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Classification of Yu-Shiba-Rusinov states of magnetic impurities on superconducting
surfaces: A fully relativistic first-principles study
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Magnetic adatoms at surfaces of superconductors may induce localized bound states within the superconduct-
ing energy gap referred to as Yu-Shiba-Rusinov (YSR) states. We solve the Kohn-Sham-Dirac Bogoliubov–de
Gennes equations within the fully relativistic multiple scattering Green’s function method to study the nature of
the YSR states for 3d magnetic impurities (Cr, Mn, Fe, and Co) placed on a pristine Nb(110) surface, as well as
capped by a monolayer of Bi, Re, or Ir. First, we perform self-consistent relativistic calculations in the normal
state and determine the direction of the easy axis and the magnetic anisotropy energy. Then we study the relation
between the electronic structure in the normal state and the YSR states. We show that the YSR states can be
categorized according to the energy-resolved singlet and triplet order parameters as normal, superconducting
singlet, or induced triplet states. Finally, we demonstrate that the rotation of the adatom magnetic moment shifts
the energy of the YSR states as a consequence of the spin orbit coupling. During this rotation, some branches of
the YSR states might cross the Fermi energy, implying that at certain paths in the configuration space a peak can
be found at zero energy.
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I. INTRODUCTION

It is well known that a strong local magnetic field breaks
the Cooper pairs in conventional superconductors. Depositing
a single magnetic atom onto the surface of a superconductor
can induce in-gap bound states, which are known as Yu-Shiba-
Rusinov (YSR) states [1–3]. It has been theoretically proposed
that the arrangement of several magnetic impurities induces
hybridization of the YSR states and can lead to the formation
of Majorana zero modes (MZMs) [4–15]. The experimental
progress hints at the existence of such MZMs; however, it is
not easy to uniquely identify them [16–19]. This is so even
if scanning tunneling microscopy technology using supercon-
ducting tips has sufficient resolution to resolve multiple YSR
states at subgap energies. Furthermore, experiments nowadays
are able to show even the hybridization of YSR states in
adatom dimers [15–18,20].

Investigating the material-specific fundamentals of the
YSR states [21–25] is not only an important step towards
understanding local excitations in superconductors and
the interpretation of experiments but also a first step
towards designing new, artificial Majorana systems as well.
Such calculations have the additional benefit of exploring
quantities which are difficult or impossible to achieve with
measurements, like the magnetic anisotropy energy or the
superconducting order parameter, allowing a complex charac-
terization of the YSR states. In the current paper we present
first-principles-based calculations for various magnetic

impurities on the surface of Nb(110) and Nb(110) covered
by various single-atom-thick overlayers of heavy elements.
The main idea behind depositing different overlayers on the
surface is to tune the spin-orbit coupling (SOC) in the system
while hosting the same, rather large superconducting gap of
Nb. Such systems can often be realized in an experimental
situation depending on growth conditions [26,27].

In what follows in Sec. II we summarize the computational
details of solving the Dirac–Bogoliubov–de Gennes equa-
tions within the multiple scattering theory (MST). In Sec. III A
we present the results for single 3d magnetic impurities (Cr,
Mn, Fe, and Co) on the Nb(110) surface and show some
relationships between the obtained YSR states and the nor-
mal density of states. In Sec. III B we turn to the study of
magnetic impurities on Bi, Re, and Ir overlayers on Nb(110).
Adding an overlayer to Nb(110) has two effects: it changes
the strength of the SOC and also changes the electronic states
of the impurity in the normal state, both of them remarkably
influencing the YSR states induced by the impurity. We also
analyze the effects of SOC through the appearance of a spin
triplet superconducting order parameter and by rotating the
direction of the magnetic moment. Finally, in Sec. IV we draw
the conclusions of our work.

