number of solutions is granted by β irrational.

2. Decay of Majorana edge modes

The decay of our model Majorana (31) is given by∑
κ j

cos

(
θκ j

2

)
eiκ j s, (B10)

and can only be estimated upon expansion of the cosine in
κ → 0.

As highlighted in the main text and repeated above, the
almost finite-range case seems to show no hopes of exhibit-
ing interesting algebraic decay. We therefore avoid treating it
altogether, and focus on the hopping- or pairing-dominated
regimes. In either case, there exist infinitely many solutions
κ j of ω(κ ) = λ, cf. Eqs. (B8) and (B9), all lying (in first
approximation) on a half-circle C+

ρ of constant radius ρ. Such
solutions are moreover homogeneously spaced, and our origi-
nal sum (B10) can thus be rewritten as

ψ (s) :=
∫
C+

ρ

cos

(
θκ

2

)
eiκsdκ, (B11)

by virtue of the Euler-MacLaurin formula. Equation (B11)
is nothing but the wave function of the Majorana, up to a
normalization constant that is yet to be chosen.

It is precisely this normalization that saves us from the
divergences seen in the NN case. Being a “weighted aver-
age” of exponential decays eiκs, one can safely claim f (s2) <

f (s1), ∀s2 > s1. Requiring ψ (0) finite would thus grant, at
the very least, |ψ (s)| < ∞ for all s. We therefore decide to
work with

ψ̃ (s) := ψ (s)/ψ (0), (B12)

where ψ (0) explicitly reads

ψ (0) =
∫
C+

ρ

cos

(
θκ

2

)
dκ. (B13)

Even if ψ (0) is not easily evaluated exactly, it is immediate
from Eq. (B3) that it diverges when ω(κ ) → 0. Inserting
again our small regulator ω(κ j ) = λ, and recalling that ω(κ j )
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is assumed constant on the integration contour leads to the
estimate

ψ (0) � max
κ∈C+

ρ

√
λ + εκ

2λ
· πρ � Q√

λ
, (B14)

for some constant Q, as λ → 0.
As stated, normalizing ψ formally is impossible unless

we evaluate ψ (0) explicitly. However, Eq. (B14) immediately
prompts the idea that divergences of Majorana wave-functions
may be cured by substitution

cos

(
θκ

2

)

→ √

ωκ cos

(
θκ

2

)
= √

ωκ + εκ . (B15)

We thus define our normalized Majorana wave-function
φ(s) as

φ(s) :=
∫
C+

ρ

√
ωκ + εκeiκsdκ =

∫
C+

ρ

√
λ + εκeiκsdκ. (B16)

One can now allow the regulator λ to reach zero. How-
ever, some memento of the condition ωκ = 0, or equivalently
particle-hole symmetry of the scattering state, should be kept.
We have learnt in the NN paragraph, cf. Eq. (23), that PHS
can be imposed by εκ − i�κ = 0. Thus,

εκ = εκ + εκ

2
= εκ + i�κ

2
, (B17)

and

√
ωκ cos

(
θκ

2

)
=

√
εκ + i�κ

2
. (B18)

Now and only now can we expand in κ → 0 using (32)√
εκ + i�κ

2
�

√
τ + εακα−1 + iδβκβ−1 + iδ1κ + · · ·

2

�
√

τ

2

⎧⎪⎪⎨
⎪⎪⎩

1 + 2δ1
τ

κ,

1 + 2εα

τ
κα−1,

1 + 2δβ

τ
κβ−1,

(B19)

in the almost finite-range, hopping-dominated, and pairing-
dominated cases, respectively.

In the limit τ → 0, where the small-κ solutions of ω(κ ) =
0 are granted to be the only relevant ones, we thus have√

εκ + i�κ

2
∝

⎧⎨
⎩

κ,

κα−1,

κβ−1,

(B20)

which is Eq. (34).
Plugging this into the normalized Majorana wave-function

finally yields

φ(s) ∝
{

s−α,

s−β,
(B21)

in the hopping- and pairing-dominated regimes, having used
Eq. (B6) to evaluate φ. Precise constants can be reinstated by
using Eq. (B1) instead of Eq. (32) in Eq. (B19) and plugging
the complete Eq. (B6) in the last equation we wrote.

Let us close by pointing out that the results above re-
produce current literature everywhere but in the almost

finite-range regime. There, Refs. [57,61] predict algebraic
decay s− min{α,β}, whereas we observe exponentially localized
modes. The discrepancy is not alarming and well-understood.
It stems from a known accident: leading orders in position and
momentum space often do not match.

The scattering approach crucially needs infinitely many
solutions of ω(κ ) = 0 to yield algebraic decay. These are
intuitively expected to exist for any real value of α, β, since
the polylogs in Eq. (5) are always multivalued with a log-
type Riemann surface. Our method is only sensitive to such
singularity when it is exhibited by the leading κ-order of
ω(κ ), namely when κα−1 or κ2(β−1) dominate the expansion in
Eq. (B2). This is the case in the hopping- or pairing-dominated
regimes, but not in the almost finite-range case. There, our
first order approximations become blind to the log-type sin-
gularity, and only capture exponential corrections to the actual
power-law decay in position space.

