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Theory of the Little-Parks effect in spin-triplet superconductors
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The celebrated Little-Parks effect in mesoscopic superconducting rings has recently gained great attention due
to its potential to probe half-quantum vortices in spin-triplet superconductors. However, despite the large number
of works reporting anomalous Little-Parks measurements attributed to unconventional superconductivity, the
general signatures of spin-triplet pairing in the Little-Parks effect have been less systematically investigated.
Here we use Ginzburg-Landau theory to study the Little-Parks effect in a spin-triplet superconducting ring that
supports half-quantum vortices; we calculate the field-induced Little-Parks oscillations of both the critical tem-
perature itself and the residual resistance resulting from thermal vortex tunneling below the critical temperature.
We observe two separate critical temperatures with a single-spin superconducting state in between and find that
due to the existence of half-quantum vortices, each minimum in the upper critical temperature splits into two
minima for the lower critical temperature. From a rigorous calculation of the residual resistance, we confirm that
these two minima in the lower critical temperature translate into two maxima in the residual resistance below
and establish the general conditions under which the two maxima can be practically resolved. In particular, we
identify a fundamental trade-off between sharpening each maximum and keeping the overall magnitude of the
resistance large. Our results will guide experimental efforts in designing mesoscopic ring geometries for probing

half-quantum vortices in spin-triplet candidate materials on the device scale.
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I. INTRODUCTION

Topological quantum computation based on Majorana
bound states is a leading candidate for processing quantum
information [1]. The vortex cores of topological supercon-
ductors, such as gapped p-wave superconductors, host such
self-conjugate Majorana bound states at zero energy [2—4].
The search for these unconventional superconductors has
greatly intensified in the past few years as new candidate
p-wave pairing states are proposed both intrinsically in bulk
superconductors [5—15] and on the surfaces of more conven-
tional superconductors [16-21].

The Little-Parks effect [22] originates from the macro-
scopic quantum coherence of Cooper pairs; due to the
quantization of the fluxoid, the resistance of a thin supercon-
ducting ring oscillates as a function of the applied magnetic
flux. For a conventional s-wave superconductor, the period-
icity of these Little-Parks oscillations is given by the flux
quantum @, = h/2e, and the minima of the resistance cor-
respond to integer multiples of ®g. It has been recognized,
however, that unconventional superconductors may exhibit
different kinds of Little-Parks oscillations. For example, in
gapless superconductors with d-wave pairing, the Little-Parks
oscillations acquire an enlarged periodicity 2®, [23-25],
while polycrystalline p-wave superconductors have shifted
Little-Parks oscillations with the minima of the resistance
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corresponding to half-integer multiples of @, [13,14,26].
Fractional Little-Parks oscillations with reduced periodicities
®(/n have also been recently reported both experimentally
[27] and theoretically [28-30].

For intrinsic spin-triplet p-wave superconductors, Majo-
rana bound states have been predicted to emerge in the cores
of half-quantum vortices (HQVs) at which half-integer flux
quanta (/2 pierce through the superconductor [2,3]. In the
presence of such HQVs, the Little-Parks oscillations are then
expected to possess a distinctive two-peak structure with min-
ima of the resistance at both integer and half-integer multiples
of &g [31-33]. At each half-integer minimum, the fluxoid of
the superconducting ring is quantized to a half-integer multi-
ple of @, (meaning that an HQV is bound to the central hole of
the ring), while the two peaks around such a minimum corre-
spond to transitions between integer and half-integer fluxoid
quantizations. Nevertheless, while this two-peak structure in
the Little-Parks oscillations may prove crucial for identifying
spin-triplet superconductors, the precise conditions required
for its observation are yet to be firmly established. More
generally, a rigorous theoretical understanding of the spin-
triplet Little-Parks effect could reveal additional signatures
of spin-triplet superconductivity and hence provide alternative
avenues for detecting this exotic state of matter on the device
scale.

In this work, we use the Ginzburg-Landau approach to
theoretically study the Little-Parks effect in spin-triplet su-
perconducting rings supporting HQVs. We investigate both
the “conventional” Little-Parks oscillations of the critical
temperature itself [22] and the analogous magnetoresistance
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oscillations below the critical temperature that result from
thermal vortex tunneling [33-37]. When computing the
residual resistance of the superconducting ring below the
critical temperature, we not only focus on the lowest-energy
fluxoid state [33,38], but account for all the thermally oc-
cupied fluxoid states and the thermally activated transitions
between them.

