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Thermal fluctuation in magnets causes temperature-dependent self-energy corrections in magnons; however,
its effects on the topological orders of magnons is not well explored. Here we demonstrate that such corrections
can induce a Chern insulating phase in two-dimensional collinear antiferromagnets with sublattice asymmetries
by increasing temperature. We present the phase diagram of the system and show that the trivial magnon
bands at zero temperature exhibit Chern insulating phase above a critical temperature before the paramagnetic
phase transition. The self-energy corrections close and reopen the band gap at I' or K points, accompanied
by a magnon chirality switch and nontrivial Berry curvature transition. The thermal Hall effect of magnons
or detecting the magnon polarization can highlight the experimentally prominent signatures of the topological
transitions. We include the numerical results based on the van der Waals magnet MnPS3, calling for experimental
implementation. Our work presents a paradigm for constructing topological phases that is beyond the linear spin

wave theory.
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I. INTRODUCTION

The last 20 years have witnessed the extraordinary devel-
opment of topological insulators and semimetals in the field
of condensed matter physics [1-14]. In analogy to electronic
systems, the topological phases have also been extended to
bosonic systems, such as photonic [15] and acoustic sys-
tems [16]. Magnons, quantized spin excitations in magnets,
another boson, have also been proposed to host nontrivial
topological phases, realized in magnets with artificially de-
signed structures [17-19], special crystal symmetries [20-28],
or quantum fluctuations [29]. The emergence of edge or sur-
face states immune to disorder and back scattering has great
potential for designing magnonic devices [30,31] with low
dissipation and power consumption.

One of the key features in magnetic systems is the presence
of magnon-magnon interactions (MMIs) and thermal fluctua-
tion. Their interplay would give rise to temperature-dependent
nonlinear self-energy corrections to the magnons [32-39]. Re-
cently, two works [28,29] stated that nonlinear corrections can
drive a topological phase transition of Dirac magnons host-
ing opposite Chern numbers at a critical temperature. Other
works discussed the magnon topology within the linear spin
wave theory [17-27,40] or only the magnon renormalization
effect [35-39]. None of them addressed the possibilities of
realizing topological phases of magnons above a finite tem-
perature 7. while the bands below T are topologically trivial,
with T, being below the Curie or Néel temperature. This is
quite reasonable because the specific schemes responsible for
the topological phases at zero temperature are always present
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or absent in the self-energies at finite temperatures. This pic-
ture explains why few works have explored the construction
of a topological phase at finite temperatures.

In this paper, we show that increasing temperature can
actually induce a topological phase for magnons by consid-
ering the two-dimensional collinear antiferromagnet MnPS3
as an example. We introduce sublattice asymmetric magnetic
interactions induced in heterostructures, breaking the P7T
symmetry and magnon band degeneracies. We find that at zero
temperature, the Chern insulating phase emerges but exists
in only a finite interval of the single-ion easy-axis anisotropy
strength. The self-energy corrections do not destroy this topo-
logical phase. Outside the interval, the magnon bands are
topologically trivial at 7 = 0. But as temperature increases,
due to the self-energies, the band gap at I' or K points will
be closed and reopen above a critical temperature 7., which
is well below the Néel temperature. The topological invariant,
i.e., the Chern integer of the acoustic branch, changes from
0 to 1 across T.. We also find that the band gap closing
and reopening are accompanied by a magnon chirality switch
and nontrivial Berry curvature transition near I" or K points.
The thermal Hall effect of magnons provides a prominent
signature of the topological phase transitions near the I" point.
Detecting the magnon polarization also provides other experi-
mental proof. Our proposal and conclusion are quite universal
for collinear antiferromagnets and can be extended to ferri-
magnets.

This paper is organized as follows. In Sec. II, we present
the model and use the finite-temperature field theory to deal
with the MMIs. In Sec. III, we calculate the magnon bands at
both zero and finite temperatures and the corresponding topo-
logical invariant. We present the phase diagram and discuss
the topological phase induced by the increasing temperature.

