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The quantum-classical correspondence between local minima on the classical energy landscape and excited
eigenstates in the energy spectrum is studied within the context of many-body quantum spin systems. In mean-
field approximations of a quantum problem, one usually focuses on attaining the global minimum of the resulting
energy function, while other minimum solutions are usually ignored. For frustrated systems, a strict distinction
between global and local minimum is often not tenable since first-order-type transitions can interchange the
roles played by two different minima. This begs the question of whether there is any physical interpretation for
the local minima encountered in mean-field approximations of quantum systems. We look at the problem from
the perspective of quantum spin systems. Two models are studied, a frustrated model with quenched disorder
and a pure system without frustration. Accurate classical energies of the minima are compared with the full
spectrum of energy levels, allowing us to search for signs of correspondence between them. It is found that the
local minima can generally be interpreted as excited energy eigenstates. Instances of spurious minima are also

reported.
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I. INTRODUCTION

The study of excited energy eigenstates is recently re-
ceiving some interest in the context of many-body quantum
spin systems [1,2]. In quantum optimization algorithms, for
instance, excited states appear as suboptimal solutions when
the system falls out of equilibrium after undergoing diabatic or
thermal transition [3]. Apart from practical issues associated
with applications, there are also some basic questions regard-
ing the identity or interpretation of excited states in quantum
spin systems, particularly in the presence of frustration. On
one hand, from a classical perspective, the defining feature
of frustration is a rugged energy landscape exhibiting many
minima, with metastable states residing in the local minima.
On the other hand, from a purely quantum mechanical point
of view, energies are eigenvalues of the Hamiltonian operator,
with frustration manifested through the statistics of level spac-
ings or eigenvector amplitudes [4,5]. The question that arises
naturally is whether there is a correspondence between the
quantum and classical excited energy states. In other words,
is there a physical interpretation for the local minima fre-
quently encountered in semiclassical treatments of quantum
spin Hamiltonians [6], or are these minima artifacts of the
mathematical treatment.

Let us be more precise about what we mean by the term
classical energy. The Hartree-Fock wave function |0) is de-
fined as the direct product of single-spin states [6,7]

N
10) = (“"), (1)
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where ¢; and B; are the spinor components of the ith spin in the
basis where its z-directional Pauli matrix o} is diagonal, and
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N is the total number of spins. Normalization of |0) requires
that ozi2 + B% =1 for all i. By the classical energy landscape
of a Hamiltonian operator H, we mean the expectation value
(0|H 0), which is an N-dimensional function of the spin vari-
ables «; [8]. Traditionally, Hartree-Fock approximation gives
an estimation of the ground-state energy of H by minimizing
(0|H|0) with respect to o;:

Eg" (H) = min (0]H0). @

An implicit assumption is that there is only one minimum
on the classical energy surface, so we can unambiguously
identify the Hartree-Fock energy E}T with the ground-state
energy Ey. When there is quenched disorder in H, however,
there can be many local minima on the energy surface. This
poses the question of whether evaluating the Hartree-Fock
energy at the local minima is meaningful as well, and if these
local minima energies correspond to actual energy levels in
the quantum spectrum.

There are many previous studies on local minima in dis-
ordered quantum spin systems. The nature of the transition
between the paramagnetic and spin-glass phases has been
investigated in a variety of models ranging from the Heisen-
berg model [9], the Sherrington-Kirkpatrick model [10-15],
rotor models [16,17], to p-spin models [18-21]. A wide range
of techniques such as perturbative expansion [10], replica
method [11,13,14,20,21], quantum Monte Carlo simulations
[12], Landau effective-action functional [17], and 1/p expan-
sion [18] have also been employed to study these transitions.
For a summary of some of these methods and their results,
see Ref. [15]. The so-called “dynamical effects” induced by
quantum fluctuations on the spin-glass phase have also been
studied in some models at both finite and zero temperatures
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using a variety of techniques [22-25]. In most of these earlier
works, one usually performs an average over the quenched
disorder using the replica method. On the other hand, in the
approach via the quantum Thouless-Anderson-Palmer (TAP)
equations [26-28], one can choose to study the system under
a specific realization of disorder. Compared to the replica
approach, this viewpoint offers a more intuitive picture of
the glassy phase in the form of a rugged free-energy land-
scape, with the exponentially many TAP solutions as the
local minima. The general formalism of the quantum TAP
approach has been developed in Ref. [28], and applied to
the spherical p-spin model to obtain the generic phase dia-
gram for quantum spin glasses. The Hartree-Fock method we
adopted above has some similarities with the quantum TAP
approach, but also some differences. Like the TAP approach,
the Hartree-Fock method works with specific realizations of
quenched disorder, and the scenario of a rugged energy land-
scape emerges as well. In the case of some simple mean-field
models (e.g., the ferromagnetic model in Appendix B), their
mean-field equations are also similar. On the other hand,
while the quantum TAP approach is applicable at finite tem-
peratures, the Hartree-Fock method is usually only used for
zero-temperature calculations. The kinds of approximation
which are involved in the two methods are also quite differ-
ent. The TAP equations become exact in the thermodynamic
and infinite-dimension limit, whereas for the Hartree-Fock
approximation, corrections in the form of correlation energy
(discussed below) must be incorporated regardless of system
size or dimension.

Another way of studying disordered quantum spin systems
is from the perspective of quantum chaos [4,5,29-36]. In
this approach, one mainly focuses on purely quantum me-
chanical attributes such as level statistics [4,29,31-33], level
dynamics [30], eigenstate amplitudes distribution [5,29], and
entanglement [31], rather than on the local minima. Also,
many works in the literature are devoted to disordered spin
chains [4,5,29,31] or two-dimensional models [31-33], in
which the spin-glass phase is usually considered to be absent.
An exception is an early paper by Georgeot and Shepelyansky
which showed how the level spacing distribution changes
between Poisson and Wigner-Dyson as one tunes the strength
of the transverse field in the quantum Sherrington-Kirkpatrick
model [34]. Interestingly in this work, the relation between the
statistics of the level spacings and the spin-glass phase is not
very straightforward because the distribution reverts back to
Poisson (i.e., nonchaotic) when deep within the glassy regime.
Recently, there is growing interest in the relationship between
the spin-glass phase and quantum chaos, for instance, from
the viewpoints of Lyapunov exponent [35] and spectral form
factor [36].

A slightly different angle to view and perhaps bring to-
gether these two perspectives is offered by recent discussions
on many-body localization delocalization (MBLD) in quan-
tum spin glasses [37-39], where extensive studies on the
energy levels and eigenstates of such systems revealed a tran-
sition between localized and delocalized phases reminiscent
of many-body localizations observed in spin chains [40—45].
However, as noted by Baldwin et al. in Ref. [38], the mech-
anisms underlying the transitions are quite different between
mean-field and chain models, with large energy barriers play-

ing the dominant role in MBLD. The authors also pointed out
a possible relation between the mobility edge in MBLD and
the dynamical transition ushering a system into the rugged
free-energy phase (cf. the quantum TAP approach Ref. [28]).
As in studies on quantum chaos, however, in MBLD one
focuses mainly on quantum attributes such as level spacings
or entanglement entropy, so the intuitive role played by local
minima in the localization mechanism is, nevertheless, not
very transparent.

This work is in part an effort to bridge and find a rela-
tionship between these two different points of view, namely,
the classical description in terms of local minima versus the
quantum picture based on energy levels and eigenstates. In
particular, we are focusing on a specific aspect, namely, to
see if a correspondence can be established between the energy
levels in the quantum spectrum and the energies of the classi-
cal local minima. In many of the works reviewed above, one
adopts a statistical stance and looks at the general properties
of a system via “bulk” quantities such as the average free
energy or the level statistics. Here, on the other hand, our
approach is to match pairs of quantum and classical states
together individually. Overall, we were able to find evidences
of a quantum-classical correspondence between the two. More
specifically, the correspondence yields a picture of highly
excited eigenstates which are largely confined around the
classical local minima. We stress that it is not our aim here to
address the challenging issues reviewed above (i.e., quantum
chaos and MBLD). Nonetheless, we feel that our work might
still contribute some insights into those questions.

Apart from theoretical considerations, such a correspon-
dence relation may also be useful in practical scenarios. In
quantum annealing and optimization [3], for instance, a phe-
nomenon known as “freezing” where the system gets stuck
in a suboptimal Boltzmann distribution, thereby failing to
attain the global minimum solution, has been observed both in
numerical simulations [46] and experimentally on the D-wave
machine [47]. Due to the high dimensionality of the Hilbert
space involved, quantum annealing processes are usually in-
terpreted in terms of a classical trajectory on an approximate
mean-field energy landscape. In Refs. [46,47], freezing has
been attributed to trappings by local minima on such en-
ergy surfaces. Interestingly, the situation here is somewhat
the opposite of quantum chaos and MBLD discussed above.
Whether and how the local minima, based on a mean-field
picture, represent the actual quantum states of the system is
not very clear. A closely related issue concerns the role played
by tunneling in quantum annealing, particularly in the D-wave
machine [47,48]. In these works, tunneling is analyzed with
the assumption that the system makes a transition from one
local minimum to another. On the other hand, as will be
demonstrated in Sec. IV, an excited energy eigenstate is some-
times formed by superposing several local minima together.
Hence, a more accurate analysis of tunneling in frustrated
systems might need to account for such multiple-minima ef-
fects. These considerations may play an important role when,
say, improving the efficiencies of quantum optimization algo-
rithms.

