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Topological pump of SU (Q) quantum chain and Diophantine equation
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We propose a general construction scheme of topological pump for correlated systems with local gauge
symmetry. The bulk-edge correspondence is one of its natural consequences. As a concrete example, an SU (Q)
quantum chain associated with a local [U(1)]®¢ gauge invariance of colored fermions is discussed in detail.
The SU(Q) invariant dimer phases are characterized by the Z, Berry phases as a topological order parameter
with a d-dimensional twist space (d = Q — 1) as a synthetic Brillouin zone. By inclusion of the symmetry
breaking perturbation specified by a rational parameter ® = P/Q, the pump that encloses around the phase
boundary, is characterized by the Q Chern numbers associated with the currents due to uniform infinitesimal
twists. The analysis of the systems under the open/periodic/twisted boundary conditions clarifies the bulk-edge
correspondence of the pump where the large gauge transformation generated by the center-of-mass (CoM) plays
a central role. An explicit formula for the Chern number is given by using the Diophantine equation. Numerical
demonstrations by the exact diagonalization and the DMRG for finite systems (Q = 3,4, and 5) have been
presented to confirm the general discussions for low-energy spectra, edge states, CoM’s, Chern numbers, and
the bulk-edge correspondence. A modified Lieb-Schultz-Mattis type argument for the general SU(Q) quantum

chain is also mentioned.
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I. INTRODUCTION

U (1) gauge invariance is a key ingredient for the quantum
Hall effects as pointed out by Laughlin [1] and is true for the
Chern insulators where the conserved current associated with
the gauge field is closely related with the topological numbers:
the Chern number of the gapped many-body state and the
Thouless—Kohmoto—Nightingale—den Nijs (TKNN) inte-
gers of the one-particle bands [2—6]. It guarantees topological
stability of the phase without any further symmetry protection.
Existence of the nontrivial phases with nonzero Chern number
is only allowed with time-reversal symmetry breaking that
suggests chiral nature of the phase.

As for most of the topological phases, the bulk is hidden,
in a sense that the topological number of the bulk without
boundaries is not a physical observable. What have been
observed experimentally are low-energy localized modes as
the chiral edge states localized near the boundaries [7-9].
The edge states reflect the topological number of the bulk as
the bulk-edge correspondence [10-17] where U(1) local
gauge field associated with the Aharonov-Bohm flux is crucial
due to the Laughlin argument. The effective theory also justi-
fies the bulk-edge correspondence for topologically nontrivial
systems [18].

Focused studies in the decades reveal various chiral modes
of quantum and nonquantum phenomena in quite different
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phenomena have a topological origin. They are under the con-
trol of the bulk-edge correspondence where the Chern number
of the bulk predicts the direction and the number of the chiral
modes. The first nonquantum example is one-way propagating
modes of a gyromagnetic photonic crystal [19-21], mechan-
ical chiral modes in microtubes [22], and coupled optical
resonators [23] are also governed by the bulk-edge correspon-
dence. The concept is applied to a wide variety of phenomena
in photonics [24-26] and topological circuits [27,28]. It also
includes mechanical systems [29,30] and cold atoms [31]. The
bulk-edge correspondence is also a key concept in the focused
studies of topological insulators in the decades [32-36]. One
of the recent surprises is that equatorial waves near the equator
of the earth, that is well known in geophysics, are the chiral
edge modes associated with the nonzero-Chern number [37].
There exist chiral edge modes in evolutionary game theory
[38] and biological flows in neural progenitor cells [39].
The bulk-edge correspondence is universal. In these classical
phenomena, chiral edge states are topologically stable and
protected by the bulk gap, although the Chern numbers of
the bulk are hardly observed but guarantee the existence of
the edge states. Even in these phenomena, one can introduce
U (1) gauge fields to the governing equation by the minimal
coupling to the spatial derivative. The U(1) gauge field is
fictitious and never observed but it predicts the chiral edge
states associated with the Laughlin argument, which implies
the bulk-edge correspondence in classical systems as well.
The local U (1) gauge invariance in one dimension implies
an adiabatic charge transport of a gapped quantum chain

©2023 American Physical Society
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associated with time as an additional synthetic dimension.
This is a topological pump originally proposed by Thouless
[40—44] in (141) dimensions where the transported charge is
quantized as is written by the Chern number. Similar pump-
ing for other degrees of freedom have been also proposed
[45—47]. Here we do not need time-reversal symmetry break-
ing in the 1D system for the nontrivial topological pump.
This idea of the topological pump is old but only after more
than three decades’ experimental trials, the topological pump
has been finally realized in cold atom experiments [48,49].
The pump is real and topological. These discoveries moti-
vate to clarify the effects of edge states in the topological
pump [50]. The topological pump is an adiabatic transfer of
the charge. As for a system with boundaries, the adiabatic
cycle of the pump implies everything is going back to the
original state after the period assuming the gap. It implies
nothing is transported in total. What occurs is that the con-
tributions due to the bulk and edges are canceled. That is,
the pumped charge due to bulk is given by a back action of the
edge states. In a suitable normalization, a localization length
of the edge states scales to zero in a large system-size limit.
It implies a quantization of contribution due to edge states
in a large system. It guarantees quantization of the pumped
charge due to bulk. This is the key idea of a topological nature
of the topological pump and the bulk-edge correspondence of
the pump [50]. The bulk-edge correspondence is special in the
topological pump, that is, the edge is hidden and the bulk gives
a physical observable, the center-of-mass (CoM), that is a time
integral of the current [50-53]. The pumped U (1) charge due
to the edge states is never experimentally observed due to the
gapless nature of the edge states. It implies the breakdown of
the adiabaticity. In other words, contribution of the edge states
can not be measured experimentally in a finite speed pump
since the adiabatic condition can not be satisfied rigorously
at the moments edge states appear. What is measured is that
of the bulk. In the experiment, one measures a motion of the
CoM of the system. Its derivative is the current.

Recently this bulk-edge correspondence of the topological
pump is also investigated for interacting fermions [52,54],
quantum spins [55,56], and bosons [57-59]. This cancella-
tion mechanism is also applied for fractional quantum Hall
states [60]. A phase transition point between gapped symme-
try protected topological phases (SPT) [61,62] is a source of
nontrivial topology. This topological transition is character-
ized by the change of quantized Berry phases [63—68] where
the gap closes. Breaking the symmetry constraint that sup-
ports the quantization of the Berry phase, topological pump
is realized for the gapped systems. The role of the edge
states of spin pumping is also discussed in a mathematically
rigorous way for the AKLT Hamiltonian [69] and its modifica-
tions [70]. Note that experimental studies for the topological
pump using cold atoms are rapidly developing as well
[71-73].

Although the topological pump of correlated systems is
one of the most active and unsolved fields of theoreti-
cal/experimental topological physics, the guiding principle
of the search for the nontrivial pump is missing. Especially
what kind of degrees of freedom can be pumped is totally
unclear for the correlated systems where various degrees of
freedom, such as charge, spins, and orbitals, are correlated and

interacting each other. Based on the situation in the correlated
systems as a background, we propose a general scheme to
construct a topological pump for gapped correlated systems.
We only require a local gauge symmetry for the system. It
directly implies the bulk-edge correspondence. Since the local
gauge symmetry implies associated local constraints, which
can be one of the fundamental character of the correlated
systems, this general proposal can be applied for various
correlated systems that motivates not only theoretical but also
experimental studies for a wide class of physical systems
where various degrees of freedom interact with each other.
As a concrete and fundamental example, we here investigate
topological pump of the SU (Q) quantum chain. It is surprising
rich and the bulk-edge correspondence clarifies all details of
the rich structures. One of the surprises is the Diophantine
equation that has successfully explained the TKNN integer
of the quantum Hall effect (Harper equation) on a lattice
also used to explain the Chern numbers of the SU (Q) pump
analytically.

Since the paper is extensive, let us describe the contents of
this paper and the summary of the main findings before the
discussion.

After the Introduction, in Sec. II, the SU (Q) quantum chain
[“SU(Q) spin” chain], due to Affleck [74-77] is described
as a generalization of the § = 1 bilinear-biquadratic quantum
chain. By using a colored fermion representation, symmetries
of the system are described. Especially Z, symmetry and
the large gauge transformation due to Q gauge symmetry are
introduced. A gapped SU(Q) symmetric dimer phase is dis-
cussed for a periodic system that is a source of the nontrivial
topological pump.

In Sec. III, by using a time as a synthetic dimension and
introducing the SU(Q) symmetry breaking term, an SU(Q)
topological pump is proposed that goes around the gap closing
dimer transition of the SU (Q) quantum chain. The Q currents
associated with the gauge symmetries are introduced and the
CoM that generates the large gauge transformation is defined.
The systems with open/twisted/periodic boundary conditions
are carefully discussed. The d = Q — 1 dimensional synthetic
Brillouin zone as a parameter space to define the current and
Q-closed paths passing through the Z, symmetric point are in-
troduced where the averaged currents along the paths are used
to define the topological pump in the adiabatic approximation.
As for the periodic boundary condition, the time integral of
each current gives the pumped charge that is a topological
number of the bulk (Chern number). The averaged CoM along
the path for the open boundary condition is not continuous
in time. A topological number of the edge states is defined
by using this discontinuities. The bulk-edge correspondence
that is an equivalence of the above two topological numbers is
proposed for the Q different topological numbers of the bulk
and edges.

In Sec. IV, we discuss SU (Q) symmetric systems without
a symmetry breaking term. Here Z, quantization of the Berry
phases is defined by the loop in the synthetic Brillouin zone
and discussed in detail. The gap closing point of this sym-
metric system is the origin of nontrivial topological pump. A
modified Lieb-Schultz-Mattis type argument is also given as-
sociated with the (anti)translational symmetry of the uniform
problem.
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In Sec. V, at the beginning, Z, symmetry of systems with
odd number of sites are discussed in relation to the edge
states with numerical justifications. Also Zy x Zy emergent
symmetry for systems of the open boundary condition is
discussed, which appears taking an infinite-size limit with
the open boundary condition. It is justified by the numerical
calculations of low-energy spectra. Then systems with the
symmetry breaking term is discussed perturbatively. Possible
level crossings of the low-energy spectra due to the edge states
are predicted associated with the emergent Z, x Zy symmetry
of an infinite system with boundaries. The topological num-
bers of the system with edges are explicitly given due to this
emergent symmetry. Based on the bulk-edge correspondence,
an explicit analytical formula of the Q Chern numbers of bulk
is given by using the Diophantine equation of the TKNN for
the quantum Hall effect on the lattice.

In Sec. VI, numerical evaluation of the topological num-
bers of edges and bulk are explicitly given by using the exact
diagonalization and DMRG calculation for Q = 3,4, and 5
systems that justify the consistency of the discussion.

In the Appendices, supplemental discussions including
technical details are given.

As in the Laughlin argument of the quantum Hall effect [1],
the local gauge invariance is the key idea in the topological
pump. The role is twofold. It implies a conservation law of the
charge that induces level crossings of a low-energy multiplet
due to the edge states. It results in the singularities of CoM
that is a topological number due to the edge states. The large
gauge transformation associated with labeling of the sites
defines a current of the pump and the twist, which defines a
bulk topological number. Then the two topological numbers
of the bulk and the edges are necessarily related with each
other. This is the bulk-edge correspondence of the topological
pump. This scenario is general. As for a correlated system,
there can be various local gauge invariances due to coupled
degree of freedom, which implies variety of the bulk-edge
correspondence. We demonstrate the validity of the general
scheme in the present studies.