We first demonstrate that HQVs are stabilized by appro-
priate higher-order terms in the Ginzburg-Landau free energy
that, depending on their sign, may favor spin supercurrents
over charge supercurrents. By examining how these terms
affect the free energies of the various fluxoid states below
the critical temperature, we confirm the presence of a two-
peak structure in the magnetoresistance oscillations [31-33]
and understand how the separation between the two peaks
depends on the temperature. Next, we compute the magne-
toresistance oscillations themselves and explicitly quantify
the prominence of the characteristic two-peak structure. By
identifying a fundamental trade-off between minimizing the
width of each peak and maximizing the overall magnitude
of the resistance, we provide detailed experimental guidelines
for probing the two-peak structure in real candidate materials
for spin-triplet superconductivity.
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Turning to the “conventional” Little-Parks oscillations, we
observe two separate critical temperatures, with the higher
one marking the initial onset of superconductivity and the
lower one separating spin-triplet superconducting states of
a single spin species above and of both spin species below.
Though the two-peak structure is absent from the Little-Parks
oscillations of the upper critical temperature, it translates
into a two-valley structure for the lower critical temperature,
which is a further signature of spin-triplet superconductors
supporting HQVs.

II. GINZBURG-LANDAU THEORY FOR A SPIN-TRIPLET
SUPERCONDUCTOR

We consider a spin-triplet superconductor with p, +ip,
pairing symmetry in which spin-orbit coupling energetically
favors (1) and (| {) Cooper pairs over (1) + (J 1) Cooper
pairs [39]. Such a spin-triplet superconductor can support
HQVs around which the superconducting phase of only one
type of Cooper pair [either (1) or ({ | )] winds by 27. Under
a magnetic field parallel to the spin quantization axis, the
Ginzburg-Landau free energy of such a superconductor is
given by [40]
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where t+ = T /T, is the dimensionless temperature (with 7
the critical temperature), &, is the zero-temperature coherence
length, and @ = 2mwA/®, is the magnetic vector potential,
while 14 and | are the superconducting order parameters
corresponding to the (11) and (|| ) Cooper pairs, respec-
tively. The z, term arises from Zeeman splitting in a magnetic
field with z = z4 = —z,, the ¢ and d, » terms describe cou-
pling between the two types of Cooper pairs, and the last
term of Eq. (1) accounts for the screening effect of the
charge supercurrent. The dimensionless energy parameter ¢
is chosen such that ¢7; is the condensation energy of the
entire superconductor with volume ® at zero temperature in
the absence of a magnetic field (¢ = 0) and any coupling
(C=d1 =d2=0)

We point out that the standard form of the Ginzburg-
Landau free energy [40] only contains terms in which the
total number of order parameters ¥/, and spatial derivatives V
does not exceed four. In this work, we include two additional
symmetry-allowed terms proportional to d; » with four order
parameters and two spatial derivatives that energetically favor
either charge supercurrents or spin supercurrents (depending
on the sign of d; ;). As we will later find, these additional
terms are crucial for stabilizing HQVs. Other symmetry-
allowed terms with the same number of order parameters and
spatial derivatives do not affect the stability of HQVs and
are thus omitted from Eq. (1). In the Appendix, we discuss
the guiding principle to include high-order symmetry-allowed

(

terms in the Ginzburg-Landau free energy and determine the
relevance of each of the symmetry-allowed terms to the sta-
bility of HQVs.

In the rest of this work, we focus on a thin superconducting
ring of radius D and width W « D in a perpendicularly ap-
plied magnetic field H (see Fig. 1). Assuming W « &, where
£ = &)(1 —t)~'/? is the finite-temperature coherence length,
the order parameters ¥, only depend on the polar angle
0. Furthermore, if W is much smaller than the penetration

<\V>

FIG. 1. Schematics of the Little-Parks experiment. The resis-
tance of a thin superconducting ring with radius D, width W < D,
and height L is measured as a function of the applied magnetic field
H near the superconducting critical temperature. The resistance itself
is determined by applying a bias current I;,s and measuring the
resulting voltage (V).
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TABLE I. Four families of solutions for the order parameters f, along with their respective free energies and physical interpretations. Each
nontrivial family contains infinitely many distinct solutions labeled by the fluxoid numbers 7, ; the solutions for f, and the corresponding free

energies depend on n, via &, (n,) and &(ny, n).

Solution 13 i Free energy (F) Physical interpretation
Trivial 0 0 0 Normal (nonsuperconducting) state
(ny)r ay - %(bTC&% “Single-spin” triplet state with only (11) Cooper pairs
(ny), 0 a, - %(f)T@f “Single-spin” triplet state with only ({ | ) Cooper pairs

~ -~ ~ ~n ~2 ~2 ~~ o~

ay —Ca &, —ca ax + aj — 2¢a,a, « e . :
(ny,ny) ; —= L ll = ! - %(;STC% Two-spin” triplet state with both (11) and (| {) Cooper pairs

depth A, the screening effect of the charge supercurrent is
negligible and the vector potential in the symmetric gauge is
simply given by A = %DH 6. Expressing the order parameters
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Here, b, =2z,/£; is a dimensionless Zeeman splitting,
po = D/& is a dimensionless ring radius, and & = HD?m /®,
is the number of flux quanta going through the ring, while
—o indicates the opposite type of Cooper pair with respect
to o. We note that the conserved quantity within the curly
brackets of Eq. (2b) is a supercurrent that corresponds to
the given type of Cooper pair [(11) or ({|)]; the charge
and spin supercurrents are then symmetric and antisymmetric
combinations of these individual supercurrents, respectively.
Since the order parameters v,(f) must be single valued,
the Ginzburg-Landau equations in Eq. (2) are also sup-
plemented with the boundary conditions f,(7) = f,(—m)
and x,(r) — xo(—m) =2mn,, where n, are arbitrary
integers.

