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Light-driven transitions in quantum paraelectrics
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Motivated by recent experiments on pump-induced polar ordering in the quantum paraelectric SrTiO;, we
study a driven phonon system close to a second-order phase transition. Analyzing its classical dynamics, we find
that sufficiently strong driving leads to transitions into polar phases whose structures, determined by the light
polarization, are not all accessible in equilibrium. In addition, for certain intensity profiles, we demonstrate the
possibility of two-step transitions as a function of fluence. For even stronger field intensities, the possibility of
period-doubling and chaotic behavior is demonstrated. Finally we develop a generalized formalism that allows
us to consider quantum corrections to the classical dynamics in a systematic fashion. We predict a shift in the
critical pump fluence due to quantum fluctuations with a characteristic dependence on the fluence increase rate

that should be observable in experiment.
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I. INTRODUCTION

The control and design of properties in quantum materials
are outstanding goals both to address fundamental questions
and to develop applications with quantum advantages. Be-
cause the potential and the kinetic energy scales in these
materials are comparable, their quantum phases are very sen-
sitive to external fields [1-3]. Advances in the production of
strong light pulses in mid-infrared and terahertz ranges [4—6]
have led to opportunities for such light to strongly modify the
low-energy physics of materials. In particular, light-induced
electronic [7,8] and lattice [9-16] phase transitions [17-19]
have been observed.

Recently terahertz (THz) field-induced ferroelectricity has
been demonstrated in SrTiO; (STO) [10,11], in agreement
with semiclassical predictions based on nonlinear phonon
coupling [20-22]. Though this material remains paraelectric
to the lowest temperatures [23], its polar mode can be softened
by chemical substitution [24,25] and strain [26] leading to
a polar instability. However, unlike these material modifica-
tions, the pump-induced phase transition occurs as a function
of fluence. Since quantum criticality is observed in 'O doped
STO [27-29], there is also the intriguing possibility of driving
nonequilibrium quantum critical dynamics in this quantum
paraelectric.

For driven classical phase transitions, the creation of topo-
logical defects with universal scaling of their density has
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been predicted and observed in materials [30-32]. Univer-
sal dynamics [33-35] have emerged from theoretical studies
of dynamical quantum critical effects, as have signatures of
dynamical quantum phase transitions such as the Loschmidt
echo [36-38]. However these characterizations have predom-
inantly been realized in closed quantum systems like cold
atoms where initial states can be carefully prepared [36-38].
By definition, quantum materials are not isolated from their
environments and their constituents, unlike those of their
synthetic quantum counterparts, cannot be easily addressed
microscopically.

The light-induced ferroelectricity experiments
[10,11,13,14] thus demand new ways to model strong
classical drive protocols that induce critical dynamics, both
classical and quantum, and to identify macroscopic signatures
of dynamical quantum phase transitions. Theoretical studies
suggest that many THz field-induced phenomena may
be due to nonlinear phonon interactions [20-22,39-45].
Recently many of the observed features in the field-induced
ferroelectricity experiments [10,11] have been simulated [46]
with a time-dependent density functional theory analysis
where the anharmonic coupling between the driven and the
critical phonons is modelled by a Schrodinger-Langevin
approach [47]. In parallel a Matsubara action analysis has
been developed to describe an off-resonant drive-induced
feroelectric transition [48], where results have been obtained
using a saddle-point (classical) calculation.

The key idea of light-induced phase transitions is a gener-
alization of optical tweezers [49-51] to many-body physics
[1,2]. In the context of optical tweezers, a high-frequency
laser mode polarizes the atoms, reducing their energy by an
amount proportional to the intensity of the light, producing
an effective potential Vg(X) = —% xoE (x)?, where xq is the
polarizability of the atom. Similarly, in light-induced phase

©2023 American Physical Society
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FIG. 1. (a) Schematic of the energy scales in a light-induced experiment, showing the pumping frequency €2 that resonantly drives the
high-frequency anharmonic A,, optical mode at frequency w¢ and the low-frequency soft polar E, mode. Shown at the bottom is the evolution
of the soft polar mode frequency with fluence and the effect of quantum fluctuations (% > 0). (b) Phase transitions as a function of electric
field amplitude, showing the evolution of an effective potential V. with increasing fluence. The orange wavepacket around the blue classical

configuration represents the effect of quantum fluctuations (% > 0).

transitions, the intensity of a high-frequency laser modifies the
effective potential of a polar soft mode to be

1 u
Veie(P) = E(w; — xE*)P* + 5P“, (1)

where P and wp are the polarization and frequency of the soft
mode respectively, u is the quartic coefficient and x is the
coupling to the electric field intensity E2. Once the shifted
soft mode frequency

wp(E) = wp — xE? )

vanishes, a phase transition into a broken symmetry state with
finite polarization magnitude

—w2(E
IRo| =‘/% 3)
u

occurs. Here we consider a harmonic driving electric field
E(t) = Eycos Q2. Typically, the coupling x in (1) and (2)
is enhanced by resonantly driving an intermediate high-
frequency optical phonon that is anharmonically coupled to
the polar mode [see Fig. 1(a)]. This process modifies the
effective potential of the soft mode, ultimately inducing phase
transitions as a function of fluence [see Fig. 1(b)]. More
specifically, in addition to the ferroelectric transition, at higher
field intensities the polarization fluctuations, P = |P — Py,
become sufficiently large that the system oscillates between
the two potential wells (§P >> |Py|) and the system returns
to being paraelectric on average. Qualitatively this is because
at high fields Py grows linearly with E whereas §P increases
superlinearly. The latter occurs due to a field-induced hard-
ening of the soft polar mode frequency, that brings it closer
to the pump frequency, enhancing the oscillation amplitude.
This behavior results in a critical field E.,, where §P ~ P,
[see Fig. 1(b)].

Since quantum criticality has been observed in a number
of quantum paraelectrics at low tempertures [27-29], it is
natural to explore how the presence of quantum fluctuations
will modify the critical fluence E.; [see Fig. 1(b)] into the
polar phase. Qualitatively we expect the renormalized mass
m(t), the renormalized quadratic coefficient in the effective
potential (1), to have the form

i(t) = wh + mey(t) + mo(t) 4)

where the time-dependence of the classical mass correc-
tions, mc;(t) = — x {E (¢)}? (cf. (2)), results from the harmonic
drive; mg(t) refers to the time-dependent quantum mass cor-
rections. Since quantum fluctuations are expected to disorder
the system, mc; (t) and mg(t) in (4) act in opposition leading to
a shift in the critical point. Nonequlibrium quantum dynamics
has been previously studied after a quench to the quantum
critical point [33-35], but here a new approach is required to
treat dynamical quantum fluctuations when the classical order
parameter is finite.

In this paper, we present a theoretical study of light-
induced transitions in quantum paraelectrics where we explore
their classical dynamics [20-22] with controlled quantum
corrections. More specifically, classically we consider the
effects of light polarization, long-range Coulomb interac-
tions and drive fluence for the case of a resonantly driven
phonon coupled to the soft mode (Sec. II). For a para-
electric with cubic symmetry (Sec. III), we demonstrate
fluence- and polarization-dependent transitions into different
ordered phases, some inaccessible in equilibrium: for example
we find two successive transitions as a function of fluence
can occur in contrast to the one-stage symmetry-breaking
routinely observed. Finally, we demonstrate (Sec. IV) that
the classical dynamical equations [20-22] emerge naturally
within a Keldysh field theory. The quantum corrections to
these equations can be then be treated systematically in a
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diagrammatic expansion. We find that the critical fluence to
enter the ferroelectric phase E.; [see Fig. 1(b)] is shifted due
to quantum fluctuations, a prediction that should be accessible
in experiment. Here we have described light-induced transi-
tions as a function of field intensity; an increase in fluence
leads to a decrease of mc;(¢) such that /i (t) will change sign
as a function of time. Thus driven transitions as a function of
fluence and of time are closely connected, and this link will
be pursued particularly in our study of quantum effects.

II. THE CLASSICAL ACTION WITH CUBIC SYMMETRY

We consider a three-dimensional paraelectric system with
cubic symmetry group Oy, where the dipole moment corre-
sponds to the three-fold degenerate irreducible representation
t1,. There are a number of cubic quantum paraelectrics in-
cluding KTaO3, and we note that STO has a weakly distorted
tetragonal structure. We assume that the only relevant phonon
modes are two sets of 7, optical phonon modes, P; and Q;
(i =x,y,z), where the P and Q are soft polar and higher en-
ergy modes, respectively. Consideration of two sets of modes
is both motivated by experiment [11], and, as shown below,
is necessary to provide a finite lifetime to the transient fer-
roelectric state after the pump is turned off, consistent with
observation [10]. The general classical action for P;(x, ¢) and
Q;(x, t) has the form

S =8 4+84s+Sc+ Spo + Sk. 5)

Here S, describes the harmonic terms in the action
1
5, = / Y 5[007 -Gv0r - o0

+ (P) — ) (VR) —wpP?],  (6)

where wg > wp are the frequencies of the two optical modes,
and ¢, and ¢, are their sound velocities respectively. We will
also use the shorthand notation [, = [ d’x [ dt hereafter. S,
represents the anharmonic interactions of the modes, taken to
be local:

2
S4=_/ ”q(ZQiZ> ‘i‘UqZQ;1
2
+u,,<ZPf> +v,Y P, (7

where we require v > —Upq) if Uy >0 and v, >
—3up(g) if upg) < 0 so that the energy is bounded from below.