II. SU(Q) QUANTUM CHAIN

A. Fermion representation

Let us start considering an S = 1 quantum spin chain with
nearest-neighbor bilinear-biquadratic interaction

Hg(ws) = Z[COS ws(S; - Sjs1) + sinws(S; - Sj41)71,
J

where [Sja, Sjpl =i, €upySjy, (@, f=1,2,3)and S} =
S(S+1), (S=1). It has a long history of study [78-82].
We discuss its nonuniform SU (Q) extension, (Q =2,3,---)
by a fermion representation due to Affleck [74-77] (see also
Appendix A)

HP(1) = HP{1})lg=3 + (const), (1)

(S;-Sjn)

S-S =

= HP({1})|g=3 + (const), @)

where H!"?) are defined for general Q as

WO = Y

J

1) ot
hj e = Z aﬂcza j+1.6Ci41.0CjB

(1) gex
= ZJ/ apljajr1po 3

(2) 2)
]+1 Z‘Ilaﬁ Cia j+1 aCi+1.8€).8

_ @) ,ph
- ZJ/ aﬁh/ajﬁ’ @
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ph T
h] wjp — wj.a;j+1,a‘/’j,ﬂ;j+1ﬁ’ &)
where (J{"*)" = g2 (9D, s =00, and ¢, (@ =
I,---, Q) is a canonical fermion anmhllatlon operator for a

colora = 1,---, Qat the site j, {¢jq, ¢} 4} = 8, 8up With a

constraint at each site ¥ Js
D hja=1, (6)
o

ex

i
Wheren]a_c Y

Cia [83] The exchange of the colors &

and the pair hopping h, wj.p At thelink i, j are defined as
hle)fx B T = Cjacj ﬁcj’acivlg’ (7)
h f
hlpa B I/Ii,o(;j,a wi,ﬂ:]lﬂ’ (8)

where ¥ «.j 8 = CioCj g 18 a pairing amplitude. They operate
as

K 51 Biots) =
ph
IOlj /3|ﬁlﬁ]

where |o;8;) = ci!ac;ﬂ|0). The models described by the
Hamiltonians H") and H® can be implemented by using
a scattering process between different hyperfine states of
cold atoms. Such an idea has been proposed in [84,85]. Es-
pecially H" can be realized experimentally by using cold
atoms [86,87]. Up to constant, Hg reduces to the sum of
H® and H® when Q = 3. The spin-1 operators at the site
J is written by a generator of the S 0(3) spatial rotation as
Sia = Zﬁy §S5,Cjys Where S§ = —icqp,, (@ =1,2,3)
[88] (see also Appendlx A). As for the boundary condition, we
discuss both of the open boundary condition and the periodic
boundary condition (c+1,¢ = c1,4) assuming the lattice sites
are labeled as j = 1, - - - , L unless otherwise specified.

We discuss each of the H!:?) separately for general Q since
the transformation properties are different. After discussing
their gauge symmetries in Sec. II B, we focus on topologi-
cal properties of a unique ground state of the Hamiltonian
H®{J;}) for general Q by introducing a dimerization that
preserves SU(Q) symmetries. To realize a topological pump
based on this dimerized SU (Q) quantum chains, we further

leeiB;)s

lajex ),
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include a symmetry breaking term Hp for H®. We demon-
strate their topological properties numerically for several Q’s.
As for Q =3, HV and H® are reproduced by the bilinear-
biquadratic Hamiltonian Hy(ws) at ws = 7, 0 respectively.

B. SU(Q) and Z, symmetries
Tiag = I, the
Hamiltonian H!?) is invariant for the global SU (Q) transfor-
mation respectively,

UDHO YO = O,

UOHO (Y®) = HO,

When the coupling is color independent,

UD = ¢ L jap Catesi )
UD = =D L,a”aﬁ‘/ﬂ (10)

where u is a generator of a Q x Q traceless hermitian matrix
(Tru = 0 and u* = u) [89]. Note that the fermions transform

as (g = (g")7! = €™ € SU(Q) [90])

Ui oUD)Y = " gupc)p, (D
B
wBCi i . odd
Z/{(Z) (U(Q))-j- Zﬂ g*ﬁ JB J . (12)
Z,s SupCip J:even

Especially Z, C SU(Q) symmetry is important for the fol-
lowing discussion from topological view points. Although the
twists introduced later break SU (Q) symmetry in general, this
Zg still remains as a symmetry at the high-symmetric twists
(denoted by G, see below), which is a generalized antiperiodic
boundary condition for Q = 2 [91].

Zy is given by the global cyclic shift of the fermion colors

as
Cja = Cja—1,modQ = UZQCj,aU;Qa (13)
Cj1 €j0
Cj,z N Cj,1
€0 Cj.o-1
Cj1 Cj1
Cj,z Cj,z ¥
=7Zp : = UZQ L{ZQ,
€j.0 €0
where
0 0 1
=" 0 " loesv, a4
0o --- 1 0
- 1_[ e~ iCha@0)apCip (15)

See Sec. IITA.
It implies that all of the eigenstates are labeled by the
eigenvalues of the unitary transformation Uz, as

Uz,|0") = |o")0".

C. Gauge symmetry

Further the Hamiltonians have a (local) [U(1)]¢ gauge
invariance for ¢; , € R, (V¥ and o) as

USHO (10 DUE") = HO({T0)),
ué2)H(2)({J(2) })(u@)) H(z)({.i;?;ﬂ}),
USejaUS) = ivca, (16)
USejaUS) =V ey, (17)
where
UD = ¢ Eiabiahia, (18)
UL = T e, (19)

Then, the couplings in the Hamiltonian of Eq. (2) are trans-
formed as

Tig = e emio 00 (20)

J_J(',ZDZ,B — ei(*l)'k Qj,a;j+1,ﬁ]§?;ﬂ’ (21)

—9jr1.p),  (22)

where j =1, ..., L — 1 for the open boundary condition and
@L+1.0 = @14 for the periodic boundary condition. We always
assume the system size L is even for the discussion of the
periodic boundary condition.

Taking all local gauge parameters constant, ¢; o = ¢y, one
has

Qjajr1p = —(@ja —9jp) + (@jt1.0

o PaNe (D) piaNe H(l), (23)

e_i¢uNaH(2)ei¢aNo{ — H(z), (24)

where Ny =3~ ftjo and Ny = 3 (=1~ lnja Differentia-
tion by ¢, 1mpl1es Q conservation laws (x=1,...,0

[N, HV1=0, [Ny, H?] =0, (25)

where [N, Ng] = 0 and [N,, Ng] = 0.
_ Since the Zp operation shifts these quantum numbers as
Ny — Ny_1, it results in degeneracy if

(N],...,NQ)#(NQ,N],...,NQ_|).

D. Large gauge transformation

Taking the gauge parameters as

Qjaw =Xj0u, (=1,...,L) (26)
i—Jo 11 o L+1
_ LI PR 27
V=T € [ 2 2} Jo= @7
1 — j=1,...,L—1
Qjaijt1p = Ll( #u —o8) J , (28)
(f —)(pa—@p) j=L

the [U (1)]€ large gauge transformation Z/{&f) is defined by
L{SG) — e i %7’&1)’ (29)

Uy = e Tt (30)
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TABLE 1. Energies and eigenstates of H") (Q =3) where
laaBp) = c:ac}ﬁ |0). The sites are labeled by a (:0dd) and b (:even).

TABLE II. Energy and eigenstates of H® (Q = 3). The sites are
labeled by a (:0dd) and b (:even) (@ = —1£3),

State E (Ny, Ny, N3)
1a15) J (2,0,0)
1225) J (0,2,0)
1335) J (0,0,2)
(1125 + 12,1,))/3/2 J (1,1,0)
(11a2) = 12,1,))/3/2 —J (1,1,0)
(1235) + 13.26))/32 J (0,1,1)
(13425) — 12.3,))/¥/2 —J (0,1,1)
(13a1p) + 11.3,))/v2 J (1,0,1)
(13a1p) — [1.3,))/¥/2 —J (1,0,1)
where

P = wije P =) (=1 e GD
j J

are the CoM [92-95]. They are generators of the large gauge
transformations [50,53]. They induce changes in the couplings
as

¥

UgH D (s Uig) = HO (T D),

UGgHD (2 Ug) = O ((70)).

Ty = einJ(:Bﬂ{imw j z i T 1’ (32)
72 = e L IZ 0k
(33)
where
Uigesa(Usl) = e"icq, (34)
UeiaUfe) = eV ey, (35)

Note that the constraint ) _, 71;, = 1 implies [96]
Y
Y P =3 "x =0, (36)
a=1 J

(9] 1

—5 L:even
Y PP = 02 (37)
a=1

L:odd’

E. Periodic system: Gapped ground state of dimers

To realize a topological pump, we require a gapped unique
ground state for a periodic boundary condition and also with
nontrivial edge states for a system with edges. See examples
[50,52,54,56,97,98].

As for the Q = 3 case, the spectra and eigenstates of the
two-site systems H (f 1b,2) are listed in Tables I and II (Jop,1 = J)
resgectively (10) is a fermion vacuum). Generic Q case for

Ha(’b is summarized in Table III. The sites are labeled by

State E (]\71, ]\72, N3)
1Sao) = (Ia1p) + 12425) +13435))/+/3 3J (0,0,0)

low) = (11.15) + ]2,2) + ©?13.35))/v/3 0 (0,0,0)

l02,) = (11.15) + ©?12,2,) + 0*13.3,))/v/3 0 (0,0,0)

[1.25) 0 (1,—-1,0)
[2,15) 0 (-1,1,0)
12435) 0 ©O,1,-1)
13425) 0 ©O,-1,1)
13.15) 0 (-1,0,1)
[1.3) 0 (1,0,-1)

a (odd) and b (even). They are consistent with the decom-
position of the representations, 3® 3 =3®6 and 3® 3 =
1&8.

Since we need a unique (singlet) ground state for the two
site problem as a dimer in the following, we discuss H® or
H S of wg = z

4

5=l

j= J,
The extension to the SU(Q) case (Table III) is straightfor-
ward and due to the decomposition Q0 ® O = 1@ (Q* — 1)

[99]. It is an SPT protected by Zy symmetry [63,100]. The
two-site Hamiltonian for J; =J < O 1is

Hy = Jw;bd/a,b

where Y, = QY2 Y" Vawbas (@ # b).

The singlet is given by |Su,) = V¥, ,|0) with its energy
QJ and N, = 0," «, since [Va.b, wlb]|0) =1 [101]. The rest
of zero energy Q> — 1 states are given by the Q — 1 states,
lwfy) = 012y o), n=1,---,0—1with N, =0
and Q(Q — 1) states, |o;B;), (o # B) with N, =1, Ng =
-1, Ny =0, (y # «a, B) where we assume «a is odd and b is
even.

Noting this two-site problem, we have two different unique
gapped ground states for the periodic system (ci+1.0 = C1.0)
with different dimer limits J, = 0 and J, = 0 as

j :odd

. ) J()a Je < 0
J :even

L/2

I8peco) = [ [ ¥3j412;10).  (Jo=0), (38)
j=1
L/2

lgpece) = [ [¥3,1210), (e =0). (39)
j=1

TABLE II1. Energies and eigenstates of H® where |of;), n =

1,..., O—1, | Bp)yx#=B=1,..., 0, (w= e’%). The sites are
labeled by a (:odd) and b (:even). Generic case.

State E N,

1Sus) = V¥, ,10) oJ N, =0

o) = J5 X0 @) 0 N, =0

Iaaﬂb)a o 7é ﬂ Na = _N/S = laNy¢a,ﬁ =0
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Note that both states are labeled by the occupations, N, = 0,
a=1,...,0.

Due to the adiabatic continuity, the ground state is gapped
and unique if the interaction between the dimers (J;qp,
j:even) is finite but weak enough (J; # 0, || < |J1]). It is
a SPT phase protected by Z, symmetry associated with the
quantized Berry phase [66,100]. See Sec. III A. As is clear
in Table III, we do not require SU(Q) symmetry. We may
allow Zp invariant twists at any links as is introduced later.
At J, = J,, the energy gap (of a finite system) closes as is
clear from the discontinuous change of the quantized Berry
phase (discussed later). This gap closing point is a source of
the nontrivial topology, which we discuss in this paper.

III. TOPOLOGICAL PUMP: CURRENTS,
CENTER-OF-MASS, AND BULK-EDGE
CORRESPONDENCE

A. Current and synthetic Brillouin zone (twist space)

Noting the large gauge transformation, let us start consid-
ering a dimerized Hamiltonian H® ({J ;20[) 5 }) by

Jj j=1...,.L—-1
Jiap = {Jje @) PBC, j=L:even, (40)
0 OBC, j=L
: 2t
Ji=Jy +8J(=1) COST e R, 41)

where Jy,6J € R and ¢ is a time with a period T. To be
explicit, we take Jy < 0 and §J > 0 in the following numerical
demonstration. We also include a symmetry breaking term to
realize the topological pump. To be concrete, let us consider a
following term for the generic SU(Q) case [it reduces to the
staggered potential for SU (2) case]:

Hp(t) =) fjalalt), (42)
Ja
Ay(t) = Asin2mw (% + CDot), 43)

where ¢ = g and A is a strength of a symmetry breaking
[102]. The integers P and Q are mutually coprime. We omit
the superscript “®” unless explicitly specified and both of the
periodic/open systems are discussed.

As a topological pump of the SU(Q) quantum chain, we
discuss a time-dependent Hamiltonian

H@t)=HP({J2,}) + Hp0), (44)

J-ap

where J; = J;(¢) is also time dependent as specified later [see
Eq. (138)]. It is also written by the SU (Q) spins due to Affleck
[76,103]. Further assuming the ground state of the periodic
system is unique and gapped and the time dependence is adia-
batically slow compared with the many-body energy gap, we
consider a many-body SU (Q)-charge pump. As we have men-
tioned repeatedly, it is also understood as the “SU (Q)-spin”
pump. There can be various protocols (time dependencies of
the Hamiltonian), to be simple, we use the one, Eq. (138), for
the numerical demonstration in Sec. VI.

