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Exchange coupling in an interfacial context is crucial for spin-torque nano-oscillator (STNO) that consists of
a nonmagnetic spacer which is alloyed with a ferromagnetic material. Currently, investigations on the dynamics
of the free-layer magnetization and frequency enhancement in the STNO with bilinear coupling are still being
actively pursued. In this work, we investigate the dynamics of the STNO in the presence of bilinear coupling
but in the absence of an external magnetic field by analyzing the associated Landau-Lifshitz-Gilbert-Sloncewski
(LLGS) equation, and consequently the impact of the bilinear coupling on the dynamics of the magnetization of
the free layer is studied. It is observed that the frequency of the oscillations in the magnetization component along
the direction of the pinned layer polarization can be enhanced above 300 GHz by positive bilinear coupling and
up to around 30 GHz by negative bilinear coupling. We further reveal a transition from in-plane to out-of-plane
precession both for positive and negative bilinear couplings. We also analyze the switching of the magnetization
for different values of current and bilinear coupling. Our detailed investigations of STNO with bilinear coupling
aim at the possibilities of high-frequency devices by considering the applied current and bilinear coupling in the
absence of a magnetic field.
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I. INTRODUCTION

A spin-polarized electrical current can impart spin angu-
lar momentum in the ferromagnetic material, which can be
used to control the magnetization state of a magnetoresis-
tive device called spin-torque nano-oscillator (STNO) [1–13].
In particular, it is feasible to cause the oscillations or pre-
cession of the magnetization, which is relevant for tunable
microwave devices or to reverse the magnetization that is
essential for various magnetic memory systems [14]. In an
STNO, two ferromagnetic layers are separated by a thin non-
magnetic, but conductive layer called a spacer. Among the
two ferromagnetic layers, one is called the free layer, which is
comparatively thinner than the other which is the pinned layer.
In the free layer the direction of magnetization can change
while it is fixed in the pinned layer. Further, some studies
also ensure that the spacer layer can promote a high-interlayer
exchange coupling between its adjacent ferromagnetic lay-
ers [15]. The bottom and top layers of the two in-plane
magnetized ferromagnetic layers are exchange coupled via a
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction across
the thin nonmagnetic spacer, whose thickness is tuned to
produce an antiferromagnetic coupling in zero applied field
[15–19].

For instance, a nonmagnetic layer typically made of Ru
[20] introduces a RKKY exchange coupling between two
magnetic layers [20]. The spin direction of the ferromag-
netic layers can be parallel or antiparallel to each other
depending upon the thickness of the spacer layer in magnetic
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multilayer systems. This parallel or antiparallel orientation
of the ferromagnetic layers can be called collinear magneti-
zation configuration [20,21]. On the other hand, obtaining a
noncollinear magnetization configuration is possible due to
the competition between the interlayer coupling energy and
magnetic anisotropies of the coupled ferromagnetic layers for
some structures. Recently, Nunn et al. have reported that the
influence of the exchange coupling between two ferromag-
netic layers (Fe) coupled through a nonmagnetic interlayer
(Ru) is essential in controlling the magnetic layers’ function-
ality [22], and this has now been observed in various systems.
It has been explained theoretically by several different ap-
proaches [23–31].

Recent results [7,12,13,22,30,31] in this context show that
the presence of an exchange-coupling system plays a back-
bone in the emergence of many spintronic-based applications
such as magnetic field sensors, magnetic memory devices
[24,25], magnetic resistive random access memory (MRAM)
[26], and spin-torque nano-oscillators [1–3]. Based on the
nanoscale size and suitability for room-temperature operation,
spin-torque oscillators (STOs) provide exciting possibilities
for these applications. However, their adjustable range and
oscillation frequency are only from 100 MHz to 10 GHz
[27,28]. Recently, we investigated and reported that the fre-
quency of an STNO with bilinear and biquadratic couplings
can be enhanced above 300 GHz by the current [29]. Also,
Kurokawa et al. [30] have shown the oscillations of the
free-layer magnetization in the components along the per-
pendicular directions of the pinned layer polarization with
frequencies upto 576 GHz in the presence of bilinear and
biquadratic interlayer exchange couplings in STNOs, and also
with the free layer having low transition temperature for
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FIG. 1. Schematic illustration of Co/ReFe/Co trilayer.

the saturation magnetization. In their investigation they have
shown that the biquadratic coupling is essential for the high
frequency [30].

In this connection, this paper provides a detailed study on
Co|RuFe|Co STNO with bilinear interlayer exchange cou-
pling alone between the free and pinned ferromagnetic layers
and show the existence of oscillations of the free-layer magne-
tization in the components along the pinned layer polarization
with frequencies above 300 GHz with the free layer having
high transition temperature. This unaccompanied role of the
bilinear interlayer exchange coupling has been thoroughly
researched since it has been used in many spintronics de-
vices [31] and multilayer magnetic thin films. Depending on
the interfacial exchange coupling, both negative and positive
exchange couplings have been seen in ferromagnetic and
ferrimagnetic transition of metal and rare-earth alloy multi-
layer thin films [32,33] and the role of the bilinear coupling
coefficient is experimentally studied in Ref. [22]. However,
numerical and analytical studies on the bilinear coupling in
STNO without an external magnetic field that leads to mag-
netization oscillations have not been thoroughly studied in the
literature [34].