The term S¢ describes the Coulomb interaction between
the charge fluctuations induced by the longitudinal fluctua-
tions of the P and Q modes, which in reciprocal space is given

by
p(k)p(=k)
SC = —27‘[ //;, —k2 B
p(k) =iy ZpkiP(k) + ZokiQi(k), ®)

where Zppy is proportional to the effective charge of the

O(P) mode, and we denote [, = f%dr. This term is

responsible for the splitting between the longitudinal and
transverse optical modes (LO-TO splitting).

Spo, the third term in Eq. (5), describes the nonlinear
interaction between the P and Q modes. Only coupling be-
tween even powers of P and Q leads to qualitatively new
effects; by contrast, cubic-linear or linear-linear couplings
can be shown to simply renormalize the effects of linear
coupling to the electric field (see Appendix A for more dis-
cussions). In particular, these terms will lead to contributions
o Q(t), @*(t), P2(t)Q(t) in the equation of motion for the P
mode. Since Q mode is the one being driven by light, these
terms will oscillate at the driving frequency (and its multiples)
with a zero average. As we show below, such terms are not
important for the determination of the onset of the pump-
induced ferroelectricity and therefore can be neglected (see
also discussion in Sec. III C). Therefore we restrict ourselves
to couplings with even powers of P and Q, consistent with
cubic symmetry:

Y1 532, 3 2.5 = V3
Spg=f [3|P|2|Q|2+7<P~Q>2+5ZP?Q?}
X, T i
Finally,
SEzf Z,E-Q+Z,E-P )
X,t

describes the interaction of a high-frequency external driving
field E with the P and Q modes. Importantly, one observes that
the light only couples to oscillations of Q or P with antipar-
allel wave vectors, i.e., E(l?) couples to Q(—/E) and ﬁ(—l?),
and does not couple to oscillations orthogonal to E. Since
electromagnetic waves are transverse (E k= 0), the external
field couples to transverse modes so that S¢ (8) vanishes for
the transverse optical modes relevant for our present study due
to its longitudinal origin [p (k) o< k-E]

III. CLASSICAL DYNAMICS

In this section, we explore the equations of motion of
the P and the Q modes that result from the classical action
with cubic symmetry just presented in Sec. II. We discuss
the physically reasonable assumptions we make so that these
equations can be mapped onto that of a particle moving in an
effective potential V.. The instabilities of V¢ are then stud-
ied as a function of light polarization (Sec. III A). Intensity
profiles associated with second harmonic generation are next
presented as experimental signatures of predicted polar phases
often not accessible in equilibrium (Sec. III B).

Finally (Sec. III C), we go beyond the effective potential
approximation and analyze a minimalist model of two cou-
pled scalar oscillators. The resulting equation of motion is
that of a generalized Duffing oscillator and thus is expected
to have rich dynamics [52-54]. Indeed, at large fluences,
we find parameter regimes where there are multiple steady
state solutions and even chaotic behavior. We also find per-
sistence of the polar phase after the drive has ceased, in
qualitative agreement with experiment [10,11].

224307-3



ZEKUN ZHUANG et al.

PHYSICAL REVIEW B 107, 224307 (2023)

A. Effective potential approximation: Polarization-controlled
ferroelectric order

Here we assume the system is homogeneous. Since the
typical wavelength of THz/IR light (10'-10?> um) is much
larger than the relevant microscopic scales, we restrict our
attention to the uniform response of the P and the Q modes.
The equations of motion (EOMs) of the Q modes and P modes
are then given by

. oV4(0;, P) 3VPQ(Qis P;)
Qz + CUQQz + aQi + 8Qi
8V i Pl
Wl B) _ g o, (10)
00;
. oVa(Qi, P)  Vpo(Qi, Pr)
P+ wpP,
+ wpP; + oP + P
oVe(Qi, Pr)
— =Y _ZE =0, 11
+ 3P » (1)

with potentials

2 2
Vo = ”q<Z le) +y ZQ;"W/;(ZP,;) +Up 21)1‘4»

(12)
% Y

VPQ———|P| 0P ~Z (P -0y~ SZPZ Q. (13

kik kik

V=) [2712; k—zflJin + znzjk—ZJQ,-Q i
ij
kik

+47TZquk—2Q,'Pj N (14)

where we implicitly take the long-wavelength limit k — 0and
assume a simple harmonic drive E;(t) = E ; cos 2t. Several
approximations are needed to simplify (10) and (11). First, we
assume that the high-frequency Q modes are not influenced by
any feedback from the low-frequency P modes (wg > wp), S0
that Eq. (10) becomes

0 + wyQi +4nZ; ,’(; Q; + 4uy |01’ Qi + 4v,0] = Z,E;,
15)
where we have used a summation convention over the re-
peated subscripts j. Assuming the drive to be weak enough
to ignore the cubic terms in Eq. (15), we find that the high-
frequency transverse modes are then directly proportional to
the driving field,

Qi(t) = xqEo.icos 2, (16)
where the susceptibility
2

diverges as 2 — wy, reflecting the resonant response of the
O mode to the driving field. Note that the incoming laser
beam contains purely transverse fields, so that longitudinal Q

modes are not excited [see discussion after Eq. (9)]. This lin-
ear approximation reduces Eq. (11) to a decoupled nonlinear
differential equation for P only.

Next, we assume the solution is rapidly oscillating with
frequency ~€2 around a time-averaged value P, where (...)
denotes the time-average over a time interval T > 1/Q. The
equations for P; are then obtained by time-averaging Eq. (11)
with respect to Os. The resulting equations are identical to a
particle moving in the effective potential:

2 kik ?
w i
Vett = Z (71381/ +2n Z,% k21>Pin + ”P(Zptz)

ij

Ve, V2
o) P [?Qﬁl’f + 5 Q0 PP
i ij
V3 op2
Z02p
+ 2 Ql l}

2
Eg(@%)ijﬂlé,-+up(2&2> +up ) P (18)

where we have employed a summation convention in the final
expression. Effective potentials of this sort lie at the heart of
light-matter manipulations, and Veg is in essence, a simple
extrapolation of the laser-tweezer concept to a many-body
phonon potential. We note that using (16), we can rewrite the
resonant response of Q, = x,E, allowing us to rewrite the
effective potential in terms of the driving field

w? kik
Vgt = Z( 2”5 +2nZ; kz’)PP

ij

—_

2
+u,,(2p,.2) o2

- Z["‘E2P2+ );EE PPy + 2E2P2}, (19)

where the coefficients 7 = ( Xq)zyi (i =1,2,3) are the reso-
nant response coefficients to the external field. We note that in
steady state the time-average P; is expected to lie at the local
minimum of Vgg.

We now analyze the instabilities resulting from Vg in the
presence of a circularly or linearly polarized electromagnetic
wave propagating along the z axis, exciting the transverse
modes O, and Q,. We assume that the LO-TO splitting ~ZZ
is large and only consider the long-wavelength soft transverse
phonon modes, for example, P, ,(0,0,k;) and P.(k,, 0, 0).
The excitation of Q modes generates an anisotropic shift in
the effective frequency of the soft transverse P phonons. They
are defined by the eigenvalues of second derivative matrix of
(18), given by

(@3),, = @p — 71 (E2+ E2) — (72 + 73)E2
(@p),, = ©p — 71(E2+ E}) — (! + P)EZ,  (20)
(@p),, = ©p — 71 (E2 +E)
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TABLEI. Nonequilibrium ferroelectric phase evolution under different conditions for light circularly polarized in the x-y plane. The symbol
{luvw]}, denotes the Z, symmetry breaking phase with polarization along ux + vy 4+ wZ or the other n — 1 equivalent directions related by Cy
rotations about the z axis or reflection in the xy plane (z — —z).