©2023 American Physical Society
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FIG. 1. Illustration of the honeycomb antiferromagnet with sub-
lattice asymmetry. The numbers denote the bond index. Spins on the
A sublattice point up, while those on the B sublattice point down. The
intrasublattice second-neighbor interactions on the two sublattices
are denoted as J3' and J?, respectively.

We also discuss the thermal Hall effect of magnons and
the chirality switch during the topological phase transitions,
which can be probed in realistic experiments. Finally, we
summarize in Sec. IV.

II. MODEL AND METHODOLOGY

We consider a honeycomb collinear antiferromagnet, as
illustrated in Fig. 1. The spin interaction Hamiltonian is given
by

H=J ZS, 'Sj + 1) ZSij + ZJ;IS, 'Sj
(i) (ij) ()

F S ST v — L K(S) )
(i) i

The first and second terms denote the Heisenberg exchange
interaction between nearest neighbors with an Ising-type ex-
change anisotropy characterized by I;. The third term denotes
the Heisenberg exchange interaction between second neigh-
bors, describing the interaction between spins in the same
A or B sublattice (Fig. 1), characterized by J5' and J2, re-
spectively. Here we assume J5' # JZ. The fourth term is the
bond-dependent interactions [41] between nearest neighbors,
allowed by the symmetry and consistent with recent experi-
ments with MnPS3 [42]. y;; = 23 withn=0,1,2 being
the bond index, as illustrated in Fig. 1. The last term is the
sublattice asymmetric single-ion easy-axis anisotropy, charac-
terized by K4 and Kp for the two sublattices. The Hamiltonian
with J3 =J% and without K, and Kz was proposed for
MnPS; [41]. The exchange anisotropy /j, the difference be-
tween J5 and J%, and the anisotropy fields K4 and Kp can
be induced or tuned in the MnPS; homobilayer or in the
MnPS;3/CrCl; heterostructure, verified by very recent first-
principles calculations [43,44]. For negative and quite small
positive J4 and J2, the ground state stays in the collinear
antiferromagnetic phase [45,46].

We apply the Holstein-Primakoff transformation, $* = S —

ata, St = /28 —ataa, and S~ = a"/25 — afa for the A

sublattice and §? = —S + b'b, S* = b'\/2S — b'h, and S~ =
~/28 — bbb for the B sublattice. The Hamiltonian in Eq. (1)
can be expanded as H = ) ° Hy,, where 2p denote the
number of bosonic operators. We here keep the terms up
to quartic order and neglect the ground state energy term.
With a Fourier transformation, the two-particle term can
be written in the form H, = 1 3", W Hy Wy, where Wy =

(ag, by, aik, bik)T; the uppercase T denotes the transpose.

We have
hk Ak
Hk = ( + T )’ (2)
Ag  hoy

where hy = hgl, +h-0 and Ay =68-0. o denotes the
sublattice index, with hy = (ha + hp)/2, h, = J,SRe(gk),
hy = =J,SIm(gk),  h; = (ha — hg)/2, & = JiSRe(fk),
8y = =J1SIm(fx), ha =KsQ2S — 1)+ 3(J1 +1)S —
J3S(6 — di), hg = Kp(2S — 1) + 3(J1 + 1))S — JES(6 — dy),
gk = 1 + 2¢i2k cos(‘/Tgkx + 27”), fi = 1+ 2¢i3b cos(%gkx),
dy = Z?:l cos(k-a;), and a; are the second-neighbor
lattice vectors. Notice that gy # g_k, indicating the broken
time-reversal symmetry in our system, and we can use the
Chern integer to characterize the topological properties of
magnon bands.

We now discuss the effect of MMIs, i.e., the four-particle
term H;. We have

1 Ji I
Hy = _ﬁ {%}: Z (fk4altlakzak3bk4 + fl<l4bklbkzbk"’ak4
+He)sy, + [ + 1) fi—kay, by a,bi,
Ja
4
+ (eaay, ay, axsax, + €sby by, bisbi,) |85 G)

+ (gk3a|i,“112bksak4 + gk]a]tlblzblth + H.C.)