The paper is organized as follows. First, we formulate the
model and the governing Landau-Lifshitz-Gilbert-Sloncewski
(LLGS) equation of motion and effective magnetic field for
this study in Sec. II. The positive and negative bilinear
coupling dynamics and expression for minimum current for
oscillations are presented in Secs. III and IV, respectively.
Section V is devoted to the conclusion of this work.

II. MODEL

The schematic picture of an STNO considered for our
study, which consists of a free layer, a spacer layer, and a
pinned layer, is shown in Fig. 1. The magnetization of the free
layer is denoted as M = Msm, where Ms is the saturation of
the magnetization. While the magnitude of the magnetization
is fixed, its direction can change over time. The magnetization
of the pinned layer P = Msp is fixed for both magnitude and
direction. Here m and p are the unit vectors along M and P,
respectively. As shown in Fig. 1, the positive and negative
currents correspond to the flow of electrons from the free
layer to pinned layer and vice versa, respectively. The free
and pinned layers are considered to be made up of Co. The
spacer layer is a nonmagnetic conductive layer, constituting
an alloy of Ru and Fe. The magnetization dynamics described

by the LLGS equation that governs the motion of the unit
vector m is given as

dm
dt

= − γ m × Heff + αm × dm
dt

+ γ HS m × (m × p).

(1)

Here, γ and α are the gyromagnetic ratio and damping
parameter, respectively. The spin-torque strength is

HS = h̄ηI

2eMsV [1 + λm · p)]
, (2)

where h̄ is the reduced Planck’s constant [h̄(= h/2π )], I is
the current, e is the electron charge, and V is the volume
of the free layer, η and λ are the dimensionless parameters
determining magnitude and angular dependence of the
spin-transfer torque.

The effective magnetic field Heff is given by

Heff = Hani + Hdem + Hbil, (3)

where Hani and Hdem is the anisotropy and the demagneti-
zation field, respectively. The effective field also consists of
a bilinear coupling interaction Hbil of interlayer exchange
coupling between the free and reference layers, the details of
which are given below. Specifically, the various interactions
in (3) are given by

Hani = Hkmz ez, (4a)

Hdem = −4πMsmz ez, (4b)

Hbil = − J

dMs
ex. (4c)

Consequently, we have

Heff = (Hk − 4πMs)mz ez − J

dMs
ex. (5)

Here ex, ey, and ez are the respective unit vectors along
the positive x, y, and z directions. Hk is the magnetocrys-
talline anisotropy constant, J is the coefficient of the bilinear
coupling, Ms is the saturation magnetization, and d is the
thickness of the free layer. The energy density of the free
layer responsible for the effective field Heff = −∂E/∂ (Msm)
is given by

E = J

d
m.p − Ms

2
[Hk − 4πMs](m.ez )2. (6)

The pinned layer is considered to be polarized along pos-
itive x direction, i.e., p = ex. The material parameters are
adapted as Ms = 1210 emu/c.c., Hk = 3471 Oe, η = 0.54,
λ = η2, d = 2 nm, A = π × 60 × 60 nm2, V = Ad , α =
0.005, and γ = 17.64 Mrad/(Oe s). Since Hk < 4πMs, the
system exhibits easy-plane anisotropy for xy plane or hard-
axis anisotropy for z axis due to the resultant demagnetization
field −(4πMs − Hk )mz ez. It means that the magnetization
is always pulled towards the xy plane whenever it moves
away from the plane with the strength directly proportional
to mz. Therefore, before applying any current, to minimize
the energy [Eq. (6)], the magnetization of the free layer set-
tles at (−1, 0, 0) for positive bilinear coupling (J > 0) or
(1,0,0) for negative bilinear coupling (J < 0). This implies
that the system exhibits antiferromagnetic coupling for the

224434-2



HIGH-FREQUENCY OSCILLATIONS IN A SPIN-TORQUE … PHYSICAL REVIEW B 107, 224434 (2023)

-1

-0.5

 0

 0.5

 1

 0  2  4  6  8  10

my

mx

m
x
, 

m
y

t (ns)

-1

-0.5

 0

 0.5

 1

 0  2  4  6  8  10

my

mx

m
x
, 
m

y

t (ns)

(a) (b)

FIG. 2. (a) Time evolution of mx and my for (a) J = 0.756 mJ/m2

and (b) J = 0.352 mJ/m2.

positive bilinear coupling and ferromagnetic coupling for the
negative bilinear coupling between the free and pinned layers
[20]. It has been shown that the magnitude and sign of the
bilinear coupling coefficient can be experimentally tuned by
changing the concentration of Fe in the spacer layer made by
Ru100−xFex alloy [22] since the oscillations are observed when
I < 0 for the positive bilinear coupling and I > 0 for the neg-
ative bilinear coupling, and both the cases of the bilinear cou-
plings are investigated separately in the following sections.