A second contribution of this work concerns the numerical
calculation of classical energy. In the preceding discussion, we
have interpreted the classical energy to be the Hartree-Fock
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energy. However, Hartree-Fock approximation is sometimes
not precise enough to enable one to perform the quantum-
classical correspondence mentioned above. In particular, in
the high-energy regime where the local minima reside, the
spectral lines are quite closely spaced and so the classical
energy needs to be relatively close to the appropriate energy
eigenvalue in order for one to see their correspondence. The
way to improve upon Hartree-Fock approximation is to in-
corporate the correlation energy via coupled-cluster theory
[49,50]. In standard coupled-cluster theory, one performs a
Hausdorff expansion of the transformed Hamiltonian

1
e "He' =H+[H,T]+ 5[[H, T, T]

1

where T is the excitation operator generating multispin ex-
citations when acting on the Hartree-Fock wave function
[51]. The combination of Hartree-Fock approximation and
coupled-cluster theory has traditionally been used for elec-
tronic structure calculations in quantum chemistry [49,50],
and subsequently also in condensed matter physics to treat
systems such as the Hubbard model [52]. In these fermionic
systems, the models are expressed in terms of creation and
annihilation operators ¢’ and ¢, and the expansion (3) termi-
nates after a finite number of terms due to the anticommutator
relation {c, ¢’} = 1. On the other hand, in spin systems the
Pauli matrices 0 (« = x, y, z) obey the relation [0%, 0] =
2iegp, 07 (€qpy : Levi-Civita symbol) where a commutator
between two matrices produces a third one, unlike the case
of fermions. A naive evaluation of Eq. (3) for spin systems
is therefore not guaranteed to terminate. The formulation of a
finite (i.e., terminating) Hausdorff expansion in terms of three
operators o* and o was pioneered by Roger and Hethering-
ton [53], and coupled-cluster theory has since been applied on
a variety of spin systems [53—61]. However, for an arbitrary
Hamiltonian with quenched disorder, the evaluation of this
expansion is in general still quite involved, requiring the use of
a pattern-matching computer-algebra program just for setting
up the coupled-cluster equations alone [56,57,62].

In this work, we propose a different way of formulating
coupled-cluster theory for spin systems that circumvents the
Hausdorff expansion altogether. For certain types of mean-
field systems, our approach simplifies the process of deriving
the coupled-cluster energy and equations. Consider operators
of the form

N
Jo@) =" aof, “)
i=1

where o/ is the a-directional Pauli matrix of the ith spin,
and q; is the ith component of the N-dimensional vector a.
Let us restrict ourselves to models whose H and T can be
expressed in terms of polynomials of operators like J,(a).
The transformation e 7 He” can then be evaluated without
performing the expansion (3) explicitly. To illustrate, con-
sider a two-body operator 7 = %[Ja (@)]*. We generalize the
Hubbard-Stratonovich transformation to operators

WWe@P _ /Oo dm [_1 > }
e? = ——ex —m- +mJ,(a)|. 5
T Pl=3 ) Q)

It is seen that the quadratic operator [J,(a)]*> has been “lin-
earized” on the right side of Eq. (5) by introducing the random
Gaussian field m. It is then straightforward to evaluate individ-
ual terms in e~7 He” by applying the formula

e Jy@) Y = Ju () +ieapy J,d).  (6)

where ¢; = a; cosh(2Ab;), d; = a; sinh(21b;), A is a parameter,
and €,p, is the Levi-Civita symbol. Equations (5) and (6)
in effect achieve the same purpose as the Hausdorff expan-
sion (3). After they have been applied, the setting up of the
coupled-cluster energy and equations is straightforward and
will be detailed in Sec. II. The above approach simplifies
some of the mathematical derivations encountered in coupled-
cluster theory.

As mentioned, coupled-cluster theory has been used to
study a variety of spin systems. Its performance in spin chains
[53-55] and various two-dimensional lattices [53-57,59,61]
has been benchmarked and examined in considerable detail.
These studies have shown that coupled-cluster theory is an
accurate and efficient numerical method for calculating the
ground-state properties of low-dimensional lattice spin mod-
els. On the other hand, its performance in fully connected
models, especially in the presence of quenched disorder, has
received lesser attention. It is the secondary objective of this
work to assess the feasibility of coupled-cluster theory for
treating mean-field systems. We study models whose Hamil-
tonian matrix is amenable to exact diagonalization, thereby
allowing us to benchmark the results of coupled-cluster calcu-
lations. We also apply coupled-cluster theory to local minima
on the Hartree-Fock energy surface to see if the energies of
excited states are obtainable from local minima. We found
that at large system sizes, coupled-cluster theory is effective
and gives significant improvement upon Hartree-Fock ap-
proximation. However, at small system size, and particularly
when quenched disorder is present, we encountered situations
whereby there are no physically valid solutions to the coupled-
cluster equations. Overall, our assessment of the effectiveness
of the coupled-cluster method for mean-field models remains
inconclusive. In particular, the question of its performance in
disordered systems when the number of spins is large remains
open and requires further study.

In this paper, we address the questions outlined above by
case studying two models. The rest of the paper is organized
as follows. Section II presents the random field formulation of
coupled-cluster theory at the level of singles-doubles approxi-
mation (CCSD). Section III is on a model without frustration,
the cubic model under transverse field and antiferromagnetic
interactions. This is a simple system, chosen because its en-
ergy surface exhibits just one local minimum. After defining
the model and reviewing its phase diagram and ground-state
energy, we focus our attention on the local minimum. The
main result here is that in the quantum spectrum, a series of
consecutive energy levels form an envelope of avoided cross-
ings, and the energy of the local minimum lies very closely on
this envelope. Hence, the quantum-classical correspondence is
established between the local minimum and this “secondary”
structure, rather than with any particular energy level. We then
examine the quantum and classical wave functions along the
envelope to ascertain the correspondence. Section IV is on the
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Hopfield model in transverse field. This is a frustrated system
exhibiting multiple local minima on its energy surface. After a
brief review of the model, we study the rugged structure of the
energy landscape in some detail. This is followed by examina-
tion of the energy eigenvalues and eigenfunctions, where we
found quantum states being localized in the energy basins of
local minima. Lastly, Sec. V summarizes and concludes the
paper.

To aid in the flow of our presentation, some technical
materials are deferred to the Appendixes. Appendix A gives
a list of CCSD formulas used in this paper. Appendix B
applies CCSD to a simple model, the ferromagnetic model in
transverse field, illustrating in some detail the implementation
of the method. Appendix C presents the wave functions of
the classical approximations, which will be employed when
ascertaining quantum-classical correspondence. The reader is
referred to these supplements for technical details.

II. RANDOM FIELD FORMULATION
OF COUPLED-CLUSTER THEORY

In this section, we present the random field formulation of
coupled-cluster theory. We illustrate our method by outlining
the main steps in the derivation of (0le~7J, e”'|0), which is
one of the terms (the transverse field) in the coupled-cluster
energy. We then state the results for the other terms in Ap-
pendix A. The notation J,, denotes J,(a) with all components
of a set to unity. The coupled-cluster energy and equations for
the models studied in this paper are obtained by combining
terms listed there. For general aspects of coupled-cluster the-
ory, the reader is referred to Refs. [49,50].

In this paper, we employed the singles-doubles approxima-
tion in the coupled-cluster expansion (CCSD). The excitation
operator T in Eq. (3) is truncated at the second-order term, and
the coupled-cluster energy is no longer exact. Previous works
have shown CCSD to be an economic approximation to try
when approaching any new model. As we shall demonstrate
in later sections, it leads to very accurate results when when
the system size is large.

For the models we considered, T can be written as

N | N 2
TSD=yZﬁ+§<ﬂZﬁ>. (7)
i=1 i=1

The operator f; = —io; flips the ith spinor (;) (a, B real). The
variables y and w (> 0) are, respectively, the amplitudes for
singles and doubles excitations, and they are determined by
solving the CCSD equations. Applying Eq. (5) followed by
Eq. (6), one has

o T I, TV / D e(im-ﬁ—m)ﬁZ,-ﬁ(JX 08 2z + J, sin 2z),
3

where [D = [°° [ dmdm o=3("+m) and 7 =y 4 m/w.

—ooJ—0o0 27
Before taking the expectation value of Eq. (8) with respect to
. N .. .
the Hartree-Fock wave function |0) = ( ) , it is convenient to

define

o

B

b, = coshJw(im —m), by = sinhJ/w(im —m)  (9)

and

Py =2ap + (o — B*)(iba/b1)

Py = 2af(iby/b1) — (@® — B7). (10)
We then have

©le " J. " 10) = N/Db’lv(Pl cos2z — Py sin2z). (11)

To integrate out the random fields m and m, we use the
identities

by \" 2w
/D b (lb_2> cospuz =i"e” 2 cosh" (uw)tanh”(pw)
1

|: (—1)'et™y 4 =iy
X _—_—m——
2

}, (12)
v (ib2\" . . n
D b, e sinuz =i"e” 2 cosh”™ (uw)tanh" (puw)
1

(—1)reity — iy
X —_—_—nm
2i

where n and p are positive integers. We finally obtain

}, 13)

017" 1. €™ 10) = Ne 2 cosh” (2w)(1 + tanh 2w)

x [2aB cos2y + (a* — p?)sin2y].
(14)

The derivation of other terms in the CCSD energy is similar
and the results are summarized in Appendix A 1. For the sin-
gles and doubles equations, instead of acting on e~7 H e |0)
from the left with (0|, one applies (1| = (0|f; and (12| =
(0] f1.f2, respectively. Appendixes A 2 and A 3 summarize the
terms used in the CCSD equations.

III. LOCAL MINIMUM AS ENVELOPE
OF AVOIDED CROSSINGS

A. Model: Cubic potential in transverse field
and antiferromagnetic interactions

As our first example, consider the Hamiltonian

A s(1=2)
Hewpic = _m(-]zf + T

where the parameters s, A € [0, 1] control the relative
strengths among the three operators. This model was pro-
posed in the context of quantum annealing [63], where one
seeks to optimize the cubic objective function (J;)? via careful
adjustments of quantum fluctuations in the form of the trans-
verse field J, and antiferromagnetic interactions (J;)?. In the
absence of the antiferromagnetic term, quantum annealing is
highly inefficient due to a first-order phase transition. Antifer-
romagnetic fluctuations can, however, soften the transition to
a second-order one, leading to a quantum speedup.