Noting that Eq. (40), the Hamiltonian Hy,({/;«s}) for the
open system is ¢, independent and Hpe({J;p}) = Hyw, for
the periodic system, is with a twisted boundary condition. The

difference between H,, and H,y, is only at the boundary link,
j = L. Then the large gauge transformation by U/ induces
O(L™") twists for each link as

I:Iop,pe = Hop,pe({jj.aﬁ})’ (45)
7. _ i(_l)mw , (]Il,,L—l) open

Tiap =€ ‘ JJ{(j:l,...,L): periodic”

(46)
Explicitly for the open/periodic cases, they are written as

Hop = UrcHold) ;s 47)
Hpe = uLGleZ/{ZGa (48)
Uy = e 2o ¥ePa, (49)

The twists are uniform both for the periodic H,. and the
open H,, Hamiltonians. The periodic system is translational
invariant by the period 2 with dimerization.

Without dimerization, uniformity of the H,. is written as
J; =J (j independent). This is inherited as antitranslation
invariance of H,. as

ATI:IpeA'}l = Hpe, (50)
Ar =UTK, (5D
Urcjall = cjira, (52)

where U7 is unitary and A7 is antiunitary (X is a complex
conjugate). It implies J; o5 = (Jj1.0p)*.

In the following, the Hamiltonian is extended by adding
a symmetry breaking term Hp that is gauge invariant as
UpHpU; ; = Hp. See Table TV and Fig. 1.

To define a current, let us introduce a d-dimensional twist
space (d-dimensional torus), 79 = {(6),6,,...,04)|6y €
[0,27],0 =1,...,d}(d = Q — 1). This is a synthetic Bril-
louin zone [100], which introduces twist for the Hamiltonian
H, by

o1 =01,
@2 =01 + 0y,

G =01+ + O,

Ya =01 +60+---+64

Yo =y =0,
that is,
1 — o = 01,
02 — @1 = by,
Do — Pa—1 2901,
Ya — Qa—1 = by,
o — ¢po-1 = =01 — by — 04 =bp,
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TABLE IV. Hamiltonians, energies and states with different boundary conditions.

6 dependence On T%(®) Energy on T4®) Ground state Current
H,, Independent Independent Independent 180,0p)
H,p Uniform 111 defined® Independent 18op) = UrG180,0p) Jop = 1" (gop| 3 Hopl gop)
H. At the boundaries Well defined Well defined® |80,1w)
Hpe Uniform 111 defined?® Well defined® lgpe) = ULc180,tw) Jpe = Rl (gpelangJgpe)

“Does not satisty the periodicity in ©.
bAssuming the unique ground state on O, E,, = E,..

where 6, is defined in modulo 27, that is, 6, = 0 and 27 are
identified. It implies a formal relation 6; + - - - + 65 + 6y = 0.
Note that the Hamiltonian depends on

azpf+1.

Since the Hamiltonian is invariant for the Z, shift of the
fermions, c¢;o —> ¢jo—1, Which induces a shift ¢, — @441,
and also for the constant shift of ¢, by subtracting 6; denoted
by ~ as

(pa_¢ﬂ:0a+"'+9/3+lv Vasﬂs

Y1 —> 2 =01+ 0, ~ 0y,
@2 —> o3 =01+6,+ 603 ~ 0,4+ 03,

Yo = Qap1 =01+ -+ 0411~ O+ -+ 0441,

Vi1 > 9a =061 +0+-+0s~ 0+ + 04,
04— Par1 =@ =01+ +---+0,+0p,
~ O+ -+ 04+ 0p,
Yo =90 —> ¢1 =06, ~0.

It is given by the cyclic shift of the parameter space supple-
mented by 6,

(91,...,9d,9Q)—> (92,...,9Q,91). (53)

It implies Zy equivalence of loops ¢y gy,,,, ¢ =1,...,0 as
shown later.

It is useful to express this parameter space as shown in
Figs. 2 and 3. Let us start Q = d + 1 equivalent points V,,
(a=1,...,0=0) on a (d — 1)-dimensional sphere §¢~!,
which is constructed recursively from the zero-dimensional
sphere (two points). G = (=, ..., %) is a center-of-mass of
all vertices Vj, ..., Vy, which is a center of the sphere on
which all vertices lie. See Ref. [100] for the details. Its low-
dimensional examples are two vertices of a line [S°, d =1,
Fig. 3(a)], three vertices of a triangle on a circle [S', d = 2,

twisted  Hiy, open Hg,

1 2 L 1 2 L

periodic gpe . ULGHtwuzc open f{Op = L{LGHOPL{}:G

1 2 L 1 2 L

FIG. 1. Four Hamiltonians with different boundary conditions.

Fig. 3(b)], and four vertices of a tetrahedron on a sphere in
three dimension (S?, d = 3). T“ is spanned by the d vec-
tors, &; =m/27r,a =1,...,das ©® =6,é, +--- +64¢,,
which is abbreviated as ® = (6, ..., 6y).

It defines a synthetic Brillouin zone for the twisted Hamil-

tonian
H(0©) =H(® +27é,), (a=1,...,d), 54)

that is, all vertices "V, are identified.

Note that the Q paths
P T
EVQGVQJH = _GVDt + GVDt+17 o = 17 ceey Q’ (55)

in Fig. 2, forms loops for Hi,(®). Note that H,.(®) does not
satisfies this periodicity.

By taking any path ¢ = {®|(® = ©(), 0 € [0, 27]} pa-
rameterized by 6 in the parameter space, let us define a current

T =h"0H = i 0 H({Jjap)). (56)
Equations (47) and (48) imply respectively
Jop =9 oy = —ih ™" Y 9palPar Hopl.  (57)

‘7pe = hilagﬁpe = —ih! Z 09%Pa [Py, Hpe]

+ h Uy Holh, . (58)

Then the evaluation by the time-dependent state |Gop (7))
for the open boundary condition that obeys the Schrodinger
equation, i110;|Gop(1)) = Hop|Gop(?)), ((GoplGop) = 1) gives

J8 = (GOl Topl Gop)) = 3 90ud PGy (59)

Sd—l(G) VO = VQ

Vi

61
Q=d+1

FIG. 2. d-dimensional parameter space of the twist and Q loops

d
EVOGVI ) evl GVas v v s KVJGV() on torus 7¢.
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(a) Vi

6,=0 ()

(0,0) ,Vo

d=1,Q =2

FIG. 3. Examples for the paths in the parameter spaces for
(@d=1,0=2and (b)d =2,0 =3 where G is a Zy symmetric
point. The twist at G, Q = 2 corresponds to the antiperiodic bound-
ary condition.

where
Pg (1) = (Gop(1)|PulGop(1)), (60)

is a CoM of |Gy (2)). Note that the similar discussion for the
periodic boundary condition is not simple. Equation (58) has
an extra term (Hy, depends on ¢,) and also the operator P,
itself does not have a physical meaning since the origin of the
reduced coordinate x; is arbitrary for the periodic boundary
condition.

B. Adiabatic current

Let us start by a general discussion of the time-dependent
evolution of a state by the adiabatic approximation assuming
the initial state |G(0)) is a gapped unique ground state |g(0))
of the snapshot Hamiltonian H (¢),

1G(0)) = [8(0)),
H(®)|n()) = [n(t))E,(t),
wheren =0,1,2,...,and |g) = |n),n =0, (n|n’) = §,y. We

further assume the snapshot Hamiltonian is always gapped
E,(t) > E,(t), (n # g). When the time modulation of the
Hamiltonian is slow enough, the adiabatic approximation is
justified (see Appendix C) as

IGY~C|lg) +iRkY —lr;)(n|8,g)

, (61)
e b~ Ee
where C is a time- dependent phase factor (|C| = 1). In the
present discussion, H is Hop or Hpe.
Under this adiabatic approximation, the observed current
is given by [40] (see also Appendix C)

¢ = (GITIG) ~ j, (62)
j=h"(gldH|g) — iB, (63)
B = dpA, — 8,Aq, (64)

where A, (1 = 6, 1) is the Berry connection

A = (819,8). (65)

Here we assume the ground state |g) as a function of 6
and ¢ by H(0,1)|g(0,1)) = |g®,1)) g(G t). It is covariant
for the phase transformation, |g') = |g)e'X, [x = x (6, t)] that
induces the gauge transformation for the Berry connection
A;L =A,+0.x, (66)

although the field strength B and the current j are gauge
invariant.

Let us here define the average current along the path £ such
as Ly, qy,., connecting two equivalent points in the parameter
space (parameterized by 6 € [0, 27])

- 2 4o )
uo=f = je.n. 67)
0 T

Due to the Feynman’s theorem, the first term Eq. (63) is writ-
ten as (g|0gH |g) = 3 E(H), Eg = (g|H|g). It vanishes for the
open boundary condition, since E,, is # independent. As for
the periodic boundary condition, again fozn dOdE(0) =0
since Epe(0) = Ei(0) is periodic for any closed path connect-
ing the equivalent points in the period 7. See Table IV and

Fig. 1. It results in
Jta) = —i ﬁB. (68)

¢ 2

Note that this is valid both for the open and the periodic
boundary conditions. Since the current is carried by bulk, the
effect of the boundaries is O(L~!). One can expect, in the
infinite size limit (see Fig. 1),
Joe = Jopr (L — 00). (69)

This is the bulk-edge correspondence for the adiabatic current.

C. Temporal gauge and discontinuity of CoM

Adiabatic pump is a periodic transfer of charge between
the time period [0, 7] assuming that the periodicity of the
Hamiltonian as H(t + T) = H(¢) under the adiabatic condi-
tion. Here H denotes H,. or H,, respectively. As for the gauge
fixing of the Berry connection, let us take a temporal gauge
AP, 1) =0 by

t
AL @O, 1) = —/ dt B, 7). (70)
0
This is apparently gauﬂfve invariant and one may check B =
A" — 8AY = ". Note that A} is not periodic in
time, A(’)(G,t+ T) #A(’)(Q,t), although H is periodic in
time (period T'). It is further written by the Berry connection
in a generic gauge as [50]

A%ao=—/dﬂwuaw—mmwxn
0

t
=Ap(0,1) — f dt A0, 1) —Ag(6,0). (71)
0
The average current in the temporal gauge is written as

i rde .,
ﬂo=ﬂ/53=@ﬁmx (72)

_ do
Agﬂ(,):/Z AL, 1)

/d@ / dtB, 7). (73)
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This is valid both for open and periodic boundary condition.

As for the open boundary condition, the parameter de-
pendence is only due to the large gauge transformation UG
as |gop) = Urglgo,0p) Where |go op), is a ground state of Hp,
(Hoplgo,0p) = |80,0p) E,). We safely assume |go,op) is 6 inde-
pendent, dg/go,0p) = 0. It implies

At,op = (gop|atgop> = (gO,op|atg0,op)a 8(JAt,op =0, (74)

Ag.op = (8opl€op) = (80.0p1U; :06U1G120,0p)

= —izag(papa(t), (75)

where

Pu(t) = (800 Palgop) = Y (1" xjmju(0).  (76)
J

is a CoM of the «a fermions without twists [n;.(t) =
(80,0p()17 | g0,0p())]. It is also written by the SU(Q) spins
[104].

The Berry connection in the temporal gauge is written as

AD (0.0) =~y 0pgalPu(t) — P (O)]. (77

The current averaged over the path £ is written as

_ do
- UZE Zaa%}afmr)

=9,P‘(t), (78)
where
Play= Y 2% (79)
» 2]T o E)
Apy = 0o (27) — ¢ (0). (80)

Along the path £y,gy,, 61 :0 — 27 and 6, : 0 = 0, @ =
.,d. It implies ¢, : 0 = 27, Agp, =2 for all o =
.,d. Also ¢y = ¢p = 0. Therefore the averaged current

Lvoon s
Jop ™! is written as

]_'é;oGVl — BZFZVOGVI , 81)
- 82)

where Py = — ZZ:] P,. [Note that Py = Py, (L: odd) and
Py = Py +1/2, (L: even) due to the constraint Eq. (37).] As
for Q =3, Py = —P) — P, (see Fig. 3). Along the path £y, gy,,

61:2mr —> 0,0,:0—> 21,0, :0—>0,(ax=3,...,d). Itim-
plies Ap; = 27, Agp, =0, (@ =2,...,d)and

]"ggl 2 _ a[pfv, vy (83)

Pt = —p,. (84)

Similarly along the path ¢y gy, ,, (@=1,...,d = 1), 6, :

2w — 0 and Oy : 0 — 2. It implies Ap, = —27, Agg =

0, (8 # «). Then, in general,
]Tﬁ;a(;vaﬂ — al}ﬁ@vu(;vwrl , (85)
PYerass = —p, a=1,...,d —1,d. (86)

Note that this is justified also for @ = d, since along the last
path 2y,gv, = ty,Gv,» O : 2r — 0 and Agy = —2m. Since
the CoM, P, is a physical observable of the snapshot ground
state for the open boundary condition, it is periodic in time,
Py(t + T) = P,(t), as the Hamiltonian is periodic in time. An
important observation is that P*(¢) is not continuous (L — 00)
and has discontinuities at t =¢;, i = 1,2, ... of the jumps
in unit of :I:% due to edge states (as shown later). Then the
pumped charge Qﬁp in the cycle T due to the current ]_'gp is
written as

T tix1 _
0= [ aiy=% [ ard,
i vl
tiy1—0
_ _ i1—0
=3[, waro=Yrol;
li i
— _ ZPZ(I)VFFO

The discontinuities I* is defined by
~1' =) AP'(), (88)

- APy =1". (87)

_ 1
P‘f(z)|;'+g =4, (89)

APE 1) =
() 2

where P¢(¢) is not continuous at = #; (i = 1, ...) [105]. The
sign is determined by the behavior of the edge state that causes
the jump. Since the localization length (typical length scale) of
the edge states is finite, it scales to zero in the rescaled coordi-
nate x;. It implies the contribution of the edge states localized
near one of the boundaries is :I:% (see Appendix G). Due to the
conservation of the charge, the number of the discontinuities
is even. It implies the sum of the discontinuities / is an integer.
This is the quantization of the pumped charge.