II. COMPUTATIONAL DETAILS

The computational methods used in this work were al-
ready published in Ref. [24], and here we shall mainly
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focus on describing the geometry of the considered systems
and on the parametrization of the screened Korringa-Kohn-
Rostoker calculations. To briefly summarize the method, first,
we achieve charge self-consistency for the surface impurity
system in the normal state using standard density functional
theory via the embedded Green’s function technique within
MST [28]. Then we continue by solving the fully relativis-
tic Dirac–Bogoliubov–de Gennes (DBdG) equations (1), yet
again within MST, using the self-consistent potentials ob-
tained during the first step of the calculation:

[
ε −

(
HD �eff

�
†
eff −H∗

D

)](
�u(ε)
�v (ε)

)
= 0, (1)

where ε is the energy relative to the Fermi energy EF , �u(ε)
and �v (ε) are the four-component electron- and holelike parts
of the wave function, respectively, �eff is the effective pair
interaction, and HD is the Kohn-Sham-Dirac Hamiltonian;
see, e.g., Ref. [24] and the Appendix for more details. Local
densities of states and order parameters in the superconduct-
ing state are calculated from the MST Green’s function of the
DBdG Hamiltonian (see Ref. [29]). It is worth pointing out
that our approach has the advantage of avoiding a supercell
approach at any step of the calculation.

In what follows, we present results for single magnetic
adatoms on bare Nb and metallic overlayers on a Nb(110)
surface. Beyond the bare Nb(110) surface, we also consider
a single-atom-thick overlayer of Bi, Re, or Ir on top of the
semi-infinite Nb surface. The magnetic adatom, either Co,
Fe, Mn, or Cr, is embedded in the first vacuum layer above
the surface/overlayer. For simplicity (and comparability), we
assumed ideal epitaxial positions of all atoms. In the spirit
of the embedded cluster method, beyond the adatom, the
embedded cluster also contained the atoms of the host surface
within a radius of

√
3aNb (with aNb = 330.04 pm being the

bulk lattice constant): 7 Nb atoms from the layer just below the
surface; 14 Nb, Bi, Re, or Ir atoms from the surface layer; and,
additionally, 30 lattice sites from the first two layers above
the surface representing the vacuum. Altogether, the effective
potentials and exchange fields on 52 sites were allowed to
relax due to the presence of the impurity in the self-consistent
cycles. We also performed calculations with different cluster
sizes and concluded that the clusters presented are sufficiently
large to determine the energy of the YSR states.

First, we performed self-consistent field (SCF) calculations
with magnetization pointing along the z = [110] axis. In order
to obtain the ground state orientation of the magnetization
for each adatom system, the magnetocrystalline anisotropy
energy (MAE) was determined for each cluster from a tenso-
rial spin model based on the spin-cluster expansion technique
[30,31], which in turn indicated that the easy direction can
be any of x = [110], y = [001], or z, depending on the ac-
tual system. Next, we repeated the SCF calculations with the
direction of the magnetic moment pointing along the easy
direction (if it was not the z direction) to obtain the ground
state potentials. The values for the magnetic moment, the
obtained easy direction, and the calculated MAE are collected
in Table I.

When performing calculations in the superconduct-
ing state, we assumed that the opening of the narrow

TABLE I. Calculated spin magnetic moments Ms (in units of
μB), the easy direction �se, and the anisotropy energies Ex − Ez and
Ey − Ez (meV) for all the magnetic adatom systems considered.

System Ms �se Ex − Ez Ey − Ez

Cr/Nb(110) 4.25 y −0.20 −0.25
Mn/Nb(110) 4.26 z 0.17 0.36
Fe/Nb(110) 3.12 z 1.50 1.73
Co/Nb(110) 1.75 z 2.86 3.45

Cr/Bi/Nb(110) 4.49 y −0.07 −0.66
Mn/Bi/Nb(110) 4.31 z 0.20 0.30
Fe/Bi/Nb(110) 3.14 z 2.74 2.09
Co/Bi/Nb(110) 1.84 x −0.91 0.04