We have two reasons for studying this model. First, it is
simple, exhibiting a single local minimum on the classical
energy landscape. The second motivation is partly related to
the first and concerns the identity and eventual fate of a lo-
cal minimum in the process of annealing. The computational
bottleneck of quantum annealing lies near the Landau-Zener
crossing between the ground and first excited states. In the

=0 =9s)J, (15
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FIG. 1. Phase diagram of the cubic model H.,;c showing its classical energy landscape [Eq. (16)] in the s-A plane. (a) N = 1000. (b) N =
25. The plane can be divided into five regions, labeled A to E. At finite N, one can go from region A to D without crossing a boundary, as seen
from (b). In (a), a schematic of the energy landscape within a region is shown next to that region’s label.

mean-field picture, these two states are embodied by the
global and local minima, respectively. While this correspon-
dence holds true near the avoided crossing, when away from
the crossing, whether the local minimum still remains as the
first excited state, becomes other eigenstates, or if the mean-
field description breaks down altogether, is not very clear. In
this respect, the simple energy landscape of this model allows
us to follow the sole local minimum closely and study this
issue without complications from other minima. As we shall
show, at least for this model, the local minimum eventually
evolves into a very high-energy eigenstate, implying bad re-
sults for quantum annealing if the system gets trapped by the
minimum at the avoided crossing bottleneck.

B. Classical energy landscape and phase diagram

Due to permutation symmetry among all spins in Heypic,
the Hartree-Fock wave function takes the simpler form |0) =

(Z)N, and one has

(OlHeupic|0) = — sA(N — 1)(1 —2N"H(2a* — 1)

— 2N(1 = )/ 1 — a2
+ 4s(1 — VDN — D (1 — a?)
— A3 =2N"H2a? = 1)+ s(1 —1). (16)

One can summarize the overall behavior of the system in the
form of a phase diagram in s-A parameter space. Figure 1(a)
shows the case for N = 1000. The phase space consists of
five regions, labeled A to E. A schematic of the classical
energy landscape within a region is shown next to that region’s
label. Boundaries between regions are obtained numerically.
The energy landscape has one minimum in regions A and
D, and two minima in B, C, and E. Our interest will be in
the three latter regions, where the energy surface exhibits a
local minimum. When going from region B to C, the system
undergoes a first-order phase transition. As will be discussed
below, only the local minimum in regions B and C exhibits
quantum-classical correspondence, while the one in region E
seems to be an unphysical minimum.

Figure 1(a) is representative of the phase diagram for gen-
eral N. As N decreases, the most salient change is that region

C becomes smaller, as seen in Fig. 1(b) for the case of N = 25.
When N is finite, regions A and D are not separated by a
boundary. This is seen clearly in Fig. 1(b) where at small N the
effect is more pronounced. As N increases, region D becomes
smaller, with regions C and E merging in the thermodynamic
limit. This narrowing of region D is, however, quite slow
with respect to N as we were still able to observe the region
numerically at N = 40 000.

C. Ground-state energy
1. Hartree-Fock approximation

The Hamiltonian H i commutes with the total angu-
lar momentum operator Jf +J§ +Jz2, so the ground-state
energy Eo(H.upic) can be obtained numerically by diago-
nalizing Hgypic in the sector with total angular momentum
N/2. The Hartree-Fock energy EFF (Heypic) is evaluated at the
global minimum of Eq. (16). Figure 2(a) shows the differ-

ence between Ey(H_ypic) and Eéﬂ: (Hcupic) when N = 1000. To

. . ENF_Ey| .
accentuate small differences, the fractional error l 0‘ Bl ol s

plotted on logarithmic scale in the vertical axis. Each curve
shows the error as a function of s at constant A, representing
a vertical slice through the phase diagram [cf. Fig. 1(a)].
The three curves convey an overall picture of the system’s
behavior. Generally speaking, although E}' (Heyic) approx-
imates Eo(H.upic) quite accurately when s < 0.4, the error is
significant when s = 0.4.

2. Coupled-cluster singles-doubles (CCSD) approximation

We now improve upon Hartree-Fock energy via CCSD
approximation. Details are given in Appendixes A and B. Here
we simply outline the procedure.

The CCSD excitation operator TSP is given by Eq. (7). The
singles equation is obtained by substituting Eqgs. (AS), (A7),
and (A9) into (1]e™ 7" Hpice” |0) =0, and the doubles
equation by substituting Egs. (A10), (A12), and (A14) into
(12167 Houpice™ " |0) = 0. The equations are solved numeri-
cally to obtain the CCSD parameters y and w in Eq. (7), which
are then substituted into (0le™"" Hewice”  |0) via Egs. (14),
(A2), and (A4), yielding the CCSD energy EOCC (Hcubic)-
Figure 2(b) shows the fractional error between Ey(H,ypic) and
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FIG. 2. Comparing the ground-state energy of the cubic model Ey(H.ubic) With (a) Hartree-Fock energy E(?F(chbic) and (b) CCSD energy
EOCC (Heypic ), for N = 1000. Each curve shows the logarithm of the fractional error as a function of s at constant A. It is seen that EOCC (Hcupic)

gives an accurate approximation of Ey(H.uic) When N is large.

E§C(Heupic)- It is seen that CCSD leads to significant improve-
ment in accuracy in the region s 2 0.4. This close agreement
between Ey(H.upic) and EOCC (Hcupic) improves even further as
N increases. To summarize, when N is large CCSD energy is
accurate enough to enable one to correlate it with an energy
eigenvalue.

D. Local minimum in regions B and C

We now discuss the local minimum, here focusing on
the one in regions B and C. Its CCSD energy, denoted as
ESC (Heupic), is calculated in the same way as ESC(Heubic)s
with the Hartree-Fock wave function |0) evaluated at the local
minimum of Eq. (16). Figure 3(b) shows ESC (Heubic) as a
function of s (A = 0.5, N = 1000). To track Eﬁfal(chbic) as
it evolves amidst the energy eigenvalues, one needs to look at
the entire energy spectrum. Figure 3(a) shows the spectrum
of Hypic in the sector with total angular momentum N/2. We
have plotted alternate levels using the same color to help the
reader distinguish between individual eigenvalues. Each curve
in Fig. 3(a) shows an energy level E,(Hoypic) (n =0, ..., N)
as a function of s. One discerns a densely colored band (green)
spanning across the diagonal, which is a region where many
energy levels undergo avoided crossings. Notice that the curve
of EEC (Heuic) coincides with this band, which can be seen by
comparing the two panels visually.

Figure 4 zooms in on the region where the CCSD energy
coincides with the band. To facilitate visual inspection, the
curve of Elggal(HCUbiC) is superimposed on the full spectrum
E,(Heybic), with the Hartree-Fock energy EfF (Heupic) sub-
tracted from both energies. Figure 4(a) shows a closeup view
of a narrow range of energy around the horizontal axis. One
sees that an energy level sometimes exhibits a “z”-shaped kink
in its curve, which is due to a succession of two avoided cross-
ings with neighboring levels. Interestingly, these kinks chain
together to form an envelope of avoided crossings, and several
of these are seen in Fig. 4(a). The lowest one lies along the
horizontal axis, which incidentally is also the Hartree-Fock
energy. After CCSD correction, we see that the energy of the
local minimum (blue circles) agrees almost exactly with the
lowest envelope. Panels (i) to (iii) zoom in on three locations,
indicated in Fig. 4(a), for closer inspection.

Hence, there appears to be a quantum-classical correspon-
dence between the local minimum and the energy spectrum.
Usually, one associates a classical energy state with a single
energy level, as in the case of the ground state. Here, the local
minimum is associated instead with an envelope of avoided
crossings formed by concatenation of consecutive energy
levels. This quantum-classical correspondence between the
envelope and the local minimum improves when A is closer
to unity (constant N), and also as N increases. Nevertheless,

W |t 1
. Regi Regi
300} // 1 300 egion egion
-320F 1 -320
-340¢ 1 -340
\ CC
-360) -360¢ Elocal
-380¢ E 4 -380" i
— n
s o (a) | L ~(b)
0.4 0.42 0.44 0.46 0.4 0.42 0.44 0.46
S S

FIG. 3. Correspondence between quantum spectrum and classical energy of local minimum for the cubic model H,yy. (A = 0.5, N = 1000).
(a) The full energy spectrum as a function of s (sector of H,pi. With total angular momentum N/2). Alternate energy levels are plotted with
the same color. The densely colored band spanning across the diagonal is a region with many avoided crossings among energy levels. (b) The
CCSD energy of the local minimum ESS; (Hewic) in the same range of s. The boundaries of regions B and C [cf. Fig. 1(a)] are also shown.
Comparing the two panels, one sees that the curve (blue) in (b) coincides with the band (dense green) in (a).
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FIG. 4. Closeup view of Fig. 3, with the curve of ESS

ocal (

H_.ypic) of Fig. 3(b) superimposed on the full spectrum of Fig. 3(a). The vertical

axes here have been adjusted by subtracting the Hartree-Fock energy of the local minimum EFE | (Hypic) from ESS, and all the energy levels of
the spectrum. The legend shown in (a) applies to all panels. (a) Closeup view of the horizontal axis (i.e., around the Hartree-Fock energy). (i)
Closeup view of the region around s = 0.4, indicated in (a). (ii) Around s = 0.407, where the first-order phase transition occurs. (iii) Around
s = 0.44. Overall, one sees that the CCSD energy of the local minimum coincides with the lowest envelope.

the correspondence is already apparent at smaller N. Figure 5
shows the CCSD energy superimposed on the energy spec-
trum at a smaller system size (N = 75, A = 0.65). Again, one

FIG. 5. Correspondence between the envelope of avoided cross-
ings and the CCSD energy of local minimum ESS, (Heubic) when the
system size is small (N =75, A = 0.65). The figure is organized
similar to Fig. 3, this time with ECS, superimposed on the spectrum.
The quantum-classical correspondence is observable even at this

smaller system size.

sees that the CCSD energy coincides with the envelope of
avoided crossings.

E. Wave functions along the envelope of avoided crossings

Let us examine the classical and quantum wave functions
along the envelope. The energy eigenfunctions |E,(Hcubic))
are obtained from diagonalization and we represent them
using the eigenfunctions of the J, operator |m;). The Hartree-
Fock wave function of the local minimum |Ef (Heuic)) is
also represented using the same basis. Details on |m;,) and the
calculation of (m.|E[TF ) are given in Appendix C.

