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Vortex dynamics induced by scanning SQUID susceptometry
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We measured the local magnetic response of a niobium thin film by applying a millitesla-scale AC magnetic
field using a micron-scale field coil and detecting the response with a micron-scale pickup loop in a scanning
superconducting quantum interference device (SQUID) susceptometry measurement. Near the film’s critical
temperature, we observed a steplike nonlinear and dissipative magnetic response due to the dynamics of a small
number of vortex-antivortex pairs induced in the film by the local applied AC field. We modeled the dynamics of
the measurement using a combined two-dimensional London-Maxwell and time-dependent Ginzburg-Landau
approach, allowing us to construct a detailed real-space picture of the vortex motion causing the observed
dissipative response. This work pushes scanning SQUID susceptometry of two-dimensional superconductors
beyond the regime of linear response and lays the foundation for microscopic studies of vortex dynamics and
pinning in superconducting devices and more exotic materials systems.
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I. INTRODUCTION

One of the most striking phenomena associated with su-
perconductivity is the spontaneous expulsion of both static
and time-dependent magnetic fields, the Meissner effect. The
Meissner effect is a direct manifestation of the coherence of
the superconducting condensate, characterized by a macro-
scopic complex order parameter � = |�|eiθ . Observing the
Meissner effect by measuring the response of superconductors
to applied magnetic fields is one of the fundamental methods
for probing the superconducting state. Typically one measures
a quantity related to the complex AC volume susceptibility,
χ = χ ′ + iχ ′′, by applying an AC magnetic field at angular
frequency ω with a field coil and detecting the sample’s mag-
netic response with a pickup loop [1–5]. The real part χ ′ of
the AC susceptibility is due to the dissipationless superfluid
response of the superconductor and provides a measure of
the London penetration depth, λ, which is in turn related to
the superfluid density ns = |�|2 ∝ λ−2. The imaginary part
χ ′′ is related to energy dissipation [6–8]. For temperatures T
that are small compared to the critical temperature Tc, χ ′′ is
usually small and ns(T ) is sensitive to the structure of the
superconducting gap [9]. Measurements of χ as a function
of temperature show a peak in the dissipative component χ ′′
around Tc, the width of which is considered a measure of the
homogeneity of the superconductor [1,10].

In type-II superconductors, and thin films which can be
effectively type II even if grown from a material that is type
I in the bulk [11,12], the Meissner state persists up to an
effective lower critical field Beff

c1 [13]. Above Beff
c1 , magnetic
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flux can pass through the superconductor in the form of
vortices, which are topological defects in the condensate at
which the superfluid density |�|2 goes to zero and around
which the phase of the order parameter θ = arg(�) changes
by 2π . The dissipative component of the AC susceptibility,
χ ′′, arises from the motion of vortices, which experience an
oscillating force due to screening currents induced by the
applied AC magnetic field [6]. AC susceptibility measure-
ments using the two-coil mutual inductance technique [1,2,4]
typically employ field coils and pickup loops of diameter
�1 mm. As a result, these experiments measure the average
response of the film, potentially with contributions from many
vortices and from spatial inhomogeneities on submillimeter
length scales.

In this work, we measured the low-frequency AC suscepti-
bility of a niobium thin film close to its critical temperature us-
ing a superconducting quantum interference device (SQUID)
susceptometer with a micron-scale field coil and pickup loop.
We observed distinct steps in both the in-phase (superfluid)
and out-of-phase (dissipative) components of the susceptibil-
ity with increasing temperature and local applied AC field.
These steps are clear “fingerprints” of the dynamics of a small
number of vortices induced in the film by the SQUID suscep-
tometer. We modeled the dynamics of the measurement using
a combined two-dimensional (2D) London-Maxwell [14–16]
and time-dependent Ginzburg-Landau (TDGL) [17–20] ap-
proach, allowing us to construct a detailed real-space picture
of the vortex motion causing the observed dissipative
response.

During one half of the AC cycle, one or more vortex-
antivortex pairs are induced in the film if the peak applied field
exceeds the effective lower critical field Beff

c1 [21]. The vortices
are pulled toward the center of the field coil, where they are
trapped by the local applied field. The antivortices are pushed
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away from the field coil, causing some of them to exit the
film or become pinned far from the field coil so that they no
longer participate in the measurement, resulting in a hysteretic
magnetic response. The time-dependent spatial distribution of
vortices is determined by a competition between the vortex-
field coil interaction, the repulsive vortex-vortex interaction,
and the attractive vortex-antivortex interaction.

Generating vortices and measuring their dynamics with
a micron-scale sensor provides a complementary approach
to bulk magnetization, AC susceptibility, and transport
measurements. For finite-sized films, these more “global”
measurements can be dominated by a surface barrier that
depends sensitively on the geometry and characteristics of
the sample edge [22–24]. For example, it has been shown
that finite-size effects dramatically alter transport character-
istics of thin films and Josephson junction arrays near the
Berezinskii-Kosterlitz-Thouless (BKT) transition, potentially
obscuring the vortex unbinding transition entirely [25,26].

Thus, in addition to resolving vortex dynamics at the
single-vortex level, scanning SQUID susceptometry provides
a route to study and potentially minimize the contribu-
tion of surface effects in order to more directly probe
vortex-antivortex and vortex-defect interactions in 2D su-
perconducting systems. Moreover, the numerical methods
presented here allow one to model (in the weak-screening
limit) vortex dynamics for any spatial distribution of applied
field. The methods can be applied to mesoscopic 2D supercon-
ducting devices of any geometry, including those with holes,
normal metal contacts, edge defects, or spatial inhomogeneity
in the critical temperature.

II. BACKGROUND

A. AC losses in type-II superconductors

As described in Ref. [6], there are broadly three different
mechanisms for loss in type-II superconductors subject to
applied AC magnetic fields: (1) viscous flux flow, (2) bulk flux
pinning, and (3) surface flux pinning. All three mechanisms
are related to the fact that a vortex in the presence of a current
experiences a Lorentz force per unit length

f = Js × n̂�0, (1)

where n̂ is a unit vector indicating the axis of the vortex core,
�0 = h/2e is the superconducting flux quantum, and Js is the
supercurrent density. Meissner screening of a time-dependent
applied magnetic field, resulting in a time-dependent super-
current density Js, will exert a dynamic Lorentz force on a
vortex in the superconductor. The vortex will move due to the
Lorentz force if it is not strongly pinned, and motion of the
normal core of the vortex dissipates energy. For this reason,
engineering the pinning landscape to reduce dissipation is one
of the key challenges in applied superconductivity [27].

Loss mechanism (1) is analogous to eddy current losses
in normal metals, with the normal state resistivity replaced
by an effective flux flow resistivity, which depends on the
applied magnetic field. Eddy current losses, for which the
energy dissipated per AC cycle depends strongly on frequency
ω, are negligible at low frequencies and for small samples
when ωτ f � 1, where τ f is the characteristic time required
for changes in the magnetic flux to diffuse through the sample.

Mechanisms (2) and (3) are hysteretic losses, which occur
when the flux in the superconductor is out of equilibrium with
the applied field due to vortex pinning [8]. For these mech-
anisms, the energy dissipated per AC cycle is independent
of frequency. Bulk flux pinning losses, where energy is dis-
sipated as vortices “hop” between pinning sites, dominate at
low frequency in superconductors with many pinning centers
or a large critical current density. Bulk pinning losses also
include dissipation arising from the annihilation of vortices
with antivortices in the bulk [28].

Surface pinning losses occur when the flux in the super-
conductor is out of equilibrium with the applied field due to
the presence of a surface barrier, an energy barrier that must
be overcome for a vortex to enter or leave the superconductor
[22,23]. The surface barrier arises primarily because the direc-
tion of the Meissner screening current flowing near the sample
surface (or edge in the case of a thin film in an out-of-plane
magnetic field) is opposite the direction of the circulating
current around a vortex located inside the superconductor.
A detailed Ginzburg-Landau analysis of the surface barrier
for uniform applied fields in 2D superconductors, including
nonidealities such as surface roughness, is given in Ref. [24].