Cr/Re/Nb(110) 4.22 z 1.76 5.41
Mn/Re/Nb(110) 4.42 z 2.06 1.85
Fe/Re/Nb(110) 3.29 y 0.21 −4.56
Co/Re/Nb(110) 2.00 y −5.25 −9.12

Cr/Ir/Nb(110) 4.36 y 0.57 −3.61
Mn/Ir/Nb(110) 4.61 y −0.93 −1.22
Fe/Ir/Nb(110) 3.50 x −0.67 5.82
Co/Ir/Nb(110) 2.22 z 3.98 11.79

superconducting gap has only a marginal effect on the charge
and magnetization densities; therefore, we did not attempt to
achieve charge self-consistency in the superconducting state.
The effective pairing potential �eff was regarded as a constant
fitted to the experimental value of the superconducting gap of
Nb, �Nb = 1.51 meV [20]. On the magnetic adatom and in
the vacuum we assumed �eff = 0.

III. RESULTS

A. Adatoms on Nb(110) surface

From the normal state SCF calculations we obtained rather
large spin moments of 4.25μB and 4.26μB for the Cr and
Mn adatoms on the Nb(110) surface, respectively (see the top
block in Table I). This can be explained by the occupation of
the majority (spin-up) and minority (spin-down) channels that
can be inferred from the spin-resolved local densities of states
(LDOSs) depicted in Fig. 1. In the case of the Cr adatom, 85%

FIG. 1. LDOS of magnetic adatoms on a Nb(110) surface in the
normal state. Positive values: LDOS in the majority spin channel;
negative values: LDOS in the minority spin channel multiplied by
−1. The Fermi energy is denoted by a vertical black line at E = 0.
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of the majority spin channel is filled, while the minority spin
channel is empty (its occupation is less than 5%). In addition,
the LDOS at the Fermi level is small because the Fermi energy
lies between the well-separated spin-down and spin-up peaks.
In the case of the Mn adatom, the majority and minority spin
channels are occupied to an extent of 95% and 15%, respec-
tively. Relative to the Cr adatom, the larger occupation of the
minority channel results in a larger LDOS at the Fermi energy.
For the Fe and Co adatoms, about 93% of the majority channel
is filled, and the minority channel becomes increasingly occu-
pied with an increasing atomic number, i.e., with an increasing
number of electrons for these atoms. Compared to those of Cr
and Mn, the spin magnetic moment decreases to 3.12μB for
the Fe adatom and to 1.75μB for Co. Concomitant with the
downwards shift of the minority band, the value of the normal
state LDOS is significantly larger at the Fermi energy for Fe
and Co. Note that the splitting of the majority and minority
bands, defined as the energy difference of the maxima of the
corresponding LDOSs, is a monotonically increasing function
of the spin magnetic moment: the exchange splittings are
around 3.5 eV for the Cr and Mn adatoms and 2.7 eV for the
Fe adatom, and it is significantly reduced in the case of Co,
where it is around 1.7 eV.

As mentioned in Sec. II, the SCF calculations were per-
formed for the ground state orientation of the magnetic
moment, which is parallel to the z axis for Mn, Fe, and
Co atoms, but it is along the y axis for the Cr adatom (see
Table I). A small MAE is expected for the Cr and Mn adatoms
[32], for which the majority band is fully occupied and the
occupation at the Fermi energy is low. For the Fe and Co
adatoms the minority band is partly occupied, and its peak
lies close to the Fermi energy, which leads to a large MAE,
even reaching 3.45 meV for the Co adatom. Note that the Mn,
Fe, and Co adatoms share not only the easy axis (z) but also
the medium (x) and hard (y) directions because in these cases
Ey − Ez > Ex − Ez ⇒ Ey > Ex.