The authors are nonetheless certain that the disagreement
would be cured if an analytical solutions to ω(κ ) = 0, wished
for in the discussion paragraph, was available.

APPENDIX C: WINDING AT CRITICALITY, DETAILS

In this Appendix, we show by direct integration that
wc = 1/2 in the NN case and determine wc in the long-range
case, for any value of α, β, using the “geometric” reasoning
presented in the main text.

In the nearest-neighbor case the direct computation is es-
pecially straightforward

w = − 1

2π

∮
dθk . (C1)

Without loss of generality we can pick μc = 1 and obtain

θ c
k := θk|μ=μc=+1 = arctan

(
sin k

1 − cos k

)
. (C2)

Simple calculus shows that dθ c
k /dk = −1/2, so that by

Eq. (C1)

wc = − 1

2π

∫ π

−π

dk
dθ c

k

dk
= 1

2
, (C3)

as stated.
The long-range case can now be tackled. By the reasoning

in the main text, one predicts wc by inspection of εk/�k as
k → 0. Recalling that

εk|μ=μc = εαkα−1 + ε2k2 + O(k4),

�k|μ=μc = δβkβ−1 + δ1k + O(k3), (C4)

one sees that different leading orders will produce different
limits of εk/�k . More specifically

εk

�k

∣∣∣∣
μ=μc

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(ε2/δ1)k, α > 3 and β > 2,

(εα/δ1)kα−2, α < 3 and β > 2,

(ε2/δβ )k3−β, α > 3 and β < 2,

(εα/δβ )kα−β, α < 3 and β < 2,

(C5)
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as k → 0. Inspection of the cases above reveals a simpler
structure

lim
k→0

εk

�k

∣∣∣∣
μ=μc

=
{

0, α > 2 or 1 < β < α,

∞, 1 < α < 2 and β > α,
(C6)

which in turn implies

wc =
{

1
2 , α > 2 or 1 < β < α,

0, 1 < α < 2 and β > α.
(C7)

APPENDIX D: REMARKS ON PARTICLE-HOLE
SYMMETRY AND QUASIPARTICLE INTERPRETATION

The goal of the following paragraphs is formalizing our
notion of particle-hole symmetry, introducing the operation
of particle-hole conjugation and reporting an interpretation of
the quasiparticle picture induced by the BdG structure and
successive diagonalization, cf. Eq. (6). Such clarifications are
inserted in the interest of readability, but they are not new.
Identical information can be found elsewhere in the literature,
see, e.g., Ref. [73].

We say a Hamiltonian H is particle-hole symmetric if the
“mathematical tautology” [74]

PHP−1 = −H (D1)

is satisfied, where P denotes the antilinear operation of
particle-hole conjugation, acting on the fermionic creation and
annihilation operators in position space as

P (λci )P−1 = λ̄c†
i , λ ∈ C. (D2)

Written as in Eq. (D2), P looks very much like Hermitian
conjugation. The two are however different, as is immedi-
ately seen by applying them to the quadratic and Hermitian
operator O = cic

†
j + c jc

†
i . Indeed, O† is equal to itself. How-

ever, Eq. (D2) equivalently means Pλci = λ̄c†
i P , so that

(assuming i �= j)

POP−1 = (c†
i c j + c†

j ci ) = −O, (D3)

where the last member is found by applying the fermionic
canonical anticommutation relations.

Some people refer to Eq. (D1) as a mathematical tautology
because, as can be seen by the simple example of O, any
quadratic fermionic operator enjoys this property, i.e., should
be deemed particle-hole symmetric. Setting such debates
aside, it is now apparent that any BdG (quadratic) Hamiltonian
is particle-hole symmetric according to the definition above.

One can of course wonder what this implies for the
momentum space BdG matrix, namely H (k) in Eq. (11). Ap-
plying P to H as prescribed induces a “momentum-space”
particle-hole conjugation, which explicitly reads

H (k) 
→ (σxK)H (k)(σxK)−1, (D4)

where K denotes complex conjugation and σx is the first
2 × 2 Pauli matrix. The Hamiltonian is then called particle-
hole symmetric if it satisfies the momentum-space version of
Eq. (D1), namely

(σxK)H (k)(σxK)−1 = −H (−k). (D5)

Now, seen as an operation on the quasiparticles γk of
Eq. (8), particle-hole conjugation on H is embodied by the

map P̃ (·)P̃−1 acting like

γk 
→ P̃ (γk )P̃−1 = γ
†
−k . (D6)

This favors the following interpretation of the Bogoliubov
modes.

Start with γ
†
k . This is a mode with positive energy ωk and

positive momentum k > 0. We see this operator as “creation
of a particle.” Under P̃ , the latter is mapped to γ−k , a negative-
energy mode with negative momentum. If antiparticles have
opposite energy with respect to their particle counterpart, then
it is appealing to interpret this as “creation of an antiparticle.”
By the same token, one can view γk as “annihilation of a
particle” and γ

†
−k as “annihilation of an antiparticle.”