2+t >0

2+t <0

71 >0 71 <0 71 >0 71 <0
SN X A e
Potys <0 [000] = {{00L]}2 = {{aacl}s {888} : gﬁg%f‘_} {[aac]}s {888} : gggﬂi; {laac]}s’ [000]
o ot 75 >0 [000] > {[100]}s [000] — {[100]}, Egg‘é E ﬁgéﬁ;ﬁ o)y 10000
P+ <0 [000] — {[001]}, [000] — {[100]}4 [000] — {[001]}2 N {[aac]}gd [000]

! Zuiu-:v,, (i T00): "I 2u2pu+pvp € (=00, g ) W ¢ (s 0): I 02 € (705, 0)-

Note that we have used EE, = 0. For circularly polarized

light running along the z axis E_X2 = E_y2 = %ng = %Eoz’y, and
then Eq. (20) becomes

(@3), = (@p),, = @ — @71 + 72+ PEZ,

(@p),, = wp — 21 EZ. Q1)

Suppose that both #; > 0 and 2, + %, 4+ 73 > 0 are posi-
tive. If 4+ 73 > 0, then as the magnitude of drive increases,
the transverse mode frequencies (@3 ). = (@3 )y, vanish first,
giving rise to a spontaneous polarization in the x-y plane in
the steady state once Ef(y) > a)lzj /291 + 72 + 93). The direc-
tion of the polarization that develops is determined by the
anisotropy constant v,. From Eq. (18), one finds that the
effective potential Vg is minimized by P along [£110] if
v, > 0 and by P along [100] or [010] if v, < O.

Let us now consider enhancing the drive fluence beyond
the critical one. Note that Eq. (21) no longer determines the
phonon frequencies, and the stability of the system is deter-
mined by the Hessian matrix at the new energy minimum with
nonzero P. Let us focus on the case v, > 0. If the drive E> y 18
increased beyond the first instability threshold, the frequency
for the transverse P, mode around the new minimum will
soften at a second critical fluence, if the parameters obey cer-
tain constraints (see Table I). This gives rise to a second phase
transition. For light with linear polarization along the x axis,
the effective frequency Eq. (20) can be similarly determined
by setting E2 = 0.

Tables I and II summarize various possible ferroelectric
orderings that are possible in the effective potential approx-
imation with circular (Table I) and linear (Table II) light
polarizations. There are multiple continuous phase transitions
when E? (proportional to the intensity of light), varies. Im-
portantly, in equilibrium only [111]g (for vp > 0) or [100]s
(for vp < 0, sixfold degenerate due to cubic symmetry) phases
can be realized by tuning w3. Therefore our analysis shows
that an external drive can induce ferroelectric phases that are
inaccessible in equilibrium. In Fig. 2, we show illustrative ex-
amples of two-stage symmetry-breaking driven by circularly
and linearly polarized light that do not occur in thermal polar
pathways.

B. Second harmonic generation signatures

Experimentally, nonequilibrium ferroelectricity is detected
via second harmonic generation (SHG) [10,11]. Due to the
nonlinearity, a monochromatic electric field with frequency
 induces dipole moments oscillating at a doubled frequency
2w, described by the second-order nonlinear optical suscepti-
bility tensor x [55]

Pi(2w) = xijEj(@)Er(w). (22)

The dipole moments then act as a source and generate a
second harmonic of frequency 2w and intensity ;(2w)
|Pi2w)?.

For centrosymmetric systems, the absence of inversion
symmetry breaking causes all elements of x vanish, so there
is no SHG. For noncentrosymmetric systems, the residual
symmetry typically reduces the eighteen independent tensor
elements to only a few, constraining the relation of intensities
along different directions. For example, consider the {[110]}4
phase listed in Table I, described by the effective potential

a1
s
—

>
| | | y, JTE
0 [oo0] — f{[001]}o  {laacl}s Eo
P P P -
' k
/| |
] | > £
0 [000] — {{100[}>  {[abb]}s Fo

FIG. 2. Schematics of two illustrative examples for the non-
thermal pathways considered: multiple polar phase transitions as a
function of electric field amplitude in cubic paraelectric systems.
(Top) Light is circularly polarized in the x-y plane with v, > 0,
71 >0, 4+ 7 <0, and 27, + 7 + # > 0. (Bottom) Light is lin-
early polarized along the x axis with v, > 0, > 0, 7 + 75 > 0,
and 71 + 9 + ¥ > 0.

224307-5



ZEKUN ZHUANG et al.

PHYSICAL REVIEW B 107, 224307 (2023)

TABLE II. Nonequilibrium ferroelectric phase evolution under different conditions when light is linearly polarized in the x direction. The
notation is same as that in Table I except that different Z, symmetry breaking phases are related by C, rotation around x axis and reflection

with respect to the yz plane (x — —x).

)71>0

7 <0

i+ +p>0

i+ +<0

Nh+n+9>0 Nh+n+9<0

[000] — {[011]}4"

[000] — {[011]}4"

[000] — {[100]},°

oo 27 <0 1000] > {10111} — ([abbl}s® [000] — (O111)s = (fabbl" 1000] — ({1001}, > {labbl} [000]

ok o= 0 1000) = 0001 > et 001 ~ o111y s (0001 o (1001, > (b )
P 1000 (olon, [000] = {10107 10001 — {HOOIL > (abb)e? [000]
’ 7>+ 73 > 0 [000] — {[100]}, [000] — {[010]}4 {888} :: giggﬁzb% {labb)}s [000]
UIf 5 € (IR, foo): PIf 5 € (—oo, WEZER ) €f Lk ¢ (MEREA () dff EL € (LERER Q).

Egs. (18) and (21). The polarized incident light breaks the
symmetry between x, y and z directions, so the ferroelectric
phase with P = (Py, =Py, 0) only has C;, symmetry along the
n = [1, £1, 0] axis. For convenience, we denote the symmetry
axis i as 7 and the other two perpendicular directions as
x' and y/, referred as the crystal frame. For C,, symmetry,
there are only five nonzero independent tensor elements, that
1S Xox = Xaxzs Xyyz = Xyzys Xowws Xayys Xaz in the crystal frame.
Suppose that the material interacts with a probe pulse with lin-
ear polarization along 6’ = cos 0%’ + sin 0%’ direction, using
Eq. (22), one obtains

P, = E*(x.,, sin* 0 + x__, cos®0),

P, = E*y],. sin20, (23)

Py’, =0
in the crystal frame. Consider {[aac]}s in Table I as another
example. It has C}; symmetry and the mirror plane is perpen-
dicular to §'. Besides the five nonzero elements in C,,, there

are other five nonvanishing elements: X.)gxx’ X);yy,' X)éz_z’ Xoxy =
)(",yx, Xazx = Xox- Thus for probe pulse with polarization along

6’, one has
P! = E*(x/,, sin” 0 + x/,, cos @ + x,., sin20),
P, = E*(x}, sin® 0 + x,.,cos* 0 + ... sin20),  (24)
P =0.
Thus one can observe a change of profile P;(9) when there is
nonequilibrium phase transition. In Fig. 3, we show the typical

profile of P;(6) for some of the high-symmetry phases, which
is experimentally measurable [11].

C. Minimalist coupled oscillator model
We now go beyond the effective potential approximation to
study the dynamics of anharmonically coupled oscillators. For
simplicity, we consider a minimalist model with two scalar
harmonic oscillators P and Q. The real-time action is given by

1'2 1 2 "2 1'2 1 2 p2

L oa Yooy
—qaP' + TP0 + Z,0E + Z,PE |, (25)

where o > 0 and we assume wgp < wp ~ Q. To obtain this
model, we have restricted ourselves to the uniform states
and neglected insignificant terms to our interests, such as
the anharmonic interactions of Q modes. We also neglected
linear-linear and linear-cubic couplings between P and Q
modes. These couplings lead to terms in the equation of
motion oscillating with frequency 2 and its multiples with
zero average, therefore we suggest that their effects should be
qualitatively similar to the effect of direct coupling Z, to the
oscillating electric field (see Appendix A for more discussions
and numerical justification). In particular, the effect of the
linear P-Q coupling can be absorbed into the renormalization
of the coupling of P mode to light Z,. We leave the detailed
study of possible additional effects of cubic-linear couplings
(such as higher harmonic driving effects) to future work. Note
that we are working in the regime where the Q mode is only
driven quasiresonantly where the amplitude of Q mode is not
too large and the nonlinearity of Q mode, whose effect has
been studied in Ref. [22], does not play an important role.
This simplified model could describe the nonequilibrium
PE-FE transition driven by the external electric field, given
that the unstable soft phonon mode is nondegenerate near
the phase transition, which is true for Z, symmetry breaking
transitions listed in Tables I and II.