In Fig. 2 the LDOS of the magnetic adatoms in the super-
conducting state is shown. We found that the superconducting
LDOS scales with the normal state LDOS at the Fermi energy,
so in order to be able to show them on the same plot we present
the LDOS in the superconducting state divided by the nor-
mal state LDOS at EF. Also, since our calculations are fully
relativistic, with SOC implicitly included, the LDOS cannot
uniquely be projected to d orbitals and spin components.
However, if the effect of SOC is weak and, consequently,
the energy spectrum only slightly changes with respect to
the nonrelativistic case, such a projection can be illustrative
even for the relativistic case (see, e.g., for the Mn adatom
[24,25,33]).

For all the adatoms one can see the appearance of YSR
states in the superconducting gap. Since the investigated
adatoms are all transition metal elements, we expect a max-
imum of five pairs of peaks related to the d orbitals in
the superconducting gap. Several works showed that scaling
the magnetic moment shifts the position of the YSR states
[2,3,20,24,34]. Inferring from Figs. 1 and 2 we can see a
straightforward relationship between the position of the YSR
states and the spin polarization of the LDOS at the Fermi
energy in the normal state. For the low spin polarization of
the LDOS in the case of the Cr adatom the YSR states appear

FIG. 2. Calculated LDOS in the superconducting gap of the
adatoms on the bare Nb(110) surface. For better visibility, the base-
line is shifted for the different adatoms. Solid and dashed lines label
the electron and hole parts of the LDOS, while above and below
the baseline the spin-up and spin-down components can be seen,
respectively. The Fermi energy and the superconducting gap are
denoted by solid (at E − EF = 0) and dashed (at E − EF = ±�Nb)
vertical lines, respectively.

near the edges of the gap. With increasing spin polarization
the positions of the YSR peaks get shifted towards the center
of the gap, and also new YSR states appear in the spectrum.
Investigating the electron and hole parts of the YSR peaks, we
can conclude that for the largest spin polarization in the case
of the Fe and Co adatoms some or even all of the YSR peaks
appear on the opposite side of the Fermi level. Such crossings
of the Fermi level in the energetic position of the YSR states
were clearly demonstrated in Ref. [20] (see Supplemental
Material, Fig. 11) as a function of the spin parameter of a
multiorbital tight-binding model.

In the case of the Cr adatom, the electron spin-up (electron
up for short) and hole spin-down (hole down) components are
mixed at the peak below EF, while due to particle-hole sym-
metry the electron down and hole up components are mixed at
the peak above EF. This is an indication of a superconducting
state; consequently, we may associate this kind of mixing with
Cooper pair scattering.

The YSR states of the Co adatom display a very different
behavior. There are five pairs of YSR peaks well separated
in energy. Below the Fermi energy the peaks have only the
electron down component, while above EF they have only
the hole down component, with unremarkable electron-hole
mixing. Such behavior is a signature of the solution of the
Bogoliubov–de Gennes equations with zero effective pair
interaction (� = 0). Consequently, these states behave like
excitations with large spin polarization in the normal state
which completely breaks the Cooper pairs.

The LDOS for Mn and Fe adatoms shows features qual-
itatively similar to Co: the YSR states have large spin-down
electron or tiny spin-up electron components. It should be
mentioned that for the Fe adatom only four YSR states can
be seen; however, a more detailed calculation with higher
resolution revealed that one of the peaks is actually composed
of two peaks that are very close to each other.
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FIG. 3. Normal LDOS of magnetic adatoms on the Ir overlayer
on a Nb(110) surface in units of 1/eV. Positive values: LDOS of the
majority spin channel; negative values: LDOS of the minority spin
channel multiplied by −1. The Fermi energy is denoted by a vertical
black line at E = 0.