2
where Sk = Skitkokstkys €A =

di, +dx, —2dx, -k,
1

8y = Ok otk s
I3 Pdyey + Ka g, and di) = . To consider the
many-body effect and its interplay with thermal fluctuation,
we employ the Green’s function method and define a matrix
Green'’s function as G(k, ) = — (T, \I/k(r)\llll' (0)) [47], where
T; is the chronological operator for the imaginary time 7.
The Heisenberg operator is defined as A(t) = e*7A(0)e~ ",
and H = H, + H, is Hermitian. The bracket denotes the
thermal average. To get the solution, we solve the Heisenberg
equation of motion for the Green’s function elements
and apply the random phase approximation to extract the
nonlinear self-energy corrections from MMIs. After a Fourier
transformation  G(k, 7) = (1/8) Y., G(k, ,)e™ ™", with
B =1/T, where T is the temperature and w, is the bosonic
Matsubara frequency, we can get the Dyson’s equation
Gk, w,) = iw,T, — H" and the effective Hamiltonian

et At )
eff\ T ot T )
(aF) ()
with A = BT, +heT 0. RS = (ST 4 /2, R =
T SS0Re(g), 51 = — 7, S5 T ), o= (ST = 1) /2,

where h;ff:KA(—ZS -1 + 4§A) + 3(.]1 +Il )SB —
J484(6 — dy) — Iy, It = Kp(—2S — 14+ 48p) + 3(J; +

H§H=Hk+2k=< )
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11)Sa — JB8,(6 — di) — hy, SA—S—NZ A aq Sp=
S — % Xy (bibg) SA_S+6N2 dy(a}aq) —}VZ ajay),
SB_S+6NZdbI — ¥ 2q(bibq) hy = hy =
SRe Y, folaibly) + Re > galagha), (AN =
S, fio = 1Y, fk7q<aqb7q>, and (AfD)21 = (A1
The other terms in the random phase approximation always
vanish and are thus neglected. By diagonalizing the effective
Hamiltonian in Eq 4), A HET Ay = diag{Ex, E_x}, we have
Heft >k E"‘oekak Ef ,311,81() up to a zero-point energy.
The paraunitary eigenvectors satisfy AlthAk =1, and 7, is
the Pauli matrix acting on the particle-hole space [17]. Note
that the diagonalization gives us the relation Wx = Ak Py,
with @k = (., fr, o', BT )7

The additional term in Eq. (4) compared to Eq. (2) is the
self-energy matrix term Xy. Using the relation Wy = Ay Py,
the element of the self-energy matrix can be expressed as

Ell‘j - N Z [Z?(k’ g, (T) + Q?_Lj(ks q)]’ ®)

q.r=a,p

where ng ; is the Bose-Einstein distribution function ng ) =

(efa/T — 1)~ with a zero chemical potential. The right two
terms in Eq. (5) correspond to the thermal and quantum
corrections, respectively. The method to calculate them is
presented in Appendix A. Notice that the self-energy cor-
rections do not vanish even at zero temperature due to the
quantum fluctuations. Like in previous works [38,39], Egs. (4)
and (5) and the diagonalization relation above form the self-
consistent relations. We can calculate the band structures at
given temperatures self-consistently and obtain corresponding
Chern integers. The results for temperature-induced topologi-
cal phases are presented below.

III. RESULTS AND DISCUSSION
A. Phase diagram and topological transitions

We first discuss the topological phase at zero temperature
T =0 to get an intuitive picture of the system. The two
magnon bands are usually degenerate in pristine antiferromag-
nets. The sublattice asymmetric second-neighbor exchange
interaction and sublattice asymmetric single-ion easy-axis
anisotropy break the band degeneracy. Especially, for J5' #
JB, the two magnon bands have different group velocities at
the same energies even when K4 = Kp. That is to say, the
two magnon bands will separate totally or show degeneracy
at limited momenta. We find that when J, = 0 and J3' > J%,
in the region 0 < K4 — Kp < K., the two magnon bands will
show a ringlike band intersection, as shown in Fig. 2(a) by
the solid lines. Here K, >~ 9(J3' — J$)§'/(4§ — 2§ — 1), with
§ =584 =S8 and § = §), = §}, at zero temperature. Here we
have considered the quantum corrections. At K4 = Kg (K4 =
Kp + K.), the two bands show point touching at the I (K and
K’) point(s) in the Brillouin zone (BZ). Outside the above
interval, the two bands are always separated and topologically
trivial even for J, # 0.

