
PHYSICAL REVIEW B 107, 224404 (2023)

Vibronic collapse of ordered quadrupolar ice in the pyrochlore magnet Tb2+xTi2−xO7+y
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While the spin-liquid state in the frustrated pyrochlore Tb2+xTi2−xO7+y has been studied both experimentally
and theoretically for more than two decades, a definite description of this unconventional state still needs to be
achieved. Using synchrotron-based THz spectroscopy in combination with quantum numerical simulations, we
highlight a significant link between two features: the existence of a quadrupolar order following an ice rule and
the presence of strong magnetoelastic coupling in the form of hybridized Tb3+ crystal-field and phonon modes.
The magnitude of this so-called vibronic process, which involves quadrupolar degrees of freedom, is significantly
dependent on small off-stoichiometry x and favors all-in–all-out-like correlations between quadrupoles. This
mechanism competes with the long-range ordered quadrupolar ice, and for slightly different stoichiometry, is
able to destabilize it.
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I. INTRODUCTION

Quantum materials have attracted considerable interest
lately. A wide spectrum of exotic behaviors built upon mag-
netic dipolar degrees of freedom were already discovered
and are still foreseen. Among them, one finds those induced
through magnetic frustration such as quantum spin liquids
with fractional or anyonic excitations to quote but one exam-
ple [1,2]. Another emblematic geometric frustration-induced
state is the classical spin ice, as observed in Ho2Ti2O7 [3], be-
longing to the pyrochlore family R2M2O7, where the magnetic
rare-earth ions R3+ form a corner-sharing tetrahedra network
[4]. Spin ice correlations are characterized by the ice rule (two
spins pointing into and two out of each tetrahedron), which
can be destabilized towards an exotic ordered/disordered
fragmented state when additional competing all-in–all-out
correlations (all spins pointing into or out of each tetra-
hedron) are present [5–7]. A novel field of unconventional
behaviors induced by frustration has recently emerged, in-
volving multipolar degrees of freedom that come into play
once the angular momenta are larger than one half. A case in
point is provided by the rare-earth-based compounds [8], the
description of which sometimes requires Hamiltonians involv-
ing quadrupoles [9–11] or even multipoles of higher orders,
such as recently shown in Ce-, Pr-, or Nd-based pyrochlores
[12–19]. These multipoles are governed by the nature of the
magnetic ion as well as their local environment, the so-called
crystal field that lifts the degeneracy of their electronic levels.
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Extensions of theses degrees of freedom to composite hidden
order [20] were also considered that might be relevant to quite
different quantum materials such as high-temperature super-
conductors [21,22]. Here, we focus on quadrupolar degrees
of freedom and show how they play a crucial role in the ex-
otic and still enigmatic behavior of the pyrochlore compound
Tb2Ti2O7. First studies on Tb2Ti2O7 more than two decades
ago showed that no long-range magnetic order is stabilized
down to at least 70 mK [25,26]. The compound remains in an
intriguing spin-liquid state quite different from conventional
spin ices, although similarities have been observed [27,28].
While it was quickly noticed that the presence of a Tb3+

excited crystal-field level as low as � = 1.5 meV (12 cm−1)
[26,29–36] certainly has a central role in this exotic quantum
state [37,38], any tentative description of the fundamental
state failed to reproduce all experimental data [28,39–44].
In the past decade, two important steps were achieved al-
most simultaneously. On one hand, it was realized (based
on specific heat [23,24] and latter supported by elastic con-
stants [45] measurements), that Tb2+xTi2−xO7+y has a strong
sensitivity to a very low antisite Tb/Ti disorder. For the off-
stoichiometry parameter x � 0, it enters into a quadrupolar
long-range ordered phase below Tc ≈ 0.5 K [46–51]. On the
other hand, while no static distortion is observed [31,52–56],
extensive neutron scattering [57–61] and THz spectroscopy
measurements [62,63] have revealed the presence of several
magnetoelastic modes. In particular, it was shown that a so-
called vibronic process [64] develops below 50 K and mixes
the ground and first excited Tb3+ crystal-field doublets with
acoustic phonons [62]. A second vibron, visible below 200 K,
couples the first excited doublet with a silent optical phonon
mode [62].