The classical equations of motion (EOMs) resulting from
Eq. (25) are

0+ w0+ B0 —yPQ=Z,EQ), (26)

P+ wiP+ BoP —yQ*P +aP* = Z,E(t), (27)

where we have added extra phenomenological damping terms
B10 and ByP. Since the P mode is driven off-resonantly by

the E field, we expect the magnitude of P to be small so that

yﬁ < wé, and we may ignore the nonlinear term in Eq. (26).
Neglecting damping, we obtain the steady state solution

0(t) = xqEo cos(§2t), (28)

where

Xg =2y (0 — %) (29)
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FIG. 3. Typical angular dependence of intensity /,(9) (blue) and /() (red) of second harmonic light in laboratory frame for some of
the nonequilibrium ferroelectric phases with high symmetry. The linearly-polarized probe pulse propagates along z direction and the angle
between light polarization and x axis is 6. For phases with C,, symmetry, we choose the nonlinear susceptibility in the crystal frame to be
Xowe = 1, .. = 1.5, and x; . = 0.4. Note that we have rescaled some of the curves to make their magnitudes comparable.

is the resonant Q susceptibility introduced in (17) and Eq. (27)
becomes

P+ (wp + m@®))P +aP® = Z,E(t), (30)

where m(t) = —yQ?(t) is the time-dependent mass arising
from the P?Q? interaction. For convenience, we write the
above equation as

P+ (0} —yQ)P+aP’ =Z,E®)+ f(t), (31
where Q% = 1(x,Eo)? is the time-average of the rapidly os-
cillating Q mode and f(t) = %)/)((i(Eo)2 cos(22t)P. When

— y0? > 0, the eigenfrequency of the P oscillator remains
positive so one expects that P mode oscillates around the
global minimum P = 0. However when w3 — y Q2 < 0, the
mass of the P mode becomes negative and the system becomes
ferroelectric in the absence of time-dependent terms, with

finite polarization Py = :I:,/w},z/Zoz as shown in Fig. 4(a).
Here

(@p) =2(yQ* —wp) =2(PE* —wp), (32

is the eigenfrequency for oscillations in the ferro-electric state
andy =y qu is the isotropic version of the resonant response
coefficients introduced in (19). In the presence of E(¢) and
f(t), P periodically oscillates around P, in the steady state,
as seen in Figs. 4(b) and 4(e). We may expand the potential
around Py, approximate P in f(t) by P in Eq. (31) to obtain
the steady state solution

w};z + 2a)2

PO - O e

3 cos(Q2t) + Py cos(292t),

(33)
where §P(t) = P — Py. This approximation works well when
the maximum oscillation amplitude 8P, is much smaller than
the time-averaged polarization P~ Py, P, /Pyl < 1. The
term 6 f(¢) o cos(2€2t )5 P that we have neglected reduces P,
which can be seen by substituting Eq. (33) into §f(¢) and
averaging over time. The discrepancies between the exact
numerical solutions and the approximate solution Eq. (33) dis-
played in Fig. 4(a) become substantial once §P/|Py| ~ O(1).

In order for the system to exhibit a macroscopic polariza-
tion, the oscillations in the polarization must not exceed the

Q

width of the potential well, i.e., the magnitude of oscillation
8P, (33) must be smaller than |Py|, or

Z,Ey n a)}z—l—Zw% a)_;)2 < a)_},z' (34)
Q2 — wf? 20422 — @)\ 2a ~ N 20

Note that as the two contributions in Eq. (33) are phase co-
herent and in phase, the total magnitude is simply the sum of
its separate parts. For Z, = 0 and wp, wp < 2, we observe
that the inequality is always fulfilled, i.e., the system becomes
ferroelectric for infinitesimal wj. If Z, # 0, we can neglect the
second term in Eq. (34) for sufficiently low wj. The critical
fields E. can then be estimated by solving

Z,E. w?
P,= " = L =P 35
P —op ,/20[ [Pol. (35)

Us1ng (32) to express w = 2)/(E2 — ECZO) where ECZO =
w37, we can cast this equation in the dimensionless form

E2
<E2 >x =(x— D=+ 1)y, (36)
c0

where x = (E,/E.0)> (1 <x <12+ 1), E2 = 222 - and r? =

2 27 In the limit of small Z,, this gives the 11m1t1ng values
x = 1 corresponding to the lower critical field limz, .o E.; =

E.o and x = 1 + 2, corresponding to the higher critical field

. 1/ Q2
lim Ec2 = ECO 14 = - - (37)
@

Z,—0 2 P

Figure 5 shows the dependence of |Py| and §P, on the electric
field strength Ej. Note that 5P, first grows linearly with E,
and then increases superlinearly as the denominator Q> — w/?
decreases due to the hardening of phonon frequency wj. By

contrast, |Py| increases linearly at large Ey. Therefore, for

2
Zp S Zyiatem
Fig. 5, which correspond to the estimated lower and higher
critical fields. The ferroelectric phase with nonzero steady-
state polarization therefore exists only between these two field

values.

%, Eq. (35) has two solutions as shown in
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FIG. 4. (a) Time-averaged polarization P versus electric field strength E,. The solid lines are the numerical solutions of Eq. (25) for
different Z,, while the dashed line is the analytic solution Py = %+/w? /2 when time-dependent terms is absent. [(b) and (e)] Polarization
versus time in the steady state when Ey = 4, Z, = 0.3, obtained by numerical method; the blue line is the regular solution approximately
captured by Eq. (33) while the black lines correspond to the solutions with frequency fractional of 2. [(c) and (f)] Possible values of P vs E
when Z, = 0.3; the result is obtained with 30 random initial conditions for each fixed Ey, and the color of grids indicates the number of times
the system reaches P in its steady state. (d) The Poincaré section when Ey = 5.1, Z, = 0.3, suggesting the coexistence of chaotic behavior
(blue) and periodic solution (red), i.e., KAM structure [56]. All the steady state solution is obtained by numerically solving Eqs. (26) and (27).
Common parameter values for all plots: wp = 0.1, wp = 2, 2 = 2.1, y = 0.01, Z, = 1, For (a)—(c), we choose o« = 0.1, 8; = By = 0.002; for

(d) and (e), we choose = 1, ; = By = 0.1.

—| Py
—O0P,

0 Ecl Ec?
Ey

FIG. 5. Field dependence of the steady-state polarization |P,| and
the amplitude of rapid oscillations 8P, [see (35)]. For 6P, > |P|, the
rapid oscillations can no longer be neglected, having the effect of
reducing the observable steady-state polarization to zero.

For a);, & 2, the system first becomes ferroelectric when

wp & mZpEo / Q2, resulting in shifted critical values E,j,
consistent with the numerical results in Fig. 4(a). For suf-
ficiently large Ey 2 E.2, the P oscillator hops between the
two minima as 8P, 2 |Py|, leading to a reentrant paraelec-
tric phase. Re-entrant para-electricity has been observed in
previous numerical simulations [20,21]. Indeed, as seen from
Figs. 4(c) and 4(f), the regular solutions described by Eq. (33)
finally disappear at sufficiently large Ej.

Remarkably, at intermediate £y we also observe other solu-
tions with negligible P, coexisting with the regular solutions.
From Figs. 4(b). and 4(e), one can see that these multiple solu-
tions may have frequency fractional of 2. We also find chaotic
behavior in certain parameter range. Particularly, choosing
different initial conditions, we find two different orbits near
the onset of chaos [see Fig. 4(d)]. This suggests the coexis-
tence of chaotic behavior with the periodic solution, known as
the Kolmogorov-Arnold-Moser (KAM) structure [56]. Indeed
we note that Eq. (31) is the equation of motion of a Duffing
oscillator, generalized due to the additional f(¢) term, that
is known to exhibit period-doubling bifurcation and chaotic
behavior in certain parameter regimes [52—-54].
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FIG. 6. Polarization vs time after the electric field is turned off
att = 0. We choose Z, = 0 and E; = 2 when the electric field is on,
and set B; = By = 0.002 all the time. The rest of parameters are the
same as that in Fig. 4.

It is useful to have an estimate for the critical elec-
tric field strength when finite polarization appears and
vanishes. We assume a)é =1136.1 meVA2amu™!, w} =
1.39 meVA2amu™', o =2069 meVA*amu=2, y =
11.6meVA~*amu~2, and Z, ~ Z, = 1.15eamu~"/2, which
are consistent with the parameters for strained KTaOj3 [21].
The double well forms when |Q.| ~ 0.346 A amu'/2, which
corresponds to the electric field E.9 ~ 2.7 MV /cm if one
neglects dissipation and takes Q% = 1200 meV A~2amu".
Enforcing condition Eq. (34) one obtains a rough estimate
of the lower critical electric field E.; ~ 2.9 MV/cm and
the higher critical electric field E., =~ 45.6 MV /cm (which
compares with the more approximate estimate (37), which
gives E., ~ 60 MV /cm). Note that E, corresponds to a large
amplitude oscillation |Q| ~ 5.8 A amu'/2, suggesting the ne-
cessity to include nonlinearity of the Q mode. For example, if
quartic terms of Q mode are included, such large oscillation
amplitudes are suppressed and it may be possible to observe
the vanishing of polarization at a higher critical field E.,. We
note that our predicted electric field strengths are approach-
able in experiments where light pulses with large peak fields
(estimated around 18 MV /cm [11]) are used.