III. FIELD-INDUCED OSCILLATIONS
OF THE CRITICAL TEMPERATURE

In this section, we consider the conventional Little-Parks
oscillations [22] in the critical temperature of a spin-triplet su-
perconducting ring as a function of the applied magnetic field.
To describe these Little-Parks oscillations, we must establish
the equilibrium phase diagram of the system by enumerating
and comparing the stable solutions of Eq. (2) that correspond
to local minima of the free-energy functional in Eq. (1). Such
stable solutions take the general form of f,(6) = const and
X (0) = X(SO) + n,0, where n, € Z are the fluxoid numbers
for the two types of Cooper pairs and x? are arbitrary ref-
erence phases [41]. Substituting this form into Eq. (2a), the
constant values of the order parameters f,, are then solutions

0 {fﬁ[ax” - h] +dl<faf_a>2[M —2h

as ¥, (0) = £, (0)e*®@ in terms of the amplitudes £, () and
phases x, (@), the Ginzburg-Landau equations derived from
the free-energy functional of Eq. (1) are then

3 Xo 2
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(

of the algebraic equations
FUE +Emyn) ff —ay(np)] =0,
LULfE 4+ ey, n)ff — @ (n)] =0,

where &, (n,) = (1 — 1) — py*[(n, —h)* — byh] and
Enyony) =c + pyldi (ny + ny — 20 + do(my — ny)?.
These equations have four families of solutions that are listed
in Table I along with their free energies and physical
interpretations. The trivial solution with f; = f, =0
corresponds to a normal state, while the three nontrivial
families describe superconducting states. For the (n4)4 and
(n,), solutions, only one spin species (either 1 or |) forms
Cooper pairs with the other spin species remaining in a
normal state. These solutions correspond to a spin-triplet
superconductor with only (1) or (| | ) pairing that can only
support full quantum vortices (FQVs) with a single-integer
fluxoid number (ny or n}). In contrast, for the (n4,ny)
solutions, both spin species form Cooper pairs and the result
is a spin-triplet superconductor with both (11) and ()
pairing. Introducing the charge n. = (ny +n,)/2 and spin
ng = (ny — ny)/2 fluxoid numbers, and recognizing that n, is
the “usual” fluxoid number connected to the magnetic field,
it is then clear that such a spin-triplet superconductor can
support both FQVs (integer n.) and HQVs (half-integer
Ne,s)-

To determine the equilibrium (i.e., lowest-free-energy)
state of the ring, we need to compare the free energies of all
solutions in Table I while keeping in mind that each solution
is only physical if f% > 0 and ff > 0. The resulting equilib-
rium phase diagrams as a function of the temperature ¢, the

3
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FIG. 2. Phase diagram of the lowest-free-energy fluxoid state (a) as a function of magnetic flux /# and coupling coefficient d; without
Zeeman splitting (b = 0), (b) as a function of magnetic flux 4 and temperature ¢ without Zeeman splitting, and (c) as a function of 4 and ¢
with Zeeman splitting (b # 0). Note that d, < 0 has the same effect as d; > 0. The white area marks the normal state, the yellow area marks a
single-spin triplet state with ff = 0, and the red area marks a two-spin triplet state with an integer fluxoid (FQV) around the ring (n.; € Z). In
(a) and (b), the light-blue area indicates a degeneracy between two half-integer fluxoid (HQV) states with n, = £1/2, while in (c), the green
(blue) color means that the HQV state with ny = +1/2 (n, = —1/2) is the lowest-free-energy state. In (c), the dashed and dash-dotted lines
mark the upper and lower critical temperatures [Eqgs. (7) and (8)], respectively. Note that the dimensionless radius py is kept relatively small

here so that the oscillations in the critical temperatures can be clearly seen.

magnetic field £, and the coupling constants d; » are plotted
in Fig. 2. We start understanding these results by comparing
the various solutions within each family of Table I. For the
“single-spin” states (n4)+ and (n), (yellow shaded area in
Fig. 2), the free energy takes the exact form

¢Te
2

1 2
Foy, = — {(1_t)__2[(no_h)2_boh]} . @
o)