In this paper, we used synchrotron-based THz spec-
troscopy to provide evidence for a competition between

2469-9950/2023/107(22)/224404(7) 224404-1 ©2023 American Physical Society

https://orcid.org/0000-0002-2626-400X
https://orcid.org/0000-0002-6350-4041
https://orcid.org/0000-0003-3625-4400
https://orcid.org/0000-0002-3047-1239
https://orcid.org/0000-0002-9308-1860
https://orcid.org/0000-0003-3112-0892
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.224404&domain=pdf&date_stamp=2023-06-08
https://doi.org/10.1103/PhysRevB.107.224404


Y. ALEXANIAN et al. PHYSICAL REVIEW B 107, 224404 (2023)

FIG. 1. Tb2+xTi2−xO7+y phase diagram as a function of the tem-
perature and the off-stoichiometry x deduced from this work and
from Refs. [23,24]. Quadrupolar all-in–all-out-like correlations are
favored by vibronic couplings for x � 0 while quadrupolar ice cor-
relations are promoted by multipolar interactions for x � 0 leading
to an ordered quadrupolar ice at low temperatures. Our two single
crystals C1 and C2 have been characterized by specific heat measure-
ments in the temperature range shown by the dashed lines. C2 orders
below 0.42 K (green star). The configuration of the four quadrupoles
on one tetrahedron in both regions is displayed.

the previously described vibronic processes and the low-
temperature quadrupolar order of Tb2+xTi2−xO7+y (see
Fig. 1). Our measurements reveal that the spin lattice cou-
plings are stronger when x < 0 than x > 0. We then show
that these couplings promote quadrupolar all-in–all-out-like
correlations (Q-AIAO), which compete with the quadrupolar
ice-like correlations (Q-Ice) that prevails for x � 0, where
an ordered quadrupolar ice is finally stabilized at very low
temperature. The spin-liquid state of Tb2+xTi2−xO7+y com-
pounds with x � 0 is therefore caused by a subtle equilibrium
between magnetic interactions and the competition between
these two types of quadrupolar correlations.

II. EXPERIMENTAL RESULTS AND DISCUSSION

A. THz measurements

High-resolution THz spectroscopy measurements were
performed at Synchrotron SOLEIL on the AILES beam-
line from 200 to 6 K in the 8–24 cm−1 range (resolution
0.2 cm−1) on a C2 crystal, previously used in a magneto-
optical study [63]. We measured two different plaquettes cut
out of this crystal, perpendicular to a 〈111〉 and 〈110〉 direction
of the cubic pyrochlore lattice (thickness 150 μm/170 μm,
diameter 1.7 mm/1.2 mm, respectively). The experimental
conditions were the same as the high-resolution THz study
previously done on another crystal C1 [62], whose results
are shown in the present paper to allow a direct comparison
between the two crystals. To determine their position in the
phase diagram as a function of the off-stoichiometry, they
were both characterized by specific heat measurements in
the temperature range 10–400 K owing to a physical prop-
erty measurement system (PPMS) with a 3He insert, using
the same samples. THz absorption spectra were calculated
solving Maxwell equations with the magnetic susceptibility
tensor deduced from eigenenergies and eigenvectors of the

FIG. 2. Tb2+xTi2−xO7+y specific heat as a function of temper-
ature for different off-stoichiometry x. Solid symbols: this study
for crystals C1 (yellow) and C2 (green). Open symbols: data from
Ref. [23]. The comparison of both data sets allows us to deduce that
x ≈ −0.0025 for C1 and x ≈ +0.0025 for C2.

Hamiltonian [63,65]. Absorption peaks were modeled by the
same pseudo-Voigt function 0.7L + 0.3G, where L and G are
Lorentzian and Gaussian functions with the same width at
half maximum chosen equal to 2.7 cm−1, in agreement with
the observed linewidth of Ref. [62] on the C1 sample. The
specific heat characterization for the two crystals is given
in Fig. 2 and, to evaluate their off-stoichiometry, compared
to measurements on samples with different x values from
Ref. [23]. A clear peak is visible for C2 at Tc = 0.42 K,
which yields x ≈ +0.0025. This peak reveals the onset of a
quadrupolar order. Quite differently, no peak is observed in
C1, confirming that this crystal, whose off-stoichiometry is
estimated to x ≈ −0.0025, presents a quadrupolar order but
remains in a spin-liquid state [28].