In experiments, the driving is not continuous but is rather
performed with finite pulses [10,11] and the nonequilibrium
polarization persists after the pump has been turned off. In
our model, after the external field is turned off, the excited
P and Q mode relax due to dissipation resulting in the decay
of polarization. As shown in Fig. 6, after the electric field is
off, the amplitude of the P mode decays but remains finite,
until it eventually oscillates around its equilibrium position.
This can be understood by noticing that the effective potential
felt by P mode gradually relaxes to its equilibrium form due
to the damped motion of Q. The P mode oscillates around
the instantaneous minimum of the effective potential, which
becomes zero once Q2 becomes smaller then the critical value
for the steady-state driven ferroelectricity. Therefore the sys-
tem keeps its “memory” of the pump-induced order for times

of order of the Q mode lifetime. This qualitatively describes
the observed persistence of the polarization after the pump is
removed [10,11], though persistence timescales have been re-
ported that are longer than what is accessible in our approach
[11].

IV. QUANTUM EFFECTS IN THE PHASE TRANSITION

We now move to a consideration of quantum effects in
light-driven ferroelectricity. Previous approaches [33-35] fo-
cused on quenches close to a QCP.

Here we develop a formalism appropriate to our situation
where quantum fluctuations coexist with significant classical
ones. In Sec. IV A, we demonstrate how the classical equa-
tions of motion, Eq. (30), arise from a quantum Keldysh action
for the case of a single nonlinear oscillator and study the
quantum corrections in Sec. IV C, where generalizations to
include the momentum dispersion of phonons are discussed.
The shift of the critical point due to quantum mass corrections
is determined as a function of pumping rate, and this should
be accessible in experiment.

We start with the reduced model for a soft phonon mode
P(t) described in Eq. (30), with effective Lagrangian

52 2
L[P] = % — (wp + m(t))% - %P“ +PE(@1). (38)
The time-dependent m(z) describes the effect of driving on
the P modes: we recall that the drive excites the fast Q modes
which, within a classical description, modifies the mass of the
slow P mode via biquadratic interactions. The P mode is also
linearly coupled to the (classical) electric field, E(¢); for the
purpose of discussion, we have set the effective charge in (30)
toone, Z, = 1.

We now quantize this description, describing how we can
formulate a path-integral diagramatic approach. The quantum
Hamiltonian is
. A2 ) P2 o PR
H = 5 + (wp + m(r))7 + ZP — PE(), (39)
where 7 is the canonical momentum, satisfying [P, #] =
ih. We now adopt a Schwinger-Keldysh approach consid-
ering a time-evolution from a state of thermal equilibrium
in the distant past. The generating function Zg[E] is writ-
ten as a time-ordered exponential of the Hamiltonian over
the Keldysh contour in time, {C : t € —00 —> 00 —> —00}
running from the past out to the future and back,

Zk[E] = Tr[poldc], (40)

where py = e~#M is the initial thermal density matrix (we will
take T = 0 in our final results), while

Uc = U_0,00Us0,—~0 = TCe_%'detH(t), 41

where T¢ denotes path-ordering along the contour C. Zg[E] is
recast as a path integral,

Zk|E] = / D[Pk, (42)
C
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The action Sk divides into contributions from the outward and
return paths,

Sk = / dtL[P] = / dt[L[P.] — L[P-]], (43)
C —00
where P, (t) and P_(t) are the integration variables on the out-
ward and return paths, respectively [57]. Under the physical
Heisenberg equations of motion, there is strictly one quantum
operator P(r) and source term E(¢) at each point in time,
but the Keldysh path integral explores the paths on the upper
and lower contours independently, and a complete generating
function must consider independent sources E (¢) on the out-
ward and return contours, setting E4(¢) = E(¢) to recover the
physical expectation values.

Variations of the generating function Zg (E') with respect to
the source field E generate correlation functions of the quan-
tum operators P(t), path-ordered along the Keldysh contour
[58], such that

—ih

SED) — P(2). (44)

For instance,
(—ih)? 827
Z SE(h)SE(t)

- % / DIPIP(t))P(t,)e**/"

= (TcP(1)P(1)). (45)
We adopt a classical-quantum basis
Pu(t) = (P + P-)/2,
Py(t) = (P — P), (46)

where the classical and quantum variables, P,; and P,, re-
spectively, are analagous to the the center of mass, and
relative coordinates of two body dynamics. Note that our
notation differs from Refs. [57,59] by a factor of two in P,
which simplifies some of the intermediate calculations, but
without affecting the final results. The connectivity of the
forward and backward paths causes the joint Green’s function
(P,(t)P,(t")) = 0 to vanish, leaving two independent Green’s
functions

DR(t,t') = DA(t', 1) = —i(Py ()P, (1)),
DX(t,1') = —i(Py(t)P4 (1)), 47)

where DR and D* are the retarded and advanced response
functions of the oscillator mode, respectively, while DX is the
Keldysh Green’s function, which contains information about
the temporal correlations and occupancy of the mode. The
corresponding Feynman diagrams for these Green’s functions
are shown in Fig. 7 where the classical and quantum fields are
represented by solid and dashed lines, respectively.

A. Saddle-point approach

In order to treat the Keldysh path-integral using saddle-
point methods. We are required to vary the forward and
backwards time components of the Keldysh contour indepen-
dently. In the classical limit # — 0, the action on outward and
return paths are extremized by the same classical path

Lim (Ps (1)) = P (), (43)

@  pKy DRz, 1)
Pt P,  Pet) Py
(b)

P P P.() P(0

4 ‘
P.(D) P.(® P(1) P (®)

FIG. 7. (a) shows graphical representation of the Green’s func-
tions in Keldysh field theory consisting of two kinds of fields,
namely the classical field P, (¢) (solid line) and the quantum fields
P,(t) (dashed line). Two independent Green’s functions, namely the
retarded DR(¢,¢’) and the Keldysh DX (¢,t") Green’s functions, are
constructed out of the classical and the quantum fields via Eq. (47).
(b) The nonlinearity of the P oscillator mode is shown diagrammati-
cally by the quartic interaction vertices with the coupling strength c.
The interaction vertices are odd in the quantum fields required by the
causality structure of the two-contour field theory.

so that the outward and return path actions are equal and
the Keldysh action on the classical contour is zero, Sx[P] =
(S[P+] — S[P-Dlp,—p = 0. This means that a variational ap-
proach must consider paths where P, # 0, for which the
Keldysh action is finite [59].

The condition that the Keldysh action is stationary with
respect to independent variations of P on the upper and lower
contour yields

- 518(1;) = [} + wp + m)|P(t) + aP3(t) — E(t) =0,

(49)

where P(t) lies on either the upper or lower part of the
Keldysh contour. This equation of motion defines the classical
trajectory P(t) = (P, (t))r—0, which is the saddle point of the
Keldysh action. Since the path integral Z is invariant under
a time-dependent shift of variables, P — P + §P(t), which
leaves the measure unchanged D[P] = D[P + §P],

0= /D[P+8P]eiSK[P+8P]/ﬁ _ /D[P]eiSK[P]/ﬁ

_ iSk[P1/h i 88k
_ /D[P]e /édt(hap(t))SP(t), (50)

the equation of motion (49) is exact when averaged over
quantum trajectories,

< 881( >: /‘D[P]eiS[P]/ﬁ& — O, (51)
3P(t) SP(1)

We should not be surprised, for (49), it is equivalent to elim-
inating the momentum 7 from the Heisenberg equations of
motion, (P = —(i/W)[H,Pl=n = P = = (i/h)[H, 7] =
—3H/SP). If we take the average of the upper and lower
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Keldysh contours, we obtain
1
(97 + wp 4+ m(1)) (P (1)) + a<§(Pi + P3)> =E@), (52)

where we assume a classical source field EL(r) = E(¢).
We can expand (P} +P?)=2P) + (3/2)P4F; and by
rewriting the point-split expectation value (Pc;qu) —
(Tc By (1 )Pq(tz)ﬁq(tg)) =0 in terms of time-ordered
Heisenberg operators, we find that it vanishes. At the
Gaussian level of approximation, this can be understood
because (quPc,) = (P)){(P,Py) + (qu)(Pc ), which vanishes
because the first- and second-order moments of P, vanish,
(Py) = (qu) = 0, but in Appendix C, we show that this is true
to all orders. It follows that

(07 + wp +m@®)) (P (1)) + (P (t)’) = E(t).  (53)

We calculate the leading quantum fluctuations about the
classical trajectory ((SPCZI) ~ O(h), determined from the lead-
ing quadratic expansion of the action about the classical
trajectory,

Sg = / dt%[&?z — (wp +m(t) 4+ 3aP*(1))SP?]  (54)
C

where 8P(t) = P(t) — P(t) is the deviation from the classical
path. The cubic term in the equation of motion in Eq. (49) now
acquires an additional component from the Wick contractions
between the fluctuations,

(Pi0)g, = P +3(8P5(1))5 P ). (55)
This introduces a self-energy correction to the oscillator mass
m(t) — m(t) + Z(t), (56)

where
S(t) =38P (1), = 3iaDk(t,1) (57)

is written in terms of the Keldysh Green’s function D (¢,1") =
—i(8P.;(t)8P,(t"))s,. The self-energy correction to the mass
modifies the equation of motion,

P@t) + (wp +m(t) + ) P) + aP) = E@t). (58)

Note that while the fluctuations are Gaussian, the classical
equations of motion are nonlinear in «. One of the key effects
of this self-energy correction, is a shift in in the paraelectric
to ferroelectric critical point.