For AC susceptibility measurements of thin film supercon-
ductors, it is convenient to apply the magnetic field and detect
the sample response using coils that are much smaller than
the size of the film, both to simplify analysis of the measured
magnetic response [2,5,29,30] and to minimize the extent to
which the measurement averages over spatial inhomogeneity.
In the limit that the field coil is much smaller than the film and
located close to the film surface and far from the film edge,
the applied magnetic field at the edge approaches zero and the
Meissner screening contribution to the surface energy barrier
vanishes. In this case, the onset of vortex-related losses will be
dictated by the energy barrier for generating (or “unbinding”)
a vortex-antivortex pair within the film [31].

B. Scanning SQUID susceptometry

In scanning SQUID susceptometry, a micron-scale single-
turn field coil (FC) locally applies a magnetic field to a
sample, and a pickup loop (PL), which is concentric with
the field coil and connected to flux-sensitive SQUID cir-
cuit, measures the sample’s magnetic response [32–34]. The
SQUID susceptometer used in this study is gradiometric,
with two counter-wound field coil–pickup loop pairs sepa-
rated by ∼1 mm, only one of which (the “front field coil”)
is brought close to the sample surface [Figs. 1(a) and
1(b)]. Each FC-PL pair has a mutual inductance |�PL/IFC|
of approximately 285 �0/A, meaning that a current IFC =
1 mA flowing through the field coil threads a flux |�PL| =
0.285 �0 ≈ 0.59 mT µm2 through the pickup loop. The gra-
diometric design of the device means that ideally in the
presence of a sample with no magnetic response, e.g., a
superconductor with London penetration depth λ → ∞, the
total mutual inductance between the two field coils and
the SQUID is zero: M∞ = (�front

PL + �back
PL )/IFC ≈ 0 �0/A

(see Appendix A). The field coil, pickup loop, and shields are
made of niobium (Nb).

When the front field coil is brought close to a supercon-
ducting sample, the sample screens the magnetic field from
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(a) (b) (c) (d)

FIG. 1. London-Maxwell simulation of the applied magnetic field and vector potential from the SQUID susceptometer. (a) Modeled
geometry of the front field coil–pickup loop pair. A current IFC flows counterclockwise in the field coil (green loop, diagonal hatches), and
the SQUID measures the flux �PL through the front pickup loop (orange loop, no hatches). The blue polygon with horizontal hatches and
orange polygon with no hatches are superconducting shields covering the pickup loop and field coil leads, respectively. The field coil, pickup
loop, and shields are made of niobium (Nb). (b) Layer structure of the SQUID susceptometer, shown along the cut indicated by the dashed
gray line in (a). The blue wiring layer (135 nm thick) is closest to the sample surface during measurement, the green wiring layer (200 nm
thick) is farthest from the surface, and the orange wiring layer (200 nm thick) sits in between. The white region is the SiO2 insulator of the
SQUID chip and the gray region is vacuum between the SQUID and the sample. (c) Out-of-plane component of the magnetic field from the
field coil per unit field coil current, Bz/IFC, evaluated at a plane located z0 = 0.5 µm from the surface of the SQUID chip. The maximum value
near the center of the field coil is approximately 0.16 mT/mA. Here, IFC > 0 indicates a counterclockwise circulating current in the field coil.
The rest of the SQUID circuit, lying to the south and east as it is drawn here, is well shielded and does not apply any significant field to the
sample. (d) In-plane magnetic vector potential per unit field coil current, A/IFC = (Ax x̂ + Ayŷ)/IFC, evaluated in the Lorenz gauge at a plane
z0 = 0.5 µm below the SQUID. (c) and (d) are related by ∇ × A = Bz ẑ. The simulation method is described in Appendix B and Ref. [16]. As
shown in (b), the layer structure of the SQUID susceptometer is such that, for a given z0, the actual distance from the sample surface to the
pickup loop and field coil are approximately z0 + 0.4 µm and z0 + 0.8 µm, respectively.

the field coil, reducing the mutual inductance of the front
FC-PL pair, �front

PL /IFC, and thus the total mutual inductance
of the susceptometer. The amount by which the sample mod-
ifies the SQUID mutual inductance is the scanning SQUID
susceptibility signal,

M(x, y) = [
�front

PL (x, y) + �back
PL

]/
IFC

= 
�front
PL (x, y)/IFC + M∞. (2)

M is measured as a function of relative sample-sensor position
(x, y) as the sensor is raster-scanned over the sample surface
at a fixed standoff distance z0, or as a function of another
parameter (e.g., temperature) for a fixed sensor position. M is
measured using low-frequency lock-in techniques to improve
sensitivity and enable detection of both the in-phase mag-
netic response M ′(x, y) and out-of-phase magnetic response
M ′′(x, y) of the sample, which are related to χ ′ and χ ′′, respec-
tively. In such a measurement, the current through the field
coil is

IFC(t ) = IFC,pk cos(ωt ), (3)

where IFC,pk is the peak amplitude of the field coil current
and ω is angular frequency of the lock-in amplifier excitation
(typically ω/2π ∼ 1 kHz). The complex magnetic response,
as measured by a lock-in amplifier, is then given by

M(x, y) =
√

2

IFC,pk

∫

�front

PL (x, y, t )e−iωt dt, (4)

where the integral is taken over many AC cycles, as de-
termined by the lock-in amplifier time constant. From this
demodulated complex mutual inductance signal, we define

M ′ = Re(M ) and M ′′ = Im(M ). For the remainder of this
work, we will refer to the front field coil simply as “the field
coil.”

If no vortices are present near the field coil, the in-phase
component M ′ is a direct measure of the local value of the
sample’s magnetic screening length (the London penetration
depth λ for bulk superconductors or � = λ2/d for thin films,
where d is the film thickness), which is in turn related to the
superfluid density ns [35]. Ideally, if there is no dissipation
in the sample, M is purely real. Dissipation and nonzero
M ′′ can arise even far below the superconductor’s critical
temperature Tc due to motion of vortices under the Lorentz
force [Eq. (1)] caused by the local applied AC field. This
time-varying Lorentz force can cause the vortices to oscillate
about the bottom of their pinning potentials or hop between
pinning sites, leading to nonzero M ′′. This effect has been
used to study anisotropic pinning in unconventional supercon-
ductors [36–39]. The motion of vortices subject to a spatially
uniform applied AC magnetic field has been imaged locally
using scanning Hall probe microscopy [40,41].

In contrast to Refs. [36–39], here we examine the case
where there are no vortices pinned near the SQUID when
cooling through Tc, i.e., a zero-field cooling situation. In such
a scenario, dissipation due to vortex motion can only occur if
vortices are first induced in the superconductor by the local
applied AC field. Given the magnitude of the magnetic field
that can be applied by the SQUID field coil (up to a few mT),
this mechanism is possible only for systems with a coherence
length exceeding a few hundred nanometers, for example a 2D
Josephson junction array [42] or a thin film close to its critical
temperature.
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III. EXPERIMENT AND MODELING

We measured a sputtered Nb film with thickness d =
200 nm using a SQUID susceptometer with the geometry
shown in Figs. 1(a) and 1(b). The film has a variety of litho-
graphically patterned structures (holes, slots, etc.), along with
large regions of continuous Nb. The film is thick compared to
the zero-temperature London penetration depth and coherence
length of niobium [λ(0), ξ (0) � 100 nm]. However, both the
London penetration depth λ(T ) and the coherence length ξ (T )
diverge at Tc so that, for temperatures sufficiently close Tc, the
film may be considered 2D. Near Tc, the film is magnetically
2D in the sense that �(T ) = λ2(T )/d is large compared to
the film thickness d . This means that the supercurrent density
can be assumed to be uniform in the z (out-of-plane) direc-
tion, giving a thickness-integrated sheet supercurrent density
Ks = dJs. Similarly, when ξ (T ) is large compared to d , the
superfluid density ns = |�|2 can be assumed to be uniform in
the z direction.

