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Upper bound of a band complex
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The band structure for a crystal generally consists of connected components in energy-momentum space,
known as band complexes. Here, we explore a fundamental aspect regarding the maximal number of bands
that can be accommodated in a single band complex. We show that, in principle, a band complex can have no
finite upper bound for certain space groups. This means infinitely many bands can entangle together, forming
a connected pattern stable against symmetry-preserving perturbations. This is demonstrated by our developed
inductive construction procedure, through which a given band complex can always be grown into a larger one by
gluing a basic building block to it. As a by-product, we demonstrate the existence of arbitrarily large accordion-
type band structures containing Nc = 4n bands, with n € N.
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I. INTRODUCTION

Band theory is of fundamental importance in condensed
matter physics [1,2]. Besides electrons and other quasiparti-
cles in solid materials, band theory has also been successfully
used to understand various artificial crystal systems. In band
theory, one considers a particle moving in a periodic lattice
potential (which may include particle-particle interaction in
a self-consistent way). Due to lattice periodicity, the particle
wave vectors are restricted to the first Brillouin zone (BZ),
which is the unit cell of reciprocal space, and the spectrum
is composed of separated energy bands and band gaps. For
example, starting from a free particle model and imposing a
weak lattice potential, one obtains what is commonly known
as the nearly free particle model [1]. The lattice potential V
introduces energy gaps 2|Vi| at Bragg planes associated with
the reciprocal lattice vector G, with Vg being the correspond-
ing Fourier component of V. These gaps separate the original
continuous spectrum into a series of bands. A typical band
structure for the one-dimensional case is shown in Fig. 1(a),
where each band corresponds to a continuous curve in the
energy-momentum space.

Crystalline symmetries may connect multiple bands to-
gether to form a band complex. For instance, along a
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high-symmetry path of the BZ, denoted as P-Q, certain space
groups can entangle four bands to form an hourglass pat-
tern [3,4], as in Fig. 1(b). Clearly, this pattern requires that
the two middle bands belong to distinct representations of the
little cogroup on P-Q. The simplest case would be as follows:
There are two one-dimensional (1D) representations on P-Q,
labeled 1 and 2; meanwhile, at high-symmetry points P and Q,
two-dimensional (2D) irreducible (co)representations (IRRs)
exist such that at P, the states correspond to the pairs {11}
and {22}, whereas at Q, they correspond to the pair {12},
as illustrated in Fig. 1(b). Viewed as a graph, the pattern in
Fig. 1(b) consists of (i) vertices (the four dots), which cor-
respond to protected degeneracies at high-symmetry points,
and (ii) edges between vertices, which correspond to the band
curves. We define such a connected pattern as a band com-
plex. Here, “connected” means that starting from a vertex,
one can reach any other vertex via the edges in the complex.
In this sense, Fig. 1(b) is a band complex, but Fig. 1(c) is
not [5].

The number of bands N¢ involved in a band complex
C is an important characteristic. Recent studies established
that for each space group (SG), N¢ has a determined lower
bound [6-8]. Again consider Fig. 1(b). If a SG requires {12}
({11} and {22}) to be the only IRR(s) at Q (P), then a band
complex for this SG would be guaranteed to contain at least
four bands; that is, the lower bound of N in this case > 4.
The case achieving the lower bound of N may be called a
minimal band complex.

©2023 American Physical Society
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FIG. 1. (a) Band structure of the 1D nearly free particle model.
(b) A band complex consisting of four bands. (c) Two bands that do
not form one complex since they can be separated by shifting energy.
(d) Schematic of an accordion-type band complex.

Now, a natural question is, Is there an upper bound on N¢?
In other words, what is the maximal number of bands that
can be accommodated in a band complex? Interestingly, this
fundamental question has never been explored before.

In this work, we show that at least from a mathematical
perspective, N¢ does not have a finite upper bound for certain
SGs. This is proved via an explicit construction of a particular
type of band complex [illustrated in Fig. 1(d)] that can reach
N¢ — oo in certain SGs. As a consequence, such a system
can be metallic regardless of band filling. It should be noted
that the band complexes discussed here are stable in the per-
turbative sense, meaning that the pattern remains robust under
symmetry-preserving perturbations to the system. However, a
big change can still break it into parts, with each having a
smaller Nc.