The physical current ]_'Op is carried by the bulk even with
the open boundary condition and is determined by the discon-
tinuities due to the edge states by the back action based on the
periodicity of P¢ in time.

D. Bulk-edge correspondence

As for the periodic boundary condition, Ag” is smooth and
the pumped charge averaged along the path £ is given by

T
0! =/ dt jt
pe — 0 -]pe

% dt / d Bpe(0, 1), (90)
Bpe (0, 1) = 0pAs pe — 01A0 pe; (G20
Ayipe = (8pel 9ugpe), 92)

where Hpelgpe) = |gpe) E,. As for the periodic boundary con-
dition, the Berry connection Ay pe and thus By is also defined
by the Hamiltonian H., Eq. (48), that is not periodic/invariant
by the shift ® — © + 27é,. See Table IV. It implies that the
periodic Hamiltonian H., Eq. (48), is not defined on the torus
T¢. On the other hand, the ground state |g ) of the twisted
Hamiltonian H,,, Eq. (47), is periodic by the shift and well
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defined on the torus T¢. Noting that |gp.) = Urglgo,w) and
Htw|g0,tw) == |gO,tW)E§W, one has

AG,pe =—i Z a@‘papa,tw +A0,[W7 (93)

o

At,pe = At,th (94)

where Pa,lw = <g0,lw|,Pa |g0,tw)~
It results in

Bpe = By + IZ 80§0a8tPot,tw- (95)

Since P, 1y is smooth and periodic in time, the last term does
not contribute to the total pumped charge. Then

1 T
Qi=—f/ﬁ9f dt By (0,1) = C". (96)
P 2mi ¢ 0

This integral is over a torus T2 = {(8,1)|6 € [0,27],t €
[0, T']} without boundaries. It gives the Chern number C that
is integer. Now due to Eq. (87), we have

0. = 0, = 05,=C", 97)
It = C*. (98)

This is the bulk-edge correspondence of the topological pump.
As for the canonical path £y, gy, ., =0,...d =0 — 1,it
is given by

+1?

“=C"=0Q% a=0,..

,0—-1, 99)
where

¢ = [DaGVas1 — Z AP, (1), (100)

is a sum of the discontinuities of the « particle in the cycle and
C* = C"%%x+1 is the Chern number defined on a torus 72 =
[0, T] x V,GVyq . It implies the Chern number C* measures
the pumped charge of o fermion Q% [95] due to the bulk-edge
correspondence.

The twist is a gauge field and may not be easy to measure
directly. It implies the Berry connection itself is not a physical
observable. However, the Chern number as the topological
invariant associated with the Berry connection is a pumped
charge of the bulk and directly measurable by experiments.
This is compensated by the discontinuities of the CoM of the
edge states due to the bulk-edge correspondence. These are
also physical observables but can not be accessed by a usual
experimental setup since the adiabatic condition of the gapless
edge states is never satisfied by a finite speed pump.

IV. Z;, BERRY PHASE, SYMMETRY, AND GAP CLOSING

A. Z, quantization

In this section, let us discuss the Hamiltonian without sym-
metry breaking term (A = 0). Using the Hamiltonian H,,, the
Berry phase y; is defined since the path ¢ forms a loop for Hy,

as
i]/g = /d@Ae.
14

The Zy shift Uz, as a shift in the parameter space as
shown in Sec. II B induces a map of the Hamiltonians in the

(101)

V= =—
0.7 3 0 =3
VQ/m
06
05
L =28
0.4
2w
03 V5= Q=5
0.2
0.1
Tl I
0.9996 0.9998 1.0000 1.0002 1.0004

FIG. 4. Z, Berry phase y, for Q = 3,4, and 5 as a function of
J./J, (L = 8). We have confirmed that the results are reproduced by
the symmetry indicators Eq. (118).

parameter space ¢, — @q+1 [see Eq. (53)] and the canonical
loop ¢y, gv,,,

Uz, Ho (00U, = H (), (102)
where two points # and ' in © are parameterized by the same
0 as

0 cty, cv,0),
0/ S ZVQGVQ/+I(9)'

It implies that we may take

180,00 (67)) = Uz, 180,00 (6)), (103)

and

Yy, _jove = Yeveor,,, = Y0, @ = L0, (104)

since Uz, does not depend on the parameter and thus

(80,0w(0")19680,0w(0")) = (80,1w(0)13980,w(8)). Then using the
fact,

o
ZEV‘XGVLM =0, (105)
a=1

itresults Qyp = 0, (mod 27). It implies Zy quantization

2rn

0
This Zp Berry phase characterizes a symmetry pro-
tected topological phase [63,66,100,106]. It is a gener-
alized Z, Berry phase that characterizes a singlet pair
or a covalent bond [63,107] on the twisted link. Simi-
larly yo characterizes the SU(Q) dimer phase. The dimer
limit is characterized by this Z, Berry phase and the
symmetry protection and adiabatic continuity guarantee
the quantization. Unless the gap closes by the deformation to
the dimer limit J; = 0 (i:odd), the Berry phase is given by (see
Fig. 4 and Appendix E)

Yo = nez. (106)

21
Yo =+—, mod?2m. (107)

0
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It is topologically stable unless the gap closes against finite
coupling J, < J, < O0and J, < J, < 0. It also gives

2w
=+—(«—p8), mod2m.

108
0 (108)

WoGVy

B. Symmetry indicators

Let us first note that the Berry phase needs to be evaluated
by a single gauge fixing [63,106,108,109] (see Appendix D).
Here we assume that |g4) is gauge fixed over the loop
Ly, v, = v, ,c — tv,c by a single gauge fixing by |¢) as

lgo) = Pl#)/\/Ny, (109)

where P = |g0,1w)(g0.w| and Ny = |{$lgo.w)|* 7# 0 [110].
Noting that

Hy(0) = Uz, Hi (00U, , (110)
where 0 € ¢y, (0),and 8’ € £y,(0), one has
189(8))) = Uz, lgs(0))e "2, (111)

This extra phase factor is due to the fact that the phase con-
vention of the state |g,(#')) by |¢) at @' is, in general, different
from that of Uz, |g4(0)).

Since Uz, is independent of the parameter, the Berry phase
1S written as

Yo= Vi, o = —i / d6 (31358)
by, Gy

=—i/ d9(8¢|398¢)+i/ d6 (g413984)
tv,_ G VoG

+/ 46 3,2 = Q(G) — Q(0), (112)
by,_\c

where all vertices V,, are identified to the origin O in modulo

27 . Supplementing 6p = — ZZ:I 04, at the vertices O and G,
the parameters are

0=0:(....00)=0,...,0), mod2r, (113)

0=G: (0 9)_(2_71
= 01, ...,00) = Q

It implies the Hamiltonian is invariant by the shift of the
fermions by Uz, at O and G as

[HIW(0)7 UZQ] = 0’

2
s —>, mod2m. (114)
0o

0=0,0G. (115)

Therefore Uz, is a symmetry of the Hamiltonian and e is an
eigenvalue of the symmetry operation (symmetry indicator) as

Uz, 184(0)) = |84(0))e P, (116)
Uz, |84(G)) = [84(G))e™™ ™. (117)

Since Uz, is trivial at O and ©(0) = 0, it results in
Yo = QUG) = Arg (84(G)|Uz, |84 (G)). (118)

Physical meaning of these quantities is clear by the adiabatic
deformation to the dimer limit by the Z, Berry phase. It also

implies the gap closing at G associated with a topological
transition due to the discrete change of the Z, Berry phase.

It is also directly observed by the discretized formula of
the Berry phase (discretizing the path V)G into M segments
On =3 55, (m=0,...,M)as

Yo = A}i_f)nooArg((QoWl)(@l |62) - - - {Op—110m)

X (Om1By_1) - - (031601)(6]160)),

where [6,,) = Uzy|Om), 10m) = 185(0m)). Since Uz, |6y) =
0p) XD and Uy, |6p) = 160)e™*?, it is written as

Yo = A}l_{noo Arg ({60161)(011602) - - - (Op—116m)

X (OmlUzy |Orr—1) - - - (02101) (01 |Z/GQ|90>)
= Q(G) — Q(0),

where U;Q|90> = 0p)e ™" and (O [Uz, = "9 (0| due to
Egs. (116) and (117).

C. Modified Lieb-Schultz-Mattis (LSM) argument

As is clear, the system of the dimer limit is gapped. This
gap is stable for inclusion of finite coupling between the
dimers, at least, for a finite-size system. One may naturally
expect this gap converges to some finite values by taking
an infinite size limit L — oo assuming the ground state is
adiabatically connected to a set of disconnected dimers. As
for a uniform system, existence of the gap is unclear and the
problem has a long history of studies. Some of the recent
studies are topological, especially in relation with the Haldane
conjecture for the S = 1 Heisenberg model [111]. Since H®
for Q = 2 is equivalent to the standard S = 1/2 Heisenberg
model, H" (Appendix B), well-known Lieb-Schultz-Mattis
(LSM) theorem [112,113] is applied and the energy gap of the
finite system with the periodic boundary condition vanishes
when L — oo. This is consistent with the existence of the
gapless excitation as the des Cloizeaux and Pearson mode of
the Q = 2 case [114]. Note that the LSM theorem also allows
existence of the finite-size gap between the states, which be-
come degenerate in the thermodynamic limit associated with
the symmetry breaking. On the other hand, for the Q = 3 case,
a series of studies [115-117] has clarified that the uniform
system has doubly degenerate dimerized ground states in the
L — oo limit. The case, Q > 3, is also discussed by Affleck
suggesting a similar conclusion (double degeneracy due to
dimerization) [118]. In this subsection, we give a topological
argument for the gap closing for even Q > 2 of the finite-size
system.

The gap of the finite system under the twist is strongly
constrained by considering the Berry phase, which works as
a topological order parameter responding to the local twist as
an external perturbation [60,63,100,119—121]. In Ref. [122],
the standard § = 1/2 Heisenberg model, H" (Q = 2) was
considered. If the gap remains open for all values of the twist,
one can prove that the Berry phase pattern, associated with the
local twist at the link, needs to be alternating in this S = 1/2
case. This clearly contradicts the uniformity of the system. It
results in that the Berry phase can not be defined, that is, the
gap closing of the system at some twist [122]. The argument
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can be extended to the present system Q > 2 as shown here.
The claim is that, as for a finite system of even Q > 2, the
energy gap between the ground state and the next one under
the twisted boundary condition vanishes at some twist.

Up to this point, we have discussed Berry phases associated
with the twist at the boundary link L and 1. Let us write it as
y£. In a similar way, one may also define the Berry phase
y~1 associated with the twist at L — 1 and L. Let us write the
Hamiltonians with the twists as

L —i(gua—
H, =, Ze it wﬂ)CLaCT,aC],ﬂCL,/S

B
+J026271,acz,aCL,ﬁCL—1,ﬂ +---, (119
B
HE =0, ] el gerpers
B
+J Z e+i(%_¢ﬁ)Cli—l,acz,acL.ﬂCLfLﬁ +e
a.p
(120)

where --- does not include c;,. Note that the sign of
the twist is reversed. They are related with each other by
the the gauge transformation Uy = e~ 2 Pallle Z/{ZCL,QZ/{L =
etivaiiac, . (see also Appendix E) as
HE = HE U (121)

The Berry phases are defined by |g*) and |g“~!), which are
the ground states of HE, and H% ' respectively as

iyt = / doA",  AY = (g |dpg").
14
iyL’1=/d9AL’1, AU = (gFNap gt Y, (123)
4

where HL|gl) = |g")E and HL'|gl=!) = |g-~")E. Noting
that |gr) = Uy |g-!) [123], it induces

AL = A B pa) (8 Ialg Y.