A. Magnetic response of the continuous film

We measured the local AC susceptibility in a region of
continuous Nb film, roughly 25 µm away from the film edge or
any patterned features in the film. The front FC-PL pair of the
SQUID susceptometer was positioned a distance z0 ≈ 0.5 µm
from the sample surface. The drive frequency for all mea-
surements was fixed at ω/2π = 500 Hz. Further experimental
details are provided in Appendix A.

Figure 2 shows the complex AC susceptibility, M = M ′ +
iM ′′, as a function of temperature from 6 K to above Tc for
peak field coil currents ranging from 0.5 mA to 10 mA, where
IFC,pk = 10 mA corresponds to a maximum applied magnetic
field of approximately 1.75 mT [Fig. 1(c)]. At the lowest tem-
peratures, λ(T ) is close to its zero-temperature value, λ(0),
and the film strongly screens the magnetic field from the field
coil, reducing the mutual inductance between the field coil and
pickup loop by approximately (100 �0/A)/(285 �0/A) ≈
35%. At these temperatures, M is dominated by the superfluid
response M ′, the dissipative response M ′′ is small and roughly
temperature-independent, and both components are indepen-
dent of the applied field Happlied ∝ IFC,pk, indicating a linear
magnetic response. As T approaches Tc, λ(T ) diverges and
the magnitude of superfluid response decreases rapidly as the
film loses the ability to screen the applied field. As highlighted
in Figs. 2(c) and 2(d), at temperatures above 9.3 K, there is an
IFC,pk-dependent change in the slope of M ′(T ), accompanied
by a significant increase in the magnitude of the out-of-phase
component M ′′, which is indicative of dissipation due to vor-
tex dynamics induced by the applied AC field.

To further investigate the nonlinear, dissipative magnetic
response observed near Tc, we measured M while varying
the amplitude of the AC current through the field coil over
the range IFC,pk = 0.1–10 mA. Figure 3 shows the complex
magnetic response M = M ′ + iM ′′ as a function of IFC,pk for
a series of temperatures near Tc. At all temperatures, M ′ starts
out as approximately constant as IFC,pk is increased from zero,
indicating that the local susceptibility is dominated by the
linear superfluid response. As IFC,pk is increased further, M ′
approaches zero in discrete steps, accompanied by a sawtooth

(a) (b)

(c) (d)

FIG. 2. Measured temperature dependence of the complex mag-
netic response above a continuous Nb film. (a) In-phase and
(b) out-of-phase components of the complex magnetic response,
M = M ′ + iM ′′, as a function of temperature for varying peak field
coil currents. The second row shows (c) M ′ and (d) M ′′ in the
temperature range near Tc in which the variation of M ′ and M ′′ can
be attributed to vortex dynamics. Sharp steps in M very close to Tc

in (c) and (d) are due to the dynamics of a small number of vortices
induced in the film.

pattern in the out-of-phase component of the signal, M ′′. This
discrete, steplike pattern in the M vs IFC,pk curve results from
the dynamics of a small number of vortex-antivortex pairs
induced in the film by the SQUID susceptometry measure-
ment. The value of IFC,pk at which the first step in M occurs
corresponds to the effective lower critical field of the film,
which decreases rapidly as the temperature approaches Tc.

B. Time-dependent Ginzburg-Landau modeling

The observed nonlinear behavior (Fig. 3) is reminiscent of
the results of measurements and TDGL simulations of the DC
magnetization [23,43] and the microwave magnetic response
[44,45] of mesoscopic type-II superconductors subject to a
spatially uniform applied magnetic field, where a steplike
magnetic response arises primarily from the surface energy
barrier. Our measurements differ from the scenarios consid-
ered in Refs. [23,43–45] in two important respects. First, the
applied magnetic field is not spatially uniform; rather it is
applied by an asymmetric micron-scale current loop. Sec-
ond, in contrast to Refs. [44,45], the measurement timescale
2π/ω = 1/(500 Hz) = 2 ms is many orders of magnitude
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(a)

(b)

FIG. 3. Measured fingerprints of few-vortex dynamics in the
nonlinear magnetic response as a function of applied local AC
magnetic field above a continuous Nb film. The complex magnetic
response M = M ′ + iM ′′, decomposed into (a) its real part and (b) its
imaginary part. The distinct steps in both M ′ and M ′′ with increasing
field coil current are indicative of the dynamics of a small number
of vortices induced in the film. The slight upturn in M ′ at the lowest
field coil currents IFC,pk is likely an artifact of the SQUID readout
instrumentation. The weak increase in M ′′ with increasing tempera-
ture at small IFC,pk is likely due to a slight change in the temperature
of the SQUID susceptometer, which is kept far below its critical
temperature during the measurement (see Appendix A).

longer than the relevant relaxation time in the superconductor,
as estimated below.

To interpret the results shown in Fig. 3, we have per-
formed TDGL simulations (see Appendix C and Ref. [20])
that take into account a realistic model of the SQUID sensor
geometry (Fig. 1) and the dynamic, but low-frequency, na-
ture of the AC susceptibility measurement. The characteristic
timescale for this TDGL model is τ0 = μ0σλ2, where μ0 is
the vacuum permeability, σ is the normal state conductiv-
ity of the film, and λ is the London penetration depth (see
Appendix C). Even assuming a very high normal state con-
ductivity, e.g., σ = (10−2 µ� cm)−1 = 104 S/µm [46], and
noting that λ(T ) diverges at Tc, this timescale is τ0 < μ0 ×
104 S/µm × (2 µm)2 ≈ 50 ns in the temperature range of our
measurements, which is more than four orders of magnitude
shorter than the measurement timescale 2π/ω = 2 ms.

Thus, we will assume that in the absence of pinning,
the order parameter � would be at equilibrium with the

applied vector potential at all points in time. This “quasistatic
approximation” has the following implications. (1) Vortices
are allowed to reach a steady-state configuration before the
applied AC field changes significantly [31]. (2) Only pinning-
related losses will be captured by the model (cf. Sec. II A).
(3) The simulated dynamics will be independent of the drive
frequency ω. The measurements support this assumption, as
we see no qualitative difference in the nonlinear magnetic
response if we change the drive frequency from ω/2π =
500 Hz to ω/2π = 5 kHz.

The inputs to the TDGL model are the applied magnetic
vector potential Aapplied(r) due to the SQUID field coil for
a given field coil current IFC [Fig. 1(d)] and the relevant
parameters of the Nb film, ξ , λ, and d . The outputs of the
TDGL model include the normalized complex order parame-
ter ψ (r, t ) = �(r, t )/|�0| and the sheet current density in the
film K(r, t ) = Ks(r, t ) + Kn(r, t ), where �0 is the zero-field
value of the order parameter, Ks is the sheet supercurrent
density, and Kn is the sheet normal current density (Fig. 4).
From K, we can calculate the resulting magnetic flux through
the SQUID pickup loop, �PL, to obtain the mutual inductance
signal, M.

Because the film is much bigger than the SQUID field coil,
and too large to model in its entirety, we model the geometry
of the film as a square centered at the position of the SQUID
with side length Lfilm = 30 µm, which is approximately 10
times the outer radius of the field coil. In solving the TDGL
model, we neglect the contribution of the induced currents
in the film to the total magnetic vector potential in the film;
i.e., we assume that the vector potential in the film is equal
to Aapplied(r). This “weak screening” assumption is discussed
further in Appendix C. These two approximations (modeling
the film as a square with side length Lfilm and neglecting the
induced vector potential) are likely to be the most significant
sources of error in the modeling.