B. Adatoms on metallic overlayers with large SOC
on Nb(110) surface

Although in relativistic multiple scattering theory it is pos-
sible to scale the SOC [35], in order to provide a realistic
scenario for experiments, here we elected to do it by adding
a single layer of Bi, Re, or Ir on top of the semi-infinite
Nb(110). The corresponding figures with SOC scaled to zero
can be found in the Supplemental Material [36]. According to
our calculations, the proximity-induced superconducting gap
is around the same size as in Nb bulk if only single atomic
layer coverage is considered in these systems (for larger cov-
erages see Refs. [27,37]). We performed SCF calculations
for magnetic adatoms (Cr, Mn, Fe, or Co) on a single Bi,
Re, or Ir overlayer on a Nb(110) surface in the normal state
and present the results in Table I. The magnetic moment of
the Cr adatom (being between 4.22μB and 4.49μB) and Mn
(4.26μB–4.61μB) changes by only 8% if the overlayer is
changed; however, it changes in a relative range of 12% for
the Fe adatom (3.12μB–3.50μB) and 25% for the Co adatom
(1.75μB–2.22μB). The robustness of the Cr and Mn moments
can be explained by the almost filled majority and nearly
empty minority spin channels.

The general features of the impurity LDOS in the normal
state with the different overlayers differ only slightly from
their bare Nb counterparts. As an example the case of an Ir
overlayer is shown in Fig. 3. Remarkably, the dispersion of
the majority band of the adatoms is enhanced, while that of
the minority band is reduced relative to the case of a bare Nb
surface. This is the consequence of the almost fully occupied
Ir d band, which suppresses the hybridization in the minority
spin channel.

Contrary to the LDOS, the magnetic anisotropy energy and
the easy direction of the magnetization strongly depend on
the overlayer (see Table I). In the case of the Bi overlayer,
we get the same sign for the anisotropy energies as in the
uncovered case, leading to the same easy directions, except
for the Co adatom, for which the magnitude of the energies is
significantly reduced and also the sign of Ex − Ez is re-
versed, which rotates the easy direction to x. The magnetic
anisotropies are definitely different for the cases of the Re and

FIG. 4. Calculated LDOS in the superconducting gap of the
adatoms on the overlayer systems. Solid and dashed lines label the
electron and hole parts of the LDOS, while above and below the base-
line the spin-up and spin-down components can be seen, respectively.
(a) Bi overlayer, (b) Re overlayer, and (c) Ir overlayer.

Ir overlayers. Even though the SOC is expected to be larger
with Bi, the hybridization with the substrate may be weaker.
The SOC is still strong in Re and Ir; a larger hybridization of
the adatom with the Re or Ir overlayer leads to a change in the
easy axis with increasing MAE. This can be seen most illustra-
tively for the Fe adatom, which has z, y, and x easy directions
in the case of the Bi, Re, and Ir overlayers, respectively. The
superconducting LDOSs of the adatoms on various overlayers
are shown in Fig. 4. In the case of a Bi overlayer [Fig. 4(a)]
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one can see five pairs of peaks with a clear separation in the
cases of the Co and Fe atoms. There are four pairs of peaks
in the case the Mn atom, where the two peaks closest to the
edges of the gap strongly overlap with each other. For the Cr
adatom we obtain two peaks with energy being very close to
the edge of the gap. The Re overlayer is more interesting in the
sense that Re is also a superconducting material, albeit with a
smaller gap and lower superconducting critical temperature.
In this particular case, however, we found that, independent
of whether we use a pairing potential � = 0.28 meV (the
same as the superconducting gap measured in Ref. [38]) or
� = 0 in the Re layer, the induced superconducting gap in
the calculated LDOS determined by Nb bulk is not affected.
For the Re overlayer we also find that the lowest energy YSR
state in the superconducting gap typically lies closer to the
Fermi energy than previously seen (except for the Mn atom);
for example, there is a YSR state at E = 80 μeV in the case
of the Co adatom.

A rather interesting scenario can be observed in the cases
of Co and Fe adatoms on a Re overlayer and of the Co adatom
on Ir and Bi overlayers [see Figs. 4(b) and 4(c), respectively].
On the one hand, some peaks near the Fermi level have both
electron and hole components, thus carrying the signature of
a superconducting state. On the other hand, the electron down
component is coupled to the hole down component, which is
not possible in a spin-singlet type of superconducting state.
This behavior can be identified only with the presence of some
kind of a triplet pairing state.