III. DYNAMICS FOR THE POSITIVE
BILINEAR COUPLING

In the absence of current the equilibrium state of the unit
magnetization vector m for the positive bilinear coupling is

S1 = (−1, 0, 0) since the field due to the interaction Hbil acts
along the negative x direction. This is confirmed in Figs. 2(a)
and 2(b), where the time evolution of mx and my is plotted for
J = 0.756 and 0.352 mJ/m2, respectively, for different initial
conditions. In both Figs. 2(a) and 2(b), we can observe that the
magnetization finally reaches the state S1. These numerical
results coincide well with the experimental results obtained
by Nunn et al. [22], where the same system exhibits antipar-
allel configuration between the magnetizations of the free and
pinned layers for J = 0.756 and 0.352 mJ/m2 corresponding
to Ru32Fe68. When the current is applied, depending upon the
magnitude of the current, the system exhibits three different
dynamics for m. (i) When |I| < |Imin|, the unit magnetiza-
tion vector m stays in the state S1 where it was existing
already. (ii) When |Imin| < |I| < |Imax|, the vector m exhibits
continuous precession. (iii) When |I| > |Imax| the vector m
moves away from (−1, 0, 0) and settles into the state S2

(near (0,0,±1)) for small J (<2.8 mJ/m2) or settles into
the state S3 = (1, 0, 0) for large J (>2.8 mJ/m2). Hence the
states S1, S2, and S3 are associated with the currents when
|I| < |Imin|, |I| > |Imax| for J (>2.8 mJ/m2), and |I| > |Imax|
for J (<2.8 mJ/m2), respectively. The critical value of the
positive bilinear coupling strength Jc = 2.8 mJ/m2 is derived
in Eq. (10). Here, Imin and Imax are the minimum and maxi-
mum currents, respectively, between which oscillations can be
exhibited.
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FIG. 3. (a) Trajectory of m during t = 299–300 ns when I = −0.5 mA (red), −1 mA (blue), −1.5 mA (brown), −2.5 mA (black), −3.25
mA (magenta), and −4 mA (black point) for J = 0.4 mJ/m2. (b) Trajectory of m during t = 299–300 ns when I = −2 mA (red), −2.1 mA
(blue), −2.2 mA (black), −2.3 mA (magenta), −2.35 (orange), and −3 mA (black point) for J = 7 mJ/m2. (c) Time evolution of mx when
J = 0.4 mJ/m2 and I = −1.5 mA. (d) Time evolution of mx when J = 7 mJ/m2 and I = −2.3 mA.
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To confirm the precession of m, oscillations of mx and
tunability of the frequency by current, Eq. (1) is numerically
solved by adaptive step-size Runge-Kutta-4 method. The ini-
tial condition of m, for the numerical simulation, is randomly
chosen near the state S1. When a negative current is applied
with the magnitude |Imin| < |I| < |Imax|, the magnetization
which was in the S1 state moves away from it due to the
spin-transfer torque. This is due to the fact that the incoming
electrons in the free layer, which were spin polarized along the
positive x direction, always move the magnetization to align
with the positive x direction. Once the magnetization moves
away from the state S1 by spin-transfer torque (STT), contin-
uous precession is achieved due to the balance between the
damping (due to the effective field) and the STT. The trajecto-
ries of m (after transition and between t = 299 and 300 ns) in
continuous precession at different currents for a low value of
J(= 0.4 mJ/m2) and the time evolution of mx corresponding to
J = 0.4 mJ/m2 and I = −1.5 mA are plotted in Figs. 3(a) and
3(c), respectively. Similarly, the trajectories of m in the same
duration for a high value of J(= 7.0 mJ/m2) and the time evo-
lution of mx corresponding to J = 7 mJ/m2 and I = −2.3 mA
are plotted in Figs. 3(b) and 3(d), respectively. We can observe
from Fig. 3(a) that the trajectory corresponding to the current
I = −0.5 mA (red) exhibits in-plane precession around the x
axis due to the field from positive bilinear coupling. The direc-
tion of the precession is clockwise as seen from the positive x
axis. When the strength of the current is increased further to
I = −1 mA (blue), the trajectory of the magnetization slightly
transforms as shown in Fig. 3(a). It seems that the trajectory
has been folded along the negative x axis. The magnetization
gets close to the positive x axis when it reaches the xy plane.
This is due to the fact that the resultant demagnetization field
becomes weaker when the magnetization gets closer to the
xy plane. Therefore, the STT, which always moves the m
towards the positive x axis, becomes stronger and moves the
magnetization towards the positive x axis as much as possible.
Once the magnetization crosses the xy plane, the magneti-
zation moves away from the positive x axis. This is due to
the fact that the resultant demagnetization field rotates the
magnetization from negative to positive y axis in the northern
hemisphere and from positive to negative y axis in the south-
ern hemisphere. When the current is further increased to −1.5
mA (brown), the magnetization shows a transition from the in-
plane precession to out-of-plane precession around the z axis
as shown in Fig. 3(a). This is because an increase of current
increases the magnitude of the STT and consequently the pro-
jection of m in the xy plane crosses the positive x axis before
the m reaches the xy plane. Therefore, the bilinear exchange-
coupling field and the resultant demagnetization field along
with the STT precess the magnetization within the north-
ern hemisphere continuously. The out-of-plane precessions
may symmetrically take place in the southern or northern
hemisphere. Further increment in the current to −2.5 mA
(black) and −3.25 mA (magenta) makes the concentric tra-
jectories of m around the equilibrium magnetization state
where the m settles when |I| > |Imax|, with Imax = −3.4 mA
for J = 0.4 mJ/m2. The black point in Fig. 3(a) corresponds
to the equilibrium state at which the unit vector m set-
tles for I = −4 mA when J = 0.4 mJ/m2. This equilibrium
state can be identified as follows: The LLGS equation given