J

A—-0% 20-0[d+ec)+2(1

— )don} 4 [(1 +¢) +2(1 = 1)dy1(n. — h)’ +

We emphasize that the expression inside the curly brackets
must be positive for the given state to be valid. Hence, assum-
ingn < h < n+ 1 (where n is a non-negative integer) without
loss of generality, the single-spin state with the lowest free
energy at any finite Zeeman splitting b > 0 (where b = by =
—b))is(n)yifh <n+1/2,and (n + 1)y if h > n+ 1/2. For
the “two-spin” states (n4, n}), we can expand the free energy
up to O(p, 2y and express n, in terms of n, s to obtain

an = Tc -
) ¢{ I+c o3

Therefore, in the pg > 1 limit, we can restrict our atten-
tion to the FQV states with n;, =0 and the HQV states
with n, = £1/2 as all other states are penalized by the term
x n% If we then assume n < h<n+1 (with n € Z and
n > 0) again, the lowest-energy FQV state has n, = n for
h<n+1/2, and n. =n+1 for h > n+ 1/2. These two
states correspond to (n, n) and (n + 1, n + 1) in the notation
of Table I and are both denoted by red in Fig. 2. The two
lowest-energy HQV states withn, = n + 1/2 and ny = +1/2,
corresponding to (n + 1, n) and (n, n + 1), are degenerate up
to O(p, 2). This degeneracy is split by a higher-order term
in the free energy, 40, *bhng(n. — h)/(1 — ¢), such that the
lowest-energy HQV state is (n,n+ 1) for A < n+ 1/2 (blue
in Fig. 2) and (n + 1, n) for h > n+ 1/2 (green in Fig. 2).
To compare the lowest-energy FQV and HQV states with
one another, we finally recognize that the terms nf and
«(n. — h)*> have relative coefficients (1 + ¢)+2(1 —t)d,
and (1 +c¢)+2(1 —1)d; in Eq. (5). Given that n? = 1/4
(n? = 0) for the HQV (FQV) state and 0 < (n. — h)> < 1/4
for both states, the HQV state can only have lower energy
than the FQV state if di — d, > 0. Therefore, as previously
stated, the coupling constants d;, are crucial for stabiliz-
ing HQV states. Specifically, a HQV state can only be

s o)}

(

energetically favorable if d; > 0 and/or d, < 0. For d; —
d, > 0, the lowest-energy two-spin state is then a HQV state
within the field range n+1/2 - Ah/2 <h<n+1/2+
Ah/?2 characterized by the width parameter

(=) —dy)
T (L4c¢)+2(1 —0)d;

As shown by Eq. (6) and Fig. 2, the field range within which
a HQV state is energetically favorable increases as the tem-
perature ¢ is lowered and as the magnitudes of the coupling
constants d;  are increased. Conversely, the field range van-
ishes both at the critical temperature (f — 1) and when the
coupling constants vanish (d; » — 0). We further remark that
the coupling constants d  are generically expected to be O(1)
and that |d; 2| ~ 1 are consistent with the width of half-height
magnetization steps reported in Ref. [8] for the candidate
material Sr,RuQy.

We are now ready to understand the field dependence of the
critical temperature. We start by recognizing that for bh # 0,
there are in fact two critical temperatures; in addition to the
upper critical temperature at which superconductivity first ap-
pears for one spin species, there is a lower critical temperature
at which the other spin species also becomes superconducting.
These two critical temperatures can be readily determined by

Ah +0(py?). (6)
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FIG. 3. (a), (b) Saddle-point solutions for (a) the amplitude and (b) the phase of the superconducting order parameters ¥4 and v, as the
fluxoid numbers (n4, n,) change from (0,1) to (1,1) at magnetic flux 2 = 0.5. (c) Free energies of the relevant stable states (solid lines) and the
saddle points connecting them (dashed lines) as a function of the magnetic flux 4.

comparing the free energies of the lowest-energy single-spin
and two-spin superconducting states [see Eqs. (4) and (5)]
with each other and with the free energy of the normal state
(which is zero). The upper critical temperature reads

@)
|

1
Tupper = 1+ ?[b|h| —(h— |_h—|)2]’
0

where | /7 is h rounded to the nearest integer. This critical tem-
perature has the same field-induced oscillation as the critical
temperature of a spin-singlet superconductor [22] except for
an additional linear increase with the field |%| that shifts the
maxima around integer h [see Fig. 2(c)]. Up to O(p, 4, the
lower critical temperature takes the form

[h = f(WI? = c(h — [h1)* + (1 + c)blh|

Nower = 1 -

p(l—o)

{di[2h — | 1] — f(W)* + da[Lh] — f(W)P} {[h — f(R))* — (h — |h])* + 2b|h|} —6
_ ,03(1 — oy + 0(,0 )

in terms of the piecewise continuous function
LAl if |h— [h]] < (1 = Ah)/2,
[2h] = A1 if A= [A]] > (1 = Ah)/2,

where the upper and lower cases correspond to transitions into
the FQV and HQV states, respectively, and the field ranges
around half-integer & with transitions into HQV states are
controlled by the width parameter,