C. Triplet order parameters

It is known that the fermionic nature of the electron implies
that in the case of triplet pairing, the spatial component of the
wave function has to be odd. In the context of a multiband
Hamiltonian for bulk systems, this leads to even-parity, odd-
orbital triplet states, which have been shown to be responsible
for the experimentally observed simultaneous appearance of
magnetism and the superconducting state in certain materials
[39,40]. In these cases the translational invariance made it
possible to introduce a proper parity operator for the whole
system. Although translational invariance is broken for sur-
faces with an impurity, we can still expect spin-orbit coupling
to induce triplet pairing if a singlet pairing state already exists,
similar to the results in Refs. [40–42]. Such a state can be
called an internally antisymmetric triplet (IAT). It is expected
that the relativistic Andreev scattering process, captured ac-
curately by the generalized multiple scattering theory for the
superconducting state, will yield the largest contribution to
the IAT, which is antisymmetric with respect to the orbital
degrees of freedom. The formation of the IAT states can be
easily understood within our formalism because during the
solution of the relativistic Bogoliubov–de Gennes equations,
spin-orbit-induced mixing occurs between the spin and orbital
degrees of freedom together with the electron-hole character
(see also Ref. [43]). In order to characterize this kind of pair-
ing, one can define a DOS-like quantity, the energy-resolved
IAT order parameter or IAT anomalous density, based on
the norm of the energy-resolved elements of the off-diagonal
Green’s function matrix. The way we calculate both the sin-
glet and triplet (IAT) order parameters is described in detail

FIG. 5. Calculated anomalous local density of states (ALDOS)
for some selected adatom systems. Dashed lines: singlet state order
parameters; solid lines: IAT order parameters.

in the Appendix (see also Ref. [44]). In Fig. 5 the singlet and
triplet state order parameters are plotted for selected adatom
systems. When viewed together with the corresponding en-
tries in Figs. 2 and 4, it is clear that both order parameters
give visible peaks at those energies where YSR states occur.
Among the presented cases, the singlet order parameter has
sizable peaks only at the positions of the YSR states of the
Cr/Nb(110) system. This is not surprising since the YSR state
in this system was attributed to Cooper pair scattering, giving
rise to both electron- and holelike components with opposite
spin character. The IAT order parameter signals triplet YSR
states in the case of Co/Bi/Nb(110) and Co/Ir/Nb(110) and
for the Fe/Nb(110) case, where the singlet order parameter is
negligible. Note that both order parameters are zero if there
is no mixing between the electron- and holelike components.
This verifies our classification of YSR states according to the
kind of pairing state they represent: superconducting singlet,
superconducting triplet, and normal state.

D. Magnetic orientation dependence of the YSR states

Let us now elaborate on another effect of the SOC in the
calculations. Without SOC, the LDOS does not depend on
the direction of the magnetic moment in either the normal or
superconducting state. In the presence of SOC, the LDOS will
significantly change versus the magnetic moment’s direction,
so now we focus on how the energy of the YSR states changes
if the magnetic moment is rotated. The direction of the mag-
netic moment of the adatom can be represented by azimuthal
and polar angles, (ϑ, ϕ), where the azimuthal angle ϑ is the
angle with respect to the normal-to-surface direction (z), while
the polar angle ϕ is the angle to the x axis if the moment is
projected to the xy plane. As a representative example, let us
consider the Co adatom on an Ir overlayer (see Fig. 6). On
the baseline we plot the LDOS with (ϑ, ϕ) = (0◦, 0◦)(= z),
and moving upwards, the curves follow each other in steps of
10◦ in the magnetic moment’s direction. First, we rotate the
moment from the z axis to the x axis and then continue from
x to y and, finally, back to z.