Finite J, is expected to gap the two bands and lead to non-
trivial topology when 0 < K4 — Kp < K,. As gk vanishes at
the I" and K points; the band point touching at the I" (K) point
when K4 = K (K4 = Kp + K.) will not be changed. Thus, the

oy [T
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FIG. 2. (a) The magnon band structures at 7 = 0 and K4y = 0.1.
The other parameters are adopted as S = 2.5, J; = 1.0, I, = 0.05,
Jit =0.08, J2 =0.065, and Kz = 0.05. All the parameters are in
units of J; = 1.54 meV. In subsequent calculations, we adopt the
same parameters when not stated otherwise. J, = 0 for the solid line,
and J, = 0.02 for the dashed lines. (b) The Chern integer for the
acoustic branch and band gap with respect to K4 at 7 = 0. The other
parameters are the same as in (a) with J, = 0.02. The band gap is
defined as E, = mink(Elf — E) along the I"-K direction.

two conditions give the phase boundaries between trivial and
nontrivial topological phases. In Fig. 2(a), we can see that the
two bands are gapped in the intersection region (dashed lines).
Figure 2(b) gives the gap evolution along the I'-K direction.
We use the Chern integer as the topological invariant, defined
as G, = % fBZBidzk, with Berry curvature B, =V x A;
and Berry connection A, = iTr[FAAlT(rZ(SkAk)], where T'* is
the diagonal matrix, taking a value of +1 for the A mode and
zero otherwise. We find the Chern integer is 1 inside the inter-
val Kp < K4 < Kp + K, for the acoustic branch, as presented
in Fig. 2(b). When the sublattice asymmetric second-neighbor
exchange interaction is reversed, i.e., J? < Jf , the nontrivial
topological phase lies in the interval 0 < Kz — K4 < K/, and
the Chern integer for the acoustic branch is —1, with K| >~
9(J% —J§' /(45 — 28 — 1). In the subsequent discussion,
we will focus on J4 > J% because the two cases share the
same physics.

We now consider the effect of nonlinear self-energy cor-
rections at finite temperatures and show that the trivial bands
at T = 0 will also exhibit the Chern insulating phase above a
critical temperature before the paramagnetic phase transition.
We first present the phase diagram directly and choose the
Chern integer of the acoustic branch as the order parameter,
calculated from the effective Hamiltonian after self-consistent
treatment at given temperatures. The definition of the Chern
integer is the same as in the paragraph above by adopting the
eigenvectors of the isolated magnon bands at finite temper-
atures. Therefore, the Chern integer is still quantized. Here
the temperature can change the topological properties of the
magnon bands via the temperature-dependent self-energies in
Eq. (5) due to the MMIs. The self-consistent process also
helps us to confirm that the temperatures we choose are all
below the Néel temperature 7y. The phase diagram in the
K4-T plane is shown in Fig. 3(a). We can see that when
Kp < K4 < Kp + K., the topological phase will not be de-
stroyed by the nonlinear corrections, the same as in previous
works. Interestingly, when K4 < Kp and K4 > Kp + K., the
magnon bands show a trivial phase at low temperatures but
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FIG. 3. (a) The phase diagram in the K4-7 plane. The Chern
number is for the acoustic branch, and the Chern number for the
optical branch is the opposite. The temperature unit is 7y = J; /kg =~
17.9 K, with J; = 1.54 meV. (b) Magnon bands near the I" point at
three temperatures. K4 = K; = 0.041. (c) Magnon bands near the K
point at the same three temperatures as in (b). K4 = K, = 0.169. At
K, and K3, the critical temperature of the topological transition is
almost the same, 7,/J; >~ 2. (d) The magnon chirality switch at the
I" point for K4 = K;. (¢) The magnon chirality switch at the K point
and DOP evolution at the K’ point for K4 = K;. For all the plots,
J, = 0.02.

exhibit a Chern insulating phase above a critical temperature
T., which is dependent on K. Note that here T is below the
Néel temperature Ty. This phenomenon is quite surprising
and is not presented or discussed in the previous works on
topological phase of magnons. This indicates that the ther-
mal fluctuation can, indeed, induce a magnonic topological
insulating phase when we consider the nonlinear effect from
MMIs. Note that the temperature-induced phase transition is
similar to that of the topological Anderson insulator induced
by disorder [48-51], in the sense that the topology is induced
by fluctuation (either thermal or parametric).