To evince the correspondence between the wave func-
tions, we define 7 as the level label such that the energy
difference |E1§§a1(chbic) — E;(Hewic)| (fixed s and A) is the
smallest among all the energy eigenvalues; in other words, the
eigenvalue closest to E[IF | is E;. Figure 6 compares the prob-
ability densities |(m,|EHF )|* (black circles) and |(m;,|Ez)|?
(red solid) at three locations of the envelope in Fig. 4(a);
specifically, panels (i) to (iii) show for s = 0.4, 0.406, and
0.44, respectively. The densities of the two neighboring en-
ergy levels |(m.|Ez+1)|* (blue dashed, green square) are also
shown, for comparison. One sees that there is close correspon-
dence between the classical state at the local minimum and the
nearest energy eigenstate [64].

A more comprehensive picture can be attained by monitor-
ing the overlap between the wave functions. Figure 7(a) shows
the level label 7 along the envelope in Fig. 4(a), and Fig. 4(b)
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FIG. 6. Wave functions at three values of s along the enve-
lope shown in Fig. 4(a). (i) s = 0.4. (ii)) s = 0.406. (iii) s = 0.44.
In each panel, the probability densities of the Hartree-Fock wave
function (m, |EII:CF 1) (circle) and the three nearest energy eigenfunc-
tions (m,|Ey) (solid) and (m;|E;+,) (dashed and square) are plotted.
One sees that the classical (m.|ELE ) has a quantum counterpart in

local
(m;|Ez).
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FIG. 7. (a)Level label 7 along the envelope in Fig. 4(a). (b) Over-
lap (E;|E[F ) between the Hartree-Fock wave function at the local
minimum and the nearest energy eigenfunction, along the envelope.
Lines connecting data points (circles) are to guide the eye only. The

overlap is close to unity along the entire envelope.
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FIG. 8. No quantum-classical correspondence for the local min-
imum in region E (N = 100, A = 0.1). The Hartree-Fock energy of
the local minimum, denoted EloCdl £ (Heuvic) (blue), is superimposed
on the energy spectrum (red and green). The vertical axis has been
shifted by EfT ¢, as in Fig. 4. Visually, there appears to be no
correspondence between the classical and quantum energies.

shows the overlap (Ej |E1§§al) We see that the overlap is very
close to unity along the entire envelope. (Sudden deteriora-
tions at isolated points are due to avoided crossings, where Ej
and Ej;_; are almost degenerate.)

We close this section with a short comment. In this model,
we were able to evince the quantum-classical correspondence
partly because the Hamiltonian commutes with the total an-
gular momentum. This had allowed us to focus on the energy
spectrum of one sector (with N + 1 levels) instead of the
entire spectrum (with 2V levels), greatly simplifying our vi-
sual inspection of the classical and quantum energies. In
general, however, when the Hamiltonian does not exhibit any
symmetry, such correspondences, if present, will be difficult
to discover due to the much higher density of levels in the
spectrum.

F. Unphysical local minimum in region E

One might ask whether all the local minima on the classical
energy landscape has correspondences in the quantum spec-
trum. Figure 8§ compares the Hartree Fock energy of the local
minimum in region E, denoted E, 1OC al, 5 (Hcubic), with the en-
ergy spectrum (for N = 100, A = 0.1). The figure is organized
similar to Fig. 4, with the Hartree-Fock energy subtracted
along the vertical axis. One sees that the energy of the lo-
cal minimum (horizontal axis, blue) cuts across many levels,
and visually there does not appear to be any correspondence
between the classical and quantum energies. We tried solving
the CCSD equations at this local minimum, but were unable to
obtain any solutions (perhaps another indication that the mini-
mum is not physically meaningful). In analogy to Fig. 7(b), we
examined the overlap of the Hartree-Fock wave function with
the nearest energy eigenfunction, and found that the overlap
is small (between 0 and 0.6). Hence, it is also possible that a
local minimum is unphysical.
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IV. QUANTUM-CLASSICAL CORRESPONDENCE
IN A FRUSTRATED SYSTEM

A. Hopfield model in transverse field

The cubic model is not frustrated and its energy surface
is relatively simple. Let us now consider a frustrated one, the
Hopfield model in transverse field [65-67]

HHop = -

p
— Y [LEH)P T, (17)

where J,(§") is defined by Eq. (4), and T is the strength of
the transverse field. The original Hopfield model, without the
transverse field, was proposed in a classical context within
the field of associative memory [68]. & is an N-dimensional
binary vector with components +1 or —1. A total of p such
vectors are embedded as memory patterns, which are to be
retrieved from the temporal dynamics of the system. The
original model was subsequently generalized to Eq. (17) by
various authors [65-67]. Recently, this model is receiving
renewed attention in diverse fields such as quantum machine
learning [69], image recognition [70], and quantum comput-
ing [71].

Apart from its wide range of applications, we are motivated
to study this model mainly because it is very flexible in the
sense that the complexity of its energy landscape is tunable via
the embedded patterns &*. For finite loading where the ratio
£ is nonzero in the thermodynamic limit, the Hopfield model
crosses over into the Sherrington-Kirkpatrick model and ex-
hibits spin-glass behavior. However, as the dimension of the
Hilbert space is very large, it is not feasible to diagonalize the
Hamiltonian matrix numerically in this regime. On the other
hand, in the low loading regime where p < N at finite N,
the energy landscape still retains some vestige of ruggedness
where local minima are located near to the patterns & in
configuration space. It is in this regime that we shall study
the model since we have some control over the energy surface
via our choice of patterns, and also because we can study
a small system size whose Hamiltonian matrix is amenable
to exact numerical diagonalization. The case of uncorrelated
patterns (each &/ = +1 or —1 with equal probability) in the
low loading regime has been studied analytically using mean-
field approximation by Nishimori and Nonomura [67]. Using
our Hartree-Fock framework, discussed below, we were able
to verify their predictions on the structure of the free-energy
landscape. On the other hand, the case of correlated patterns
is harder to treat analytically and has received lesser attention
by comparison. We shall therefore focus on such patterns in
this work.

It is not feasible to perform an exhaustive study of all
possible pattern combinations. In the following we shall focus
instead on just one set of correlated patterns [72]. Table I
shows the correlations among the patterns as measured by the
inner product £ « £ = N=' YN £/€”. It is seen that there is
significant correlation among the embedded patterns. This in-
stantiation has parameters N = 16 and p = 4. We are limited
to these small values because it is computationally expensive
both to obtain the energy eigenvalues and eigenstates, and to
perform a thorough sampling of the energy landscape.

TABLE 1. Correlations among the embedded patterns &" (cf.
[72]) and Hartree-Fock solutions &, (at I' = 0) for the instance of
Hyop being studied (N = 16, p = 4). Correlation between a and b is
measuredbya - b = N~! Zf;l a;b;. The last column lists the energy,
Eq. 21), ata with " = 0.

a-b

a/b g g g g Energy
& as 1 0 0 0 -8
&y 0 1 —0.25 0 —8.5
8 a 0 —0.25 1 0.25 -9
£ a, 0 0 0.25 1 -85
@ 0.25 0.5 —0.75 —-0.5 -9
& 0.5 -0.5 0 0.5 -6

B. Hartree-Fock approximation

As &/ is binary, there are 27 possible combinations of the
tuple (Eil, ..., &), and each spin label i belongs to one of the
combinations. Let a combination be labeled y. The N spins
can then be divided into 27 groups where all the spins in each
group belong to the same combination. The Hamiltonian (17)
can be rewritten as

p | 2 2
1

—on Zgﬂﬂ FZJV, (18)

pn=1 1 y=I1
where &) denotes the component of the uth pattern in the
tuple y, and modifying Eq. (4) slightly we define

NV
7= o 19)

iy=1

HHop =

where i, labels a spin in the group of y, and N, is the total
number of spins in the group. Equation (18) simply makes the
grouping of the spins manifest, and is equivalent to Eq. (17).
The point is that one can work with a Hartree-Fock wave
function with reduced dimensionality

20 N, o 20 o N,
o-ffI0)]-A6) o
y=1| i,=1 Bi, y=1 By

instead of Eq. (1). The second equality emphasizes that all
the spins within a group exhibit permutation symmetry. The
classical energy surface is then

i zw - 1)

u=1

p
R
_g_zr;Nyay,/l—ag. @21)

Equation (21) is valid for arbitrary patterns. Substituting the
instantiation of patterns mentioned above leads to a seven-
dimensional function for (0]Hp|0).

2

( |HHop|O

[\S]
2|_

l\.)

224203-9



YANG WEI KOH

PHYSICAL REVIEW B 107, 224203 (2023)

C. Visualization of high-dimensional energy landscape

In this section, we examine the classical energy (21) in
detail.

1.T=0

Let us first consider the case of ' = 0 (i.e., no transverse
field). We obtained all the energy minima numerically. An
initial condition is randomly chosen, and its energy minimized
using zero-temperature Metropolis algorithm. This process
is repeated, each time starting from a different initial con-
dition, until all minima are found. Six solutions, and their
spin-flipped counterparts, were obtained. Each solution is then
converted back to an N-dimensional spin-labeled vector &
where the component of the i,th spin (&)iy is related to its
Hartree-Fock solution ¢, by

@);, = 2o — 1. (22)

Four of the six solutions coincide with the embedded patterns.
The correlations of the remaining two solutions, denoted o
and a, are shown in Table I. These so-called spurious states
correspond to incorrect recall of the memorized patterns. The
last column of Table I gives the Hartree-Fock energies of the
six solutions. It is seen that the spurious state o is one of the
ground states.

The vectors @, are high dimensional. Let us introduce a
plotting system to visualize them. An N-dimensional vector
a can be projected onto the polar coordinates (r, 6), where
r is the normalized Euclidean distance of a from the origin
vector o,

N
1
2 _ b PN
r= ,;(“’ ), (23)
and 6 is the angle between a and the pole vector p,
6 = cos™! [L} (24)
(a-a)p-p)

with the inner product a - p defined in the caption of Table I.
Figure 9 shows the plot of the polar coordinates of all the
energy minima o,, where r and 6 are plotted as the radial
and angular displacements, respectively. We have chosen @
and p such that all the &, have distinct coordinates [73]. The
spin-flipped solutions (denoted —a,) and the embedded pat-
terns (green open circles) are also shown. The global minima
are indicated by solid circles (blue), while local minima are
plotted in red.