_ 2(d; — da)b|h|
pi(1—c)

In contrast to the upper critical temperature, the lower critical
temperature shows an overall decrease with the field |h| and
contains additional maxima at all half-integer values of & [see
Fig. 2(c)] around which the transitions into the HQV states
happen. We emphasize that while Eqgs. (6) and (10) describe
the same width parameter Ak, one cannot obtain Eq. (10) by
simply substituting Eq. (8) into Eq. (6) because the leading
term of Eq. (10) is O(p; 2), whereas Eq. (6) is only accurate
up to O(1) terms. We also remark that a spin-singlet super-
conductor with multiple bands does not have two separate
critical temperatures because its Ginzburg-Landau free energy
includes bilinear coupling terms between different order pa-
rameters [42]. In contrast, such coupling terms of the form
ocyr* . are forbidden in our case by spin-rotation symmetry
around the field direction (i.e., the direction perpendicular to
the ring).

f(h) = { Q)

Ah +0(p ). (10)

®)

0

(

IV. MAGNETORESISTANCE OSCILLATIONS BELOW
THE CRITICAL TEMPERATURE

In this section, we study the resistance of the supercon-
ducting ring in the spin-triplet state below the lower critical
temperature in order to derive its oscillations as a function of
the applied magnetic field. To do so, we will first consider
thermal fluctuations in the order parameters 1, (6) that drive
transitions between different free-energy minima. We will
then use the computed transition rates to estimate the electrical
resistance due to the resulting thermal decay of the charge
supercurrent [41,43].

During a thermal transition from one free-energy minimum
to another one, the system goes through an appropriate free-
energy saddle point, and the free-energy barrier controlling
the transition rate is simply the free-energy difference be-
tween the saddle point and the original minimum. The two
free-energy minima connected by the thermal transition corre-
spond to two stable solutions of Eq. (2) that differ in a fluxoid
number n,,. Therefore, the saddle-point solution must exhibit
a phase slip in the corresponding order parameter ¥, (0), i.e.,
a suppression of the amplitude f,(6) around some angle 6.
For a spin-singlet superconductor, an analytical expression
for this saddle-point solution was found in Ref. [41]. Since
the analytical solution only applies for a spin-triplet super-
conductor in the absence of coupling terms (¢ = d;, = 0),
we choose to solve Eq. (2) numerically with a combination
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FIG. 4. Magnetoresistance oscillations of a spin-triplet superconducting ring for different values of (a) the dimensionless energy parameter
(i.e., condensation energy) ¢, (b) the coupling coefficient d = d; — d,, and (c) the dimensionless temperature ¢. The following parameter
values apply to all three subfigures: py = 20, ¢ = 0.1, and b = 0. The dimensionless resistance, R = R/Ry, is calculated from Eq. (14) and
normalized by its maximum value, R™**, which is specified for each resistance curve. Note that since the resistance prefactor is Ry ~ 10° ,
the resistance curves with R™* « 10~ are not expected to be experimentally observable and are only included to show the general trends in

the behavior of the two-peak structure.

of a shooting method and an adaptive step-size Runge-Kutta
integration scheme.

An example of the numerically obtained saddle-point
solution is depicted in Figs. 3(a) and 3(b). This solution cor-
responds to a transition between two stable solutions with
respective fluxoid numbers (n4,ny) = (0, 1) and (1,1). Since
n4 changes from O to 1 while n; remains the same, f; goes
through a strong suppression in a region of size & = &y(1 —
t)~'/2 around 6 = 0, whereas f| is only slightly perturbed
around its stable constant solution.

Once the saddle-point configurations of ¥, and vy, are
found for a transition between (n4,n;) and (n’T,nl), the

from (n4, n}) to (n/T, nl), the thermally activated rate of this
transition can be written as [28,43]

(11

where Q ~ (T./h)(1 —1)*/*(¢ppy)'/* [41,43] is an overall
temperature-dependent prefactor, 8 = 1/T is the inverse tem-
perature, and P, »,) is the probability of the superconducting
ring to be in the stable state (124, n ). At any finite temperature,
this probability is given by

F(”T’”‘L)_’(”’T’”i) = QP(nT,nl)exp[_ﬁAF(m,m)—)(n%ﬁl)]a

1
P("TJ%) = —CXP[—,BF(nT,m)],

saddle-point free energy associated with this transition, z
F‘("Tv’%)‘_)(”/p”l)’ can be calculated through Eq. (1). For the 7 = Z expl—BFu, n)]- (12)
stable solutions with fluxoid numbers 0 < n, < 1 and the npy

saddle-point solutions connecting them, the free energies are
plotted in Fig. 3(c) as a function of the field #. We remark
that there is an exact degeneracy between (ny,n;) = (0, 1)
and (1,0) because we neglect the Zeeman splitting by setting
b = 0 in this section.