(122)

(124)

Generically, with the twist, SU(Q) symmetry is (slightly)
broken even without explicit symmetry breaking term Hjp,
that is, the fermions with different colors are not equivalent
and (g" A olg" ") # é However, this symmetry breaking
effect due to the twist is not localized at the twisted link.
The large gauge transformation Eqgs. (30) and (49), Uc,
maps the periodic system with O(1/L) twist to the system
with twisted boundary condition preserving the local charge
density remains unchanged because ([U;g, 7ij«] = 0). Then
(g"1A;4lg"") is j independent both for the periodic/twisted
system. It implies the effects are of the order of L™' as
(g YL algd™") = é + O(L™"). Then integrating Eq. (124)

over the loop £y, gy, ,, we have for a sufficiently large system

2
L _ L1
P (e 0" (125)

since Agg = —2m (B = a), 0(B # a). Note that the possible
O(L™") extra term vanishes after the integration to be con-
sistent with the Z, quantization of the Berry phases. This

constraint needs to be satisfied for any systems even with site-

) : f L _ L—-1 _
degendent Ji’s. The two 2dlmer 11En1ts, Vevo,y = 0, Vevor,,, =
_n L — 42, L- = i i

0 and ygva%+l =4 0" )/KVH%+I = 0, are consistent with
Eq. (125).

If the system is uniform, J, = J,, the antitranslation in-

: : : L _ L—1 g1
variance of the system with the twist, Hy, = ArH,, AL,
implies

mod 2. (126)

L Ll
)/[VD,GVD(H = VYoo

TVa+1

By Eqgs. (125) and (126), we have constraints for the Berry
phase for a uniform system as

yE oyt g T ed o (127)
EaGVyyy yZV(lGVa+1 0 ’
or
1 —1
yL = n—Q+ , L‘} = n—Q , mod2mr. (128)
GV 0 GV yy (0]

As for the even Q, these constraints, Eqgs. (127) and
(128), contradict the Z, quantization of the Berry phases
y = Zné, n € 7. This contradiction implies that the Berry
phase can not be well defined. It is only possible when the gap
of the (finite size) system closes. A level crossing between the
ground state and the next one occurs at some twist parameter.
Assuming the degenerate dimer states for the infinite size
system, the gap between the linear combinations of the dimer
states of the finite size system closes at the twisted parameters.
As for the odd Q, the second case, Eq. (128), is compatible
with the Zy quantization (Q % 1 is even), although these quan-
tized values are different from that of the dimer limit [124].
In principle, it allows a unique gapped ground state of the
uniform system for any value of the twist. Although it does not
occur in the present numerical calculations shown in Fig. 4,
inclusion of long range couplings and additional terms, which
respect Zyp symmetry may realize such a ground state.

V. EMERGENT Z;, x Z, SYMMETRY
AND EXPLICIT CHERN NUMBERS

A. Open system: Edge states and low-energy spectrum

Although most of the discussion in the paper is for even L
systems, let us consider, in this section, even/odd L systems
separately, especially near the dimer limits |J,| < |J.| and
el < |Jol.

L: odd. When the system size L is odd, the ground states are
given for each dimer limits J, = 0 and J, = 0 as (see Fig. 5)

(L-1)/2
ot a)=cl, [] w3120, (o=0) (129
j=1
L-/2
(130)

‘gﬁ,(:(j)d’ a) = C-[r_,ol 1_[ 1/f2TJ71,2/|0>7 (Je = 0)7
j=1

where Ng = 1 for B = & and 0 otherwise. It implies Q-fold
degeneracy of the ground states. Their charge distributions are

| | 5 J#1
(65999 a|njg|gh% @) =30 j=1,%#a, (131
1 j=1,8=qa
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FIG. 5. Dimer configurations of open systems for even/odd sites.

| | 3 J#AL
(g alnsleii’ ) = 10 j=1.p#a, (132

where |g7°%%9, &) is a product of the bulk and completely

localized state at j = 1 with the color . Similarly |g5°%, o)

is a product of the bulk and completely localized state at
j = L with the color «. This degeneracy is stable for inclusion
of a finite coupling J, and J, since finite matrix elements
with different quantum numbers N,’s are prohibited due to
the symmetry. It implies the charge distributions are modified
continuously for a finite coupling. The numerical results for
L =9 systems with dimerization N, : (1,0, 0, 0, 0) are ob-
tained by the exact diagonalization and shown in Fig. 6. They
are consistent with the present picture. The ground state is
given by the gapped bulk and boundary states (edge states at
both ends) localized near the boundaries.

L: even. As for the system with L: even, the ground states
of the dimer limit are again given by

L/2—1
&bt (o, B)) = ] o1 5 [] V31105100, (o =0)
j=1
(133)
L)2
(134)

|gheveny = [T wd,10,100. (e =0)
j=1

where N, = 0,"y for both cases. It implies Q-fold degener-
acy for J, = 0 and gapped unique ground state for J, = 0. If
[Jol > |Jel, the unique gapped ground state |g,;°"") is stable
for inclusion of the finite coupling J,. However, as for |J,| <
|J.], in contrast to the L: odd case, the Q>-fold degeneracy
of the ground states is unstable for the finite size systems.
The degeneracy is lifted for the finite coupling due to the
residual interaction between the edge states at both ends.
As for a chain of the finite length, we expect an effective
coupling between the two boundary states at both ends. It is
a generalization of the Kennedy’s discussion [125-128]. This
effective coupling Juir is expected to behave as e~2/¢ for L
where & is a correlation length between the edge states, which

10 _
N, : (1,0,0,0, O)
. J,=—0.8
3
g Jo=—1.2
\:/ e
(nj2) = (nj3) = (nja) = (nys5)
0.0 J
1 2 3 4 5 6 7 8 9
(b)
1.0 _
I—g N, : (1,0,0,0,0)
- Jo=—-1.2
d.\
S Jo. = —0.8
0.0 J

FIG. 6. Charge distribution (n;,) of the unique ground state of
the odd L system (L=9) with 0=5, N, : (1,0, 0, 0, 0) (a) J,= — 0.8,
Jo=—12and (b)J,=—-1.2,J, = —0.8.

can be proportional to the inverse of the bulk energy gap. This
is confirmed numerically for Q = 3 and 4 in Figs. 7 and 8.

That is, we expect an exponentially small coupling
between the both ends, which operates for the Q2-f01d low-
energy multiplet of the edge states. It is described by the
effective Hamiltonian of the effective boundary fermions (as-
suming that they live at j =1 and L) ¢; 4 and ¢, (o =
1,...,N)as

hett = JeteC] 4 C1pC) oCrp = Qe Vi (135)

The energy spectrum of the low-energy multiplet is given
by the decomposition of the tensor product of SU(Q) rep-
resentation as Q ® QO = 1 @ (Q*> — 1) as a generalization of
singlet-triplet decomposition for the Kennedy’s case. The
unique ground state among the multiple is a singlet approx-
imately given by

L/2—1

151 = ¥ ® [ ¥i010,10), (136)
J

with its energy QJeg. This is a generalization of the Kenndey’s
singlet and triplet for the S = 1 Haldane chain [125-128].
Note that the state |S; ) is interpreted as a tensor product
of a gapped bulk and edge states. Due to the uniqueness and
the SU (Q) invariance, it implies that the one-point function is

235106-13



YASUHIRO HATSUGAI AND YOSHIHITO KUNO

PHYSICAL REVIEW B 107, 235106 (2023)

(a) periodic
[ ]
2.65
2.6
53
< 255
25 .
245 L
oo °®
0.05 L 0.1 0.15
1
(b) open
g 10 12 14 16 L
o
: °
I
4
>
@ 04 = .
< - "
0.3
o~ e—L/¢
0.1 ) )
,'.’,
0 - T e
0.05 01 0.15
1/L

FIG. 7. Energy gap of the SU(3) symmetric Hamiltonian H®,
(a) periodic boundary condition and (b) open boundary condition.
The system sizes are L = 6,8, 10,12, 14,16, and J; = —0.8(; :
odd) and J; = —1.2(j : even). The data of the open boundary condi-
tion for L > 10 are fitted by the localization length & = 1.52.

constant as (Sy . |njy|S1,.) = 1/Q for all @ when the average
is defined by the trace over the degenerate states. Anything
localized is not observed in the charge distribution. This is to
be compared with the results shown in Fig. 6 for the odd L
case. The other Q> — 1(= 8, N = 3) are at the zero energy.
The lowest 15 energies of Q = 3 are listed in Table V. System
size dependencies of the gap for the 0 =3 and Q =5 are
shown in the insets of Figs. 7 and 8. They show J,; o e /%,
which implies that the low-energy multiplets are described
by the edge states. Assuming this behavior, we may assume
exact Q* degeneracy for the infinite system with boundaries,
that is, taking an infinite size limit for the open system. This
Q>-fold degeneracy is exact only in the L — oo limit. In
this sense, the Q’-fold degeneracy implies that emergence
of Z5" x Zgght symmetry in the infinite chain, which was
originally mentioned in a chiral symmetric fermion system
[129]. This corresponds to the 22-fold degeneracy and Z, x Z,
symmetry of the Haldane chain [130] and dimer phases of
S = 1/2 quantum spin chain [131]. See Table V as well.

(a) periodic
5.6} °
) 5.4}
<
5.2
[ ]
5 sl
0.05 0.1 0.15 0.2 0.25
1/L
(b) open
4 . 8 10
2 -2 , .
4 15 " \
1. L
05
-»»“.'(
0.05 0.1 1/LO.15 0.2 0.25

FIG. 8. Energy gap of the SU(5) symmetric Hamiltonian H®,
(a) periodic boundary condition and (b) open boundary condition.
The system sizes are L =4,6,8,10, and J; = —0.8(;j : odd) and
J; = —1.2(j : even). The data of the open boundary condition for
L > 6 are fitted by the localization length & = 0.91.

B. Low-energy multiplet of edge states with symmetry breaking

Let us consider a dimerized system |J,| # |J,|, (J; < 0)
with open boundary condition. We assume the system size
L is even assuming it is sufficiently large (compared with
the gap). When |J,| < |/.|, the low-energy sector of the sys-
tem is composed of a Q-fold degenerate multiplet with edge
states localized near j = 1 and j = L, which is spanned by
degenerate Q° low-energy states Eq. (133), {| e(f;fg)la, B =
1, ..., Q}. This multiplet is separated from the other states
by the bulk gap. The interaction between the both ends are
negligibly small since we assume the system size is large.
Then the low-energy multiplet is Q*-fold degenerate and the
Zp symmetry breaking term Hpg, Eq. (43), operates within this
multiplet perturbatively assuming that the symmetry break-
ing is small compared with the bulk gap. This perturbative
discussion is exact as for the level crossing (selection rule)
within the multiplet assuming the gap between the multiplet
and the others (global spectral structure) is finite where the
energy scale of the splitting is governed by the gap of the
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TABLE V. Lowest 15 energies of H® with Q = 3 (L = 6 and 8).

Periodic Open Open
(—-0.8, —1.2), (—1.2, —0.8) (—1.2,-0.8) (—0.8,—1.2)

1, ) L=6 L=28 L=6 L=238 L=6 L=238

1 —12.00000000 —15.91335471 —11.54504463 —15.51898367 —9.19845500 —12.87602132
2 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
3 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
4 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
5 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
6 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
7 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
8 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
9 —9.32998146 —13.40936964 —8.73554793 —12.84032668 —8.65117764 —12.67776804
10 —8.40000000 —12.45492049 —8.01759677 —12.29865018 —17.32249080 —11.45644523
11 —8.04273842 —12.45492049 —8.01759677 —12.29865018 —6.72949546 —10.84747170
12 —8.04273842 —12.45492049 —8.01759677 —12.29865018 —6.72949546 —10.84747170
13 —8.04273842 —12.45492049 —8.01759677 —12.29865018 —6.72949546 —10.84747170
14 —8.04273842 —12.45492049 —8.01759677 —12.29865018 —6.72949546 —10.84747170
15 —8.04273842 —12.45492049 —8.01759677 —12.29865018 —6.72949546 —10.84747170

bulk. When the dimerization pattern is reversed, |J,| > |/.],
the system is gapped even for the open boundary condition
and the ground state is adiabatically connected to the unique
gapped one, Eq. (134).

Let us extend the time dependence of the pump by shifting
the timing of the dimerization as follows:

. r — 1
Ji = Jo + (=1)/8J cos <2n( - °>> Jo < 0,87 >0,

(137)
Ay = Asin (27‘[ (@a + %))

This is the pumping protocol of the topological pump. As
for the open boundary condition, the edge states only appear
when the coupling is weak at the both boundaries (L: even),
thatis, |J,| < /.| (Jo < 0,8J > 0). This period is specified by

to n 1 n t to n 3 n
e <=<=+4- ,
A I

Let us first discuss energies of the symmetry breaking

Hamiltonian Hg, Eq. (43), within the Q-fold degenerate mul-

tiplet |, B) = |ghsiet (@, B)), @, B=1,...,0,
Hy(0)|g5 (@ B)) = | epeo (@ B)Eap (®),
Eup(t) = Ao (1) + Ap(2).