This method of plotting provides a way to visualize high-
dimensional energy landscapes. As a first example, consider
the energy of the original Hopfield model, which is defined
on the vertices of an N-dimensional cube. Let us denote Eyqp
as the energy of Hy,p evaluated at the 2V classical spin con-
figurations [i.e., Eq. (17) with I" = 0]. The definition of Eyep
differs slightly from Eq. (21) in that the latter is a continuous
function and takes into account spin permutation symmetry.
Figure 10 shows the energy landscape of Eyop based on the
plotting system used for displaying the energy minima. The
polar coordinates of a spin configuration are calculated in the
same way as for the minima, and the £y, of the configuration
is indicated by color. If more than one configuration is mapped

Energy Minimum
[ J X A | |

_energy _y,
increases

0 0.5
—r—

FIG. 9. Polar plot showing the relative positions of all the energy
minima of Eq. (21) when I' = 0, instantiated by the patterns [72].
The coordinates (r, 6) of a Hartree-Fock solution &, are plotted as the
radial and angular displacements, with @ and p given by [73]. Spin-
flipped solutions are denoted —&,,. Global minima are plotted with
solid circles (blue), local minima in red, and the embedded patterns
with open circles (green).

onto the same polar coordinates, the lowest Eyqp is adopted.
The energy minima shown in Fig. 9 are also plotted here,
using the same symbols (green). In this heat map, high-energy
regions are indicated by warm colors. With this system of
plotting, one can gain some intuition into the topography
of the energy function £yop. For instance, the relative depth
among the minima, the energy barriers separating them, as
well as possible transition pathways, can all be discerned from
the plot.

This method of plotting can also be applied to the clas-
sical energy (21). In this case, the configuration space is

8Hop
90° -5
®
®
®
H
° -6
°
°
°
°
-7
-8
: : : ‘ -9
0 0.5 1
— 17—

FIG. 10. Visualizing the landscape of the energy Eyop. The en-
ergy minima in Fig. 9 are reproduced using the same symbols
(green). Each solid circle represents the polar coordinates of a point
in configuration space, with its energy &y, indicated by color.
Higher-energy regions are indicated by warmer colors. The topog-
raphy of the high-dimensional energy surface can be discerned from
this polar plot.
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continuous, so we set up a discrete rectangular grid in the
r-6 plane. A randomly sampled point in configuration space is
first projected onto polar coordinates, and then assigned to the
appropriate bin in the grid. If the energy of the sampled point
is lower than the energy already registered in the bin, replace
the previous energy with the new one. This sampling process
is repeated until there are no further updates in all the bins.
Figure 11(a) shows the energy landscape of (0|Hyop|0) when
I' = 0, obtained via uniform sampling of configuration space
10" times. For presentation purposes, the polar coordinates
are plotted in Cartesian format. Energy minima (green) are
also indicated, as in Fig. 10. The heat map allows us to visu-
alize the ruggedness of the energy landscape, which is usually
difficult for high-dimensional surfaces. For instance, we can
discern topographical features such as corridors connecting
energy basins (narrow blue channels), as well as the shape
and size of each basin (black patches).

22.T>0

Let us now turn on the transverse field. We tracked the
evolution of all the energy minima numerically as I' is in-
creased. Denote the Hartree-Fock energy of the minimum
+a, as EXF(Hy,p). Figure 12(a) shows how the energy of
each minimum varies with I". Note that the free energy F' =
—(N/2)(1 +T'?) [67] has been subtracted from the curves.
One sees that the local minima disappear from the energy
surface at different I'. AtI" = 0.55, for example, only the local
minima +as are remaining on the surface.

The procedure for plotting Fig. 11(a) can also be applied
to I' > 0 to visualize the evolution of the energy surface
with I". The landscapes at I' = 0.27 and 0.55, indicated in
Fig. 12(a) by vertical lines, are shown in Figs. 11(b) and 11(c),
respectively. In addition to the vanishing of the local minima,
one can also see the smoothening of the energy surface with
increase in I.

To round up this section on classical energy landscape, let
us look at how the positions of the minima change with I.
Figure 12(b) shows the evolution of the polar coordinates of
the minima as I' increases. The paramagnetic state, located at
the geometric center of configuration space, is indicated by
a semicircle. It is seen that the global minima +a; trace out
rather complicated paths when evolving towards the paramag-
netic state.

D. Localization of excited eigenstates in the energy
basins of local minima

We now bring in the quantum aspects of the model. The
energy eigenvalues E, (Hpop) and the corresponding eigenvec-
tors are obtained using the Lanczos algorithm [74]. As the
ground state has been discussed in many previous works, in
the following we shall focus on the local minima.

Figure 13(a) shows the energy levels around the fourfold-
degenerate Hartree-Fock energy EX, (blue circles). The
levels E4 to E; (highlighted in red) are closest to it. There
is some disagreement between the classical and quantum
energies, originating from the smallness of the system size.
Nevertheless, convincing evidences of quantum-classical cor-
respondence can still be discerned by examining the wave

(O Hiop|0)

7 0.5}

[ —90°  180°

7" 0.5,

—

0| Hitop|0)

7°0.5¢

. 90° 180°

0

FIG. 11. Visualizing the landscape of the classical energy
(O] Hyop|0) at different I'. Polar coordinates are plotted in Cartesian
format, with 6 for abscissa and r for ordinate. Energy minima present
at each I are indicated with the same symbols (green) used in Fig. 9.
(@) At ' =0. (b) At I' =0.27. (c) At I" = 0.55. One discerns the
smoothening of the landscape and the vanishing of the minima with
increase in I'.

functions. Table II shows the overlaps between the four
eigenfunctions |E4) to |E7) and the four Hartree-Fock wave
functions |EjIE{3F 4), taken at I' = 0.1 and 0.32 [vertical lines
in Fig. 13(a)]. As the overlap between a |E,) and each of
the |EMF) differ by only a sign, for compactness the square
of the overlap [(EXF|E,)|? is shown. At I" = 0.1, the projec-
tions of, say |E4), onto the four Hartree-Fock states account
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FIG. 12. Evolutions of the energies and positions of the minima of (0|Hyp|0) with I'. (a) Hartree-Fock energy EMF (Hpop) of the minimum
a, as a function of I, adjusted by the free energy F. At I' = 0.27, +a; ¢ have vanished from the energy surface; at I' = 0.55, only +a,,5 are
left. (b) Polar coordinates of the minima. Starting from I' = 0 (cf. Fig. 9), each minimum evolves along a trajectory where the accompanying
arrows indicate the direction of increasing I'. The paramagnetic state, located at the geometric center of configuration space, is also indicated.

for 4 x 23 = 92% of its probability mass, meaning that the
eigenfunction is localized mainly in the four local minima
+a3,4. This behavior is exhibited by the other three eigen-
functions as well. The high degree of overlap between the
quantum and classical states persists, dropping only slightly,
until I' = 0.32, just before the minima vanish from the energy
surface.

The next minima +as present some additional features.
Figure 13(b) shows the energy levels around the twofold
degenerate EXE (blue circles). In this case, two groups of
levels are involved: Ey4, Eis (red) and Ejq, E17 (green). It
is seen that there is an avoided crossing between Ej4 s
and Ej6 17 at T' &~ 0.26. Before the crossing, localization
is manifested by the eigenfunctions |Ejs) and |Ej7). For
instance, at I' = (.25, projecting |E}¢) onto the two Hartree-
Fock states gives |(ESF|E6)|> + [(EME[Ej6)|* ~ 2 x 0.48 =
0.96. After the crossing, the localizations are inherited by
|E14) and |E;s). For example, at I' = 0.28 projection of
|E1s) gives [(EXF|E))? + (EMFIE) 1> ~ 2 x 0.44 = 0.88.
The localizations persist until I' = 0.4, where the projections
drop to 0.66 for |E4) and 0.57 for |E}s), after which the
overlaps between the quantum and classical states decay very
rapidly.

One can visualize the eigenstates’ localizations using the
method of plotting the energy landscape presented earlier. We
performed the Lanczos algorithm in the o7 representation, and
each energy eigenfunction is returned as a superposition of 2
classical spin configurations. Each basis vector (a spin config-
uration) is first projected onto the -6 plane and assigned to

TABLE 1I. Squares of the overlap [(E{f,|E,)|* between the
Hartree-Fock wave functions at the local minima a3 4 and the
eigenfunctions |E;) to |E;) of the Hopfield model, evaluated at
[ =0.1 and 0.32 [cf. Fig. 13(a)]. The overlaps (EXS,|E,) of each
|EFFY with a |E,) are identical apart from a sign.

HESJIE)

T E4 ES E6 E7
0.1 0.23 0.23 0.23 0.23
0.32 0.23 0.23 0.21 0.21

the appropriate grid bin. Then, instead of updating the energy,
we accumulate the probability (i.e., amplitude squared) of the
basis vector onto the histogram at that bin. As an example,
Fig. 14 shows the localization of the eigenstate |Ej4) around
the minima +as at I' = 0.28 [cf. Fig. 13(b), just after the
avoided crossing]. The heat map shows the classical energy
landscape where the energy basin of +as is the blue oval
at the center. The histogram of |E;4) is shown as symbols
(green) superimposed on the energy landscape. For clarity,
only the 12 bins with the highest cumulative probability are
shown. The circle symbols each carry a probability of ~0.25.
The probabilities at each of the cross symbols are actually not
equal, but on average each carries a probability of ~0.03. It
is seen that more than 80% of the probability mass of |Ey4) is
localized around the energy basin of the minima +as.