Given that the free-energy barrier is simply given by

AFu, )~y = Fonpnpyor,n)) = Fnynyy for the transition

J

In the presence of a small bias current Iy,s applied to a
section of the ring, the free-energy barrier takes the modi-
fied form [43] AF("%"L)"(”%J%) = AF(nmni)%(n’T,nl) - (8nT +
8n | )®Polyiys /4, where 8n, = n/ — n,. The mean voltage (V)
between the two end points of the section due to repeated
phase slips is then [28,43]

Qo D Lpias
(V) = - Z P, o)) Z(énT + Snl)expl:—ﬁAEnN”)_)(ner) + B(ény +dny) . a ]
ny,ny n’T,n’l
(13)
Finally, assuming s < T/ P, we can expand (V) up to first order in s and obtain the effective resistance as
V) D nm, {ZBnT:il 83 expl—BFu, e uy+onsn)] + Xg, s 5niexp[—l3F<nm>e<m,n¢+8n¢>]}
R= =Ry (14)

Ibias

where Ry = B QCD(Z) /8. In this final step, we ignore transitions
that involve both fluxoid numbers n,, or change either fluxoid
number by more than 1 as these transitions have larger free-

ZnT,nl exp[—,BFme)] 7

(

energy barriers and their contributions to the resistance are
thus negligible.

Figure 4 shows the magnetoresistance calculated from
Eq. (14) at different values of the temperature ¢, the coupling
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constants d| », and the energy parameter ¢. Since the relevant
coupling constant for stabilizing HQVs has been found to be
d =d| — dy, we set d; = 0 for simplicity and only consider
d, = d in this section.

In Fig. 4, we readily observe the expected two-peak
structure in the magnetoresistance oscillations [31-33] and
recognize clear trends in its behavior as a function of ¢, d,
and ¢. We first consider the separation between the two peaks
that depends on ¢ and d, but not on ¢. As understood in
previous works [31-33], each peak corresponds to a transition
between a FQV state and a HQV state, with a HQV state
being energetically favored in the narrow range between the
two peaks. Hence, we immediately identify the separation be-
tween the two peaks as the width parameter A/ in Eq. (6) and
understand that for d(1 — ¢) < 1, it is linearly proportional to
both the coupling constant d and the temperature difference
1 — ¢ with respect to the critical temperature.

We next focus on the width of each peak, §k, which, in
conjunction with the peak separation Ah, determines how
well the two peaks are distinguishable. We generally ob-
serve in Fig. 4 that the peaks broaden if ¢ is decreased
or ¢t is increased. To understand this result, we first notice
from Eq. (14) that each peak extends over a field range in
which the free-energy difference between the two lowest-
energy fluxoid states (n4, n)) is smaller than the temperature
T; the resistance has a peak within such a field range be-
cause thermal phase slips between the two highly occupied
lowest-energy states occur with an enhanced rate. Then, using
Eq. (5) and assuming py >> 1 as well as |1 — ] < 1, we find
[0Fn,.n,)/0h] ~ ¢T.(1 — t),oo_2 and estimate the peak width
as 8h ~ T /|0F, )/ 0h| ~ ,og/[qb(l —t)]. The conclusion is
that as shown by Fig. 4, the peak width is inversely propor-
tional to both the energy parameter ¢ and the temperature
difference 1 — ¢ with respect to the critical temperature.

The two peaks are well distinguishable if the peak sep-
aration Ah is at least as large as the peak width §A. From
the above analysis, this condition corresponds to a lower
bound for the coupling constant: d 2> p3/[¢(1 — 1)*]. We note
though that the energy parameter ¢ is proportional to the total
volume ® of the superconducting ring and can, in principle,
be made arbitrarily large by increasing the out-of-plane ring
height L. We also remark that for a reasonable ring radius
D ~ 1 um, the peak separation Ak ~ 0.1 seen in Fig. 4 cor-
responds to an approximately 0.1 mT change in the applied
magnetic field.

However, even if the two peaks are well distinguishable,
the two-peak structure in the resistance may still not be
observable if the overall magnitude of the resistance is pro-
hibitively small. In particular, Fig. 4 shows that the magnitude
of the resistance is strongly suppressed for large ¢ and/or
small ¢. From Eq. (14), the magnitude of the resistance is
determined by the free-energy difference between the relevant
stable and saddle-point solutions (i.e., the free-energy barrier).
Since the saddle-point solutions have a localized suppression
of superconductivity in a region of size £ = &(1 — ¢)~'/? with
respect to the stable solutions, this free-energy difference can
be estimated as §F ~ |Fy, n)|§/D ~ ¢T.(1 — t)3/2,00_l if we
assume pg > 1l and |1 — #| < 1 once again. The magnitude of
the resistance is then exponentially small [see Eq. (14)] when

BSF ~ ¢(1 — t)3/2,00_l ~ po(1 — t)1/2/8h > 1. Interestingly,
this result reveals a fundamental trade-off between increasing
the magnitude of the resistance and decreasing the peak width,
which are both important for observing the two-peak structure
in the resistance.