See Table VI and Fig. 9. Assuming the system size is
sufficiently large L — oo, the CoM, P,, and the quantum
numbers N, are also shown. For example, as for the state,
1y, 1) = gﬁpeg“(l 1)), the CoM’s are P, = x1 - (+1) + xz. -
(—=1) > —1, A, =0, and P; = 0. As for the state, [1,2;) =
lghewen(1,2), Pr=xi-(+1) > =3, Pb=x.- (=) > —3
and P; = 0. Generically, as for the state, |o, ar), Ny =
0,---,0).ItsCoM’s are P, = —1 and P, = O forany y # a.
As for the state, |, B), (@ # B), Ny, = +1, N5 =-1,N, =0
forany y # o, B.1ts CoM’s are P, = Pg = —2, P, =0(y #
o, B). Explicit examples for Q = 3 are shown in Table VI.

(138)

nez. (139)

Examples of the time dependence of E,gz(t) for Q =3,
Q = 4, and Q = 5 are shown in Fig. 9. Generically the lowest
energies are always given by E,,(¢) if A > 0. Then the jth
level crossing between E, (1) and Egg(?), (o # B), att =1,

(j=1,...,0)occurs when
2 (ot ) =sin2n( op+ 2 (140)
sin 27 Qot T = sin 2w Q'B 7 )
Pa =j (modQ), (141)
PB=j+1 (modQ). (142)

Let us write as « = 7; and B = 7;;| where the Diophantine
equation due to TKNN [2,132] is

j=1P+5,0, (143)

where 7}, s; € Z is used in modulo Q.

TABLE VI. Energies E,p(t) = Ay (t) + Ag(t), quantum num-
bers N,, and CoM’s P, of the symmetry breaking term Hj for
the multiplet of the boundary spins, A, = Asin27(®a + 7), o =
1,2,3 where & = P/Q,P =1, Q = 3. The generic Q case is dis-
cussed in a straightforward way.

Multiplet E,+Eg N, P,, (L - 00)
11, 1) E; =24, 0,0,0) (=1,0,0)

121, 21) Ey =2A, (0,0,0) 0,—-1,0)

131, 31) Ey; =2A; (0,0,0) 0,0,-1))

11, 2,) Epn=A1+ Ay (+1,-1,0) (-1.-1.0
121, 1) Ey = Ax+ A (=1,+1,0) (-1.-1,0
11, 32) En=A1+4A,  (+1,0,-1) (-1 -1.0
131, 1) Es = Az + A (=1,0,+1) (—%,0,—%)
121, 3) Eyy = Ao+ As O, +1,-1) (0,—%,—%)
131, 2) Exp =03+ A O, -1, +1) (07—%,—%)
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FIG. 9. Normalized low-energy spectra of the symmetry break-
ing term Hp(z) for the multiplet |o; Bg) where L and R are effective
spins at both ends, E.s(t) = Aq(t) + Ap(t) as a function of ¢.
The gray rectangles show the region |J,| < |/.| that is specified by
Eq. (139) for #,/T = 0.01. Colored lines are E,, and the numbers
shown in the bottom denote «. They are for P =1, & = 1/Q and
the ones in the parenthesis are for P =2, & =2/0. (a) Q=3
(b)Q =4,and (c) Q =5.

It implies that the level crossing from the energy E, ., to

E occurs at #; (see Fig. 9) [133]

Tjt1,Tj+l

tj 3

y_3 _jts
T 4 0’

mod 1. (144)

Let us discuss the shift #, dependence of the low-energy
spectrum of the Hamiltonians with open boundary condition.
The low-energy spectrum without symmetry breaking pertur-
bation for Q = 3 is shown in Fig. 10. It shows (approximate)

L=12, §=0.5A=00001 ty5=0

N

A\

=201

2 o

12ty 2/3
t

0 16 ¢, /3 56 f, |

FIG. 10. The lowest 15 energy levels of the SU(3) symmetric
Hamiltonian of the 12-site system with open boundary condition
within N, sectors, where § = 0.5, A = 0.00001. To avoid numer-
ical instability of the diagonalization, A = 0.0 is not used. The
black lines are for N, : (0, 0, 0), the red ones are for (1, —1, 0) and
(—1, 1, 0), the orange ones are for (0, 1, —1) and (0, —1, 1), and the
blue ones are for (—1,0, 1) and (1,0, —1). The colored lines are
degenerate with the black ones and hidden within the width of the
lines. The gray region is for |Jo(¢)| < |J.(t)] where the low-energy
spectrum is composed of approximately degenerate 3> edge states of
the multiplet. This justifies that the calculation for the sector N, = 0
(") can be enough as for the low-energy spectra.

Q? = 9 fold degeneracy due to edge states when the coupling
at the boundary is weak as specified in the period by Eq. (139).
Generically the degeneracy is Q. Assuming the emergent
0 x Q symmetry of the infinite chain with boundaries, this
degeneracy is lifted by the symmetry breaking perturbation
Hp. The low-energy spectra for Q = 3 and Q = 5 are shown
in Figs. 11 and 12.

As the results indicate, the hybridization of the edge states
at both boundaries is negligibly small. Then approximate level
crossings in the figures are identified only by the spectrum
of the symmetry breaking Hamiltonian Hp between the edge
states, which are explicitly shown in Figs. 11 and 12. For
example, in Fig. 11(a), there is a threefold (approximate)
level crossing at # = #3. This should be compared with the
level crossing in Fig. 9(a) at t = t3. As for the spectrum of
Hp, the threefold degeneracy is given by the change of the
ground state from the state with the energy Ej; (red) to that
with E33 (blue). At the level crossing, some other states with
energies E,p (o # B) also pass through the level crossing.
Correspondingly, in Fig. 11(a), the ground state is given by
the state of the sector N, : (0, 0, 0) and the other (—1, 1, 0) is
passing through. The behavior of the ground-state energy is
cusp like. However, it should not be a rigorous level crossing
due to the mixture of the edge states at both ends. It induces
tiny (exponentially small as a function of the system size,
L) level repulsion. This level repulsion vanishes by taking
L — oo. This is negligibly small for the present parameter
in Fig. 11. The emergent symmetry Z§" x Zgght (L — 00)
protects this (asymptotic) level crossing. Just before the level
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-24

FIG. 11. t, dependence of the lowest 15 energy levels of the SU(3) symmetric Hamiltonian of the 12-site system with open boundary
condition within N, sectors, where § = 0.5, A = 0.5, and ® = 1/3 (Q = 3). The black lines are for N, : (0, 0, 0), the red ones are for
(1,-1,0) and (-1, 1, 0), the orange ones are for (0, 1, —1) and (0, —1, 1), and the blue ones are for (—1,0, 1) and (1, 0, —1). The gray
region is for |Jy(t)| < |J.(t)| where the low-energy spectrum is composed of the multiplet of the edge states of the dimension Q2. One expects
0 x Q emergent symmetry, in the L — oo limit, that is responsible for the level crossings within the multiplet. The lowest eigenstate is
identified by E,, assuming the emergent O x Q symmetry for the infinite system. The dimensions of the Hilbert spaces are 35169 for (0,0,0)
and 27888 for the others (Compare with the Fig. 9). Due to Eq. (100), I = Y, AP*(z;).
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APs(t2) = +1, APy (t2) = —APs(t1) = —1,
AP (t1) = -1 and I*: (-1,0,+1,0,0).

FIG. 12. 1, dependence of the lowest 15 energy levels of the SU(5) symmetric Hamiltonian of the 10-site system with open boundary
condition within N, sectors, where § = 0.5, A = 0.5, and ® = 1/5 (Q = 5). Only the date for N, : (0,0, 0,0, 0) are shown, which give
ground-state energies. The gray region is for |J,(t)| < |J.(¢)| where the low-energy spectrum is composed of the multiplet of the edge states of
the dimension Q. One expects Q x Q emergent symmetry, in the L — oo limit, that is responsible for the level crossings within the multiplet.
The lowest eigenstate is identified by E,, assuming the emergent Q x Q symmetry for the infinite system. The dimensions of the Hilbert

spaces are 127905 (compare with the Fig. 9). Due to Eq. (100), I¢

> AP(H).
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crossing (¢ = t3—), the edge state due to ¢ = 1 near j =1
and o = 1 near j = L are the ground state. The edge states at
both ends contribute to P; by —1 in pair (see Table VI). Note
that there is another contribution due to bulk as well. After
the crossing (¢ = t3+), the edge state changes to the one due
toa =3 near j =1 and « = 3 near j = L. As for the CoM
Py, contribution from the edge state with energy E; vanishes
at t = 3. The bulk contribution remains the same (since it is
continuous in time ¢) at# = #3. Then it implies AP; = +1. The
similar consideration implies AP; = —1. In the present case,
there is no further level crossing in Fig. 11(a). Then according
to Eq. (100), I' = +1, I> =0, and I® = —1. Assuming this
emergent symmetry and the level crossings, each jump of the
CoM AP, is identified for each level crossing as shown in
the caption of Figs. 11 and 12 supplemented with the sum of
the discontinuities /*. In the next section, CoM’s for Q = 3
case is directly calculated by using the DMRG calculation.
Also direct calculation of the Chern number C* are compared
in the following section. It enables us to confirm the bulk-edge
correspondence Eqgs. (87) and (98).

C. Explicit Chern numbers and Diophantine equation

To be simple let us first consider a system at #y = 40 (see
Fig. 9). In the pump cycle, one may see a series of the jumps
in P,. As for the sum of the discontinuities /%, a pair of the
jumps, except the first and the last ones, is canceled (see
Figs. 11 and 12). The last jump is due to the level crossing
from some state with energy E,, to the state with Eggp. It
results in /¢ = —1. Similarly the first jump is a level crossing
from the state with energy E,, (@ = Toot ) to the state with

energy Egs (B = o1 _,) for 0 odd and from E,, (o = 70)
= +1 for Q

to Egp (B = to_;) for Q: even. It results in %

(odd)and I'% = +1 for Q (even).

In a similar way as for the time dependence Eq. (138), the
edge states appear at t/T = t;,;/T = to/T + 1/4 and vanish
at t/T =ts,/T =t9/T + 3/4 for each ty. Within the period
[#ini, tin], the level crossings due to the edge state B = 7,4
to a = 7; occur at t = t;, Eq. (144), that cause the jumps in
AP% = —1and AP+ = +1 forall j’s that satisfy #iy; < #; <
tin (see Fig. 9). Since the paired jumps inside the period cancel
with each other, the first one ¢, fini < tj,, < fini + 1/Q gives
the sum of the discontinuity, /™ni+1 = +1. Similarly, the last
one tj,., tin — 1/Q < tj;, < tan gives to the sum of the discon-
tinuity /%m = —1. Otherwise I* =0 (o ¢ {t},,+1, Tjs,}). The
conditions are written as [134]

o 1 3 jm+ir o 1 1
ol 2 Mty b L2 (145)
T 4 4 0 T 40
fh 3 1 3 jwmti 1 3
p2 2 2 JmTa N2 (146)
T 4 0 4 0 T 4
It implies
1= 0(s—2) 41 (147)
Jini - 2 T 2’
, 1
Jin = L—Q;‘) + EJ’ (148)

where |x]| is the largest integer less than x. Finally we have
with using the bulk-edge correspondence

-1 A=Tpq )l mod Q
1) =C%(@p)={+1 a= TLQ(%—?H'%J mod Q. (149)
0  otherwise

It implies a series of topological transitions associated with
the shift of the dimerization .
The Chern numbers of the generic path ¢y,gy,, (1 < a <

B < Q), C%% is simply given by

p—1
Ces = (7. (150)
y=a

VI. NUMERICAL EVALUATION
OF TOPOLOGICAL NUMBERS

In this section, extensive data for the numerical evaluation
of the low-energy spectra, the CoMs, and the topological num-
bers (the sum of the jumps and the Chern numbers) are shown.
They are given by the DMRG and the exact diagonalization.

A. Low-energy spectra of the finite-size systems

Low-energy spectra of the Q = 3, L = 12 system and the
Q0 =5, L =10 system are shown in Figs. 11 and 12. The
results for the Q = 3 case are consistently compared with the
DMRG calculation shown in Sec. VI B.