B. Keldysh action

We now re-interpret these results diagrammatically. The
Keldysh action can be divided into Gaussian and quartic com-
ponents, Sy = S, + S;. In the classical-quantum basis,

| [ 0 D' (Pa(t)
Szzif,oodt(Pd(t)’ P‘f(t))[D,;‘ D;‘](P‘f(’/)

+ /oodth(t)E(t), (59)

Iy

where the noninteracting inverse Green’s functions are

DRl = (id, £i07)* — (w} + m(1)), (60)

while D,;l is a purely imaginary term which sets the thermal
boundary conditions. The quartic term

_% /oodt[Pi(t) —P)]

fo

Sy

—a/cﬂﬁm&m+@m@mmm} ©1)

only contains terms with odd powers of P, as shown in Fig. 7.
This is the starting point for the diagrammatic expansions. The
expectation value (P, (¢))s,, can be expanded perturbatively in
powers of the coupling strength « as

<mmm=/DmﬂM”mm
= (P4(t))s, + i(P(1)S4)s,
1
—;&m@&m+~u (62)

where the expectation values are evaluated with respect to the
Gaussian action S, (59). The Wick expansion of these terms
involves the contraction of pairs of P fields into propagators
and contractions of P fields with the external field E, giving
rise to a series of Feynman diagrams, as shown in Fig. 8.
The contraction of P, with the external field in the first term
defines the linear response

(Put))s, = — / dtDR(t, t)E (1), (63)

represented by a solid (classical) line ending at a cross rep-
resenting the electric field. Wick contractions of the second
term in (62) generate two sets of diagrams: a “tree diagram”,
involving three contractions of P, with the external field,
and a “Hartree diagram,” involving the contraction of two P,;
fields.

Next, we organize the higher order diagrams in Fig. 8 into
two classes: (a) “tree diagrams” with a maximum number of
classical fields contracted with the external electric fields E (¢)
and (b) Hartree diagrams (unshaded in Fig. 8) where a pair
(or more) of classical fields are contracted among themselves,
forming a loop which does not contain E(f). An example
of the first class of diagrams is shown by the gray shaded
diagram in Fig. 8. These diagrams have maximum power of
the electric field at a given order of the perturbation series
and contain only the interaction vertices with three classical
fields and only 1 quantum field. The second class of diagrams
involve the scattering off quantum fluctuations . These scat-
tering processes describe the self-energy corrections to the
mass of the soft polar mode by quantum fluctuations, and can
contain retarded and Keldysh Green’s functions.

In Fig. 9(a), we show that a resummation of the tree-
diagrams leads to the classical EOM, whose solution is
denoted P(¢) [also given in Eq. (31)]. To understand the
resummation, we start with the first-order diagram in Fig. 9
(same as the gray shaded diagram in Fig. 8), where each of the
three classical fields of the interaction vertex are contracted
with E(t), yielding ((P.)s,)’. Higher order diagrams can be
understood as the result of adding further “tree corrections”
to each external line. The resummation of these diagrams
nonperturbative classical solution can then be rewritten in
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[ Perturbative expansion of the average classical oscillator field )

(Py®)s,,

—_— + "
(P®)s,

+3 —--Q—x + O(a?) diagrams

FIG. 8. Diagrammatic expansion for the expectation of the classical component of the oscillator field: obtained by expanding the quartic
interaction term in the effective action S in powers of the coupling strength «. The first term in the right-hand side (shown by a solid line
ending at a cross) is the expectation value for the noninteracting oscillator given in Eq. (63). Among the first-order diagrams, the shaded
diagram contains maximum influence from the external electric field at this order of perturbation series while the unshaded diagram contains
loops of classical fields independent of E(¢). The former kind of diagrams form the “tree series” (see Fig. 9) leading to classical EOM while
the latter kind incorporates effects of quantum fluctuations in the dynamics that can not be captured within the classical theory.

terms of Green’s functions as

P(t) = — / du DR, 1)) Et) —aPt)Y).  (64)

fo

This classical solution is represented diagrammatically by a
solid line ending at the symbol C in Fig. 9. This identification
of the tree series as “classical” diagrams is crucial to identify
and study the quantum effects near the PE-FE transition which
we discuss next.

C. Perturbative quantum corrections

In this section, we will study the leading quantum correc-
tion to the soft-mode mass, determining the resulting shift in
the critical point, first for the case of single phonon mode
(single nonlinear oscillator) in Sec. IV C 1, generalizing the
calculation to the multimode case in Sec. IV C 2.

1. Single phonon mode

Quantum corrections to the classical equations of mo-
tion are obtained by inserting self-energy corrections
to the retarded propagator. The leading Hartree self-
energy correction is derived from the one-loop retarded
self-energy XF(¢), corresponding to the Hartree approxi-

mation, as shown in Fig. 10. Within this approximation
SR, t') = Z(@)8(t —t') is local in time so that quantum
fluctuations manifest themselves as a time-dependent mod-
ification of the oscillator mass (see Appendix B for more
details),

m(t) — m(t) + Z(t) (65)
in Eq. (4), where
X(t) = 3a(8Py(t))s, (66)

is proportional to the fluctuations in P, (¢) calculated using the
Gaussian correction to the action,

Sg = / dt%[éPz — (wp +m(t) +3aP*(1))5P*]  (67)
C

However, if we restrict ourselves to the “paraelectric phase”
where P(t) = (P.(t)) = 0, then in this case, the 3aP%(¢) term
vanishes in Sg. This does not restrict our consideration since
in this section the main effect of the driving is incorporated in
m(t). The Gaussian action then coincides with the quadratic
action Sg = S, and the quantum corrections are the perturba-
tive Hartree corrections, i.e.,

B(1) = 3a(8Py(t))s, (P@)=0). (68)

[ Classical EOM from the tree series ]

(P.(D)c _<PL.,<r)>s:

R
Resummation U,

_C = —

=5

+ O(a® diagrams

+ —

FIG. 9. (a) Recovery of the classical limit from Keldysh field theory: the solution of the classical EOM [see Eq. (31)] (P.)c(?) is obtained
from the full expectation value (P (t))s,, (t) by restricting the sum only to the “tree diagrams” shown here. These are the diagrams which
contain maximum powers of the external electric field, symbolically represented by a cross mark here, in each order of the perturbation theory.
These diagrams can be regrouped to yield the nonperturbative classical solution.
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FIG. 10. (a) Hartree self-energy insertion to the retarded prop-
agator, describing the leading O(h) effect of quantum fluctua-
tions. (b) The equation of motion now involves the renormalized
propagator.

The quantum contribution to the self-energy is determined
from the equal-time Keldysh propagator so that

¥(r) = 3aiDX (1, 1). (69)

Next, we calculate the equal time Keldysh Green’s func-
tion DX (¢, t) for the noninteracting harmonic oscillator with
a time-dependent mass a)%, + m(t). To do so, we rewrite the
Keldysh Green’s functions in terms of the Heisenberg position
operators of the Harmonic oscillator,

Di(t,t") = —i(Pa(t)Pu(t)) = —%({IS(I), P())).  (70)

Consider a noninteracting oscillator with time-dependent
mass @’(t) = wp + m(t), where m(0) = 0 and Hamiltonian

H = %(ﬁz + &*(1)P?). (71)

Here P and # are canonical position and momentum op-
erators, respectively. We now calculate Dg(t,t") from the
expectation value of the Heisenberg operators P(t), evaluated
in the initial state. We can relate the Heisenberg Schrodinger
operators P = P(0) and m = 7 (0) by

P(t) = a(t)P + b(t)7. (72)

From the equations of motion 9,P(t) = #(t) and 8,7 (t) =
—a?(t)P(t), we deduce that 3?P(t) = —a?(t)P(t), so the co-
efficients a(t) and b(¢) satisfy the differential equation

[07 + wp + m(1)] (Zg;) =0, (73)
subject to the boundary conditions
a(0) 1 a(0) 0
Go)=0) Go)=() o

The Keldysh Green’s function for a system initially in the state
|n) with n phonons, can then be evaluated as

Dy(t.1) = —§<n|{ﬁ<t), Py} In)
= —ila(t)a(t')(n|P*|n) + b(t)b(t"){n|7*|n)]

1
—ila(t)a(t") + wpb(t)b(t)] (";;2 ) (75)

so that

1
(PL(0) = (a* () —i—a),%bz(t))(n:)_ 2). (76)

P

As an example, consider a linear time dependence in the
mass of the form m(t) = —a),%(t /to) for which the oscilla-
tor undergoes a quantum phase transition as ¢ — f#; (at the
bare level without self-energy corrections). We can obtain an
analytical solution from Eq. (73) and in the extreme limits,
this leads to simple form of the quantum correction (see
Appendix D for more details) given by

3a

——, wp > 1/,
2./ wr+m(r)

20 =1 ” i (77)
s (1+52), o< 1/0,

where the initial state of the oscillator is chosen to be the
vacuum state n = 0. In the next section, we will extend this
analysis to the case of interacting phonons with different
momenta and study experimentally measurable effects of the
quantum fluctuations in the dynamics.