To further investigate these thermal fluctuation induced
topological transitions at finite temperatures, we plot the
magnon bands at three temperatures for Ky ~ 0.041(K;) <
Kp and K4 ~ 0.169(K;) > Kp + K. in Figs. 3(b) and 3(c),
respectively. The critical temperature of topological transition
for the two values are almost the same, 7./J; >~ 2. For K, =
K, we plot the bands near the I point. Besides the magnon
energy renormalization, we can see the band gap at the I'
point decreases as the temperature increases. The spectrum
become gapless at T = T. Further increasing the temperature
reopens the gap. During this process, we have checked that
the two bands at other points in the BZ are always gapped.
From the phase diagram in Fig. 3(a), the Chern integer is 0
below T, and 1 above T.. The other K4, < Kp values have the
same behavior with different critical temperatures 7;.. Such a
temperature-induced topological phase in the region K4y < Kp
is related to the weak ferrimagnetic phase induced at finite
temperatures (see Appendix B), arising from the imbalanced

occupation number of the two magnon branches. The zero
band gap condition at the I" point is K4(—2S — 1 +484) +
3(Ji +11)Ss = Kg(—2S — 1 +485) +3(J;1 +11)S4. S4 #* S
at finite temperatures requires K4 < Kp for the topological
transition in this case. This temperature-induced topological
transition is totally due to the thermal fluctuation. That is
to say, when K, = K}, a weak perpendicular magnetic field
can replace the role of easy-axis asymmetry to get the same
results with a negative magnetic field. The phase diagram is
presented in Appendix C. For K4 = K5, the magnon bands
experience a similar behavior, but the gap closes and reopens
at the K point instead, as shown in Fig. 3(c). For both cases,
the thermal fluctuation induces gap closing and reopening, and
the topological invariant, i.e., the Chern integer, jumps from 0
to 1. In experiments, the band gap closing and reopening can
be detected by neutron resonance spin echo spectroscopy [42],
which can detect the band gap down to the limit of ueV.

B. Magnon chirality switch

The Néel vectors of two magnon modes precess circu-
larly with opposite chiralities when J, = 0 [52]. For finite
Ja, the precession trajectories will become elliptical. The po-
larization of the magnons in the antiferromagnet is similar
to that of light. We can define the degree of polarization
(DOP) for magnons in momentum space. At a given Kk,
the eigenvector at finite J, can be expressed as a linear
combination of the polarized state at J, =0, so we have
Ay = 05 AE + 0o = a, B), where A are the eigen-
vectors for right- and left-handed precession modes when
J, =0 and in,x are the expansion coefficients and satisfy

I)(I:f,\|2 + |Xk_,A|2 = 1. The DOP in momentum space is de-

fined as P(k) = |Xlix|2 — |Xk_,x|2- Below we will focus on
only the acoustic branch, and the DOP for the optical branch
is the opposite. At zero temperature and J, = 0, the chirality
is right-handed for K4 < Kp [P(k) = 1] and left-handed for
Ky > Kg + K. [P(k) = —1]. Finite J, does not break the
chirality at the K and I' points. Therefore, the chirality at
the K and I' points in the left trivial region in the phase
diagram in Fig. 3(a) is right-handed, while in the right trivial
region it is left-handed. In the middle topologically nontrivial
region, we find the chirality is right-handed at the K point,
while it is left-handed at the I" point. These features indicate
that the topological transitions are accompanied by a magnon
chirality switch where the gap closes and reopens. When
Kx < Kp, the chirality will be switched from right-handed to
left-handed across T, as shown in Fig. 3(d). On the other side,
K4 > Kp + K, the chirality will be switched from left-handed
to right-handed, as shown in Fig. 3(e). Near the K’ point, the
magnon will also experience a chirality switch, the same as
the K point when J, =0 and K4 > Kp + K. For finite J,,
the evolution of the DOP at K’ shows a negative to positive
transition [see Fig. 3(e)]. As reported in the experimental
works [53-57], the magnon polarization in antiferromagnets
can be detected by magneto-Raman spectroscopy [53], the
polarized neutron scattering technique [54], or polarization-
selective spectroscopy [55-57]. These experimental methods
greatly coincide with our system. The detection of magnon
polarization provides experimental proof of the temperature-
induced topological transitions.
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FIG. 4. The DOP distribution in the BZ in the three regions of the phase diagram in Fig. 3(a) for the acoustic branch. We adopt K4 = 0.02