by Eq. (1) is transformed into spherical polar coordinates
using the transformation equations mx = sin θ cos φ, my =
sin θ sin φ, mz = cos θ as

dθ

dt
= γ

1 + α2

{
− J

dMs
(α cos θ cos φ − sin φ)

− α(Hk − 4πMs) sin θ cos θ

− HS0
(α sin φ + cos θ cos φ)

(1 + λ sin θ cos φ)

}
= P(θ, φ), (7)

dφ

dt
= γ csc θ

1 + α2

{
J

dMs
(cos θ cos φ + α sin φ)

+ (Hk − 4πMs) sin θ cos θ

+ HS0
(sin φ − α cos θ cos φ)

(1 + λ sin θ cos φ)

}
= Q(θ, φ). (8)

Here, θ and φ are the polar and azimuthal angles, respec-
tively, HS0 = h̄ηI/2eMsV . The equilibrium state is obtained
from the equations P(θ∗, φ∗) = 0 and Q(θ∗, φ∗) = 0, where
φ∗ is numerically observed as φ∗ ≈ 0. This leads us to derive
the relation

sin θ∗ = J/[dMs(4πMs − Hk )]. (9)

Therefore, the equilibrium state S2 for m when |I| > |Imax| is
given by S2 ≈ (sin θ∗, 0,± cos θ∗), where sin θ∗ is as given
above.

However, when the magnitude of the current is in-
creased much further than |Imax|, the equilibrium state will
slightly move away from the state S2 and if the magni-
tude of the current is extremely large (|I| � |Imax|), i.e.,
above ∼100 mA, then the magnetization will settle in the
state S3 = (1, 0, 0).

From Eq. (9), we can understand that the value of θ∗
becomes π/2 when J = dMs(4πMs − Hk ). It means that the
equilibrium state S2 of the magnetization moves towards the
state S3 = (1, 0, 0) as the strength of the positive bilinear
coupling J increases and reaches (1,0,0) when J → Jc, where

Jc = dMs(4πMs − Hk ) = 2.8 mJ/m2. (10)

Similarly, the magnetization precession for the high
strength of bilinear coupling (J = 7.0 mJ/m2) is also in-
vestigated by plotting the trajectories for the currents
I = −2 mA (red), −2.1 mA (blue), −2.2 mA (black),
−2.3 mA (magenta), −2.35 mA (orange), and −3 mA (black
point) in Fig. 3(b). Unlike the case of low bilinear coupling
as shown in Fig. 3(a), there is no transition from in-plane
to out-of-plane precession while increasing the magnitude of
the current and the magnetization exhibits in-plane precession
only around the x axis. This can be reasoned as follows:
When the strength of the bilinear coupling field is strong
due to large J (> 0), the STT and the resultant demagne-
tization field are dominated by this bilinear coupling field.
Therefore, the rotations due to the resultant demagnetiza-
tion field and the approach of the magnetization towards the
positive x axis due to the STT are not exhibited. When the
current is increased further, the trajectory moves from the
negative to positive x axis and settles into the equilibrium
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FIG. 4. (a) Frequency tunability by current for different values
of bilinear coupling J (given in mJ/m2) from 0.1 to 12 mJ/m2.
(b) Frequency against bilinear coupling for different values of
current I .

state S3 when |I| > |Imax|, where Imax = −2.35 mA for
J = 7.0 mJ/m2. The equilibrium state for the current −3 mA
is shown by the black point in Fig. 3(b).

To confirm the oscillations the time evolutions of the com-
ponent mx are plotted in Fig. 3(c) for J = 0.4 mJ/m2, I =
−1.5 mA, and in Fig. 3(d) for J = 7.0 mJ/m2, I = −2.3 mA.
The frequencies of the oscillations are 16 and 163 GHz, re-
spectively.