As shown in Fig. 4(c), in the ground state direction
z = (0◦, 0◦) of the Co/Ir/Nb(110) system there are five pairs
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FIG. 6. (a) Calculated LDOS in the superconducting gap of a
Co adatom on a Nb(110) surface covered by a single-atom-thick
Ir overlayer as the magnetic moment of Co is rotated along a path
between Cartesian axes, z → x, x → y, and y → z. The direction of
the magnetic moment for the corresponding LDOS is visualized by
arrows on the right side. Between neighboring curves, there is a 10◦

difference in the direction of the magnetic moment, except the curves
between (50◦, 90◦) and (30◦, 90◦), where the curve with a peak at
zero energy, (37◦, 90◦), is plotted instead. We used red for the curves
containing a peak at zero energy. (b) Red lines denote the full paths
on the unit sphere for which a zero bias peak can be found.

of peaks in the superconducting LDOS. In the following we
label the YSR states by an integer: the YSR state nearest the
Fermi energy is labeled 1, and the one nearest the edge of the
gap is labeled 5. It is apparent from Fig. 6(a) that the position
of the YSR state with the lowest energy (number 1) changes
the most. Interestingly, this peak crosses the Fermi energy
during the rotation of the magnetic moment, so at certain
orientations of the magnetic moment, (40◦, 0◦) and (37◦, 90◦)
[see Fig. 6(a)], there is a peak right at zero energy. This, of
course, should not be mistaken for a topological phase, which
may also have a peak at zero energy, just opposite; this points
out that a peak at zero energy does not necessarily mean a
topological state. It should be noted that peaks 4 and 5 seem
to be rather insensitive to the orientation of the magnetic
moment. In summary, we can conclude that the rotation of
the magnetic moment influences the different YSR states in
different ways, and there are more likely larger shifts in the
position of the peak if it lies closer to the Fermi energy. It
should be noted that a similar sensitivity of the YSR states was
found theoretically for magnetic impurities on Pb(110) [43].

We have seen that in the case of the Co adatom on an
Ir overlayer one of the YSR states crosses the Fermi energy
twice. In Fig. 6(a) we consider a closed path in configuration
space, for which an even number of Fermi level crossings
is expected, excluding the special case when either of the
extrema is at the Fermi energy, meaning that the peak turns
back when reaching the Fermi energy, but then there is no
Fermi level crossing at all. Because there are two orientations
along the path with a zero-bias peak, we assume that Fermi
level crossings can be found for a continuous set in the config-
uration space. Such configurations can be found, e.g., in two
steps: first, change ϕ by a small angle, and then determine
how to change ϑ so that the YSR state at zero energy is not
shifted. Most naively, we can connect the two spin directions
by a linear function, ϑ = 40◦ − ϕ/30 for ϕ ∈ [0, 90◦]. With
calculations we confirmed that, indeed, there is a peak at zero
energy for all orientations along this path, while the rest of
the peaks (numbers 2–5) are slightly shifted. This path can
easily be extended by taking into account the C2v symmetry
of the system, so that the magnetic configurations can be
mirrored with respect to the xz and yz planes. The full path
and its time-reversed pair (with opposite spin directions) are
visualized in Fig. 6(b). We find that these paths are circles with
a small oscillation in ϑ , so in this case the relative angle to the
z axis, being the easy direction, is the key factor in regard to
whether there is a peak at zero energy or not.

IV. CONCLUSIONS

Based on the band theoretical solution of the fully rel-
ativistic Bogoliubov–de Gennes equations, we performed a
systematic study of the YSR states induced by magnetic
impurities on a bare superconducting Nb(110) surface and
a surface capped by a single atomic layer of Bi, Re, or Ir.
Our most important finding is that the YSR states can be
classified according to the pairing associated with them based
on superconducting order parameters and that there are three
kinds of YSR states: normal and singlet and triplet supercon-
ducting states. Although the appearance of the triplet states
is exclusively linked to the presence of (strong) spin-orbit
coupling, we demonstrated that spin-orbit coupling alone is
not enough to predict which kind of a YSR state one may
obtain in a given system. We also showed that there can
be YSR states at zero energy along a continuous path in
configuration space without any topological origin, which is
also a direct consequence of the SOC. This fact may have
important implications in more complicated systems in which
non-Majorana zero-energy states or Majorana states may be
observed. Our theoretical results highlight that one should be
very cautious when interpreting zero-bias peaks observed in
experiments.
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APPENDIX: DEFINITION OF THE SINGLET
AND TRIPLET ORDER PARAMETERS