The band complex in Fig. 1(d) can be viewed as a general-
ization of the hourglass in Fig. 1(b). In some previous studies,
this pattern was called an accordion band structure [9-13].
However, in those works, the accordion was enforced to exist
by some screw rotational symmetry; that is, it represents a
minimal band complex with its N¢ being a lower bound (it can
be up to 12 for a sixfold screw axis [9]) required by symmetry.
In contrast, the complex here is not minimal (but it is stable, as
we emphasized), and it is not related to any screw symmetry.
As a by-product of this work, we demonstrate the possibility
of protected accordion band structures with arbitrarily large
N¢ = 4n, with n € N being a natural number.

Our constructional proof proceeds in three steps. First,
we propose a set of symmetry conditions to achieve the tar-
get band complex in Fig. 1(b). Under these conditions, we

search for and identify possible candidate SGs. Second, for
the candidate SG, we analyze its minimal band complexes.
For each minimal complex, we show how it can be realized
by a concrete lattice model. Third, we design an inductive
glue procedure, such that starting from a complex C with
Nc¢ = 4n, we can always construct a larger complex C’ with
N¢ = 4n 44 by gluing a minimal complex to it. This in-
ductive construction proves the absence of a finite upper
bound.

II. SYMMETRY CONDITIONS AND SG SEARCH

As a first step, we lay out two symmetry conditions that
can help us realize the type of band complex in Fig. 1(d).

(1) On the high-symmetry path, denoted as P-Q, there exist
only 1D IRRs. The number p of different 1D IRRs must be
larger than 1, i.e., p > 1 (otherwise, two band curves cannot
cross without opening a gap on this path).

(ii) At the two high-symmetry points P and Q, there ex-
ist only 2D IRRs, corresponding to the degree-2 vertices in
Fig. 1(d).

The two conditions together also require that any 2D IRR
at P (or Q) must split into two 1D IRRs on the path P-Q. This
splitting follows the compatibility relations.

We will adopt these two conditions to search for suitable
SGs. It must be noted that they are definitely not necessary
conditions. For example, it is certainly possible to have IRRs
with other dimensions at the high-symmetry points. Never-
theless, our aim here is not to find all SGs that allow the
target band complexes, and as we shall see, adopting these
conditions helps to simplify the analysis.

With the two conditions, we search through all 230 SGs
with time reversal symmetry 7', also known as the type-II
SGs. We consider both spinless and spinful cases (i.e., both
single- and double-valued representations). The procedure is
straightforward: For each SG, we examine all high-symmetry
paths of its BZ, and by using references on IRRs for space
groups, we check whether there is any path satisfying our two
prescribed conditions.

Surprisingly, it turns out that the two conditions are actu-
ally quite stringent. Among all 230 type-II SGs, we find that
only SG No. 138 (P4,/ncm) in the spinless case satisfies the
conditions on its Z-A path. In the following, we shall focus on
this SG to demonstrate our construction.

II1. MINIMAL BAND COMPLEXES

Let’s take a closer look at the candidate SG. SG 138 is for
a tetragonal crystal system. Its BZ is illustrated in Fig. 2(a).
As mentioned, we shall focus on the Z-A path, which satisfies
our prescribed conditions.

Here, the two high-symmetry points are located at Z :
(0,0,m)and A : (7, 7, ). We shall denote points on the Z-A
path by S : (k, k, m), with k € (0, w). The little cogroup is
4/mmm1’ at points Z and A, and it is mmm' on path Z-A.

The single-valued IRRs at Z and A are listed in Table L.
Note that although the two points have the same little cogroup,
their IRRs are different. This is because the group contains
nonsymmorphic operations; for high-symmetry points on the
BZ boundary, IRRs in the Bloch basis are obtained from
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FIG. 2. (a) Brillouin zone for SG 138. We focus on the Z-A path.
S is a generic point on this path. (b) shows a band complex on Z-A
must have N¢c > 4. (c¢) and (d) Two representative minimal band
complexes on Z-A. The labeling of IRRs is given in Table 1.

representations for the central extension groups of the point
group. Here, owing to the different wave vectors at Z and
A, their central extension groups are different, resulting in
different IRRs [14].