The frequencies of the oscillations of mx are plotted against
the current for different values of bilinear coupling strengths
(given in mJ/m2) from 0.1 mJ/m2 to 12 mJ/m2 in Fig. 4(a)
and against bilinear coupling for different values of current
in Fig. 4(b). From Fig. 4(a), we can understand that when the
bilinear coupling coefficient is low, the frequency decreases
up to some critical current Ic and then increases. This change
in the frequency from decrement to increment is attributed to
the transition of magnetization precession from the in-plane to
out-of-plane as discussed earlier with reference to Fig. 3(a).
In Fig. 4(a), the existence of Imin and Imax is evident, and
the range of current for the oscillations (|Imax| − |Imin|)
confirms the wide frequency tunability by the current. The
magnitude of Ic slightly decreases with the increase of J .
Also, we can observe that when J is large (� 2.9 mJ/m2)
the frequency decreases with the increase in the magnitude
of the current up to Imax and the Ic does not exist. This
is due to the nonexistence of out-of-plane precession, as
shown in Fig. 3(b). From Fig. 4(a) it is observed that the
tunability range (|Imax| − |Imin|) decreases and increases with
J when the strength of J is small and large, respectively. At a
given current, the frequency increases with the magnitude of
bilinear coupling. Also, it is confirmed that the frequency can
be enhanced up to 300 GHz for J = 12.0 mJ/m2 and even
above when J is increased further.
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FIG. 5. Frequency dependence on current and different ranges
of bilinear coupling coefficient. The open circles are the mini-
mum critical current Imax, for the onset of the oscillations, obtained
from Eq. (14). S1 = (−1, 0, 0), S2 = (sin θ∗, 0, ± cos θ∗), and
S3 = (1, 0, 0) are the equilibrium states.

Similarly, the frequency is plotted against J for different
values of the current in Fig. 4(b). Due to the nonexistence of
out-of-plane precession at large strengths of J , the discon-
tinuity appears in the frequency while increasing the value
of J as shown in Fig. 4(b). From Fig. 4(b) we can ob-
serve that the frequency almost linearly enhances with J .
The frequency range is around 30 and 300 GHz when the
values of J are small and large, respectively. The enlarge-
ment of frequency and switching time can be essentially
attributed to the large value of the bilinear coupling strength
J , which causes the system to behave more like a layered
antiferromagnet [35–39]. The large value of J in our system
is possibly due to the Nunn et al. recently proposed RuFe
spacer layer [22]. The current density corresponding to the
frequency 299.6 GHz when I = −3.35 mA can be obtained as
2.96×107 A/cm2 for the cross-sectional area A = π × 60 ×
60 nm2. Also, it is visible that the magnitude of the current
can increase the range of J for which the oscillations are
possible.

Figures 5(a) and 5(b) summarize the dependence of the
frequency on current and J while J is below and above
2.3 mJ/m2, respectively. The white color region is nonoscil-
latory region. From Figs. 5(a) and 5(b), we can see that the
magnitude of the current above which the oscillations occur
(|Imin|) linearly increases with J . The value Imin for J > 0 can
be derived as follows:

The nature of the stability of an equilibrium state which
is represented by polar coordinates can be identified from the
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following Jacobian matrix by using Eqs. (7) and (8):

J =

⎛
⎜⎝

dP
dθ

∣∣
(θ∗,φ∗ )

dP
dφ

∣∣∣
(θ∗,φ∗ )

dQ
dθ

∣∣
(θ∗,φ∗ )

dQ
dφ

∣∣∣
(θ∗,φ∗ )

⎞
⎟⎠. (11)

The equilibrium state (θ∗, φ∗) will be stable only when the
system is dissipative about it. It will be dissipative if and only
if the trace of the matrix J becomes negative,

Tr(J ) < 0. (12)

We knew that when |I| < |Imin
c | and J > 0 the magnetization

settles at S1, i.e., (π/2, π ) in polar coordinates. Therefore, a
specific set of values (θ∗, φ∗) = (π/2, π ) satisfies Eq. (12).
The trace of the matrix corresponding to (π/2, π ) is given by

Tr(J )|(θ∗,φ∗ ) = γ

1 + α2

[
− 2Jα

dMs
+ (Hk − 4πMs)α − 2HS0

1 + λ

]
.

(13)

The minimum critical current Imin (for J > 0), below which
the S1 is stable, can be derived from Eqs. (12) and (13) as

Imin = eAα(λ − 1)

dh̄η
[2J + (4πMs − Hk )dMs] (14)

and it has been plotted as open circles in Figs. 5(a) and 5(b),
which matches well with the numerical results and confirms
the validity of the numerical results. From Fig. 5(a) and 5(b)
we can observe that value of Imax decreases with J at lower
strengths of J and increases (almost linearly) with J at higher
strengths of it. Figure 5(b) evidences that the range of current
which exhibits oscillations increases with J while J is large. In
the case of positive current, the STT always moves the magne-
tization to be aligned with the negative x direction. Therefore,
the positive current does not move the magnetization from the
state (−1, 0, 0), where it existed already before the application
of the current, and therefore no precession is exhibited.