2. Interacting phonons in 3D

We now extend the discussion to the higher dimensional
case where the soft-phonon mode develops dispersion. As an
illustration, consider 3D phonons with dispersion

Wi (t) = wp?® +m(t) + (ck)* (78)

with an ultraviolet momentum cutoff A of the slow mode
arising from an underlying lattice. We further assume that the
separation of the energy scales between the slow P modes
and the fast Q modes is valid at all momenta, i.e. cA K 2.
This allows us to extend the effective potential approach for
slow phonon modes described in (30) to the multimode (P
modes) case, where the resonantly driven Q modes only result
in a time-dependent potential for P modes modifying the bare
mass wp? — @3 + m(t).

The quantum correction can be calculated from X(r) =
[:Z(wy) where [ = [ dk/@2n)® and %X (ay) is the retarded
self-energy for the independent oscillator modes of frequency
W} (1) (78),

Y(wr) = 3a

[a®(k, 1) + (0} + k)P (k, 1)] ( 1)
n P R
J b+ 2k?

2
(79
where the coefficients a(k, t) and b(k, t) are calculated from
Eq. (73) replacing w3 + m(t) by w}(t). Unless otherwise men-
tioned the initial state of the oscillators is chosen to be the
vacuum state n = 0.
Before understanding the effects quantum fluctuations in
the dynamics, we first focus on the equilibrium quantum cor-

rection X(,/ a)lz, + (ck)?) att = 0. This modifies the bare mass

of the oscillators from a),% (t=0)to 6),3 (t = 0) given by

Dt =0)= [wﬁ + (ck)® + sz <‘/a),2, + (ck)2>}. (80)
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Here, we note that [; (/w3 + (ck)?) is ultraviolet diver-

gent (ox A’a/c) and leads to a cut-off dependent shift of the
zero-point energy of the oscillator. This divergence can be
renormalized by a redefinition of the oscillator energy a),z,

by @p = wp + [;Z(Jwp + (ck)?) = wp + 3aA?/(87%¢c). dp
is the experimentally measurable energy of the phonon in
equilibrium.

As time evolves, the dynamical quantum correction modi-
fies the energy of the slow mode as

DH(t) = Wb + (ck)* +m(t) + [E(wk(t)). (81)
k

To clearly differentiate between the A-dependence appearing
in the equilibrium zero-point energy of the P mode from
the relevant dependence appearing in the dynamical quantum
fluctuations, we rewrite the above equation as

(1) = [@p + (ck)*] + m(t)

+ /k [z(wk(r)) — = (w/w,% + (ck>2)}. (82)

Here, the first term of Eq. (82) corresponds to the disper-
sion of the oscillator at (r = 0) modified by the equilibrium
quantum correction. The subsequent terms corresponds to the
change in the oscillator energy at later time ¢ (compared to
that at + = 0). These terms consist of (a) an explicit time-
dependence through m(¢) induced by the external drive and
(b) the change in the quantum self-energy (nonequilibrium
quantum correction) §X(t) = fE[E(a)k(t)) — X(wr(t = 0))].
By this rearrangement, we eliminate the equilibrium ultravio-
let divergences from the time-dependent part of the oscillator
energy [the second line of Eq. (82)]. It is useful to recast
Eq. (82) in a form that does not include the unobservable bare
phonon energy wp, replacing the bare w3 with the experimen-
tally measurable @ in § X(7) as,

D) ~ [@p + (ck)*] + m(1)

+A2 <\/a),% + (k) + m(t))
k
—X(/ @} + (Ck)z):|, (83)

which leads to corrections of higher order in ««. Indeed, replac-
ing w3 by @3 leads to O(a?) change in § (7). As the leading
order answer is O(w), this effect can be neglected.

The nonequilibrium quantum correction leads us to predict
a shift in the critical fluence. To model this phenomenon,
we model the effect of a time-dependent pump by m(z) =
—&3t /ty corresponding to a linearly increasing fluence. In the
absence of quantum corrections, the frequency would go to
zero att = ty. To evaluate the effects of quantum fluctuations,
we solve d),%(tg) = 0 from Eq. (83) numerically to determine
the shift in the critical time. In Fig. 11, we show the ratio of
the shifted and bare critical times #{ /1, as a function of the rate
of driving in the dimensionless unit @pty for three different
values of the quartic coupling, « = 0.03, 0.07, and O.1.

In the quantum quench limit, the system is driven to the
QCP so rapidly that system is unable adjust to the QCP

1.01 3

alc =0.1
alc? =0.07

&

;EED 1.005}
alc® =0.03

10 2 4
@ ply

FIG. 11. Shift in the critical point due to quantum fluctuations:
the ratio between the critical time with quantum fluctuations and
the classical critical time ] /fo is plotted as a function of the rate
of pumping expressed in the dimensionless unit @pt, for three dif-
ferent strengths of the nonlinearity (in dimensionless unit) a/c® =
0.03, 0.07, and 0.1. In the fast pumping limit @pfy < 1, 7] grows
from 7, as #7 with increasing #,. This growth saturates in adiabatic
limit @pty > 1 recovering the signatures of quantum criticality. We
choose ¢?A?/@% = 100 to set the ultraviolet cutoff A.

(1/@wp >ty and 1/(cA) > ty); in this case the dynamical
quantum corrections are expected to be small. Using the an-
alytical form given in Eq. (77) for the single mode case and
generalizing it for the multimode case, we obtain an estimate
of the quantum correction in the mass (in the limit 1/cA > 1y
and @p K cA),

3

5O ~3—2 L aps (84)
167263 35

The above contribution from the nonequilibrium quantum cor-
rection is small for t ~ o by 1/(cA) > 1. To find out the shift
in the critical time, we solve

tq
5)1%,[1 — %} +82(1]) = 0. (85)

In the quantum quench limit, the leading order deviation of
tg from 1, is obtained from the above equation by replacing
§X(t]) by §%(t9) to obtain

(NPT (86)
- = w .
f0 16723 7O\ @

Thus the leading order deviation of 7/ from ) grows as zg as
we increase the sweeping time fy.

When the system is driven to the QCP slowly, the system
has a longer time to adjust to the QCP and the effects of
quantum corrections become marked (see Fig. 11). In the adia-
batic regime @pty > 1, the quantum correction to the retarded
self-energy takes the form

[@3 +m()] c?A?
In ,
c2A? [@3 +m(@)]

87)

S() ~ 33— A2[ 1 —
8n2c

where we neglected the terms of O(1) as small in comparison
with the logarithm in the second term. As discussed above,
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the first term in (87) can be absorbed in a renormalization of
the equilibrium parameters, leading to an increase in the mode
frequency due to

s[5, (1
8m2c| 2¢2 o3

[@F +m()] c*A?
— In .
2c? [@3 +m(1)]

(88)

8X(t) =

The resulting correction has a weak logarithmic dependence
on A, consistent with a system at its the upper critical dimen-
sion, demonstrating that in the adiabatic limit we recover the
signatures of equilibrium quantum criticality.

In the adiabatic limit, the leading order deviation of 7/ from
to is obtained from Eq. (85) by replacing (SE(tg ) by §X (1) to

obtain
1430 g, (CA (89)
0 1672¢3 oy )]

We have computed an additional delay in the transition to
the polar phase due to leading order quantum fluctuations.
Since here we are considering a model where the fluence
varies linearly in time, this result corresponds to an increase
in the critical fluence. More generally quantum fluctuations
increase the renormalized mass, thus requiring modified flu-
ence profiles for the system to transition to the polar ordered
state. Therefore the dependence of the critical fluence on
the driving rate can be used to identify and to characterize
quantum corrections in driven ferroelectrics.