As required by our conditions, only 2D IRRs exist at Z
and A, and only 1D representations exist on Z-A. In Table I,
we also give the compatibility relations governing how each
2D IRR at Z or A splits on Z-A. We can see that there are,
in total, four different 1D representations on Z-A, which we
label 1 to 4. Without causing any ambiguity, we shall use the
symbol {ab} to label a 2D IRR at Z or A if it decomposes into
representations a and b on Z-A (with a, b € {1, 2, 3, 4}). The
correspondence between the standard IRR notation and our
labeling is also given in Table. I.

TABLE I. IRRs at A and Z for SG 138. “HLG” denotes the Her-
ring little group at Z and A. I || S gives the compatibility relations,
with S being some generic point on path Z-A.

Point HLG IRRT Our Notation rys
VA G, A {13} S @ S3
Z, {34} S0 84

Z; {24} S, @ Sy

Zy {12} NEERY)

A G5, ATAS {22} AYRSAY)
ATA; {11} MR

ATAT {33} S; @ 83

AFA, {44} ARSI

A {14} NECI

AT {23} S, @ S3

Using Table I, we can easily show that N¢ > 4. To see
this, let us start from an IRR {ab} at Z. As a degree-2 vertex,
it emits two edges, a and b, to vertices at A. From Table I,
we observe that the IRR labels for Z and A share nothing in
common. This means that (i) edges a and b cannot connect to
the same vertex at A and (ii) edge a must connect to a vertex
{ac} at A with ¢ # b and edge b must connect to a vertex {bd }
at A with d # a. This situation is illustrated in Fig. 2(b), from
which we can see that a complex contains at least four bands.

Is the lower bound of N¢ equal to 4? The answer is yes.
Two minimal band complexes achieving No = 4 are presented
in Figs. 2(c) and 2(d). Note that these two are just represen-
tatives. We find that there are, in total, 10 different minimal
complexes for this path, all sharing the hourglass structure,
which are given in the Supplemental Material (SM) [15].

To show that these minimal complexes are physically
possible, for each one, we show how it can be realized
by a concrete lattice model. This step is facilitated by
making use of the correspondence between real-space or-
bits and momentum-space band representations developed
in Refs. [16-18], the information documented in the Bilbao
database [19-21], and the MAGNETICTB package, which we
developed [22-24]. For example, the minimal complex in
Fig. 2(c) can be realized by putting one p.-like orbital basis
at 8h Wyckoff positions in a unit cell; however, Fig. 2(d) can
be made by putting one p.-like orbital basis at 4b Wyckoff
positions. The details for these concrete models are given in
the SM [15]. The conclusion is that each minimal complex
here can, indeed, be realized by a simple lattice model.

IV. INDUCTIVE CONSTRUCTION PROCEDURE

Now, we have things ready to construct the target band
complex in Fig. 1(d). The process follows the principle of
mathematical induction.

First of all, we already have the target band complex with
N¢ = 4, which is just the minimal complex in Fig. 2(c) or
Fig. 2(d), and we have it realized by a lattice model. Actually,
it turns out that our construction below needs only the two
minimal complexes in Figs. 2(c) and 2(d). In the following,
we shall refer to them as MC1 and MC2, respectively.

Starting from the complex with N¢ = 4, say, MC1, we can
construct a larger complex C’ with No = 8 by gluing MC2 to
it. The procedure is as follows.

First, we can bring MC2 at energy below the given MC1
[see Figs. 3(a) and 3(b)]. Given that the two minimal com-
plexes result from two initially decoupled models, this is
easily achievable; for example, we can simply tune down the
on-site energies in the lattice model for MC2.

Then, we glue MC2 to MC1 by switching the energy
ordering at A between the {22} vertex of MC1 and the {23}
vertex of MC2 [see Figs. 3(b) and 3(c)]. This can always be
achieved. For example, we may fix the MC1 model and only
tune the MC2 model, such that the switching at A occurs and
the energy ordering of vertices are as in Fig. 3(c). Since the
number of constraints is finite and we can, in principle, put as
many independent parameters in the MC2 model as we want,
the switching can always be achieved in a finite parameter
region. A concrete model realization of this step is also given
in the SM [15].
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FIG. 3. (a) Starting from a model for MC1, (b) one can bring in
a model for MC2 and put it at energy below MC1. Fixing MC1 and
tuning the MC2 model, one can always shift the {23} vertex above
{22}. (c) After switching orders, the two crossing points marked by
purple arrows are not protected and should be gapped out, which
leads to a single merged complex in (d).