in (a), 0.1 in (b), and 0.18 in (c). The temperature is set to 7 = 1.5.

We briefly discuss the DOP in the full BZ. There are three
different regions in the phase diagram in Fig. 3(a). The typical
DOP distributions in the BZ for the three regions are shown
in Figs. 4(a)-4(c). In the left region, the DOP is positive
[Fig. 4(a)], and the right-handed mode dominates. However,
in the right region, the DOP is negative [Fig. 4(c)], and the
left-handed mode dominates. In the middle topological region,
‘P is negative near the I point and positive around the K
point [Fig. 4(b)]. The ringlike transition zone where P >~ 0
is the band intersection region when J, = 0. The differences
indicate that the temperature will change the distribution, the
detection of which using the experimental techniques above
provides alternative experimental proof of our theory.

C. Thermal Hall effect

The topological transitions from trivial to nontrivial phases
indicate nontrivial transitions of the Berry curvature dis-
tribution in momentum space. Therefore, the topological
transitions of magnons are expected to manifest themselves
in the thermal transport properties [58,59]. The thermal Hall
conductivity is given by

k2T
o= =20 Y [ldkiE®@em). ©

r=a,B

where [dk] = d*k/(2r)?, kg is the Boltzmann constant, /i
is the reduced Planck constant, c,(x) = (1 + x)(In lxﬂ)2 —
(Inx)? — 2Liy(—x), and Li,(x) is the polylogarithm function.
We plot the temperature-dependent thermal Hall conductivi-
ties k,, in Figs. 5(a) and 5(b) with different K, for comparison.
We also give the Berry curvature distribution for a typical K
value at temperatures below and above T..

For K4 < Kp, we give k,, with four different values, cor-
responding to different 7.. We can see all the «,, show
discontinuous behavior across 7. This can be interpreted from
the Berry curvature transition near the I' point, as shown
in Figs. 5(c) and 5(d). The gap closes and reopens at the
I' point, and the Berry curvature experiences a jump from
negative to positive values near the I" point. From Eq. (6), the
thermal Hall conductivity is dependent on the Berry curvature
distribution and the occupation number of the magnon bands.
The discontinuous change in Berry curvature leads to the
discontinuous behavior of «, across T, the same as the be-

havior of the Chern integer, which is the integral of the Berry
curvature. The discontinuity of k., with respect to temperature
is prominent and experimentally distinguishable. Therefore,
the thermal Hall effect of magnons provides another route to
probe the topological transition experimentally.

For Ky > Kp + K., we can see k., with respect to the
temperature do not show a discontinuity near 7, [Fig. 5(b)].
This is because the thermal Hall effect of magnons is mainly
contributed by the magnons with low energies. The band
gap closes and reopens at K points with energies quite large
compared to kg7.. The nontrivial Berry curvature transition
near the K point has a negligible effect on «,,. As the case
K4 < Kp is mostly experimentally approachable, the thermal

(@) X107 (b X107
0 .

Ky =0.149
K4 = 0.156
-10 K4 =0.168
K, =0.0297 K, =0.19
0 1 2 3 0 1 / 2 3
T/J T/,
© [ @ r(s;)

kya
o

kya
o

(=]

FIG. 5. (a) and (b) The thermal Hall conductivity of four
different K, values for K, < K, and K, > K., respectively. The
corresponding critical temperature 7 is 7./J, =1, 1.5,2,2.5, re-
spectively. k,, is in units of kgJ;/fi = 3.23 x 107! W/K for J; =
1.54 meV. The distribution of Berry curvatures in log scale I'(B%) =
sgn(B%)log(l + |B;|) for (c)T/J; = 1.8and (d) T /J, = 2.2 atK, =
0.041. (c) and (d) share the color bar. The gray hexagon denotes the
first Brillouin zone.
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Hall effect can be an indicator of the topological transitions of
magnons in realistic experiments.