The THz spectroscopy results on crystal C2 are presented
in Fig. 3 for different temperatures, together with those pre-
viously obtained on crystal C1. In Figs. 3(a) and 3(b), the
reference spectrum is taken at 200 K. The broad absorption
peak, centered around 14 cm−1, is observed in both samples
and is assigned to the first Tb3+ crystal-field excited doublet.
Another smaller peak centered around 22 cm−1 is present
in the C1 spectra only, called P3 in Ref. [62], is experi-
mental evidence of the high-temperature vibronic process:
While coupling with the first crystal-field excited level, the
transverse optical phonon, initially infrared inactive, becomes
visible. Results on C2 reveal that P3 is absent, showing that
this magnetoelastic process seems not to take place.

To highlight the off-stoichiometry impact on the low-
temperature vibronic process, Figs. 3(c) and 3(d) show the
same spectra but with a 60 K reference, a significantly lower
temperature where the high-temperature vibronic process ob-
served in C1 becomes temperature independent. The previous
results for crystal C1 that are reproduced here show a fine
structure: Besides the central peak P1 at 13.8 cm−1, another
one, P2, is observed at 16.8 cm−1. Further analysis [62] shows
that a third peak, P0, is also present at 11 cm−1. These
three peaks were associated to a splitting of the ground and
first crystal-field excited doublets due to the low-temperature
vibronic process that involves acoustic phonons. Quite sur-
prisingly, for C2, we only observe one single peak. Note also
that spectra with different wave polarizations or wave vectors
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FIG. 3. Tb2+xTi2−xO7+y THz spectra as a function of temperature for crystal C1 (upper panels) and C2 (lower panels). These differential
absorptions are calculated by dividing the sample spectrum of interest by one at a higher temperature chosen to emphasize different processes:
(a), (b) with a high-temperature reference T ≈ 200 K, and (c), (d) with a low-temperature reference T ≈ 60 K. Calculations of the same
quantity with the low-temperature reference for a vibronic parameter (e) D = −0.38 meV and (f) D = −0.24 meV. The THz wave vector was
k ‖ [111] and its polarization e ‖ [01̄1], h ‖ [21̄1̄]. The measured and calculated positions of the P0–P3 peaks are shown by the arrows. In the
inset of (c), the splitting by the vibronic coupling of the two ground and first excited doublets is schematized.

are similar in C2 whereas they vary in C1 (see Supplemental
Material [66]). It is intriguing that the fine structure of C1
is not visible in C2, all the more so that the influence of
the low-temperature vibronic process was observed in the
magneto-optical study on this sample: It was a key ingredi-
ent to understand the magnetic field dependence of its THz
spectra, in particular the splitting of one of the field-induced
transition as reported in Ref. [63].

B. THz spectra calculations

To understand these evolutions of the THz spectra, numeri-
cal simulations have been carried out using the vibronic model
developed previously for crystal C1 [62,63]. Then the Hamil-
tonian of our simulations contains two parts: the crystal-field
Hamiltonian Ĥcf and the low-temperature vibronic coupling
one Ĥvib. Using the local threefold axis of each Tb3+ site
(point group symmetry D3d ) as the quantification z axis, they
can be written in the same form for the four Tb3+ ions at
the vertices of each tetrahedron that constitutes the pyrochlore
lattice. In this case, Ĥcf writes

Ĥcf = θ2λ
0
2B2

0Ô0
2 + θ4

(
λ0

4B4
0Ô0

4 + λ3
4B4

3Ô3
4

)

+ θ6
(
λ0

6B6
0Ô0

6 + λ3
6B6

3Ô3
6 + λ6

6B6
6Ô6

6

)
, (1)

where Ôq
k are Stevens operators, Bk

q are crystal-field param-
eters, θk are reduced matrix elements, and λ

q
k are numerical

coefficients (see Supplemental Material [66]). For Ĥvib, we
used the Hamiltonian first proposed by Thalmeier and Fulde
[67] and developed for Tb2Ti2O7 in Refs. [62,65], in its
simplest form with a single vibronic coupling parameter D,
assumed to be the only x-dependent parameter in our calcula-

tions:

Ĥvib = θ2λ
1
2D

(
Ô1

2 + Ô−1
2

)
. (2)

This effective Hamiltonian is identical to the one describ-
ing a static strain. More information can be found in the
Supplemental Material [66]. Due to this vibronic process,
both the ground and first excited doublets are almost equally
split producing three distinct energy levels E1–E3 [see inset
of Fig. 3(c)] obtained in the calculation by diagonalizing
Ĥcf + Ĥvib (results given in Table I). For C1, we find good
agreement between numerical simulations and experimen-
tal results with D = −0.38 meV [see Figs. 3(c) and 3(e)].
The calculated peak positions E2 − E1 = 10.9 cm−1 = P0,
E2 − E0 = 13.8 cm−1 ≈ P1, E3 − E1 = 13.9 cm−1 ≈ P1, and
E3 − E0 = 16.8 cm−1 = P2 are in remarkable agreement with
experimental ones, P0 = 11.0 cm−1, P1 = 13.8 cm−1, and
P2 = 16.8 cm−1. Furthermore, our calculations reproduce
qualitatively the experimental spectral shape with two clearly
visible peaks (P1 and P2) and another one only slightly vis-
ible P0. For C2, since no visible signature of the vibronic
process is seen, we used the magneto-optical measurements
of Ref. [63] (reproduced in the Supplemental Material [66])
to fix the vibronic parameter D = −0.24 meV. Using this

TABLE I. Calculated energies of the three first excited levels (in
cm−1/meV) of C1 and C2.

E1 E2 E3

C1 (D = −0.38 meV) 2.85/0.35 13.8/1.71 16.8/2.08
C2 (D = −0.24 meV) 1.83/0.23 13.6/1.69 15.5/1.92
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coupling, the C2 spectrum shape is also well reproduced
with one single broad excitation, as observed, embedding
the three nonresolved peaks at E2 − E1 = 11.8 cm−1 = P0,
E2 − E0 = 13.6 cm−1 ≈ P1, E3 − E1 = 13.7 cm−1 ≈ P1, and
E3 − E0 = 15.5 cm−1 = P2 [see Fig. 3(f)].

We note however that the experimental low-temperature
dependence is not well captured in our single parameter
model. This might be explained by the influence, below
10 K, of interactions between spins and quadrupole degrees
of freedom. Indeed, they are necessary for the onset of
quadrupole order below 0.5 K and are also required to un-
derstand the observed low-temperature magnetic correlations
[49–51]. Nevertheless, our THz observations as well as our
vibronic interpretation are rather compatible with published
data using optical spectroscopy [31,68] and inelastic neutron
scattering [23,49,60]. See details in the Supplemental Material
[66]. This being said, our model allows us to understand the
differences observed between both samples: The three peaks
P0, P1 and P2 are present in both cases and due to vibronic
processes but are not experimentally resolved for C2 because
of a lower vibronic coupling.

C. Pseudo spin approach for the x dependent phase diagram

To go beyond and study the implication of the x de-
pendence of the vibronic coupling on the ground state of
Tb2+xTi2−xO7+y, it is useful to adopt a pseudospin description
where the vibronic Hamiltonian acts as a perturbation on the
crystal-field ground state doublet. In this approach,

Ĥ(p.s.)
vib ∝ θ2λ

1
2D(σ̂ x − σ̂ y), (3)