After switching, clearly, only the connection of the edges
emitted from {22} and {23} vertices will be affected. As we
can see from Fig. 3(c), the two crossings between edges with
the same IRR (the blue colored ones) on Z-A must be gapped
out. This results in the accordion pattern in Fig. 3(d). In fact,
we can easily convince ourselves that Fig. 3(d) is the only
possible connection pattern after switching. Now, we have
successfully glued MC2 to MC1 and constructed a larger
complex with No = 8.

Having understood the above gluing procedure, the re-
mainder is straightforward. Based on the No = 8 complex in
Fig. 3(d), we can glue MCI1 to it from below, as illustrated
in Figs. 4(a) and 4(b), by switching {14} and {44} at A. This
gives an N¢ = 12 complex. Note that the lowest vertices in
Fig. 4(b) are the same as MCI, as they should be by our
construction. Therefore, we can continue to glue a MC2 model
to it [see Figs. 4(c) and 4(d)], then MC1, then MC2, and so on,
and this process can repeat indefinitely. In other words, after
constructing a complex with N¢ = 4n, we can always grow
it into a larger one with N¢ = 4n + 4. Thus, we have proved
our claim that we can have a case with no finite upper bound
on Nc.

It must be noted that our constructed band complexes are,
indeed, stable in the perturbative sense. For example, after
forming the band complex in Fig. 3(d), we may add all sorts
of perturbations to the model, but as along as these perturba-
tions are symmetry preserving and do not change the vertex

@) (b)
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FIG. 4. Inductive construction procedure. (a) and (b) When the
lowest vertices of a complex are the same as MC2, we can glue MC1
to the complex. (¢) and (d) After that, the lowest vertices are the same
as for MC1; we can then glue MC2 to the complex. This process can
continue indefinitely.

ordering, the topology of the pattern must be maintained. This
also means that the constructed complexes occupy a finite
region in the model parameter space; that is, they indeed
represent a phase of the system.

V. DISCUSSION

Via an inductive construction procedure, we have proved
an interesting result regarding the upper bound of a band
complex. As a by-product, we showed that it is possible to
have symmetry-protected accordion band structures with ar-
bitrarily large Nc = 4n. This is a surprising result, in contrast
to previous works where N¢ was limited to 12.

In our discussion, we have chosen the two minimal com-
plexes in Figs. 2(c) and 2(d) as basic building blocks. This
choice is certainly not unique. As mentioned, there are other
different minimal complexes. One can design different con-
struction procedures by choosing different building blocks.
An alternative construction approach is presented in the
SM [15].

Our construction was done for a particular SG, namely,
spinless type-II SG No. 138. Does the conclusion about the
upper bound apply to all SGs? The answer is no. It is clear that
for the trivial SG, both the upper bound and the lower bound
of N¢ would be 1. This indicates that the upper bound depends
on SG, just like the lower bound. Then the next question is to
determine this value for each SG. It should be noted that to
show N¢ is unbounded, it is sufficient to demonstrate it on a
single high-symmetry path, as we did here. However, to study
the upper bound of N¢ in general, one needs to consider all
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high-symmetry paths and points of BZ, which requires more
effort.

Finally, we mention that our study demonstrated the ex-
istence of an arbitrarily large accordion band complex in
principle, but physically realizing it in a concrete physical
system is a different question. For No = 8, we find that it
is realized in the phonon spectra of the crystals AuCl and
AuBr, which belong to SG 138 [15]. Obviously, the larger
the N¢ value is, the more difficult it is to find a real material
realization. Nevertheless, recent advances in artificial crystals
have endowed us with great freedom to realize many kinds of
lattice models [25-29]. Particularly, electric circuit networks

may be a good platform to implement such models due to their
versatility and high tunability [30-33].
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