D. Discussion

Above all, by challenging the belief in former works that
thermal fluctuation cannot induce a nontrivial topological
phase for magnons, we successfully build a Chern insulat-
ing phase above finite temperatures before the paramagnetic
phase transition while the magnon bands at zero temper-
ature are topologically trivial. The system is the collinear
antiferromagnetic insulator MnPS; with sublattice asymme-
tries induced in a homobilayer or heterostructures. We also
propose realistic schemes to detect these transitions ex-
perimentally. The role of the bond-dependent term can be
replaced by the nearest-neighbor dipolar interactions (see
Appendix D for the proof), which exist generally between the
local spins in magnets. Recent neutron resonance spin echo
spectroscopy verified the band splitting due to the dipolar
interactions in MnPS; [42,60]. Meanwhile, the introduction
of sublattice asymmetries in collinear antiferromagnets is in-
dependent of the lattice type. Therefore, our proposal and
results should be universal for all two-dimensional collinear
antiferromagnets with sublattice asymmetries and should not
be limited to honeycomb lattices. Another van der Waals mag-
net, MnPSe; [61,62], is another promising candidate material.
Since our proposal is based on broken sublattice symmetry,
ferrimagnets [63], which lack it naturally, are expected to
exhibit similar temperature-induced topological phase transi-
tions.

IV. SUMMARY

In summary, we demonstrated that thermal fluctuation in
magnets can induce nontrivial topological phases for magnons
at finite temperature while at low temperature the bands are
trivial. The transition between trivial and nontrivial topo-
logical phases can be probed with multiple state-of-the-art
techniques by measuring the thermal Hall conductivity or de-
tecting the magnon polarization. The temperature-dependent
topological phase is quite important for designing topological
devices at easily achievable higher temperatures. Our work
paves the way for the study of the interplay between topolog-
ical orders, MMIs, and thermal fluctuation that is beyond the
linear spin wave theory.
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APPENDIX A: THE EXPRESSIONS
FOR THE SELF-ENERGIES

We here use the Green’s function method and random
phase approximation to get the nonlinear self-energy correc-
tions. The Heisenberg equation of motion for the Green’s

function is given by

dG(k, 1)

- [H, W (7)]¥, (0))

= —8(t)r, — (T
= —8(1)T, — T.(Hx + ZK)G(K, 7).

Here the self-energy term Xy is from the random phase
approximation. With the Fourier transformation G(k, 7) =
(1/8)Y, Gk, w,)e™ ", we can get —iw,G(k, ,) = —1, —
7.(Hy + Zx)G(K, w,). Thus,

liw, — T, (Hyx + 2:k)]G(k’ wy) = T,.

By multiplying by the ., term on both sides, we can get the
Dyson’s equation in the main text.

From the diagonalization matrix Ak, we have the relations
k= Uk ok + U pBk + V-kaa®  +V-kapB,  and
bk = ux p o0 + i p g Pk + U—k,b,aaik + U—k,b,ﬂﬂjk- We
here calculate the simplest term, E , to show how to get the
relation in Eq. (5). As ,? = J“g“ 1 Z T« aTaq bTb a))s
using the relation above, we have

1
> lagaq) =

Z(|uq,a,a|2<a;aq) + |Mq,a,/3|2<,3;/3q>
q q
+10-gqaal(@q ) + [V_qas(B-aBle)

2
= Z[|uq.u,a| Nga + |uq,u,ﬂ| Ng.p
q

+ V_qael* (1 +n_gqa) + [V_qapl*(1 +n_qp]
> (ugasl® + [vg.asl>ngs + [vgarl®

a.r=a.p
and

D bibg) = Y (ugpil® + g g + [vgpal®

q q.A=a,p
So we have

1 ]agk
=g 20 D T Mugesl +lvaes g
q.r=a,p E=a,b
+ Vg1 1%

Comparing the e(}uatlon above to Eq. (5), we can
set Tl}i(k, q) = “gk Zg ah(|uq$/\| + |UqEA| ) and

bk, q) = —j“% ZS:a,b |vgeal>. The other elements
of the self-energies can also be obtained using the same
method above; then we can get the expression in Eq. (5) in
the main text.