B. Discontinuities of CoM by DMRG

In this section, the CoM’s as discussed are directly calcu-
lated by using the DMRG method. The Q = 3 fermion system
can be simulated by mapping to the following biquadratic
spin model with open boundary condition [see Appendix A,
Eq. (A1),

Hs = H® + Hj, (151)
where
L/2
HE = oot - 520 + Je)(Sat - Sae1 ],
=1
a\2
Hi(1) = —ZAQ(SJ-) ) (152)
Jja

Here J, = Jicodd, Je = Jiceven and A, is given by Eq. (138).
We calculate the staggered quadratic CoM, given by

L
Pi(t) = Z(—l)jxj<5j2>: oL + Py,
j=1
L
Py(t) =) (—1Yx;{S7)= 6.+ P
j=1
L
Py(t) = ) (=1)x;{(S7)= 8. + Py, (153)
j=1
where 6, = 0(L : odd), 1/2 (L : even), jo= (L + 1)/2 and
(-) means taking the expectation value for the ground state
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@ . g=3 t ts t (b) t ts t
0.5 1 o~ " 0.5 1 h‘
T~
23 .::-:5 5| 23 >
~ 0.07 \ 007 /
0.00 025 050 075 1.00 0.00 025 050 075 1.00
t t
2 t3 ty tq t3 ta
(c) (d)
[ =
0.5 1 0.5 1
T
%3 @ 3
-~ 0.0 A \/0_0_
000 025 050 0.75 1.00 0.00 025 0.50 0.75 1.00
t t
(e) ty t3 123 (f) t t3 to
0'5_ 05‘ A
e, ey
%3 E S ® 3 <
~ 0.0 \j \/0.0- \[
0.00 025 050 0.75 1.00 0.00 025 050 0.75 1.00
t !

FIG. 13. The behavior of the sq-CoM’s P for various #, and components. The system size is L = 64 with open boundary condition. The

data shows fo/T = 1/12 (a), 3/12 (b), 5/12 (c), 7/12 (d), 9/12 (e), and

at the time ¢. The CoM of the spins P, (¢ =1,2,3) is
directly related to that of fermions P,. Note that the fac-
tor (—=1)/~' in Eq. (76) and the summation over j. In
the following, we fix the parameters as Jo = —1, 6J = 0.5,

and A = 0.5, same to the parameter set of the results in
Figs. 8-10.

TABLE VII. Jumps of the CoM, the sum of them in Fig. 13 and
Figs. 15(a), 15(b), and 15(c).

11/12 (.

To calculate the behavior of the CoM, we employ DMRG
algorithm in TeNPy package [135]. The numerical results for
various #y are shown in Fig. 13. We observe the behavior of the
CoM in all data divides into two parts, continuous part, and
jump part. The time evolution of the CoM in the continuous
part indicates the presence of the bulk current. We verify that

values of the numerically obtained Chern numbers picked up from

o (AP, APy, AP3)|i—, (AP, APy, APy)|,—, (AP, APy, AP3)|,—, I, 12, 1) (€', C?,C? =)
LT (0,0,0) (0,0,0) (+1,0, 1) (+1,0,—1) (+1,0,—1)
T (0,0,0) 0, —1,41) (+1,0,—1) (+1,-1,0) (+1,—-1,0)
3T (0,0,0) 0, —1,41) (0,0,0) 0, —1,+1) 0, —1,+1)
I (—1,+1,0) 0, —1,+1) (0,0,0) (-1,0,+1) (—1,0,+1)
2T (-1, +1,0) (0,0,0) (0,0,0) (-1,+1,0) (-1,+1,0)
nr (—1,+1,0) (0,0,0) (+1,0, —1) 0, +1, —1) ©,+1, —1)
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(@) 1.2

0.05 0.1

1/L

(b)

AP;

-0.2
-0.4
-0.6
-0.8

-1
-1.2

[
0 005 ol
1/L

FIG. 14. System size dependence of the jumps of CoM’s att = t3
and fy/T = 1/12. Results for (a) AP} and (b) AP;.

each jump point is identical to the level crossing point (¢, #,,
and 13), expected from Figs. 9 and 11. The jumps of the CoM
P, and the sum them /% are summarized in Table VII. This is

(a) Cty) ®=1/3
1.0
0.5
. to
2 3 4
_o5! 6 6 6
—1.Qeccccccce ‘eeccsese

(b) Cc'(t) ®=1/3
1.0
0.5
. mto
1 2 4
o5 6 6 6
-1.0
() C3(ty) ®=1/3
0.5
“t
2 4 5
o5 6 6 6
-1.0-

consistent with the low-energy spectra shown in Fig. 11 (see
the caption).

As for a finite-size effect mentioned in the Appendix G,
we have shown a concrete example, in Fig. 14. The jump
of AP} and AP; approach to 1 and -1 for L — oo. This
agrees to the exponential localization of the edge states as
discussed.

C. Direct evaluation of Chern numbers

Using the bulk-edge correspondence of the topological
pump, the Chern number that is a total pumped charge of the
bulk should be the same to the discontinuity of the CoMs,
Eq. (149). We have confirmed it by a direct evaluation of
the Chern number Eq. (96) obtained by the integral of the
field strength By,,. This is done by using the Fukui-Hatsugai-
Suzuki formula [136] for Q =3, & =1/3,2/3, O =4,

(d) Cty) ®=2/3
1.0
0.5
to
2 3 4
_os| 6 6 6
—1.Qecccccccs Lessosces
(e) c'(t) ®=2/3
10 00000000000 000000
0.5
L t(]
2 4 5
05 6 6 6
-1.0
(f) C(ty) ®=2/3
1.0
0.5
_— eeessses 1
4
6

-0.5

-1.0-

FIG. 15. 1, dependence of the Chern numbers. Q = 3, ® = % and % Jo=—1.0,8 = 0.5 and A = 0.5. The dimension of the Hilbert space
is 4653 (L = 10). The data points are for o = (i — 0.5)/51,i =1, ..., 51. Red points are numerical evaluation of Eq. (96) by Fukui-Hatsugai-

Suzuki formula [136] and the lines are analytical results, Eq. (149).
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eeo000e; mto
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8 § 8 & 8
-0.5
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() C%(ty) ®=3/4
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FIG. 16. ty dependence of the Chern numbers. Q = 4, = 1and %. Jo=—-1.0,8 =0.5, and A = 0.5. The dimension of the Hilbert space

4

is 2716 (L = 8). The data points are for #y = (i — 0.5)/51,i =1, ..., 51. Red points are numerical evaluation of Eq. (96) by Fukui-Hatsugai-

Suzuki formula [136] and the lines are analytical results, Eq. (149).

®=1/4,3/4,and Q =5, & =1/5,2/5,3/5,4/5. We have
plotted the Chern numbers as a function of #. The results
are shown in Figs. 15-18. The analytic formula Eq. (149) is
plotted by the solid lines and the numerical values obtained by
discretized integration formula by the Fukui-Hatsugai-Suzuki

formula are shown in the red circles. They agree with each
other almost completely except a few points for Q =35,
® =2/5, and ® =3/5 [137]. They are near the topologi-
cal phase transitions where any numerical calculation can be
unstable.
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FIG. 17. t, dependence of the Chern numbers. Q =5, ® = % and % Jo=—1.0,8 = 0.5 and A = 0.5. The dimension of the Hilbert space
is 545 (L = 6). The data points are for t, = (i — 0.5)/51,i =1, ..., 51. Red points are numerical evaluation of Eq. (96) by Fukui-Hatsugai-
Suzuki formula [136] and the lines are analytical results, Eq. (149).
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FIG. 18. t, dependence of the Chern numbers. Q = 5, ® = % and %. Jo=—1.0,8 = 0.5 and A = 0.5. The dimension of the Hilbert space
is 545 (L = 6). The data points are for #o = (i — 0.5)/51,i =1, ..., 51. Red points are numerical evaluation of Eq. (96) by Fukui-Hatsugai-
Suzuki formula [136] and the lines are analytical results, Eq. (149).
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VII. SUMMARY

A general scheme to construct a topological pump for a
correlated system is proposed assuming the system is gapped
and possesses a local gauge symmetry. Following the general
idea, a topological pump of the SU(Q) invariant quantum
chain is discussed where the gauge invariance of the colored
fermions plays a central role. Introducing a symmetry break-
ing perturbation, Q Chern numbers, which are given by the
integral over the torus defined by the symmetric path in the
synthetic Brillouin zone and the time cycle, characterize the
bulk pump topologically. As for an open boundary condition,
the sums of the discontinuities in Q different center-of-
masses, which generate the large gauge transformation, give
topological numbers of the pump as well. These discontinu-
ities are topological numbers due to the edge states. Relations
among the open/periodic/twisted boundary conditions are dis-
cussed in detail that justifies the bulk-edge correspondence.
Using this bulk-edge correspondence, an explicit analytic for-
mula for the Q Chern numbers that is associated with the
Diophantine equation due to TKNN, is given. The low-energy
spectra and the topological quantities are numerically evalu-
ated. It confirms the consistency of the whole discussion.

The validity of the general scheme as demonstrated in
detail for the SU(Q) quantum chain opens a new paradigm
of the topological pump for correlated systems.
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APPENDIX A: COLOR DESCRIPTION
OF S = 1 SPINS [74,75]

Let us first summarize a vector representation of S =1
angular momentum in relation to the rotations in 3D as

1
R'(a) = cosa —sina | = 1@ (cosa — ioy sina)
sin o cos
=1 ey e*iaq\. = efiutTl
0
T1 = —i 0 1 s T. = —l.E],‘j
-1 0
Similarly,
Ry(ﬁ) = e_iﬁT29
R(y)=e T,
where
Ti? = _ieaij-

To summarize, they are explicitly defined by

0 0 0 0 0 i
T'=10 0 —i|, T>°=]0 0 0],
0 i 0 —i 0 0

0 —i 0
=i 0 0
0 0 0

They are spins as

([T, T"))ij = —€air€phj + €pik€akj = €aik€njk — €bik€ajk
= 8apdij — 8ajdib — Opadij + Opjdai
= 84ibpj — 840,

i€anc T} = €abc€cij = €ancEije
= 84i8bj — 84;0pi-
Thus
[T T?) = i€ TC.
Further
(TT)ij = Ty T, = —€aik€akj = €aki€arj = 23ij,
TT = 2F;.

This implies § = 1.
Let us consider a bilinear-biquadratic Hamiltonian of
S = 1 quantum spin chain as

H =) [cosws(Sy - Se1) +sinws(S, - Spyr)’l.
n
The spin-1 operators are written by color fermions, ¢’ =
(chy e el ), due to Affleck as
§¢=c'T% = cZTa“ﬁcﬁ, o, =1,2,3
with a constraint

E ng =1 n,= clca.
o

Let us check here.
Using a useful relations [138]

TisTys = Sasdpy — Saydps,
(TT")ap(TT)y5 = Supdys + Sy Sps.
and noting the constraint, we have
b b b
(5, 8”1 = clepcles(Tos Ty — ToyTys)
b b
= c;(B,gy — c;clg)c,; (T;/ST;/S — TaﬂTy"a)

b b
= CZCS(T;ﬂTﬁtS - Ta,sTéls)

cles((T T as = i€ancS<,
§? = 595 = ClCﬁC;C,sTaaﬂT;(s
=cl (8, — c;c,g)c,;T;’ﬁTy“s

= clc(;Ta“ﬁTég =clep(T?)ep =2 Zna =2.

o
As for the interaction between the sites i, j, it is written as
7 a T a
S,‘ . Sj = Ci,aTaﬁciqﬂcj,yTySCj,tS

"

_ ) ¥ . a ra
=€ 4CipCj,CisTopTys

= Czaci,ﬂcj‘,ycj,é(gaéaﬁy — 8ay88s)s
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S A RSN LD S
= € wCiBCj pCla = € yCi.pC; o CjB>

(S S; ) (Cz «Ci, ,Bc/ VC] sTaﬁTyzS)( la,C, gC i, y,Cj S’Ta ﬂ/TV 8’)

(C, oCi, ﬂcl o Ci )(cj vCi. 5c] »Cis NT* p yBT ’ﬁ’T s

s
= C,-a((sﬂo/ — € Cip)Cip " C; y(5 5= ”,/CJ $)Cjs
b
TS T4 T ,,,T »
= cjac, B - Cj 5/5,30/(3 ,5 T T T y's

=} 0 ﬁ,cj L Ci Tag T T T
= ¢} Cipch, cio(TT)up (TT),s
= cloCip €} Ci (Bup Sys + Saydps)
= cT oCi ac? vCiy + ciyaci,ﬁcjyacj,ﬁ
= czaciﬁc}yacm + 1.
Note that the fermion number operators are written by the
spin-1 operators as

a\2
(59)". (A1)

}’lj.a =1-
Then omitting the constant, the Hamiltonian is given as
H = Z COS wg CIaCi,ﬂC;ﬂCj,at
i<j
~+ (sin ws — cos wS)cZaCi»ﬁC;,acf’ﬁ

= cos wsH"({1}) + (sin ws — cos ws)H P ({1})

where (slightly extending the parameter space) with J ; /’32 =1
as

(l) (1)
HOIL 1) = DT st g
i<j
2) (2) _ 2) i .
H ({‘,i,otj;j,ﬁ}) Z'll ojij,B tachlgcj,otcjﬁ'
i<j

Hermiticity implies

[H(l)(‘]l(:x)/ ,B)]' = Z (Jt(la)]ﬁ)* jacj,ﬁczﬁci’“

i<j
= Z (Jz(is)] Ol) CZaCi~ﬂC;,ﬂCj,‘1’
i<j
Jt(flx)J B Jl(}g)J o’
[HO {26 D] = D2 Uiaks) € piac! peia
i<j
=D (i0) clatinClacin
i<j
Jl(it)J B~ Ji(,%)j,a

It is written as a matrix form (,]Ejl.’z))T = Jl(.jl.’2) where

APPENDIX B: SU(2) CASE

For the N = 2 case, let us perform a particle-hole transfor-
mation for the odd site j as

Uo =[] &= &8, Us'=]]¢

Jjrodd Jj:odd

=&5&...,

Cj j :even

_ Jior

Z/{(;.)C' Z/Ll = P
Fee ¢t j :odd

J

and 52 = 1. The Hamiltonian H®

(J? ap = J(z)) is transformed as

L{@H(z)({J;Z)})U@= Z J,('Z)Cj,aC;+1,aCj+1,ﬂC;ﬁ

where &; =c; + cT

jrodd, B
@.f i
+ Z J; GaCit1,aCiy1 g€
Jeven,aff
— (2) T
= D I Gupc)iaCinig
jrodd,ap

TooT . .
—Cj ﬂcj+1.acj+1,ﬁcjya)

(2) T
Z Ji7¢)aCli1, pCi+1,0CTp

Jeven,aff

—H(l)({JIQ) }) -+ const.