It is instructive to compare our polar plot (Fig. 14) to the
Fock space diagram introduced by Mukherjee et al. for visual-
izing many-body localization delocalization [39]. The authors
examined how high-energy eigenvectors of the Sherrington-
Kirkpatrick model exhibit localization delocalization as the
strength of the transverse field changes. In their work, each
of the 2" basis configurations is given a label i € [0, 2V — 1]
and mapped onto coordinates i — (ia, ip); the amplitudes of
an eigenvector are then plotted on the two-dimensional is-ig
plane in the form of a heat map. Their diagram reveals the
MBLD transition in a visual way. However, in this system of
plotting the label i assigned to a basis configuration is some-
what arbitrary, and the physical significance of the coordinates
(ia, ip) is not very clear. On the other hand, in our polar plot
the coordinates (r, 6) are always referenced to the classical
energy surface, so our diagram is more informative. For in-
stance, changes in the energy landscape with the parameter I"
are reflected in the polar plot, so the mechanism underlying
the shifts in positions of the eigenfunction amplitudes with I"
becomes evident. If one were to visualize this with the Fock
space diagram, only the shifts of the amplitudes in i4-ig space
would be visible, with no insights on localization.

E. Unphysical local minima at +d,

We now turn our attention to the final local minima =a.
These have the highest Hartree-Fock energy among all the
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FIG. 13. Energy eigenvalues E, (Hyop) in the vicinity of (a) EXT ,
and (b) EZF [cf. Fig. 12(a)]. The levels E, are plotted with solid lines.
Curves of Hartree-Fock energy are adorned with circles (blue). All
energies are shifted by the free energy F. Identities of the levels clos-
est to the Hartree-Fock energy are labeled and colored (red, green),
while irrelevant levels are plotted in gray. Vertical lines indicate the
I' values where the energy eigenfunctions are examined.

minima, and from the landscape diagram Fig. 11(a) one can
also see that their energy basins are relatively shallow. Unlike
for the other minima, we were unable to establish quantum-
classical correspondence for +ag. Figure 15 shows the energy
levels around the twofold degenerate Ei‘g (blue circles). There
is an avoided crossing at I' = 0.08 (E,, — F ~ 1.83). We first
focus our discussion on the I' regime before the crossing.

TABLE III. Squared overlaps [(EXF|E,)|> of the Hopfield
model for the minima =+ag, evaluated at ' = 0.07. Only six
eigenfunctions,|Eyy) to |Eq3), |Eq34), and |Eys3s), exhibit appreciable
overlaps with the Hartree-Fock states |EXF). As in Table 1L, (EfT|E,)
and (ETF|E,) differ only by a sign. The small overlaps suggest that
+a6 have no correspondence with physical states.

(ELEIE)

E40,421 E4 43 Es34.435

0.11 0.18 0.12

. (0] Hi 0)
i -7
| 0.03—>+ |
| (average) |
T 0.5¢ 1 B5-8
| | -9
0 - . -10
0° 90° 180°

0

FIG. 14. Localization of the eigenstate |E4) around the energy
basins of the minima +a&s at ' = 0.28. The heat map shows the
energy landscape of (0|Hpop|0). The eigenfunction |E}4) is projected
onto the r-0 plane, and the circle and cross symbols (green) indicate
the locations with the highest cumulative probability. Arrows indi-
cate the probability carried by each symbol. It is seen that more than
80% of the probability mass of |E}4) is localized around +as.

We scanned through the overlaps between |[EXF) and all the
eigenstates |E,) and found that (EX¥ |E,) is appreciable only
for six of the eigenstates. The energy levels of these six eigen-
states are labeled in Fig. 15 (highlighted in red). Generally
speaking, even for these six states the overlaps are quite low.
For instance, the squared overlaps [(EXF|E,)|* at ' = 0.07
(vertical line in Fig. 15) are listed in Table III. It is seen that
for, say |Es), only 2 x 11 = 22% of its probability mass is
accounted for by |EHF). One can also ascertain this visually

Ey34,435

\/\A

Ey20,421

Lﬂ I X

Ey20-423

1.8}

0 0.04 0.08 0.12
I

FIG. 15. Energy eigenvalues E, of the Hopfield model in the
vicinity the highest Hartree-Fock energy EXT. The figure is organized
similar to Fig. 13. Discussion in the text focuses on the region before
the first avoided crossing at I' & 0.08. The labeled energy levels
(red) are those whose eigenfunctions exhibit the largest overlaps with
|[EHF) before the crossing. The wave-function overlaps at I' = 0.07
(vertical line) are given in Table I11.
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FIG. 16. Projection of the eigenstate |Ey) at I' = 0.07 onto the
r-0 plane. The figure is organized similar to Fig. 14. The heat map
shows the energy landscape at I' = 0.07, with the minima +a¢ indi-
cated by empty circles (yellow). The other symbols (green) represent
the locations where |Eyy) has the highest cumulative probability. We
see that only about 20% of the probability mass of the eigenfunction
is close to F=a.

by projecting an eigenstate onto the r-0 plane and compar-
ing it with the energy landscape, as we have done for |E}4)
earlier. Figure 16 shows the probability histogram of |E4y) at
I = 0.07 superimposed on the classical energy landscape. For
clarity of presentation, only the 12 largest bins, comprising
approximately 50% of the total probability mass, are plotted
(green symbols). The local minima &g are indicated by
empty circles (yellow). One sees that only about 20% of the
probability mass of |E4p) is located close to +ag. Overall, it
seems that the minima Fa¢ cannot be associated with any of
the energy eigenstates.

After the first avoided crossing at I' = 0.08, the rela-
tionship between ta¢ and the energy levels becomes rather
complex because of the subsequent crossings. We tracked the
overlaps in the manner discussed above until I"' = 0.12, and
found that the behavior, nevertheless, remains similar. Hence,
like the cubic model, for the Hopfield model one can also
encounter unphysical local minima.

F. Incorporation of coupled-cluster effects

Hitherto, our discussions have centered around the Hartree-
Fock energy. We tried incorporating coupled-cluster excita-
tions into the classical energy, but did not obtain improvement
in accuracy for the particular realization of Hopfield model
being studied here. For singles excitations, the coupled-cluster
energy and equations can be derived by applying the results
of Appendix A to individual J} operators in Eq. (18). At
the global minima +&;, we found that the singles energy is
higher than the Hartree-Fock energy EX}, and is numerically
less accurate than the latter. Furthermore, as we increase I’
beyond ~0.1, the basin of attraction of the singles solution
diminishes while spurious solutions appear, making it diffi-
cult to identify and attain the correct solution. At the local
minima, the accuracy issue is even more acute as the singles

energies that we managed to obtain are very far from both the
Hartree-Fock and quantum energies. We also implemented a
limited version of doubles excitations where the two excited
spins both lie within the same group y, and so the CCSD
energy and equations can again be derived using the results of
Appendix A. The effects of doubles excitations are, however,
very small and do not affect our above conclusions. Despite
these results, we think that the discouraging performance of
CCSD in our case study is largely due to the smallness of
our system size (N = 16). As our detailed analysis of the
ferromagnetic model in Appendix B shows, CCSD becomes
very accurate when the system size is large. In that regime,
numerical diagonalization of the Hamiltonian is no longer
feasible, so our formulas in Appendix A may come in useful
in numerical studies of frustrated quantum spin systems.

V. SUMMARY AND DISCUSSIONS

In this paper, we performed a detailed numerical investi-
gation on the relationship between the energy eigenstates and
the local minima on the energy landscape of quantum spin
systems. We adopted an empirical approach, working with
specific models, so the results here might not be generally
applicable to every system. Nonetheless, we think that the
illustrations here can shed some insights on the quantum-
classical correspondence between the two quantities.

We studied two models, and found that the local minima
on the classical energy landscape can be interpreted as ex-
cited eigenstates in the energy spectrum. The first model is
a nonfrustrated one exhibiting a single local minimum. Here,
it was found that the minimum corresponds to an envelope
of avoided crossings, which is a secondary structure on the
energy spectrum. The second model is a frustrated one ex-
hibiting multiple local minima. In this case, we found energy
eigenfunctions which are localized in the energy basins of the
minima. Apart from these affirmative cases, however, we also
found instances of unphysical local minima, so one needs to
exercise some caution when applying these observations to
other systems.

One possible extension of this work might be in the
classification or labeling of the energy levels of frustrated
systems. In nonfrustrated models such as Eqgs. (15) and (B1),
the total angular momentum is conserved, so its quantum
number can be used to classify the energy levels of the
system into different sectors. On the other hand, for frustrated
systems such as Eq. (17), it is not a priori clear what the
conserved quantity, if it exists, should be. For such systems,
one might consider assigning labels to levels based on the
energy basin (or basins) which they are associated with. It
would be interesting to see how the excitations in a basin
can be generated within the equation-of-motion framework
[50,75], and if the correspondence reported here continues
to be valid. These labels could then serve as generalized
“quantum numbers” for frustrated systems.

In our studies of the Hopfield model, we noticed some fea-
tures of its energy spectrum that might be indicative of a path
to quantum chaos. In Figs. 13(b) and 15, there is a regime of
weak transverse field (small I') where the spectrum is regular
in the sense that there are no collisions among the energy lev-
els. The appearance of the first avoided crossing then initiates
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a cascade of complex level collisions in subsequent larger I'
values. This transition from regular to “level-collision” phase
can be quantitatively characterized by various measures based
on level statistics [29,30]. Curiously, the disappearance of
local minima from the energy surface [cf. Fig. 12(a)] occurs
in the vicinity of this onset of chaos. It might be interesting to
examine whether there is any relationship between the two in
our future studies.

As mentioned in the Introduction, one of the purposes of
this work is to study the feasibility of the coupled-cluster
method as a numerical technique for quantum spin sys-
tems. Perhaps the most important observation we made is
that the existence of solutions (to the coupled-cluster equa-
tions) depends on the system size and also on parameters
within the model. Generally speaking, the method tends to
break down near second-order phase transitions and at small
system sizes. Hence, the coupled-cluster expansion is not uni-
formly convergent and does not provide improvement upon
the Hartree-Fock approximation unconditionally. On the other
hand, for pure systems at large system sizes, we found the
method to be quite reliable and accurate. It remains to assess
its performance for disordered systems at large system size in
our future studies.