APPENDIX B: TEMPERATURE-INDUCED WEAK
FERRIMAGNETIC PHASE

Due to sublattice asymmetries, the band degeneracies
are broken. At finite temperatures, the occupation num-
bers for the two bands are different, ng, > nqg. This will
induce a weak ferrimagnetic phase. The total magnetiza-
tion along the z direction is defined as (S.) =84 — Sp =
NZk (b} WD) — (akak) From Fig. 6(a), we can see (S;)
does not equal zero at relatively high temperatures. The
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FIG. 6. (a) The total magnetization (S,) distribution in the K4-T plane. The dashed gray lines are the phase boundaries adopted from
Fig. 3(a). (b) Phase diagram under magnetic field. K4 = Kz = 0.05. The other parameters are the same as in the main text.

two bands touching at the I point should satisfy the con-
dition Ka(—2S —1+4484) +3(J;1 +1))Sp = Kp(—25 — 1 +
48p) +3(J; +1;)S4. When K4 = Kp and neglecting the
MMLIs, (S,) = 0, the two magnon bands are always degenerate
at the ' point, although J3' # JB. But at finite temperature,
(S,) # 0, the zero band gap condition at the I" point is satisfied
for a certain value of K4 with K4 < Kp, giving rise to the
topological transitions at finite temperatures in the main text.

APPENDIX C: PHASE DIAGRAM UNDER A WEAK
MAGNETIC FIELD

A weak perpendicular magnetic field can replace the role
of easy-axis anisotropy asymmetry according to the above
analysis for the band gap closing condition at the I point in
the BZ. We set K4 = Kp to verify this. The phase diagram is
shown in Fig. 6(b). At zero temperature, a positive magnetic
field gives a nontrivial topological phase for magnetic field,
while a negative one gives a trivial phase. Across a magnetic-
field-dependent critical temperature, the trivial phase can also
go into the nontrivial phase.

APPENDIX D: THE DIPOLAR FIELD AND
BOND-DEPENDENT INTERACTION

The role of the bond-dependent term can be replaced by the
nearest-neighbor dipolar field. The dipole-dipole interaction
(DDI) between two local spins is given by

 1o(gr)® S-St — 3(Sk - e )(S; - )
N 2 r '

Hppi

ey = Iy /1y = (cos by, sin By;) is the unit vector pointing
from site k to site /, and 6, is the bond angle with respect
to the x axis. The first term in the numerator can be ab-
sorbed into the Heisenberg exchange interaction. The second
term is bond dependent, (S - ex)(S; - ey) = 1(S;e " +
S e ) (SfFem + §7e~ ). With the relation §* = §* +
iSY, we have

(Sk - €x)(S; - ex)
= 1(S{S;Fe M 4 S S + S+ SES).

As S-S = 1(S¢ S+ SFS,) + SiS7, the last two terms in
the parentheses can be absorbed into the Heisenberg exchange
interaction but give an exchange anisotropy between the in-
plane and out-of-plane directions. For the first two terms,
the bond angle 6;; for the three nearest-neighbor bonds are
—7/2, 7 /6, and 57 /6. For the S;S;"e™*% term, the phase
factors for the three bonds are —1, —e'5 , and —e'5 . Con-
sidering the minus sign of the bond-dependent term in Hppy,
we can get the formalism of the bond-dependent term in
Eq. (D).

In our model, the sublattice asymmetries and the bond-
dependent term are crucial for our results. The introduction
of sublattice asymmetries is independent of the lattice type
for collinear antiferromagnets. The bond-dependent term can
be replaced by the dipolar interaction in other systems. There-
fore, our proposal should be quite universal for the collinear
antiferromagnets.
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