where σ̂ x,y,z are Pauli matrices (see Supplemental Material
[66]). Note that for a non-Kramers ion as Tb3+, the longi-
tudinal (z) pseudospin component of the doublet is related to
the magnetic dipolar degree of freedom and can couple to a
magnetic field while the transverse (x, y) components repre-
sent electric quadrupoles degrees of freedom [12,69,70] that
are nonmagnetic. Since the vibronic Hamiltonian has the same
form for the four Tb3+ ions of a tetrahedron, it will favor an
orientation of the transverse components of all the Tb3+ ions
along the same local direction. This will result in planar fer-
ropseudospin also called Q-AIAO configurations, which may
eventually order at low temperature. On the other hand, it has
been shown that quadrupolar interactions between Tb3+ ions
favor a planar antiferropseudospin order [48,51], which corre-
sponds to an ordered ice of transverse pseudospin components
[15,71,72]. The corresponding Tb3+ electronic densities cal-
culated [73,74] for both Q-AIAO and Q-Ice configurations are
represented in Fig. 1 (see Supplemental Material [66]) with
distinct colors for the two different quadrupolar states. The
picture which emerges in Tb2+xTi2−xO7+y is thus the follow-
ing: While Tb-Tb interactions are strong enough to stabilize a
long-range ordered quadrupolar ice for x � 0, they compete
with the low-temperature vibronic process which promotes
all-in–all-out-like quadrupole correlations. As a consequence,
the long-range order is suppressed for x � 0, namely when
magnetoelastic couplings are sufficiently strong as observed
for crystal C1. For larger negative x values, with possibly even
stronger vibronic couplings, we then foresee the existence

of an ordered Q-AIAO phase that would be interesting to
investigate.

At this stage, it is interesting to point out possible effects of
disorder. First, random strains associated to defects caused by
the off-stoichiometry have not been considered. An approach
similar to the one developed in Ref. [75] would be interesting
to develop. The Hamiltonian may have the form of Eq. (2) (see
Supplemental Material), the D parameter no longer being uni-
form. Second, as in other non-Kramer pyrochlores [15,76,77],
disorder may produce competition between the quadrupolar
order and a quantum spin liquid [78]. Such a scenario cannot
apply to Tb2+xTi2−xO7+y since the splitting of the crystal-field
levels are weaker in crystal C1 presenting a quadrupolar state,
than in C2 with a spin-liquid state, in contradiction with the
phase diagram proposed in Ref. [79]. It is also worth noting
that in Tb2Ti2O7 the first excited doublet should also be taken
into account. However, it seems likely that it will not have
a significant impact on our interpretation. On one hand, as
Eq. (2) shows, the vibronic process will still favor the same
orientation of the quadrupoles on a whole tetrahedron. On
the second hand, it will probably only slightly modify the
phase boundaries and position of Tb2+xTi2−xO7+y in the phase
diagram since the energy of the first excited crystal-field level
is about an order of magnitude larger than the energy scale of
typical interactions in rare-earth pyrochlores [72]. One more
question we can address is the origin of the strong x de-
pendence of vibronic couplings. While a quantitative answer
is beyond the scope of this study, the very low value of x
for which changes occur suggests that this dependence has
a collective origin. One can therefore reasonably think that
vibronic processes might be strongly affected by local defects
recalling that a vibronic ground state actually results from
a hybridization between local degrees of freedom (crystal-
field excitations) and collective degrees of freedom (acoustic
phonons).

III. CONCLUSION

In summary, using high-resolution synchrotron-based THz
spectroscopy coupled with quantum calculations, we show
that vibronic processes, namely hybridizations between
crystal-field levels and phonons, are strongly affected by a
small change of stoichiometry x in Tb2+xTi2−xO7+y. Our
measurements reveal that the amplitude of these two pro-
cesses (one appearing below 200 K and one below 50 K) are
greater when x < 0 than x > 0. All spectra measured in two
different samples, at different temperatures, and with mag-
netic fields (results of Ref. [63]) are qualitatively reproduced
by our calculations which use a single, sample-dependent,
vibronic coupling parameter. We show that these vibronic
couplings affect the ground state in the sense that they pro-
mote quadrupolar correlations antagonistic to those resulting
from quadrupolar interactions and leading to an order at
very low temperature for x � 0. This quadrupolar order is
even destroyed for x � 0 when these vibronic couplings be-
come stronger, and the subtle admixture between magnetic
interactions and these two quadrupolar effects in competition
leaves a spin-liquid ground state. This scenario is not without
similarities with frustrated spin systems where correlations
of magnetic dipoles can compete producing unconventional
behaviors, in particular the destabilization of the spin ice state
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when spin ice and all-in–all-out correlations coexist [5]. In the
present case, the very rich behavior of Tb2+xTi2−xO7+y can be
interpreted on the basis of such a frustrating mechanism but
based on higher rank multipoles, opening the way to more
general cases of multipolar frustration, beyond the case of
pyrochlore materials [11,80].
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