In this work, we implemented CCSD using the random
field approach. Higher-order excitations can be treated simi-
larly. For instance, quadruples and triples excitations can be
written as X* = (X?)? and 4X? = (X + X?)? — (X — X?)?%,
after which linearization can be achieved by repeated appli-
cations of the Hubbard-Stratonovich transform. Cross terms
can treated similarly: 4XY = (X +Y)?> — (X — Y)?. It might
be worth mentioning that the Fourier transform of the Airy
function

. oo X
e§(27'[)()3 — / Ai(k)e’z”’kxdk (25)

o0
|

allows us to linearize a cubic term X3 at the price of just a
single random field variable k. This additional economy might
help simplify the derivation of the coupled-cluster energy and
equations.

We briefly comment on our usage of Egs. (4) to (6). The
formulas in Appendix A are derived by setting the vector
a in Jy(a) to unity, which did not utilize the full gener-
ality of the three relations. For more complicated models
such as the Sherrington-Kirkpatrick model, the formulas in
the Appendix are no longer applicable, and one should em-
ploy the more general framework when dealing with such
systems.

Lastly, let us touch upon the accuracy of Hartree-Fock
approximation. In the course of our study, we found that
Hartree-Fock approximation is sometimes quite inaccurate
as a leading approximation, especially at large system sizes.
On the other hand, note that in the quantum TAP approach
[28], inclusion of the Onsager correction is necessary. This
correction removes the effects of self-response in the internal
field, and is important when dealing with random systems. Cu-
riously, such a correction term does not arise in the traditional
Hartree-Fock framework, and this might account for some of
its inadequacies as a mean-field approximation. It would be
interesting to see if terms analogous to the Onsager correction
can be accommodated within the Hartree-Fock framework so
as to yield a more accurate leading approximation.
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APPENDIX A: SUMMARY OF FORMULAS FOR COUPLED-CLUSTER THEORY

This Appendix is a continuation of the derivation given in Sec. II. In the following, to simplify notations, we omit the
superscript from 75P, and define ¢, = e ™", ¢, = cosh(nw), t, = tanh(nw), &, = cos(ny), and 5, = sin(ny).

1. For CCSD energy (0le~T H " |0)

The CCSD energies in this paper can be obtained by combining appropriate terms from Eq. (14) and the following list of

expressions.
Ole™T J.e"|0) = Neac) (1 + 1)[2a B35, — (@ — B2)E), (A1)
-T 2 T _ N(N_l) N 2 2 2\~ 2 282 2027~
(Ole™ J e |0) =N + T{l +egcy (1 + 1) [4ap(a™ — )54 — [(a” — B7)" — 4B ]04]} (A2)
(Ol J2eT|0) = N + w{l —escl (1 + 1) [4aB® — B34 — [(@® — ) — 4> B?141}, (A3)
ol 7 22 joy = ~TEZDTZD 0 81410 2083~ 1602756 + (o — F)(1607B — 1))
- 3TN€2€]2V (1 +0)IN(N +1) — (N — DN —2)17] 2afs: — (o — B2)é]
N

— —egey (1 — 16)[20 856 + (@ — B*)C6]. (A4)

2

2. For singles equation (1le=" He” |0) =0

The singles equations in this paper can be obtained by combining appropriate terms from the following list of expressions.

(Lle™" J, " 10) = excy [1 + Nt + (N — Dt3 | 285, — (o — B2)é),

(AS5)
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(1le™ J. " 10) = exc) [1 + Nt + (N — Di3 ] [2aBés + (o — B3],

(1le™" J> T |0) = (N — 1)egcl (1 +t4)2<1 +

(lleT" J2e"|0) =

(Le™™ J2e"10) = each (1 + 10)[2apér + (@ — B3]
X {(3N — D[+ WV — D] +

N -DHW -2)
* 4

3(N — (N —2)

(A6)

t4){[4a2/32 — (a® = B)°134 — da Bl — B},
(AT)
—(1lle7T JZ "0y, (A8)

(1=t + (N - 3>z2]}

eiscy 34+ (N = 3)6l(1 + 16)°[ 20 B3 — 16a° B*)é6 + (a® — BH)(1 — 16° )36 1.

(A9)

3. For doubles equation (12]e~T H " [0) = 0

The doubles equations in this paper can be obtained by combining appropriate terms from the following list of expressions.

(1217 T J, €7 |0) = — exc) 12 + Nty + (N — 2)t3] [2aBE + (a® — B3], (A10)
(121 T I e"|0) = exchr[2 + Nta + (N — 2)e31 2085, — (o — B*)éal, (A11)
(12l T J2e"10) = 1 + egc) (1 + t4)2{1 +2(N — 214 + Wﬁ}
x {l(@? = B) — 40’ B18s — daf(a® — B)5a), (A12)
(12]eT J2eT10) = 1 — egch (1 + t4)2{1 +2(N — )14 + Wr}}
x {l(@® = B*)° — 4’ B1es — dap(a® — B3}, (A13)
(12]e T J? " 10) = each [2a B3, — (a* — 52)52]{ (BN — 2)t,[2 + Nty + (N — 2)t3]
— ycgm + 1)1 — (N —3)t, — Wé] }
welgcg(l + t6)3{1 N3y HNTIE D 3)6(N — 4)r§}
x [2aB(3 — 160?56 + (o — B>)(16a> B> — 1)&]. (A14)

APPENDIX B: CCSD APPROXIMATION
OF FERROMAGNETIC MODEL

In this Appendix, we illustrate the implementation of
CCSD by applying it to the ferromagnetic model in transverse
field

Hiero = —(J/N)(J.)* =TIy, (B1)

where J and I' are the strengths of the ferromagnetic cou-
pling and the transverse field, respectively. This is perhaps
the simplest fully connected quantum spin model possible.
Nevertheless, even the ground-state energy is not analytically
solvable when N is finite. In the thermodynamic limit N —
oo, as I' is lowered the ground state undergoes a second-
order phase transition from a paramagnet to a ferromagnet
at the critical point I'. = 2J. The ground-state energy of this

(

model under configuration interaction singles-doubles (CISD)
approximation was studied previously in Ref. [7]. The results
here therefore also offer some insights into how CCSD im-
proves upon CISD.

1. Hartree-Fock approximation

The Hartree-Fock energy of Hfe, is obtained by minimiz-
ing

(O|Hperro|0) = —J(N — 1)(2a®> — 1)> —=2NTay/1 —a?2 —J
(B2)

with respect to «. The energy surface exhibits no local mini-
mum, and the solution is ag = l/ﬁ whenT > 2J(1 — N1
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FIG. 17. Numerical solutions of w for the ferromagnetic model
Hierro in the paramagnetic regime (I' > 2J), where the solution of
y is zero. The results for several values of N are shown, and each
curve has been rescaled by N. The solution has an upper (dashed)
and a lower (solid) branch, and their meeting point is indicated by a
solid circle. Only the lower branch is physically valid, and the lower
branches of different N collapse together after rescaling. For finite
N, w has no valid solution after the meeting point. The curve labeled
N = oo (black) is the analytical solution in the thermodynamic limit,
given by Eq. (BS).

(paramagnet), and

ay = (B3)

when I' < 2J(1 — N~ 1) (ferromagnet), where o and «_ are
related by a spin flip. The Hartree-Fock energy is

2. Solutions of CCSD equations

The singles equation is obtained by substituting Eqs. (A5)
and (A8) into (1|e™ ™" Hiemoe! " |0), and the doubles equa-
tions (A10) and (A13) into (12]e " Himoe! " |0). The
equations are solved numerically to obtain y and w. In the
paramagnetic regime I > 2J, one has the solution y = 0, and
Fig. 17 shows the solution of w for several values of N. The
solution consists of an upper (dashed) and a lower (solid)
branch, meeting at the point (I'y, wyN) indicated by a solid
circle (gray). Only the lower branch is physically valid. The
lower branches of different N collapse together upon rescaling
(note the vertical axis). For finite N, there is no valid solution
of w after the meeting point. Numerically, we found that 'y
approaches the critical point I, asymptotically as I'y — I'c ~
3.3 x N~% while wy ~ 0.32 x N~073,

Figure 18 shows the solutions for y and w in the ferromag-
netic regime I' < 2J. Once again, the solutions of different N
collapse together after rescaling.

3. CCSD energy

The CCSD energy ESC(Hiero) is obtained by inserting the
solutions of y and w into Egs. (14) and (A3), which are in
turn substituted into (0le™"" Hiemoe”  |0). We consider the
difference between ESC(Herro) and the exact ground-state en-
ergy Eo(Hferro), obtained numerically via diagonalization [as
done for Eq. (15)]. Figures 19(a) and 19(b) show the error
E§C (Hierro) — Eo(Hierro) in the paramagnetic and ferromag-
netic regimes, respectively. The results for several values of N
are shown. It is seen that the agreement between EOCC (Herro)
and Ey(Hrerro) improves as N increases, with error occurring
mainly around the critical point. To highlight the close agree-
ment between the two energies, the insets show the errors
replotted on logarithmic scale.

It is instructive to see how CCSD fare compared to
Hartree-Fock approximation and CISD. For general aspects of
configuration interaction expansion, the reader is referred to
Refs. [49,50]. The CISD approximation of Hfer, Was studied

—NTI' —J when I' >2J(1—-N71), : : HE oo
EgIF(erm,): N 2 . in Ref. [7]. Figure 20 shows Ey (Hserro ), E~ (Hferro ), and the
-N (ﬂﬂ +J ) when I' <2J(1 —=N""). CISD energy ES!(Hrero) as a function of I', with the exact
(B4) energy Eo(Hiero) subtracted from all three approximations.
1.2f
(a)
1 ¥ N =50
o B N = 5000
% ' ® N = 50000
0.4¢ _— N =00
0.2
0 ‘ ‘ ‘ ‘ ‘
0 05 1 15 00l5—3g7 04 06 08 1 12 14
r/J r/J

FIG. 18. Numerical solutions of (a) w and (b) y for the model Hg,, in the ferromagnetic regime (I" < 2J). The results for several values of
N are shown. Symbols have the same meaning in both panels. The vertical axes have been rescaled, to highlight that the solutions of different
N collapse together upon rescaling. The curves labeled N = oo (black) are the analytical solutions in the thermodynamic limit, and are given

by Eq. (B5) [for (a)] and Eq. (B6) [for (b)].
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FIG. 19. Error between the CCSD energy EOCC (Hierro) and the numerically exact ground-state energy Eo(Hgero) Of the model Hgy,o, in the
(a) paramagnetic and (b) ferromagnetic regimes. Results for several values of N are shown. One sees that the error decreases as N increases.