We can observe in Figs. 5(a) and 5(b) that the magnetiza-
tion settles into the equilibrium states S2 and S3, respectively,
when I > Imax. It indicates a transition from S2 to S3 while
increasing the strength of the positive bilinear coupling. As
discussed in Eq. (10), the transition occurs at J = 2.8 mJ/m2.

From Fig. 5(b), we can observe that when the magnitude of
the current is above the magnitude of Imax, the magnetization
will settle into the state S3 from S1 for the positive bilinear
coupling. This indicates the existence of current-induced mag-
netization switching from the negative to positive x direction.
The corresponding switchings of mx from −1 to +1 for dif-
ferent values of bilinear coupling when I = −2.5 mA and cur-
rent when J = 4.5 mJ/m2 are plotted in Figs. 6(a) and 6(b),
respectively. From Fig. 6(a) we can observe that the switching
times for J = 3.0, 4.5, and 6.0 mJ/m2 are 4.42, 6.01, and
9.42 ns, respectively. Hence, the switching time increases
with the magnitude of the positive bilinear coupling. On the
other hand, from Fig. 6(b) we can understand that the switch-
ing times for the currents I = −2.0, −2.5, and −3.0 mA
are 9.88, 6.01, and 3.892 ns, respectively. This implies that the
switching times reduce with the increase of the magnitude of
the current. The variation of the switching time against current
and the strength of the bilinear coupling for different values
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FIG. 6. Magnetization switching for different values of (a) J
when I = −2.5 mA and (b) I when J = 4.5 mJ/m2. Time to switch
from (−1, 0, 0) to (1,0,0) with respect to (c) current and (d) bilinear
coupling.

of J and I are plotted in Figs. 6(c) and 6(d), respectively.
Figures 6(c) and 6(d) confirm the decrement and increment
of the switching time with the increase in the magnitude
of current and positive bilinear coupling, respectively. Since
the field due to the positive bilinear coupling acts along the
negative x direction, the enhancement in the magnitude of
the negative current can quickly reverse the magnetization
from negative to positive x direction as shown in Fig. 6(c).
Similarly, when the strength of the positive bilinear coupling
increases, its corresponding field along the negative x di-
rection increases, and consequently the magnetization takes
much time to reverse from the negative to positive x direc-
tion by the application of negative current as confirmed in
Fig. 6(d). The above current-induced magnetization switching
has spin-torque magnetic random access memory applications
and is much more efficient than the field-induced switching.
The field-free switching may help produce magnetic memory
devices with low-power consumption and greater device den-
sity [40,41].

As observed from Fig. 5, when the current I is kept con-
stant and the strength of the positive bilinear coupling J is
increased, the magnetization reaches the equilibrium state
S2 via out-of-plane precession [see Fig. 3(a)]. When J is
increased further, the equilibrium state of the magnetization
S2 becomes (1,0,0) as J → Jc [see Eq. (10)]. After the mag-
netization reaches the state S3 it continues to settle there
without showing any oscillations until the further increase in
J is strong enough to move away the magnetization from the
state S3 against the STT due to the incoming spin-polarized
electrons. As observed in Figs. 4(b) and 5, the gap between
the offset of oscillations of m when reaching S2 and the onset
of oscillations when emanating from S3 increases with the
magnitude of the current. This is due to the fact that the
strength of the STT which tends to keep the magnetization
along the positive x direction increases with the magnitude of
current and consequently the strength of the bilinear coupling
is required to be high enough to regain the oscillations from
the equilibrium state S3.

224434-6



HIGH-FREQUENCY OSCILLATIONS IN A SPIN-TORQUE … PHYSICAL REVIEW B 107, 224434 (2023)

 0

 10

 20

 30

 0  10  20  30  40  50  60  70

 -0.1
 -0.2

 -0.3

 -0.4

 -0.5 -0.6

F
re

q
 (

G
H

z)

I (mA)

 5

 10

 15

 20

 25

 30

 0.5  1  1.5  2  2.5  3

 -0.1

 -0.3

 -0.5

 -0.7

 -0.9

 -1.1 -1.3 -1.5

F
re

q
 (

G
H

z)

I (mA)

 0

 7

 14

 21

 28

 35

-0.9-0.6-0.3 0

F
re

q
 (

G
H

z
)

J (mJ/m
2
)

5 mA
10 mA
15 mA

(a) (b)

(c) (d)

FIG. 7. (a), (b) Frequency tunability by current for different val-
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IV. DYNAMICS FOR THE NEGATIVE
BILINEAR COUPLING