An example of a TDGL simulation with a static
counterclockwise-flowing field coil current is shown in Fig. 4.
Before any vortices are induced, the Meissner supercurrent
flows clockwise and the normalized superfluid density |ψ |2 is
suppressed below the field coil [Fig. 4(a), left column], with
the largest suppression occurring where the applied magnetic
vector potential is largest. In Fig. 4, the peak applied field is
just above the effective lower critical field of the film, Beff

c1 ,
so a single vortex-antivortex pair is induced in the film near
the edge of the field coil. Due to the Lorentz force [Eq. (1)],
the vortex is pulled toward the center of the field coil and the
antivortex is pushed away from the center of the field coil
until it eventually exits the modeled domain, leaving a single
isolated vortex trapped beneath the field coil.

To simulate the low-frequency dynamics of the SQUID
susceptometry measurement for a given peak field coil current
IFC,pk, we sample the AC field coil current [Eq. (3)] at a set
of dimensionless times ωti. At ωt0 = 0, we solve the TDGL
model with the vector potential due to a field coil current
IFC(0) = IFC,pk, and with the initial condition ψ (r, 0) = 1, as
in Fig. 4. Based on our quasistatic approximation, we allow
the system to evolve until a steady-state is reached, then record
the flux through the SQUID pickup loop, �PL(ωti ), due to the
sheet current density K in the film. For all subsequent times,
ωti with i > 0, we set the initial state of the TDGL simulation
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FIG. 4. Generating and trapping a single vortex with the SQUID field coil. Each column shows a snapshot of the output of a TDGL
simulation taken at the time indicated at the top of the column. The simulation parameters are ξ = 0.9 µm, λ = 1.35 µm, z0 = 0.5 µm, and
IFC = 2.5 mA, where IFC is the DC current flowing counterclockwise through the field coil. The initial state of the system at time tsim = 0 is
ψ (r, tsim ) = 1. From top to bottom, the rows show (a) the magnitude of the order parameter |ψ |, (b) the phase of the order parameter arg(ψ ),
and (c) the magnitude of the sheet current density |K|. Around tsim = 60τ0 (second column), a vortex-antivortex pair is induced in the film and
subsequently pulled apart by the Lorentz force [Eq. (1)] until the antivortex reaches the edge of the film around tsim = 250τ0, leaving an isolated
vortex trapped beneath the field coil. For tsim > 300τ0, the system is stable indefinitely, with the supercurrent circulating counterclockwise just
outside the vortex core and clockwise everywhere else. The SQUID field coil and pickup loop are drawn to scale in the first column of (b).

to be the final state found in the previous time step, ωti−1, then
allow the system to evolve until a new steady state is reached.
The complex SQUID susceptibility signal M = M ′ + iM ′′ is
then calculated using Eq. (4). To allow any hysteresis to accu-
mulate, we simulate one and a half AC cycles and calculate M
using only �PL from the last full cycle.

The results of a TDGL simulation of the complex SQUID
susceptibility signal M are shown in Fig. 5. The top row shows
the time-dependent flux through the pickup loop �PL(ωt )
due to the sheet current density in the film as a function
of time [Fig. 5(a)] and as a function of the instantaneous
field coil current IFC(ωt ) = IFC,pk cos(ωt ) [Fig. 5(b)]. At the
smallest values of the peak field coil current IFC,pk, the mag-
netic response of the film is linear and nonhysteretic, so
the flux through the pickup loop due to the supercurrent in
the film is �PL(ωt ) ∝ −IFC(ωt ). As IFC,pk is increased, the
film’s response becomes nonlinear as the superfluid density is
suppressed beneath the field coil, resulting in a “squashed”
sinusoidal shape for �PL(ωt ). Although the magnetic re-
sponse is nonlinear, it remains nonhysteretic until the peak
applied field reaches the effective lower critical field of the
film Beff

c1 around IFC,pk ≈ 2.3 mA, at which point a single
vortex-antivortex pair is induced in the film during each half
of the AC cycle.

Figure 5(b) shows the flux through the pickup loop as
a function of the instantaneous field coil current over one
AC cycle, which is analogous to a traditional magnetization-
field (M-H) curve [8]. The plot consists of many branches,
corresponding to different configurations of vortices N =
(NV, NaV) near the SQUID field coil, where NV is the num-
ber of vortices and NaV is the number of antivortices. The
central N = (0, 0) branch intersects the origin, and the slope
of this branch at the origin, ∂�PL/∂IFC|IFC=0, is the quantity
measured in a linear SQUID susceptometry measurement.

Figures 5(c) and 5(d) show the simulated complex mag-
netic response M = M ′ + iM ′′ as a function of IFC,pk (black
curves) and the corresponding measurement at T = 9.37 K
(blue curves). Each step in M as a function of IFC,pk corre-
sponds to a different time-dependent vortex configuration N ,
driven by a competition between the vortex-(anti)vortex inter-
action and the vortex-field coil interaction that tends to pull
vortices toward the center of the field coil and push antivor-
tices away from the center of the field coil. The magnitude
of the order parameter |ψ (r)| at the peak of the AC cycle for
selected values of IFC,pk is shown in Fig. 5(e).

As IFC,pk is increased from zero, the first three transi-
tions are N = (0, 0) → (1, 0) → (2, 0) → (3, 0), where NaV

remains zero as the antivortices are pushed far away from the
field coil and exit the film. At larger applied fields, the number
of vortices beneath the field coil NV increases, creating a
potential well that traps a ring of 0 < NaV < NV antivortices
just outside the footprint of the field coil. Antivortices that are
trapped in this potential well near the peak of the AC cycle
[columns 4–9 of Fig. 5(e)] annihilate with vortices trapped
beneath the field coil when the applied field is reduced later in
the AC cycle. Note that the steps in M do not necessarily cor-
respond to changes in the net number of vortices (NV − NaV)
near the SQUID at the peak of the AC cycle.

Figure 5(f) shows hysteresis loops, �PL vs IFC, for the same
values of IFC,pk shown in Fig. 5(e). Throughout the AC cycle
for a given IFC,pk, the system transitions between branches in
Fig. 5(b), tracing out a hysteresis loop whose area is related to
the energy dissipated in the film per cycle (i.e., the work done
on the film by the lock-in amplifier) [6]. Loops that stay on
the central N = (0, 0) branch in Fig. 5(b) have zero area and
are dissipationless.

The model does not explicitly include any pinning cen-
ters (e.g., small defects in the film). However, within the
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(a) (b)

(c)

(e)

(f)

(d)

FIG. 5. Simulated complex magnetic response as a function of applied AC field strength. Simulated time-dependent flux through the
SQUID pickup loop �PL(ωt ) due to Meissner currents in the Nb film over one AC cycle, plotted as a function of (a) dimensionless time ωt
and (b) SQUID field coil current IFC(ωt ) = IFC,pk cos(ωt ). To allow any hysteresis to accumulate, data from the first half cycle (0 � ωt < π )
is discarded. The normalized field coil current IFC(ωt )/IFC,pk is shown in gray in (a). For clarity, we show only every fifth value of IFC,pk in
(a). The branches in (b) correspond to different configurations of vortices near the SQUID field coil. For a given value of IFC,pk, the system
transitions between branches throughout the AC cycle, tracing out a hysteresis loop as shown in (f). (c) Real part and (d) imaginary part of
the complex magnetic response M = M ′ + iM ′′ as a function of IFC,pk. The measurement at T = 9.37 K is shown in blue and the simulation
results are shown in black. (e) Magnitude of the order parameter |ψ (r)| at the peak of the AC cycle for selected values of the peak field coil
current IFC,pk, indicated by the colored bars in (c) and (d). (f) Hysteresis loops, �PL vs IFC, for the selected values of IFC,pk indicated by the
colored bars in (c) and (d). As in Fig. 4, the simulation parameters are ξ = 0.9 µm, λ = 1.35 µm, and z0 = 0.5 µm.

framework outlined in Sec. II A, a vortex leaving the film as
shown in Fig. 4 is essentially a form of pinning. In the mea-
surement, once the antivortex is pushed far from the field coil,
it could leave the film as in the simulation (surface pinning),
or become strongly pinned on a defect or annihilate with a
vortex pinned elsewhere in the film (bulk pinning). In any of
these cases, the antivortex is “lost” from the measurement, as
it will never return to the vicinity of the SQUID or annihilate
with its corresponding vortex.