Insets: The errors replotted on logarithmic scale.

Figures 20(a) and 20(b) show the results for N = 20 (small
system size) and 500 (large), respectively. In general, CCSD
shows evident improvement over CISD in the paramagnetic
regime, both for small and large system sizes. In the fer-
romagnetic regime, however, the advantage of CCSD over
CISD only manifests itself when N is large. This observation
is in line with the fact that coupled-cluster theory accounts
for extensivity better than configuration interaction expansion.
Another notable difference between CISD and CCSD is that
for the former the energy E§'(Hpero) always exists, whereas
for the latter there is a small region around the critical point
where EgC(erm)) disappears. The reason for the vanishing
of the CCSD energy is not immediately clear. One possible

J

+ (/s —1) + o)
42

2
%v( yyp 1) + ON%) when

explanation is that third- and higher-order effects begin to
dominate the correlation energy around the transition point. In
that case, it might be possible to recover the coupled-cluster
energy by incorporating, say, three- and four-body excitations
into the operator 7.

4. Analytical solutions of w, y, and ESC (Hyerro)
in the limit N — oo

In the limit N — o0, it is possible to obtain analytical so-
lutions of w and y. In the CCSD equations, make a change of
variable x = ¢? followed by x = 1 + §; expanding to second
order in §, one solves a quadratic equation in § to obtain

when T >2J,
(B5)

I' <2J.

-0.2¢ 1.9 ! (€I

1.996

2
r/J

16 1.8 2

FIG. 20. Comparing the accuracy of the approximations E{ (Hrero), EOCC (Hferro ), and EOCl (Hferro) for the model Hiey,. The exact energy
Eo(Hiero) has been subtracted from all three. The solid vertical line (black) indicates the critical point I'.. There is no solution for EOCC (Hrerro)
between the two dashed vertical lines (magenta), where the left line marks the transition point of E} (Hgero) [cf. Eq. (B4)] and the right one
marks the vanishing of the solution of w [cf. Fig. 17]. (a) For N = 20. (b) For N = 500.
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FIG. 21. (a) Convergence of the exact ground-state energy Eo(Hpeo) (colored) towards the thermodynamic CCSD energy Egc(erm))
[Eq. (B7)] as N increases. The free energy F is defined in the text. (b) Comparison between the three energies EfT (Hero ), EOC' (Hrerro ), and

E§C(Hrero) in the limit N — oo.

and
0
y=73r( _r-ies? + 127
W\ gp_rey) | AT

- }) + OWN"%) when T <2J.

when T >2J,

(B6)

Equations (B5) and (B6) are plotted in Figs. 17 and 18 (labeled N — 00). It is seen that they agree quite well with the numerical

results of large N.

Inserting the solutions Egs. (B5) and (B6) into EOCC (Hrerro) and expanding in powers of N~!, one obtains for the CCSD energy

in the thermodynamic limit

e —NI'+JT(T =2))-T + oN 7}
Ey™ (Hremo) = —N(‘%) +VAE-T2-2J + O(N"") when T <2J.

On the right side of Eq. (B7), the leading term proportional
to N is also known as the free energy, which we denote as
F. Figure 21(a) shows that the ground-state energy Eo(Hierro )
converges towards Eq. (B7) as N increases. In other words,
CCSD gives the exact ground-state energy in the thermody-
namic limit. Figure 21(b) compares the three approximations
E(}){F(errro) [Cf Eq (B4)], E()CI(errro) [76]3 and E()CC(errro) in
the limit N — oo. One sees that CISD fails to account for a
significant part of the correlation energy around the critical
point.

It is interesting to point out that the N — oo solution (B7)
can also be obtained via the Holstein-Primakoff transform
[6,7]. Between the two approaches, the derivation based on
Holstein-Primakoff transform is slightly easier compared to
CCSD. On the other hand, one corollary from the CCSD
approach is that we know that in the thermodynamic limit
the ground state of Hserr, consists of only singles and doubles
excitations, with the wave function taking the simple and
compact form e |0). This is an insight from coupled-cluster
theory which is not immediately apparent from the Holstein-
Primakoff approach.

APPENDIX C: WAVE FUNCTIONS OF VARIOUS
APPROXIMATIONS IN J, REPRESENTATION

The numerical diagonalization of the Hamiltonians (15)
and (B1) was performed in the representation where the

when I >2J,

(B7)

(

operator J, is diagonal. In this Appendix, we discuss the repre-
sentations of Hartree-Fock, CISD, and CCSD wave functions
in this basis. This allows us to compare these approximations
with the energy eigenfunctions that are obtained numerically.

Denote |m;) as the eigenvector of J,, where m,
—N,—N +2, ..., N is the projection quantum number in the
z direction. Expressing |m;) in the o] basis, one has

<N> .
M/ i i)eM

m) li1 - o i), (ChH

2

where ny; = (N — m;)/2 is the number of spins pointing down
in |m;), and |i; ...i,,) denotes a Hartree-Fock state in which

the spins with indices iy, ..., i,, are in the spinor state (?)
while the rest are in ((1)). The symbol M denotes all possible
ways to choose n; indices from N, and the binomial coeffi-

cient (,Z) is to ensure normalization of |m,). In the following,

the expansion coefficients of a wave function |W) in the basis
|m;) is obtained by computing the inner product (m,|¥).

1. Hartree-Fock approximation

For the Hartree-Fock state |0) = (‘;)N , one has

_ N % N—nq png
(m.|0) = ny o B (€2)

224203-19



YANG WEI KOH

PHYSICAL REVIEW B 107, 224203 (2023)

2. CISD approximation
The CISD wave function is given by [7]

ICI) =

x+yzo +i Y olo) |10),

i>j

(C3)

where |0) is as in Eq. (C2), and &, §, @ are determined by
minimizing (CI|H|CI) subjected to (CI|CI) = 1. The inner
product is

(m_|CI) = Nep{f oV g

+§)[nd O{N—(n(,—l)ﬁnd—l N—(nd-ﬁ-l)ﬁnd-ﬁ-l]

-V —ng)a

A

+ S lna(ng — a2
+ (N = ng)(N — ng — 1)oN~rat2) gna+2

—2ng(N — ng)a” " g1}, (C4)

where N¢p = [(Z)_l(fc2 + N9? + sz)r%. To avoid
overflows when evaluating Eq. (C4) numerically, it is advis-

3. CCSD approximation

We write the normalized CCSD wave function as

ICC) = Nece ™™ "™ 0), (C5)
where |0) is as before, and Nee =
27 3 (e,

When ny is even, one has
N—}’ld ng
(m-|CC) =v N D > (=1)" cos{(6 + y)IN — 2(g + )]}
g=0 r=0
% (N B ”d> (”d> o~ SIN-2a+nP (C6)
q r

1 A
where N7 =27V (:’I) 2 Nce, the angle 6 is given by e = o +
iB, and

when
when

ng =0,4,8,...,

ng=2610,.... €7

IR
V=121

When n, is odd, replace the cosine in Eq. (C6) by sine, and
v by

able to first group the ( ) in N together with the powers of b= {+1 when  ng=1,59,..., (C8)
o and g, and then sum up their exponents. -1 when ng=3711....
= 20
0.4 / /_‘\ (b)
N
03 /
VAR
0.2 \\
£/ W\
/! W,
0.1 / / I' =3.5J WA
/’/ / (paramagnet) \ \
P N
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FIG. 22. Comparing the exact and approximated ground-state wave functions of the ferromagnetic model Hg.,. The wave functions are
represented using the eigenvectors |m;) of the operator J;. (a), (b) N = 20. (¢), (d) N = 500. (a), (c) Ferromagnetic regime. (b), (d) Paramagnetic
regime. The symbols shown in (a) apply to all panels. The CCSD results for N = 20 are obtained using Eqgs. (C6) to (C8), while those for
N = 500 using Eq. (C11). Overall, CCSD (black solid curve) gives the closest approximation to the exact ground state (green circles).
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Although Eq. (C6) is exact, it is difficult to evaluate accurately
when N is large due to numerical overflow. To avoid that, note
that before integrating out the random field m, one has

micer e[ (V) (2]

where

)=

/dm exp [=N f(m)],
(€9

f(m) = %mz - (1 - %) In (@ cost — B sint)

— (’;V_d) In (B cost + « sint) (C10)

and t =y + m+v/Nw. When N is large, the integral (C9) can
be approximated by the method of steepest descent

(m,|CC) ~ Ncc (iv ) [f"(mo)| =2 N (1)
d

where mg is the solution of the saddle-point equa-
tion f'(my) = 0.

4. Application to the ferromagnetic model

Let us apply the above results to the ferromagnetic model
(B1). Each panel in Fig. 22 compares the Hartree-Fock (blue
dashed), CISD (red dotted), and CCSD (black solid) wave
functions with the exact ground state obtained via diago-
nalization (green circles). Figures 22(a) and 22(b) show the
results for a small system size of N = 20, while Figs. 22(c)
and 22(d) show for a larger one of N = 500. Figures 22(a)
and 22(c) show the situation in the ferromagnetic regime,
while Figs. 22(b) and 22(d) that in the paramagnetic one.
Overall, one sees that both CISD and CCSD are quite ac-
curate, although at the visual level CCSD performs slightly
better than CISD. The sole exception is Fig. 22(a) (N = 20,
ferromagnetic regime) where all three approximations deviate
rather significantly from the exact result. This highlights the
difficulty of attaining accurate approximations in the ordered
phase when the system size is small.
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