In the presence of negative bilinear coupling the magne-
tization will initially be oriented at S3 since the field due
to the negative bilinear coupling Hbil acts along the positive
x direction. The magnetization continues to be settled at S3

until the current I is increased to Imin. The STT, due to
the positive current, will always move the magnetization to
be aligned with the negative x direction. When I > Imin, the
magnetization is moved away from S3, and the system shows
continuous precession for the vector m. The frequency of the
oscillations of mx is plotted against low values of current in
Fig. 7(a) and high values of current in Fig. 7(b) for different
values of the negative bilinear coupling (given in mJ/m2).
From Fig. 7(a), we can understand that similar to the case
of the positive bilinear coupling, the frequency decreases with
current up to a critical value Ic and then increases with current.
Similar to the previous case, this increment in frequency after
decrement is attributed to the transition from in-plane to out-
of-plane precession. This is verified by plotting the trajectories
of the vector m corresponding to I = 1 mA (red) and 2 mA
(blue) for J = −0.1 mJ/m2 in Fig. 7(c). Since the field, due to
negative bilinear coupling, acts along the positive x direction,
the magnetization trajectory corresponding to I = 1 mA (red)
has been folded along the positive x axis and exhibits in-plane
precession.

When the current increases to 2 mA (blue), the magne-
tization transforms from in-plane precession to out-of-plane
precession in the northern hemisphere. However, the out-of-
plane precession may also be symmetrically placed in the
southern hemisphere. The explanation behind this transition
is similar to those discussed in the case of positive bilinear
coupling. The out-of-plane precessions corresponding to the
currents I = 10 mA (brown), 20 mA (black), and 36 mA
(magenta) for J = −0.1 mJ/m2 also are plotted in Fig. 7(c).
From Fig. 7(a), we can understand that when the strength of

the negative bilinear coupling is relatively high, the frequency
shows only an increment with the current. This is because at
higher values of negative bilinear coupling, the unit magne-
tization vector m exhibits out-of-plane precession instead of
exhibiting any transition from in-plane to out-of-plane preces-
sion. In Fig. 7(b), the frequency is plotted up to large values
of current for different values of J . The frequency increases
with current and reaches its maximum. For small values of J ,
the frequency increases to its maximum and then decreases.
Figure 7(b) shows that there is a maximum current Imax above
which oscillations are not possible. For the currents above
Imax, the magnetization settles into S1 without showing any
precession.

In Fig. 7(b) we can observe the discontinuities for fre-
quencies near Imax up to J ≈ −0.4 mJ/m2, where the system
exhibits multistability, i.e., the magnetization may precess
continuously or settle at S1. It is confirmed in Fig. 7(c) by
precession for I = 36 mA (magenta) and equilibrium state
S1 for I = 37 mA (black point). In Fig. 7(b) it is observed
that the discontinuities in the frequencies have disappeared
above J = −0.4 mJ/m2. This is because the magnetization
does not settle at S1 below Imax. The magnetization exhibits
three different nature of equilibrium states for |J| >∼ 0.4 and
I > Imax. When the current is increased near above Imax, the
magnetization settles near poles at S2. When I is increased
further the unit vector m settles into S2 or S1. If the current is
increased further to extremely large values, the magnetization
settles into S1. The range of the current in which the oscilla-
tions are possible (Imax − Imin) also increases (decreases) with
|J| when |J| is small (large).

From Figs. 7(a) and 7(b), it is observed that the frequency
can be reached around 30 GHz by increasing the current and
the magnitude of the negative bilinear coupling. In Fig. 7(d),
the frequency is plotted against the negative bilinear coupling
for different values of the currents. It seems that the frequency
increases almost linearly with the increase in the magnitude of
negative bilinear coupling coefficient. Also, at a given J , the
frequency increases with the magnitude of the current.

The dependence of the frequency on the negative bilinear
coupling and current is plotted for the large values of current
in Fig. 8(a) and small values of current in Fig. 8(b). The white
background corresponds to the nonoscillatory region. From
Fig. 8(a) we can observe that the value of Imax increases up
to −0.33 mJ/m2 and then decreases abruptly. From the bright
green and red regions in Fig. 8(a) we can understand that the
frequency can be maintained constant while increasing the
current at fixed J . Also, it is clearly visible that the tunability
range of the frequency by current drastically reduces after
∼ − 0.3 mJ/m2. This is different from the case of positive
bilinear coupling where the ocillatory region (|Imax| − |Imin|)
can be expanded with the increase of J . For currents above
Imax, three different regions are identified for m as shown in
Fig. 8(a). The three different regions for equilibrium states
S1, S2, and S1/S2 for the current above Imax are indicated
in Fig. 8(a). To see the minute variation of frequency in the
low-current region, Fig. 8(b) is plotted for currents up to
3 mA. Figure 8(b) confirms the decrement and increment
in frequency with current when |J| < 1 mJ/m2. Also, the
frequency at a given current increases with the strength of the
negative bilinear coupling.
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The minimum current Imin for J < 0 is similarly derived
as in the previous case for positive bilinear coupling. When
I < Imin and J < 0, the state S3 becomes stable and the mag-
netization settles into S3, corresponding to (π/2, 0) in polar
coordinates. The trace of the matrix J corresponding to the
state (π/2, 0) is derived as

Tr(J )|(π/2,0) = γ

1 + α2

[
2Jα

dMs
+ (Hk − 4πMs)α + 2HS0

1 − λ

]
.