Once the antivortex is lost due to any of these pinning
scenarios, the vortex is trapped below the field coil by the
supercurrent screening the applied field. It will remain trapped
(metastably) even when the applied field is reduced be-
low Beff

c1 , leading to hysteresis in the film’s AC magnetic
response. This process, whereby one half of an induced
vortex-antivortex pair is effectively lost from the measure-
ment, is the origin of the steplike nonlinear magnetic response
shown in Fig. 3.

C. Magnetic response near lithographically defined defects

We also imaged the local AC susceptibility near a litho-
graphically defined defect in the film, a 2 µm wide slot, by
raster scanning the SQUID in a plane parallel to and a few
hundred nm above the Nb film. The drive frequency of the
field coil was again fixed at ω/2π = 500 Hz with an ampli-
tude of IFC,pk = 4 mA.

Figure 6 shows susceptibility scans at a series of tem-
peratures near Tc. At the lowest temperature, the signal
is dominated by the superfluid response, as indicated by
a strongly negative and spatially uniform M ′ outside the
slot [Fig. 6(a)] and nearly zero dissipative (M ′′) response
[Fig. 6(f)]. As the temperature is increased toward Tc, the
superfluid response decreases toward zero [Figs. 6(b)–6(e)]
while a nonzero dissipative response nucleates near the edge
of the slot and expands outward with increasing temperature
[Figs. 6(g)–6(j)].
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FIG. 6. Measured spatial maps of vortex dissipation near a lithographically defined slot. (a)–(e) Scans of the measured in-phase and
(f)–(j) out-of-phase components of the complex AC susceptibility M = M ′ + iM ′′ near a 2 µm wide slot at a series of temperatures close
to Tc. At the lowest temperature (T = 9.25 K), the AC susceptibility outside the slot is dominated by the superfluid response indicated by
the strongly negative M ′ (a) and the nearly zero dissipative component M ′′ (f). At higher temperatures, inhomogeneity in M ′ appears around
the slot accompanied by nonzero M ′′ due to vortex dynamics induced by the local applied AC field. The SQUID susceptometer is drawn to
scale in (a), and the scale bar in (a) applies to all panels. The dotted white line in (a) shows the dimensions and approximate location of
the slot.

The distinctive spatial dependence of M in Fig. 6 can be
understood by considering that the surface energy barrier is
lower than the barrier to generate a vortex-antivortex pair in
the bulk. Thus, for a given field coil current, dissipation due
to induced vortex dynamics occurs at a lower temperature
when the field coil is near the edge of the slot. Given the rapid
decrease in ξ (T ) with decreasing temperature near Tc and the
technical requirement that granularity of the finite-element
mesh used to solve the TDGL model be small compared to
ξ (T ), it is not computationally practical to use the methods
described above to model the temperature dependence of M as
a function of position near the slot. Furthermore, treating the
film as 2D and neglecting the induced vector potential both
become worse approximations at lower temperature. Instead,

to qualitatively investigate the spatial dependence of the mag-
netic response, we model the system at a fixed temperature
(i.e., fixed values of ξ and λ) and vary IFC,pk as a proxy for
varying the temperature.

Figure 7 shows a TDGL simulation of the steady-state
response of a superconducting film (with the same material
parameters as in Figs. 4 and 5) to a DC current of IFC =
1.1 mA in the field coil as the SQUID is scanned across the
top of a 2 µm wide slot in the film. Although this value of IFC

is less than half the value of IFC,pk at which vortex dynamics
begin to occur far from the film edge (Fig. 5), a vortex is
induced in the film when the field coil is near the corners of
the slot, where the surface energy barrier is reduced due to
geometrical current crowding [47]. In contrast to Figs. 4 and 5,

FIG. 7. Simulation of vortex nucleation near a slot. The steady-state values of the magnitude of the order parameter |ψ | [(a)–(f)] and the
sheet current density |K| [(g)–(l)] are shown as a function of the relative position between the slot and the SQUID susceptometer. For this DC
simulation, the parameters are IFC = 1.1 mA, ξ = 0.9 µm, λ = 1.35 µm, and z0 = 0.5 µm. For this value of IFC, as the SQUID is scanned over
the top edge of the slot, vortices are induced when the SQUID is near the corners of the slot, but not when the SQUID is near the center of the
top edge. This result is consistent with Figs. 6(b) and 6(g), where the dissipative signal first appears near the corners of the slot. As in Figs. 4
and 5, the modeled domain is a square with side length Lfilm = 30 µm centered at the center of the field coil, but for clarity only the central
20 µm × 20 µm are shown. The slot is modeled with a width of 2 µm and corners rounded with a radius of 0.1 µm. Each column corresponds
to a different slot position relative to the SQUID.
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FIG. 8. Measured [(a)–(f)] and simulated [(g)–(l)] vortex dynamics near a lithographically defined defect. (a), (d) Measured in-phase
magnetic response M ′ near the slot at T = 9.25 K, with IFC,pk = 4 mA. The dashed black line in (a) indicates the location of line cut near the
top of the slot for which M ′ and M ′′ are shown as a function of temperature in (b) and (c), respectively. The dashed black line in (d) indicates
the location of line cut several microns below the top of the slot for which M ′ and M ′′ are shown as a function of temperature in (e) and (f),
respectively. (g)–(l) Simulated complex magnetic response as a function the relative position between the SQUID and the slot, which are drawn
to scale in (g) and (j). The dashed black line in (g) indicates the location of the line cut near the top of the slot for which M ′ and M ′′ are shown
as a function of IFC,pk in (h) and (i), respectively. The dashed black line in (j) indicates the location of the line cut several microns below the
top of the slot for which M ′ and M ′′ are shown as a function of IFC,pk in (k) and (l), respectively. The parameters of the TDGL simulation are
ξ = 0.9 µm, λ = 1.35 µm, and z0 = 0.5 µm.

the vortices in Fig. 7 nucleate at the superconductor-insulator
interface at the boundary of the slot and do not require a
corresponding antivortex to be induced in the film. This result
is consistent with the measurement shown in Fig. 6, where
at T = 9.29 K a dissipative magnetic response first appears
when the SQUID is near the corners of the slot [Figs. 6(b)
and 6(g)].

Figure 8 shows line cuts of the measured M(T ) [Figs. 8(a)–
8(f)] and simulated M(IFC,pk ) [Figs. 8(g)–8(l)] across the
slot. The simulations qualitatively capture the spatial depen-
dence of the dissipationless magnetic response [T = 9.25 K
in (b)–(f) and IFC,pk = 1.0 mA in (h)–(l)] and the hysteretic
response due to vortex dynamics [T > 9.25 K in (b)–(f) and
IFC,pk > 1.0 mA in (h)–(l)]. When the SQUID is near the
top of the slot, the magnetic response is roughly symmetric
about the center of the slot. Vortex dynamics first begin to
occur near the corners of the slot, with the spatial extent of
the dissipative response widening with both increasing tem-
perature and increasing AC field strength. When the SQUID
is below the top of the slot, the magnetic response is asym-
metric about the center of the slot due to the geometry of
the SQUID, and vortex dynamics begin to occur at a slightly
higher temperature and higher AC field strength than when the
SQUID is near the top of the slot. The measured M(T ) shows

broadened features compared to the simulated M(IFC,pk ),
likely due to thermal fluctuations or other stochastic effects.
Although the comparison shown in Fig. 8 is only qualitative
due to the technical limitations described above, measure-
ments of M(T ) in mesoscopic thin film superconductors
would be more amenable to more quantitative modeling,
which could allow for self-consistent estimation of the tem-
perature dependence of ξ , λ, and the vortex unbinding and
surface free energy barriers.