Seeing the problem from this angle justifies our notation:
χ (ϕ) referred to particle (antiparticle) states, whereas the
subscript (·)+ [(·)−] to positive (negative) energy. The appeal
of this interpretation is actually twofold, as it also provides
an intuitive explanation of why χ+ and ϕ− collapse to the
same Majorana: being a particle-antiparticle pair, they become
indistinguishable when their associated excitation energy
approaches zero.

APPENDIX E: NEAREST-NEIGHBOR PROBLEM
WITH FINITE-DIFFERENCE EQUATIONS

The aim of this section is to review how finite-difference
methods allow for the detection of Majoranas in the nearest-
neighbor case. This is how the problem was solved in Kitaev’s
seminal paper [33]. It will be seen that the end result is in
perfect agreement with Eq. (28).

Kitaev adopts conventions that differ slightly from ours.
His nearest-neighbor Hamiltonian indeed reads

H =
N∑

t=1

−g

(
c†

t ct − 1

2

)
− j(c†

t ct+1 + H.c.)

−�(c†
t c†

t+1 + H.c.), (E1)

whereas ours is, cf. (1),

H =
N∑

t=1

μ(2c†
t ct − 1) − (c†

t ct+1 + H.c.) − (c†
t c†

t+1 + H.c.).

(E2)
We notice that Eq. (E2) is obtained from Eq. (E1) by g 
→
−2μ, j 
→ 1, � 
→ 1. To make contact with existing liter-
ature, we will solve the finite-difference problem adopting
the conventions of Ref. [33], and later show that Eq. (28) is
recovered by the substitutions above.

Start by writing Eq. (E1) in BdG form

H =
∑

t

[
− g

2
(c†

t ct − ct c
†
t ) − j

2
(c†

t ct+1 − ct+1c†
t

+ c†
t+1ct − ct c

†
t+1) + �

2
(ct ct+1 − ct+1ct

+ c†
t+1c†

t − c†
t c†

t+1)

]
. (E3)

The 2N × 2N matrix HBdG is read off from here.
Consider now a 2N-vector ψ , candidate eigenvector of

HBdG. Mimicking the BdG doubling of dimensions, we write
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it as the juxtaposition of two vectors χ and ϕ. More precisely,
ψm = χm, 1 � m � N and ψm+N = ϕm, 1 � m � N , where
(·)m denotes the mth entry of a vector. ψ is then an eigenvector
of HBdG with eigenvalue E if χ and ϕ satisfy the system of
coupled finite difference equations

Eχm = − j(χm−1 + χm+1) − gχm + �(ϕm−1 − ϕm+1),

Eϕm = j(ϕm−1 + ϕm+1) + gϕm − �(χm−1 − χm+1). (E4)

This is in general not easy to solve: one can decouple the two
equations at the price of turning an order-2 into an order-4
problem. However, when looking for Majoranas, PHS shall be
imposed. This is tantamount to requiring χm = ±ϕm. More-
over, E = 0.

Pick then the first option χm = ϕm. The system (E4) re-
duces to two identical equations in χ or ϕ. This is indeed akin
to the “collapse” of particle χ± and antiparticle ϕ∓ solutions
of the scattering approach, see above Eq. (26). The equation in
χ explicitly reads

(� + j)χm+2 − gχm+1 − (� − j)χm = 0. (E5)

Equivalently, denoting by L the left shift (Lψ )m = ψm+1,
Eq. (E5) has operator form

((� + j)L2 + gL − (� − j))χ = 0. (E6)

The general solution of equations like Eq. (E6) is known (see,
e.g., Ref. [75]), and reads

χm = (
Aλm

1 + Bλm
2

)
, (E7)

where A, B ∈ C, and λ1,2 are the two roots of

(� + j)λ2 + gλ − (� − j) = 0, (E8)

namely

λ1,2 = −g ±
√

g2 + 4�2 − 4 j2

2(� + j)
. (E9)

The eigenvector ψ is put in one-to-one correspondence
with an eigenmode (which we again call ψ) by the map

ψ 
→
N∑

t=1

χt ct + ϕt c
†
t . (E10)

Combining χm = ϕm, Eqs. (E7) and (E9), one therefore con-
cludes

ψ =
N∑

t=1

(
Aλt

1 + Bλt
2

)
(ct + c†

t ). (E11)

We can now make contact with our own results. Set g =
−2μ, j = � = 1 in Eq. (E9):

λ1 = 0, λ2 = −(g/2) = μ, (E12)

so that

ψ = A
N∑

t=1

μt (ct + c†
t ). (E13)

This is precisely χ
(1)
+ (κ̂1), cf. Eq. (25). The antisymmetric

combination of ct , c†
t will similarly be obtained by imposing

χm = −ϕm, and will coincide with Eq. (26). Taking a linear
combination of the two yields precisely Eq. (28). The two
approaches are therefore seen to be equivalent.
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