Note that H" is the SU (2) Heisenberg model as confirmed
by writing ¢ o = @y and ¢j41,4 = by
> alaghlby = alaybiby +ala bl by +ajarbib,
apf
+a1a¢b1b¢
= n‘T’n? + n‘inli + SiSﬁ + S‘iSﬂ’r
1
=288 4 —,
+ 2

where 4S“Sb =
”i”? = 2(”?”? nin) —

(= 0 = ) = i+ i,
(n§ +nf)(nf + ni) = 2(nTnT
+ n ) — 1 due to the constraint.

a b

APPENDIX C: ADIABATIC APPROXIMATION
AND THE CURRENT

Now let us here summarize a derivation of the current
Jj = (G|J|G) in the adiabatic approximation [40],

J=nr""9,H(0).

The many-body state |G) is adiabatically evolved from the
snapshot ground state of a time-dependent H (¢) as

inG@)) = H®IG®)), 1G(0)) = |g),

where |o) = |a(?)) is a orthonormalized eigenstates of the
snapshot Hamiltonian and |g) is its ground state as

H(®)le(1)) = Eo(O)la(t)), (a|f) = dup-
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Writing  as  |G) = e @PLAE Y aye,,  c,(0) =1,
cx(0) =0, (¢ # g), the Schrodinger equation is written as

Eg Y lacy +ih)_(la)éa + 0@)ca) = Y Edla)c

Then multiplying (g|, and noting that |c| <K |c,|, @ # g, it
reduces to ¢, + c4(g]9;g) ~ 0, that implies

t
=0,y =i f dr' {gld,).
0

(@ 7 9),
ili(x|9,g)c, ~ Eqcy that implies cq = ifi

one obtains
(o]0 g)cq
Eq—Eg *

Also multiplying (|, Eqcy +
Now the

time-dependent ground state is given as

|G) = e*(l/ﬁ)fod’E(t) ly(t)|:|g + hZ M}_
a#g Eu — E

Then the expectation value of dgH is written as

(GlopH|G) = (gloeH |g)
dgH |a) (|0 0, gla) (| 0g H
JrhX:é:lel [0:8) — (:gl)(lalg)'
E, — E,
aFg

Here let us remind a general relation (g|dpH|x) =
(Ey — Eg)(gldpcr), that obeys from taking a derivative of
the eigenequation H|a) = E,|o) as (B|0H |a) + Eg(B|da) =
OEy(Bla) + Eqo(Blocr),

djx = (GI1G) — (glJ1g),
= iZ(<g|39a><a|8zg) + (9;8ler) (] 99 8))
aFtg
= —iZ(<39gIa)(oeI8rg> — (0;glar) (]9 g))
aFg

= —iZ(<3eg|a)(aI3tg> — (0 glar) (|08))

= —i({99gl0,8) — (0:8l9pg)) = —iB,

where the field strength B and the Berry connection A, are
defined as

B = %A —8As. Au=1(500.8), 1=0.1.

To summarize, in the adiabatic approximation, we have

B
G [|g+hz|a (@] g>]

ag Ee

(GIJIG) = (gl/|g) —

where C = ¢~ /M Jy dV'Egt) iy (@)

APPENDIX D: BERRY PHASE AND GAUGE
FIXING [63,106,108,109]

Let us start a D-dimensional Euclidean space x =
(x1,%2,...,xp) e RP as a parameter space of the Hamilto-
nian H(x). As for the Berry phase associated with a loop ¢,
we further assume that its ground state |g(x)),

H|g) = |8)Eg (glg) =1,

is gapped along the path ¢,

H(@)In(x)) = [n(0))Ey(x), Ey(x) > Eg(x), n#g xel.

Note that the phase of the snapshot eigenstate is arbitrary
8) = lghe®, ©€eR

where H|g') = |¢')E; and (¢'|¢g/) = 1.
As is well known the Berry connection A, = (g]9,.8),

w=1,..., D depends of the phase of the ground state as

Au = (g|8ltg>

where A}, = (¢|9,&) and we assume that the parameter de-
pendence of |g) and |¢') is smooth and differentiable. The
Berry phase is define as

l'}/[ = fdxMAM’
y4

which is gauge dependent (summation over u is assumed). To
be specific, let us assume the closed path ¢ is parameterized
by 6 € [6;, 0¢] and take a different gauge when 6 € [0, 6;].

Then we have
. dx,
( = %)

n 1% tf
::—iL/ dexka+l/ dexwxb+l/ dexwx{
t; 41 15}

=y, + AO,

=A;L +i9,0,

where A® = ©(x(9))];’ and

31 15} Iy
Y = —i|:/ do x,A, +/ d@)'cMA;L +/ doé )'CMAM].
t; 1 5]

Since A® is arbitrary, ¥, does not have a definite meaning
unless one fixes the gauge globally.

The gauge is explicitly fixed by the scheme in Ref. [108].
Let us start by taking an arbitrary state |¢) as a reference state.
Taking a constant |¢) is simple but it may not be necessarily
constant but need to be single valued along the path £. Then
taking a gauge-independent projection P = |g)(g|, the gauge
fixing state by ¢ is given by

go) = Plp)/\/Ny.

where Ny = (¢|P|¢p) = n;ﬁ% and ny = (¢|g). This gauge fix-
ing is only allowed if Ny = |77¢|2 # 0. Since n4 € C, this
condition is always satisfied all over the (one-dimensional)
loop ¢ by a suitable choice of |¢) (if ny = 0 for Ix € £, one
may modify ¢ slightly).

Then by taking a different |¢;), i = 1, 2, they are related
with each other as

1801) = lgg,)e" ",

ei@[z _ N¢2 (g|¢1) _ ei(@]fez)

N¢1 (gl®2)

]

where (gl¢i) = [(glgi)le™, i =1,2.
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Assuming that |gy, ) and |g4,) are single valued on the loop
x € ¢, Berry phases y; and y; are related as

Vi =2 +/d®12 =1jy,, mod2nr
¢

since ¢/© is single valued over the loop and [,d®1n =

) 6
Jid03,0,0(x) = [}/ d6 £O(x(9)) = OC(®))|] = 27n,
nez.

This ambiguity also clears from the discretized expression

of the Berry phase (lim; o Y2 = ¥)

vL = Arg{golg1) -+~ (gnlgnr1) -+ (gL-118L)»

where 0, =0;+ 70y —6;), n=1,---,L and |go) = [gL)-
The expression is gauge invariant but the Arg is well defined
only in modulo 2.

APPENDIX E: DIMER LIMIT

Assuming L: even, let us consider a dimer limit (1)J, <
0, J,=0or 2)J,=0, J, <0 (0: odd and e: even) for
the twisted Hamiltonian Eq. (40). The Berry phase de-
fined on the canonical path £ = ly gy, ,,,a=0,...,0,v0 =
—i fz dO (giw|degw) 1s quantized due to the Zy symmetry as
discussed.

In the limit (1), it is trivially yp = O since the twist does not
affect the Hamiltonian. Also inclusion of J, unless the finite
gap closes, yp = 0 even for the finite coupling case. Only
after the gap closing, the Berry phase may change. This is
a topological symmetry protection.

As for the case (2), the Hamiltonian Htifo is decoupled for
each dimers and is written as [see Eq. (40)]

Jo=0 —i(pa—
Hy™ = 1.y e ] el erperp
a.fp
+ (@« ¢ independent terms),

where the last terms do not include ¢ 4.
This is gauge out by the transformation at the site L
[63,66,122],

—i il
Z/{L —¢ Zn% L,oz,

i +i
Urer U] = e % Cras

Z/{LH(‘)/U:OMZ — HtJWU:O’
where H({”ZO is without twist.
Then the ground state of the twisted Hamiltonian Hy,
is given by |g) = Uy|go) where |go) is ¢, independent as
HO|go) = |go)E. The Berry phase is given by

Yo = —i f 6/ (glUt; doUy|g)
4
. 1
== | d6%pu(golin.algo) = 5 > Aga,
¢ o

since (go|7iz.«|g0) = 1/Q due to the SU(Q) invariance of H®.
Noting the discussion in Sec. III C, Y, Ap, = 27 (Q — 1) for
a path Ly,gy, and ), Ag, = =2 for a path, Ly,cv,,, (B =

2T 42
Yo =+—, mod2r.
SN)

APPENDIX F: SYMMETRY OF THE PATHS

Let us first discuss N = 3 case to be simple. The three
paths are decomposed into ¢y,c (j =0, 1,2) and explicitly

parameterized by 6 € (0, 2) as
by = {(61,6,) = (6, 0)},
by ={(61,60,) = 2m —20,0) = (-20,0)},
v, = {(61,02) = (0,21 —260) = (6, —20)}.

The modification associated with the twist is given by the
gauge transformation at the site L,

0 € eVgG ((plv @2, (p3) = (97 297 O)v
oegVIG ((plv @2, (p3): (079729)7
0 € EVzG ((pla @2, @3) = (297 07 9),

where (9o = ¢3)

01 = 1 — @o,
0 =@ — @1,
03 = o — ¢2.

Then Z3 transformation of the Hamiltonian is as follows:
Uz, HVoG)Uy, = H(V1G),
Uz, HVIGUj, = H(V2G),
Uz, HV,G)Uj, = H(VoG).

In case of the generic SU(Q), the Q paths are defined in
a d-dimensional parameter space (d = Q — 1) and parameter-
ized by 0 € (0, 2X) as

Ly =1{01,...,604)=(0,...,0)},
z—!%
by ={(01,...,00)=(0,...,—(Q—1)0,...,0)},

i=1,....0-1=d
Octlye (o1,....,on)=1(0,...,0,—(Q— 1)),

J
s 90)=(0,...,—(Q—-1)0,...,0)}.

Again Zj invariance, cjo, — Cjq+1, Of the Hamiltonian is
written as

OGEVIG ((p],...

HO)=U HOWU) , j=1,...,0=d+1, (Fl)

where 6 € £y,gand 6’ € Ly It implies a relation between the
ground states

18(6")) = U, |2(6)).
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Note that at the vertices V;’s and G = (%, ...), the Hamil-
tonian is invariant as

[H(V)), Uzy]1 =0, (F2)
[H(G), Uz,] = 0. (F3)
APPENDIX G: DISCONTINUITY OF THE CENTER

OF MASS: AP = +1

Noting that N = Zj pj, Pj = (—1)/; commutes with the
Hamiltonian as

[H,N,]=0, N, =) pj,
J

let us assume that a (generic) level crossing of the ground state
|g(t)) att = t; between |g_) and |g. ) as

(g+INIgs) — (g-INIg-) =D (pj — pj) = %1,
J

p7 = (g+1)lg=).

We may further assume that this is due to the edge state
localized near j ~ L with a localization length &. This can
be justified by the low-energy spectrum as discussed in
Sec. VI A. Then it implies

Apj = p;r —-p; — Cels, (L — o0).

The 'ncl)rmalizatiL(/)En constant is evaluated as +C~! =
> eff = e f5= = 5+ 0(1) and

AP = (g+|Plgy) — (8-IPlg-)

1 ey e
=Y 7= J0Ap;=CL™' )y (j — jo)e*
J J

— CL_1< P joem])

dg-1

1
= i§+O(L—1), L — oo.
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