IV. DISCUSSION

In this section, we discuss our results as they relate to
previous theoretical, computational, and experimental studies
of local induced vortex dynamics in thin films. Lemberger
et al. developed a theory for the lower critical field of a
large thin film where the magnetic field is applied by a small
coil or point dipole at the center of the film [48,49]. They
calculated the applied magnetic field at which a state with a
single vortex-antivortex pair in the film has a lower free energy
than a vortex-free state (that is, the thermodynamic critical
field for a dipole-like source, Bd

c ) [48]. They also calculated
the maximum applied field for which a metastable vortex-free
state exists, Bcrit

0 > Bd
c , which is the applied field above which
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vortices must be present in the film [49]. The thermodynamic
critical field in the strong screening limit for a point dipole
field source was found to be

Bd
c =

√
2

ρ0

�0

2π�
ln

(
2�

ξ

)
, (5)

where � = λ2/d and ρ0 is the radial distance from the
field source at which the applied field changes sign [50].
An approximation for Bcrit

0 , again for a point dipole field
source, which applies for both strong and weak screening, is
given by

Bcrit
0 ≈ �0

2πξ

(
3
√

6

ρ0
+ 1

2�

)
. (6)

Due to the free energy barrier for generating a vortex-
antivortex pair, Bd

c is much smaller than the applied field at
which vortices actually begin to appear. These values there-
fore provide bounds on the applied field Bd

c < Beff
c1 < Bcrit

0 at
which a vortex-antivortex pair will be induced in the film,
with the actual value of Beff

c1 being determined by the size of
the vortex-antivortex unbinding barrier relative to the thermal
energy kBT . In the case of an infinite film, the lowest-energy
vortex-bearing state was found to consist of a vortex near the
field source and an antivortex far (but not infinitely far) from
the field source [48].

In our case, the magnetic field source is a small, asymmet-
ric field coil rather than a point dipole, and the maximum
value of the applied field for a given field coil current is
Bmax ≈ 0.16 mT/mA × IFC, and the applied field changes
sign roughly at a distance ρ0 ≈ 3 µm from the center of
the field coil. Using the same parameters as in the TDGL
simulations above, λ = 1.35 µm and ξ = 0.9 µm, we have
Bd

c ≈ 0.05 mT and Bcrit
0 ≈ 0.9 mT, whereas the first vortex-

antivortex pair appears in our measurements and TDGL
simulations at roughly an applied field of 0.16 mT/mA ×
2.3 mA ≈ 0.37 mT. Thus, the bounds provided by Eqs. (5)
and (6) are rather loose.

The depairing critical current density Jc is the maxi-
mum dissipationless current density that a superconductor
can stably support within Ginzburg-Landau theory, under the
assumption that the superfluid density |�|2 and supercur-
rent density Js are spatially uniform [51]. In SI units, Jc is
given by

Jc =
(

2

3

)3/2 Bc

μ0λ
= 1

3
√

3

�0

μ0πξλ2
, (7)

where Bc = �0/(2
√

2πξλ) is the thermodynamic critical
field assuming a uniform applied field. For the parame-
ters used in our TDGL simulation, this yields a depairing
sheet current density of Jcd ≈ 12.3 µA/µm. For the largest
vortex-free DC field coil current in our simulation, IFC,pk =
2.265 mA, the maximum sheet current density in the film was
|K|max = 14.1 µA/µm. There are two reasons that the simu-
lated |K|max may exceed the depairing sheet current density
Jcd . First, in the simulation we have neglected the induced
vector potential due to Meissner currents in the film. For a
given value of the applied vector potential, this approxima-
tion will lead to a slightly different value of the Meissner

supercurrent density than a fully self-consistent solution that
takes the induced vector potential into account. Rerunning the
simulation at IFC,pk = 2.265 mA with the induced vector po-
tential included (which is computationally much more costly),
we find |K|max = 14.3 µA/µm, indicating that neglecting
screening is not a large source of error in this case. Second,
Jc is derived assuming a spatially uniform superfluid density
and supercurrent density [51], whereas both |�|2 and Js are
inhomogeneous for a local applied field just below the effec-
tive lower critical field. Nonetheless, our results suggest that
the condition |K|max ≈ Jcd provides a reasonable estimate for
the maximum vortex-free sheet supercurrent density in thin
films with a local magnetic field source, despite the highly
inhomogeneous supercurrent distribution.

In transport measurements of thin-film type-II supercon-
ductors, especially those that are narrow transverse to the
direction of current flow such as superconducting nanowire
single-photon detectors (SNSPDs), it is thought that finite
resistance due to vortex motion first occurs when the su-
percurrent density at the edge exceeds the depairing current
density Jc, causing vortices to nucleate at the edge and then
travel into the bulk [52]. This process is likely dominated by
defects at the edge [24,53,54] or geometrical current crowding
[19,47,55–60] (for example at sharp corners), both of which
lead to an inhomogeneous supercurrent distribution at the film
edge. The result is that the measured spatially averaged criti-
cal current density Ic/(wd ) (where Ic is the transport critical
current, w is the film width, and d is the film thickness) is far
below the depairing current density. The same considerations
apply to magnetic measurements where the field applied at
the edge is nonvanishing, as demonstrated in Figs. 7 and 8.
Measuring the point at which a locally applied field generates
a vortex-antivortex pair far from the edge, as we have done
here, can provide a more direct probe of the intrinsic depairing
current density.

Our measurements are consistent with a scenario where,
once antivortices have been generated, they can be pushed tens
of microns away from the field coil without becoming pinned
on defects within the sensing area of the SQUID (i.e., the area
where the Meissner current due to the field coil is nonvan-
ishing) before exiting the film or becoming pinned far from
the SQUID. This is in contrast to an earlier computational
study of vortex dynamics in AC susceptibility measurements
[31] in which a uniform density of strong pinning defects
was assumed. SQUID susceptometry measurements of films
with a higher density of pinning centers would likely show
somewhat different nonlinear behavior, particularly if induced
vortices had a large probability of becoming pinned within
the sensing area of the SQUID. Gardner et al. [61] generated
vortex-antivortex pairs in a cuprate thin film using a DC
current in the field coil of a scanning SQUID susceptometer.
In Ref. [61], the vortex-antivortex pairs were pinned close to
the field coil after being generated, and these pinned vortices
were subsequently imaged directly using the scanning SQUID
sensor.

Previous scanning SQUID susceptometry measurements
of a niobium film near its critical temperature showed
telegraph-like fluctuations of the complex AC susceptibility
as a function of time, with the magnitude of the fluctuations
being consistent with a single flux quantum appearing
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or disappearing near the sensor [62]. Scanning SQUID
measurements performed on NbTiN films near the
thickness-tuned superconductor-to-insulator transition
showed similar telegraph-like fluctuations near “puddles”
where the superfluid density or critical temperature was
locally suppressed [63]. While the field coil current
amplitude dependence of the fluctuations was not discussed in
Refs. [62,63], these previous measurements can be viewed as
a stochastic version of the present work, where the peak of the
applied AC field is below the effective lower critical field and
the vortex unbinding energy barrier is overcome at random
by thermal fluctuations. Other methods for controllably
generating vortex-antivortex pairs in superconducting thin
films include locally heating the film while driving a transport
current [64] and coupling the film to a ferromagnetic structure
[65,66].