The calculations in this paper are based on the solution
of the relativistic Kohn-Sham-Dirac Bogoliubov–de Gennes
(KSDBdG) Hamiltonian:

HDBdG =
(

HD(�r) �eff(�r)
�

†
eff(�r) −H∗

D(�r)

)
, (A1)

where HD(�r) = c�α �p + (β − I4)c2/2 + [Veff(�r) − EF ]I4 +
β �� �Beff(�r), where �α = σx ⊗ �σ, β = σz ⊗ I2, �� = I2 ⊗ �σ, �σ
denotes the Pauli matrices, In stands for the identity matrix of
order n, and Veff(�r) and �Beff(�r) are the effective potential and
the exchange field, respectively. �eff(�r) is the effective 4 × 4
pairing potential matrix due to the four-component Dirac
spinors. The KSDBdG equations are solved by assuming that
the superconducting host (but only the host) has isotropic
s-wave spin-singlet pairing as described in BCS theory.
We evaluate the Green’s function of the Hamiltonian (A1)
according to Refs. [24,29] via multiple scattering theory.
When integrating the Green’s function in atomic cells n and
m, the Green’s function matrix {Gnm,ab

QQ′ (z)} can be defined,
where z is the complex energy, a and b label the electron- and
holelike components, and Q and Q′ denote either relativistic
angular momentum quantum numbers (κ, μ), or orbital and
spin quantum numbers (�, m, s) = (L, s). Local quantities are
obtained by considering site-diagonal elements of the Green’s
function matrix. The electron- or holelike local density of
states is calculated according to

LDOSa
n(ε) = − 1

π
Im TrQ{Gnn,aa

QQ′ (ε + i0)}. (A2)

The appearance of the superconducting state is manifested
in the local Green’s function as nonzero elements in the
electron-hole off-diagonal block. Hence, all the order pa-
rameters related to different pairing states should be derived
from these elements. First, we define the following LDOS-like
quantity to describe the energy resolution of the spin-singlet
local order parameter:

χn
S (ε) = − 1

π
Im TrL Ss

{
Gnn,eh

LL′,ss′ (ε + i0)
}
, (A3)

where TrL denotes the trace in angular momentum
space, while Ss generates the spin singlet, Ss{ f (s, s′)} =
1
2 [ f ( 1

2 ,− 1
2 ) − f (− 1

2 , 1
2 )]. The energy-resolved local singlet

order parameter shown in Fig. 5 has properties very similar
to the electronic DOS and is often referred to as (energy-
resolved) anomalous density.

We also define another DOS-like quantity to account for
the energy-resolved IAT order parameter,

χn
IAT(ε) =

∑
i=−1,0,1

∣∣∣∣
∣∣∣∣− 1

π
Im ALT i

s

{
Gnn,eh

LL′,ss′ (ε + i0)
}∣∣∣∣

∣∣∣∣
F

,

(A4)
with the antisymmetrization in angular momentum space,
AL{ fLL′ } = { 1

2 ( fLL′ − fL′L )}, and the projections on spin
triplets, T 0

s { fss′ } = 1
2 ( f 1

2 ,− 1
2
+ f− 1

2 , 1
2
) and T ±1

s { fss′ } =
f± 1

2 ,± 1
2
, while ||M||F denotes the Frobenius norm of matrix

M. The induced triplet superconductivity can be studied on
an ab initio level by analyzing χ IAT(ε) [24,29].

As the YSR states are formed from atomic d orbitals, we
may restrict the investigation of the triplet order parameter
χ IAT at any given energy to those that couple only the 3d
orbitals.
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