(15)

From the condition (12) and Eq. (15), we can derive the
minimum current (for J < 0) below which the equilibrium
state S3 is stable as

Imin = −eAα(1 + λ)

dh̄η
[2J + (Hk − 4πMs)dMs]. (16)

Equation (16) is plotted in Fig. 8(b) as open circles and
matches well with the numerical results. This confirms the
validity of the numerical results.

If the current is negative, the STT always moves the mag-
netization towards the positive x direction. Therefore, the
magnetization does not move from the state S3, where it was
already existing before applying the current, by the negative
current, and no precession is exhibited.

Similar to the case of positive bilinear coupling, magneti-
zation switching can also be identified for negative bilinear
coupling. As discussed in Fig. 8(a) when a current corre-
sponding to the region of equilibrium state S1 is applied the
magnetization will switch from S3 to S1. In Figs. 9(a) and
9(b) the component mx is plotted to confirm the switching
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FIG. 9. Magnetization switching (negative bilinear coupling) for
different values of (a) J when I = 33.5 mA and (b) I when
J = −0.05 mJ/m2. Time to switch from S1 to S3 with respect to
(c) current and (d) bilinear coupling.

from positive to negative x direction for different values of
J when I = 33.5 mA and for different values of I when J =
−0.05 mJ/m2, respectively. The variation of the switching
time against current and the coupling is plotted in Figs. 9(c)
and 9(d), respectively. From Figs. 9(a) and 9(c), we can un-
derstand that similar to the positive bilinear coupling, the
switching time decreases with the increase in the magnitude of
the current. Figure 9(d) confirms that there is no definite rela-
tionship between the switching time and the negative bilinear
coupling. The switching time variation against the magnitude
of the coupling is not smooth like in the case of positive
bilinear coupling.

V. CONCLUSION

In conclusion, we have investigated the dynamics of
Co|RuFe|Co STNO using the LLGS equation and identified
high-frequency oscillations in the magnetization of the free
layer due to the presence of bilinear coupling. The obtained
orientations of the magnetization of the free layer with that of
the pinned layer in the absence of current match well with
the experimental results. A transition in the precession of
the magnetization from in-plane precession to out-of-plane
precession while increasing the current is observed for both
positive and negative bilinear coupling cases. However, the
transition does not occur at higher strengths of the bilinear
coupling. Only an in-plane precession for the positive bilin-
ear coupling and an out-of-plane precession for the negative
bilinear coupling are exhibited. A wide range of frequency
tunability by the current is observed for both cases of bilinear
coupling. While the frequency is enhanced up to 30 GHz by
the negative bilinear coupling, the positive bilinear coupling
enhances the frequency up to and above 300 GHz. This high
frequency has been shown for the oscillations of the magne-
tization vector (free layer) along the pinned layer polarization
and with the free layer having high transition temperature
for the saturation magnetization. The range of the current in
which the frequency can be tuned increases with the strength
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of the positive bilinear coupling corresponding to the in-plane
precession.

Oscillations are exhibited for the positive (negative) bi-
linear coupling when the current is applied in the negative
(positive) direction. Also, oscillations are possible only when
the current is between Imin and Imax. When |I| < |Imax|, the
magnetization settles into (−1, 0, 0) for J > 0 and (1,0,0) for
J < 0. If the strength of the positive bilinear coupling is large,
then the magnetization settles into (1,0,0) for all the magni-
tudes of the current above |Imax|. On the other hand, if the
strength is small, it settles near poles (S2) when |I| > |Imax| or
into (1,0,0) when |I| � |Imax|. If the bilinear coupling is neg-
ative, there are three regions corresponding to the equilibrium
states S2, S1 (or) S2, and S1 above Imax depending upon the
values of I and J . The magnetization switching induced by the
current alone is identified for both of the bilinear couplings. It
is observed that the switching time reduces with the increase
in the magnitude of the current for both cases of the bilinear
coupling.

We have also analyzed the expressions for the minimum
currents to achieve the oscillations for both the positive
and negative bilinear couplings. We have shown that they
match well with the numerically obtained results. We have

also proved that the bilinear coupling is sufficient for the
high-frequency oscillations among two interlayer exchange
couplings, namely, bilinear and biquadratic couplings. We
wish to point out that this study has been carried out
for the temperature T = 0 K. However, the free layer we
have considered is perpendicular magnetic anisotropic one
and this is normally robust against thermal noise [42]. We
believe that our detailed study on bilinear coupling can
be helpful in applications related to microwave generation
with high-frequency enhancement and magnetic memory
devices.
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