Trapped vortices are a known source of energy loss in
superconducting qubits and resonators [27,67–69]. In many
cases, the effects of vortex trapping due to ambient magnetic
fields can be mitigated by magnetic shielding and/or design-
ing devices to exclude or strongly pin vortices [67,70,71].
Vortices can also be induced in superconducting circuits by
pulsed control fields [68], for example, those delivered by
on-chip flux bias lines in frequency-tunable superconduct-
ing qubits. As feature sizes become smaller in the quest
to miniaturize superconducting qubits, classical supercon-
ducting logic circuits, and related devices, induced vortices
will likely become an even more important factor in de-
vice performance. The numerical methods described here
can be used to optimize the design of features such as
on-chip flux bias lines to mitigate vortex related effects.
Understanding vortex nucleation and motion in mesoscopic
superconductors subject to nonuniform magnetic fields is
also likely to be critical in interpreting measurements of
emerging superconductor-semiconductor-ferromagnetic insu-
lator hybrid systems [72–74].

V. CONCLUSION

In this work, we have experimentally and computationally
studied the dynamics of vortices in low-frequency AC sus-
ceptibility measurements of thin film superconductors where
the field coil and pickup loop are of comparable size to
the Ginzburg-Landau coherence length. The measurements
reveal discrete steps in the complex magnetic response as
a function of the strength of the applied AC field. Time-
dependent Ginzburg-Landau simulations allow us to identify
the dynamic behavior of a small number of induced vortex-
antivortex pairs responsible for these steps.

In future work, it would be preferable to measure films
that are two-dimensional at all temperatures [i.e., films with
thickness d < ξ (0), λ(0) to better satisfy the assumptions
of the modeling], and to investigate more systematically
the dependence of the induced vortex dynamics on the
size/geometry of the superconductor and pinning centers. The
TDGL model employed here (Appendix C and Ref. [20])
allows for modeling pinning centers of various geometries
in the form of holes or regions of reduced or vanishing Tc,
which could be engineered, for example, by ion irradiation
[75,76] or by depositing superconducting islands on 2D nor-

mal metal or semiconducting substrates [42,77–82]. Arrays
of such islands are model systems for exploring the physics
of the superconductor-to-insulator quantum phase transition
[78–80,83].

Studying local induced vortex dynamics at higher fre-
quencies, where the quasistatic approximation breaks down,
would open up two new avenues for investigation. First, if
we neglect viscous losses, the energy dissipated per AC cycle
is frequency-independent, but the energy dissipated per unit
time (i.e., the average dissipated power) grows linearly with
frequency. At some point, self-heating due to vortex motion
will cause additional nonlinearity and thermal hysteresis in the
system. Second, at high enough frequencies, viscous flux flow
losses will become significant, making the vortex dynamics
strongly frequency-dependent [6]. Vortex motion at higher
frequencies is more relevant to superconducting quantum and
classical logic circuits, which typically operate in the GHz
range. One could also induce vortices with a DC current in
the field coil and probe their dynamics with a smaller super-
imposed AC excitation.

In summary, we have developed a predictive numerical
model of low-frequency vortex dynamics induced by scanning
SQUID susceptometry and applied the model to measure-
ments of the nonlinear, dissipative magnetic response of a
niobium film near its critical temperature. Our results high-
light the fact that the dynamics of vortices in AC susceptibility
measurements of thin films can be sensitive to finite-size
effects, even when the source of the applied field is much
smaller than the film being measured. While finite-size ef-
fects can impact the dynamics of vortices after they have
been generated, the process of inducing a vortex-antivortex
pair with a locally applied field far from the edge is not
sensitive to nonidealities of the edge. Our local approach
is therefore complementary to global AC susceptibility and
transport measurements, as it allows one to investigate and/or
minimize the impact of edge defects and spatial inhomo-
geneities in studies of vortex-related dissipation in thin film
superconductors. Local measurements also allow one to map
out dissipation due to vortex dynamics near defects and
interfaces. Insights provided by local magnetic response mea-
surements and detailed numerical modeling are relevant to
superconducting quantum circuits and sensors, and to studies
of the breakdown of superconductivity in low-dimensional
systems [83].

The scanning SQUID data, simulation results, simulation
code, and code used to generate the figures are available [84].
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APPENDIX A: EXPERIMENTAL DETAILS

The sample is attached to the top of a copper sample
stage using cryogenic grease. A resistive heater and cali-
brated silicon diode temperature sensor are attached to the
bottom side of the same copper stage to control the sam-
ple temperature. The niobium film is deposited on top of a
500 µm Si/SiO2 substrate, and is therefore separated from
the heater/thermometer by the copper sample stage, cryo-
genic grease, and thick insulating substrate, all of which
introduce some thermal impedance. As a result, there may
be a thermal gradient between the heater/thermometer and
the niobium film, such that the temperature recorded from
the thermometer is higher than the actual temperature of the
film. In particular, the top surface of the sample may be cooled
by residual helium-4 exchange gas in the sample volume, or
by mechanical contact with the SQUID susceptometer, which
is kept a few kelvins colder than the sample throughout the
measurement. The exact critical temperature of the film is not
relevant to our analysis of the vortex dynamics.

For the data presented in Figs. 2 and 3, we have subtracted
the sample-independent SQUID mutual inductance M∞ and
numerically corrected the lock-in amplifier phase. In prac-
tice, M∞, which we refer to as the “field coil imbalance,”
is nonzero due to minor lithographic imperfections in the
SQUID chip. The typical magnitude of the field coil imbal-
ance is a few percent of the mutual inductance of a single field
coil–pickup loop pair.

The value of M∞ depends weakly on the temperature of
the SQUID susceptometer. The susceptometer is thermally
isolated from the sample so that the sensor remains super-
conducting even when the sample is heated above its critical
temperature. However, the isolation is not perfect and the tem-
perature of the sensor does increase slightly when heating the
sample. This residual thermal coupling between the SQUID
and the sample is likely the origin of the weak increase in M ′′
with increasing sample temperature in Fig. 3(b).

To correct the lock-in amplifier phase starting with the raw
complex mutual inductance M0 = M ′

0 + iM ′′
0 , we fit M ′′

0 (T )
vs M ′

0(T ) measured with IFC,pk = 0.5 mA (black points in
Fig. 2) for 9 K � T � 9.3 K to a linear model, M ′′

0 = aM ′
0 +

b, calculate the angle α = arctan(a), and define a rotated
mutual inductance according to M1 = M0e−iα . This temper-
ature range is chosen because there is a large change in |M0|
over this range, but no significant nonlinearity or evidence of
vortex dynamics. After rotation, the out-of-phase component
Im(M1) is consistent with Gaussian noise over this temper-
ature range, indicating that the nonzero Im(M0) was indeed
due to an offset in the lock-in amplifier phase and not an
actual dissipative response. We then calculate M∞ by taking
the mean of M1(T ) for T � 9.4 K, which is well above Tc

where the sample has no magnetic response, and define M2 =
M1 − M∞ = M0e−iα − M∞, which is the quantity plotted in
the main text. The same values of α and M∞, found from the

IFC,pk = 0.5 mA data set, are applied to all curves shown in
Figs. 2 and 3, which were measured in the same cooldown.

The same process was applied for the data shown in Figs. 6
and 8, which were acquired in a different cooldown. The
phase offset α = arctan(a) was found by fitting the raw data
measured at T = 9.25 K pixel-wise to a linear model, M ′′

0 =
aM ′

0 + b, where again this data set was chosen because there
was no evidence of nonlinearity or dissipation [Fig. 6(a)]. M∞
was found by taking the mean of M over a scan measured
at T = 9.7 K, well above the film’s critical temperature. For
data from both cooldowns, the phase offset α is found to be
<0.01 radians.