Nevertheless, Fig. 4 shows that a discernible two-peak
structure with a reasonable magnitude of the resistance is
possible for appropriate values of the parameters. Indeed,
for pg ~ 10, t ~ 0.9, and ¢ ~ 10°, the resistance prefactor
in Eq. (14) is Ry ~ (h/e*)(1 —1)°/*(¢po)'/* ~ 10° Q, and
the largest resistance magnitudes seen in Fig. 4 are therefore
larger than 1 Q. For a small enough bias current Iyj,s ~ 1
nA, required by lyas K T/ D¢ with T, ~ 1 K, the measured
voltage (V) is then at least 1 nV, i.e., within the sensitivity of
a typical transport measurement.

V. DISCUSSION AND OUTLOOK

In this work, we employed the Ginzburg-Landau approach
to study the Little-Parks magnetoresistance oscillations of
spin-triplet superconductors in the presence of HQVs harbor-
ing Majorana bound states. Focusing on a ring geometry with
a sufficiently small width (W <« &, 1), we first constructed
the appropriate Ginzburg-Landau free energy and identified
two specific higher-order terms [the ones proportional to d; »
in Eq. (1)] that are critical for stabilizing HQVs. Then, we
used the corresponding Ginzburg-Landau equations to derive
both the conventional Little-Parks oscillations of the super-
conducting critical temperature [22] and the closely related
oscillations in the residual resistance due to thermal vortex
tunneling below the critical temperature [33-37].

Our main result is a rigorous theoretical underpinning of
the distinctive two-peak structure that the magnetoresistance
oscillations are expected to possess [31-33]. The two peaks
demarcate a narrow field range of width Al [see Eq. (6)]
within which it is energetically favorable to bind a HQV to
the central hole of the superconducting ring. Because HQVs
are stabilized by higher-order terms in the Ginzburg-Landau
free energy, the peak separation Ah is linearly proportional
not only to the appropriate coupling constant d; — d5, but
also to the relative temperature 1 —¢ with respect to the
critical temperature. In other words, the two-peak structure
is observable in the magnetoresistance oscillations below the
critical temperature, but not in the conventional Little-Parks
oscillations of the critical temperature itself.

We next established the most general conditions under
which the two-peak structure in the magnetoresistance os-
cillations is expected to be experimentally discernible in a
real superconductor. Specifically, we identified a fundamen-
tal trade-off between making the peaks sufficiently narrow
(hence, well distinguishable) and ensuring that the overall
magnitude of the resistance is not overly suppressed. For the
parameter values pg = D/§ ~ 10 and t = T /T, ~ 0.9 used
in Fig. 4, we find that this trade-off corresponds to energy
parameter ¢ ~ 10°. Since ¢7, is defined as a total conden-
sation energy at zero temperature, this quantity is of the order
of VA% ~ vT?2, where v is the electronic density of states at
the Fermi level and A is the superconducting pairing gap.
Therefore, we readily obtain ¢ ~ vT, ~ OT,/ (®Er), where
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® is the ring volume, a is the lattice constant, and Er is
the Fermi energy. For 7. ~ 1K, a ~ 1 nm, and Er ~ 0.1eV,
the ideal energy parameter ¢ ~ 10° then corresponds to ring
volume ® ~ 0.1 um3, which is achieved, for example, by
setting the radius, width, and height of the ring to D ~ 1 um,
W ~ 100 nm, and L ~ 100 nm, respectively. Using these val-
ues for the parameters, the overall magnitude of the resistance
is R 2 1 Q and the required resolution in the applied magnetic
fieldis AH ~ 0.1 mT.

Though the critical temperature marking the onset of su-
perconductivity (i.e., the upper critical temperature) does not
have a distinctive structure in its Little-Parks oscillations, we
also found a lower critical temperature that separates super-
conducting states of a single-spin species above and of both
spin species below. In turn, this lower critical temperature
has two distinct minima around each half-integer value of
h [see Fig. 2(c)], which correspond to the two peaks in the
related magnetoresistance oscillations [44]. To experimentally
determine the lower critical temperature, one would need to
selectively measure the electrical resistance of the spin species
that is normal above and superconducting below the transi-
tion. For example, one could apply the bias current through
half-metallic leads that can only emit or absorb one spin
species but not the other one. We also emphasize that this mea-
surement would require a sharp superconducting transition
with no residual resistance due to vortex tunneling below. As
such, it would be in a different regime and need a much larger
ring volume ® than discussed above. Since the radius and the
width are restricted to D < 1 um and W < 100 nm by other
considerations, this measurement would then correspond to a
cylindrical geometry with a large height L >> 1 pm as in the
original Little-Parks experiment [22].