V. SUMMARY

In this work, we have analyzed a model of a driven lattice
system close to a ferroelectric instability. We have shown that
classically, the driving can be described as a modification of
the nonlinear phonon potential leading to a phase transition
beyond a critical fluence. The structure of the ordered phase
can be tuned by light polarization. For fluence above the
critical one, a second phase transitions is possible that breaks
additional symmetries. A further increase in fluence beyond a
second critical value suppresses the ordered phase and in some
cases, leads to a chaotic behavior. Beyond classical dynamics,
we demonstrated that the classical equations of motion arise
as a approximation to the full quantum Keldysh evolution and
identified the lowest-order quantum corrections. The latter
effects predict a dependence of the critical fluence on the
driving rate, which may be observable experimentally.
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APPENDIX A: EFFECTS OF NONBIQUADRATIC
P-Q INTERACTIONS

In this Appendix, we illustrate the reasons why nonbi-
quadratic P-Q interaction terms, such as PQ, PQ?, and P*Q,
do not lead to qualitatively new effects and can be neglected.
To start, we consider the two-oscillator model in Sec. IIIC
with additional action

Soda = / ai|yipe+5iPo + Bipigl. A
The classical EOM (27) then become

O+ wég + 10— yPQ - 3nyQz

)’31
2

B+ wlP + BoP — y Q*P + aP® — %@

—ynP =Z,E@), (A2)

_ 3ya
2
If we first neglect the backaction terms in Eq. (A2), namely

the terms involving Ps, then in this approximation, we can
apply (28), namely,

O(t) = xqEo cos(§2t),

where y, is defined in the main text. With this substitution,
the O and Q3 terms in Eq. (A3) can be directly absorbed into
a time-dependent renormalization of the electric field,

Y13

P20 —ynQ = Z,E@). (A3)

(A4)

E@t)=E@) +27 (Xqu)B(cos 3Q + 3 cos Q1)

+ %Xqu cos(L21).

P

(A5)

The additional two terms do not lead to any qualitatively new
physics. The second term simply renormalizes the oscillating
electric field at frequency €2, while the first one introduces
oscillations at 3€2 that are even further off-resonance for the P
mode. In addition, in the main text we have demonstrated that
the critical Ey for the light-induced transition scales with wp
[see, e.g., Eq. (21)] and is therefore small for a system close
to the phase transition. In that regime, one can also justify the
neglect of higher order terms in Ey due to the smallness of E.
The P?Q term in (A3) corresponds to a time-dependent cubic
potential for P in the original action (A1). This term averages
to zero over a period 2 /2 and is therefore unimportant in the
paraelectric phase. In the ferroelectric phase, using the method
we used to derive Eq. (33), we can replace P? by P¢ allowing
this term to also be absorbed into an effective electric field
= ~ 3)/31 )
E@)=E@)+ x.Eo TPO cos(£2t). (A6)
We do not expect the omission of the backaction terms in
Eq. (A2) to change our arguments qualitatively, because the
P?(Q term merely results in a shift of the resonant frequency of
the O mode, while the other backaction terms can be absorbed
into an additional renormalization of the electric field, using
similar arguments to those presented above.
To verify these arguments directly, Figs. 12(a) and 12(b)
show the numerical solutions of Egs. (A2) and (A3).
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FIG. 12. Time-averaged polarization P vs electric field strength E; including nonbiquadratic P-Q interactions [Egs. (A2) and (A3)]. These
results were obtained from 30 random initial conditions at each fixed Ej, and the color of grids indicates the number of times the system reaches
P in its steady state. The common parameter values for these plots are wp = 0.1, wp = 2, 2 = 2.1, = 0.01, Z,=1,7Z,=03, a =1, and
B1 = Bo = 0.1. We choose (a) yi13 = y3; = 0.003 and (b) y13 = y3; = 0.01.

Comparing them to Fig. 4(f), we see that the inclu-
sion of nonbiquadratic terms hardly affects the onset of
ferroelectricity, although it can lead to quantitative differences
at higher fields. However, we note that the qualitative features,
such as multiple coexisting solutions and chaotic behavior,
still persist when these terms are included.

APPENDIX B: TWO-TIME CORRELATIONS
IN QUANTUM CORRECTIONS

In the main text, we have perturbatively calculated the
quantum corrections to the classical EOM (P.)c(t) of the
oscillator given in Eq. (64) by modifying the mass of the polar
mode m(t) in Eq. (65). In this Appendix, we present the details
of calculations leading to this result. In particular, we show
that in the lowest order (the one which we consider), two-
time correlations and noise terms do not arise from quantum
corrections.

The quantum correction is obtained via the retarded self-
energy ©F which can in general is a function of two times,
S R(z,1") [43,44]. However, if we calculate %(¢, ¢') within a
Hartree appproximation, i.e., restricting ourselves to lowest
order diagrams (Fig. 13), the retarded self-energy becomes
local in time, (t,¢") = R()8(t —t') [57]. The Keldysh
self-energy XX (¢, 1) (Fig. 13, right) which typically introdues
noise in the dynamics (see Sec. 11.3 of the Ref. [59]), vanishes
within a Hartree aprroximation due to causality structure of
the equal-time Green’s functions DR (¢, t) = 0. Thus, within
the Hartree approximation, we may write the nonequilibrium

Q .

R, 1) = 8(t — t)ZR) K1, 1) « DR(t,£) = 0

FIG. 13. Diagrams for retarded and Keldysh self-energy within
Hartree approximation are shown. At the one-loop order, the retarded
self-energy is a frequency independent one-time object X% (¢) while
the Keldysh component vanishes due to the causality structure of the
equal time Green’s functions.

Dyson equation for the interacting retarded Green’s function
as [57]

D{;t(t,t’)=DR(t,ﬂ)+/DR(t,tl)zR(tl)ng,t(tl,t’). (B1)

Inverting the above equation by applying D~'X from the left
and D;,/® from the right we obtain

DR, 1"y = DR, 1) — 8t — ) SR
= 8t = 1)[=07 — (wp + m(®) + )],
(B2)

In this way, the quantum corrections in the Hartree approxi-
mation appear as a modification in the time dependence of the
mass of the polar mode.

APPENDIX C: PROOF THAT (quPt,) =0.

To prove the identity (quPC,) = 0 we consider the point-
split relation (P, (t + §)P, ()P, (t — 8)), which we rewrite as
a path-ordered expectation value of the corresponding Heisen-
berg operators

(Pq(t +5)Pq(t)Pcl(t - 8))
1 « N « A A
= §<TC(P+(t +8) — P_(t +8)(P.(t) — P_(1))(P(r — )

+P_(1 - 9))). (ChH

where 7¢ denotes ordering along the Keldysh contour. We
now expand this into eight terms, noting that (i) operators on
the lower (—) contour occur after operators on the upper con-
tour (+), (ii) operators on the upper contour are time-ordered
(iii) operators on the lower contour are reverse-time ordered.
Thus sincet +68 >t >t —§,

TPyt + 8)Pr(t)Pi(t — 6)
TPyt + 8)Pr(t)P_(t — 5)

( ) (Pt + )P()P(t — 8)
{ )

—(TePr(t + PPt — 8))

—( )

—( )

)

(P(t — 8)P(t + 8)P(1))

— (PPt + 8)P(t — 8))
)

)

— (P(t = 8)P(t)P(t + 8)
— (P(t + O)P(1)P(t — §)

TPt +8)P_(1)P_(t — §)
TeP_(t + 8)Pr(t)Pi(t — 6)
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—(TeP_(t + 8)PL(1)P_(t — 8)) = — (P(t — §)P(t + §)P(1))
(TeP_(t + )P_(1PL(t — 8)) = (PP + 8)P(t — )
(TeP_(t + )P_(1)P_(t — 8)) = (Pt — §P1)P(t +9)).

(C2)

We see that the first and fifth, second and sixth, third and

seventh and fourth and eighth terms cancel one another, so
that the total sums to zero.

APPENDIX D: DERIVATION OF QUANTUM
SELF-ENERGY FOR A SINGLE-MODE PHONON

In the main text, we calculated the quantum correction
in the form of Hartree self-energy X(¢) in Eq. (77) for a
single-mode phonon. Here we will derive o () starting from
the formulation to calculate Keldysh Green’s function of a
harmonic oscilator with time-dependent frequency given in
Eq. (75). The Hartree self-energy,

K 3o 212
%(t) = 3aiD™ (t,t) = —(a () + wpb (t)). D1)
26013
We solve the differential equations given in Eq. (73) to obatin
the solutions with z = wpty,

At = nz[Ai/(—zz/3)Bi{ (1 — ;)ﬁ“}
0
¢ 2
—Bi’(—z2/3)Ai{—(1 - —>z2/3H :
fo

Y1) = n2z2/3[Ai(—zz/3)Bi{—<l B L)Zz/a}

fy

2
—Bi(—z2/3)Ai{—<l - t5>z2/3” , (D2)
0

where Ai and Bi are Airy functions and Ai’ and Bi’ denotes
their derivatives respectively.

In the quench limit, wpty < 1, the Airy functions can be
expanded in power series of z of the form

AiC2) ~—(1+i>—;
NIV O)
1 2 Z31/6
Bi(z) ¥ —(14+ =) - =—
i(z) 31/6[‘(%)( + 6) F(%)’

3 2
Z Z

RESVETSTaNY (1 + —) T S RA(2)
31/3F(§) 3 2 x 32/3F(§)

31/6 3 2

—1< %) - O

r(s) 2 x 31°0(3)

Collecting the coefficients of the leading powers of z, we

obtain Eq. (77) as

3a Bl

)= —14+——), wp L1/t (D4)
2wp 31

On the other hand, in the adiabatic limit wpty > 1, we get the

same answer as the time-independent harmonic oscillator with

its mass term w? replaced by w3 + m(t).
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