APPENDIX B: LONDON-MAXWELL MODELING

Throughout the measurements, the niobium SQUID sus-
ceptometer is kept far below its critical temperature, and the
current through the field coil kept far below the critical current
of the field coil. In this regime, each layer of the multilayer
superconducting structure of the SQUID responds linearly and
nondissipatively to the applied field coil current, as described
by the second London equation,

H(r) = −λ2∇ × Js(r), (B1)

where H is the magnetic field in the superconductor and Js

is the supercurrent density. H is a sum of the applied mag-
netic field and the magnetic field due to Meissner screening
currents. If λ(T ) 
 d , where d is the film thickness, one can
rewrite Eq. (B1) in a two-dimensional form in terms of the
effective magnetic screening length �(T ) = λ2(T )/d and the
thickness-integrated sheet supercurrent density Ks = dJs:

H(r) = −�∇ × Ks(r), (B2)

where we assume that the layer lies parallel to the x-y plane
so that Ks has only x and y components, and only the z
component of H is relevant. Because the sheet supercurrent
density is divergenceless, ∇ · Ks = 0, we can define a scalar
“stream function” g(x, y) satisfying

Ks = −ẑ × ∇g = ∇ × (gẑ). (B3)

This allows us to represent Eq. (B2) as a Poisson equation
for g:

H(x, y) = �∇2g(x, y)ẑ. (B4)

We use the open-source Python package SuperScreen [16]
(version 0.8.1 [85]) to solve Eq. (B4) using the method in-
troduced in Ref. [15]. The method can be applied to 2D films
of any shape, including films with holes, and for any value of
the effective screening length, 0 � � < ∞.

To calculate the vector potential A(r) applied to the film
by the SQUID susceptometer [Fig. 1(d)], we define a model
containing the three niobium wiring layers of the SQUID
susceptometer [Figs. 1(a) and 1(b)]. We then simulate the
response of the entire structure to a current IFC flowing in
the field coil. The response of all three layers is found self-
consistently by iteratively updating the magnetic field applied
to each layer based on the Biot-Savart field from the supercur-
rent flowing in the other layers [16,86]. Once a self-consistent
solution has been found, we can evaluate the magnetic vector

224509-12



VORTEX DYNAMICS INDUCED BY SCANNING SQUID … PHYSICAL REVIEW B 107, 224509 (2023)

potential anywhere in space (in the Lorenz gauge):

A(r) =
∑

layers �

μ0

4π

∫
�

Ks,�(r′)
|r − r′| dx′dy′, (B5)

where Ks,� is the sheet supercurrent density in wiring layer
�, r′ = (x′, y′, z�) is the position inside the superconductor in
layer �, and z� is the vertical position of the layer. The results
of this calculation are shown in Fig. 1(d). The same multilayer
model of the SQUID [Figs. 1(a) and 1(b)] is used to evaluate
the flux through the pickup loop �PL due to the sheet current
density K flowing in the sample, which is calculated using
the TDGL model described in Appendix C. The three nio-
bium wiring layers of the SQUID have λ(TSQUID) ∼ d , where
TSQUID ≈ 5 K is the temperature of the SQUID during the
measurement, so they do not satisfy the condition λ(T ) 
 d .
Despite this limitation, this 2D London-Maxwell approach
has proven effective in modeling the magnetic response of our
SQUID susceptometers [16,34,86].

APPENDIX C: TIME-DEPENDENT GINZBURG-LANDAU
MODELING

To model the nucleation and dynamics of vortices in the
niobium film, we use a generalized time-dependent Ginzburg-
Landau approach introduced in Refs. [17,18]. The theory is an
extension of the time-dependent Ginzburg-Landau theory first
developed by Schmid [87] and Gor’kov [88]. The generalized
version includes the effect of inelastic electron-phonon scat-
tering, the strength of which is characterized by a parameter
γ = 2τE
0, where τE is the inelastic scattering time and 
0 is
the zero-field superconducting gap. This extension makes the
theory applicable to gapless superconductors (γ = 0) or dirty
gapped superconductors (γ > 0) where the inelastic diffusion
length is much smaller than the coherence length ξ [89]. γ

essentially characterizes the viscosity for vortex motion in the
superconductor [90], so one would expect γ to be relevant
to high-frequency viscous flux flow losses, but not to the
low-frequency pinning-related losses observed in this work.
For the simulations presented in the main text, we set γ = 1.

The model [17,18] boils down to a set of coupled partial
differential equations for the complex order parameter of the
condensate and the electric scalar potential. In dimensionless
units, the equations read

u√
1 + γ 2|ψ |2

(
∂

∂t
+ iμ + γ 2

2

∂|ψ |2
∂t

)
ψ

= (ε − |ψ |2)ψ + (∇ − iA)2ψ, (C1)

∇2μ = ∇ · Im[ψ∗(∇ − iA)ψ]

= ∇ · Js. (C2)

ψ (r, t ) = �(r, t )/|�0| is the normalized order parameter,
where �0 is the zero-field value of the order parameter. μ(r, t )
is the electric scalar potential, A is the magnetic vector poten-
tial in the superconductor, and Js is the supercurrent density.

The real-valued parameter ε(r) = Tc(r)/T − 1 ∈ [−1, 1] ad-
justs the local critical temperature of the film [82,91,92]. For
all simulations shown here, we fix ε(r) = 1. Setting ε(r) < 1
suppresses the critical temperature at position r, and extended
regions of ε(r) < 0 can be used to model large-scale metallic
pinning sites [91]. The constant u = π4/14ζ (3) ≈ 5.79 is the
ratio of relaxation times for the order parameter and the mag-
netic vector potential in dirty superconductors, where ζ (x) is
the Riemann zeta function [87,89,93]. Distance is measured in
units of the coherence length ξ = ξ (T ). The magnetic vector
potential A is measured in units of A0 = ξBc2, where Bc2 =
�0/(2πξ 2) is the upper critical field. The sheet supercurrent
density Ks = dJs and sheet normal current density Kn =
dJn = dσ∇μ are measured in units of K0 = 4ξBc2/(μ0�),
where σ is the normal state conductivity of the superconductor
and � = λ2/d is the effective screening length. The electric
potential μ is measured in units of V0 = 4ξ 2Bc2/(μ0σλ2), and
time is measured in units of τ0 = μ0σλ2.

The characteristic timescale τ0 = μ0σλ2 is the relaxation
time for the magnetic vector potential in the superconductor
(or, equivalently, for the current density). The constant u ≈
5.79 is the ratio of the relaxation times for the order parameter
(τ�) and the vector potential (τ0) in dirty superconductors
[87,89,93]. Both of these relaxation times, τ0 and τ� = uτ0,
are several orders of magnitude shorter than the measurement
timescale 2π/ω, justifying the “quasistatic approximation”
discussed in Sec. III B.

Isolating boundary conditions are enforced on
superconductor-vacuum or superconductor-insulator
interfaces (such as the film edge and the boundary of the
slot in Fig. 7), in the form of Neumann boundary conditions
for ψ and μ:

n̂ · (∇ − iA)ψ = 0, (C3a)

n̂ · ∇μ = 0, (C3b)

where n̂ is a unit vector normal to the interface.
We solve Eqs. (C1) and (C2) on a triangular mesh in

two dimensions using the open-source Python package pyT-
DGL [20]. The implementation of pyTDGL is based on
Refs. [19,94–96]. In the analysis presented above, we ne-
glect screening when solving the TDGL model, meaning
that we assume the magnetic vector potential in the film is
equal to the applied magnetic vector potential, neglecting
the induced vector potential due to currents flowing in the
film: A = Aapplied + Ainduced ≈ Aapplied. Here, Aapplied(r) is the
vector potential from the SQUID susceptometer field coil
[Fig. 1(c)]. This approximation is easily justified when the
effective screening length �(T ) = λ(T )2/d is large compared
to either the size of the film or the size of the magnetic source
(in our case, the SQUID field coil) [48,51]. The latter condi-
tion is approximately satisfied for the highest temperature at
which the simulation was performed, T = 9.37 K ≈ 0.998Tc,
but will be a source of error at lower temperatures, where
λ(T ) is shorter. It is in principle possible to include screening
using pyTDGL, but the added computational cost makes it
impractical for the simulations presented in this work.
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