Physically, the higher-order terms proportional to dj > in
the Ginzburg-Landau free energy stabilize HQVs by favoring
spin supercurrents over charge supercurrents (for the right
signs of d; 7). In this sense, they play an analogous role to
the ratio of the spin and charge superfluid densities, y =
Psp/ Ps, in the London limit [28,45]. Indeed, from a compar-
ison of Eq. (5) in this work and Eq. (15) in Ref. [28], we
can identify the superfluid-density ratio as y = [(1 4+¢) +
2(1 —)d2]/I(1 + ¢) + 2(1 — t)d;], which is consistent with
the general expectation that y — 1 at the critical temperature
[31]. Since it is also expected on general grounds that y < 1
for interacting superconductors [45-47], we anticipate that

F = ¢T/d3{
0

+ o VI, 11 + ds VI PV P+ 22 EO 3 lel(v —
o=1.1

J

IWUI

> [ (1= 1)+ 2|V x @} o P+
o=t

as a result of d; > dp, our results apply to any spin-triplet
superconductor in which (1) and (}{) Cooper pairs are
energetically favored over (1)) + (| 1) Cooper pairs. In the
future, it would be interesting to understand how our re-
sults connect to the London limit and, in particular, how the
fractional magnetoresistance oscillations in the presence of
disorder predicted in Ref. [28] can be recovered from our gen-
eral Ginzburg-Landau approach. This connection could then
be used to establish the general conditions under which the
fractional magnetoresistance oscillations are experimentally
observable.
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APPENDIX: DETAILED ANALYSIS
OF SYMMETRY-ALLOWED TERMS

Here we consider all symmetry-allowed terms with four
order parameters and two spatial derivatives in the Ginzburg-
Landau free energy and demonstrate that only the terms
proportional to d; » in Eq. (1) matter for the stability of HQVs.
The symmetry-allowed terms with four order parameters and
two spatial derivatives can be enumerated by (i) consider-
ing each symmetry-allowed term with four order parameters
(|¥s]* and |¢T|2|¢¢|2), (ii) considering all possible ways of
dividing the four order parameters into two pairs, and (iii)
taking the gauge-covariant derivative of each pair such that
each order parameter with (without) a complex conjugate
contributes an additional term +id (—ia) to the derivative. Fol-
lowing this guiding principle, the general symmetry-allowed
form of Ginzburg-Landau free energy [see Eq. (1)] can be
written as

+ & |(V - ia>1/fa|2}+c|m|2|m|2 + E2[di [(V = 2ia)[ Yy ¥, 11

2i) 2] + e (VI Y] + (AD)

®¢TC<VXa>2},

and the corresponding Ginzburg-Landau equations in terms of ¥/, (8) = f, (8)e'* @ [see Eq. (2)] are given by

d

|, P
pg - 062

O fo
]fu+f +Cf(rf_ g 392
0(Xo + X=0) Zh]z}

2
_fO'fo'[ 90

0 Xo

|

2
_h} }
a0
dy {f ) 02(fr o)

o [ — x0T
B f"f"[ 00 ”
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dif, 3*(f2,) e 9*(f?) 3| 9Xo
e 92 _{f" 962 _4f"[ 90
9
!

Focusing on the stable solutions with f,(6) = const and x,(0) = X{g()) + ns0 (where n, € Z), the free energy up to O(p, 2)in
terms of n, = (ny +n;)/2 and ny = (n4 — ny)/2 [see Eq. (5)] is then found to be

(I—0) 200 =0)[(1 4+ ¢)+2(1 —t)(da + e)n} 4+ [(1 4 ¢) + 2(1 —1)(ds + e)](n. — h)*
Tl T2 (1 +cp +
0 c

: erfo az(f(?) _
e

2| 9o o[ 0o + X—0) o[ 9(Xe — X—0) 4| 9Xo .
fg[ 29 —h} +di(fof-o) [—39 —Zh} +do(fof-o) [—89 }+2€1fg[ Y. —h“ =0 (A2

Ir(l’lT,l’u) = ¢71{

ol
(A3)

We first notice that the coefficients d3 and e, are absent from Eq. (A3). Since the corresponding terms in the Ginzburg-Landau
free energy only contain derivatives of the form V||, they do not contribute to the free energy for the stable solutions
characterized by |1/, | = const. We next recognize that the terms o< (n. — h)? and o n% in Eq. (A3) penalize charge supercurrents
and spin supercurrents, respectively. Since the coefficient e; has the same contribution to both terms, it does not favor either
charge supercurrents or spin supercurrents and therefore does not affect the stability of HQVs. In contrast, the coefficients d,
and d, only penalize charge supercurrents and spin supercurrents, respectively. Hence, as found in the main text, HQVs can be

stabilized for d; > 0 and/or d, < 0.
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