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Coding metasurfaces with efficient procedures and simple elements have enabled a large number of novel
functions in a digital manner. Designs combining coding and functional integration will undoubtedly enhance
the efficiency and space utilization of compact systems. Here, we theoretically propose and numerically and
experimentally demonstrate an all-passive reflective Janus coding acoustic metasurface, allowing two-faced
direction-dependent coding in a decoupled manner. Exquisitely designed double-layer variable-pitch helical
structures with smoothly varying acoustic impedance are used to obtain bianisotropic reflection phase responses,
which can also be switched to bi-isotropic responses by changing the boundary conditions. The switchable Janus
coding metasurface based on the phase state transitions can be programed to achieve switchable functions on
one side without affecting the other side. For instance, the asymmetric and symmetric two-faced focusing and
unidirectional switching of functions with coding metasurfaces are numerically and experimentally illustrated.
We reveal the inherent essence of the structure-caused asymmetric responses and further pave a flexible way to
obtain two-faced, independent wavefront operations and functional switching, which exhibit excellent potential
for acoustic applications.
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I. INTRODUCTION

The propagation direction is a fundamental characteristic
of the wave that provides an additional degree of freedom
to manipulate the wavefront in compact acoustic systems. In
the past few years, most studies on acoustic metasurfaces
have tended to focus on their functions in only a single di-
rection, such as wave focusing [1–4], holograms [5–8], and
vortex beams [9–11], and have left the directionality property
unconsidered. Inspired by this feature, two-faced wavefront
modulation schemes have recently received significant atten-
tion and opened a new avenue for controlling light or sound
[12–23]. As a representative instance, the asymmetric acous-
tic wave response was previously proposed and obtained,
which can realize one-way performance, including unidirec-
tional invisibility [17,18] and unidirectional focusing [19],
by breaking the parity-time symmetry with non-Hermitian
modulation; on the basis of the diffraction law with multiple
reflections, asymmetric sound transmission [20,21] and asym-
metric sound vortices [22,23] can also be achieved. These
methods can certainly accomplish asymmetric effects for the
forward and backward incidences. Nevertheless, owing to the
single functions and inflexible manipulation with constrained
conditions, it is difficult to realize freely and fully two-faced
acoustic wavefront control.

Recently, originating from materials science and chemistry
[24–26], a Janus metasurface with two-faced and independent
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modulation for two opposite incidences was proposed and has
been implemented in optics [27,28]. To extend it to acoustics,
a typical strategy for realizing asymmetric regulations with
more flexibility is to break the inherent reciprocity of wave
propagation, generally utilizing an external bias such as a
kinetic fluid medium [29,30], nonlinear materials [31,32], or
space-time modulation [33]. Subsequently, the Janus acoustic
metasurface was achieved by employing acoustic circula-
tors to acquire highly nonreciprocal transmission [34], which
provides greater efficiency and flexibility for multifunctional
integration compared with previous studies on asymmetric
wavefront operations [16–23]. Although this nonreciprocal
modulation is noninteracting for the forward and backward
incidences, it usually suffers from complicated designs, active
devices, or bulky configurations, which makes it difficult to
apply in compact systems. In addition to the aforementioned
traditional metasurfaces, as a digital version, coding and pro-
grammable metasurfaces offer a powerful tool to digitally
control waves [35–39]. Instead of elements with continuous
constituent parameters, coding metasurfaces are characterized
by digital and discrete codes, which can simplify the designs
and procedures.

Thus, in conjunction with coding methods, a simple, ultra-
thin, and passive design with two-faced and independent wave
front modulations will provide a unique platform for compact
acoustic systems to integrate different functions. Here, we
propose an all-passive reflective Janus acoustic metasurface
with binary direction-dependent coding, which can be engi-
neered independently and accomplish completely two-faced
wavefront manipulation. We theoretically and numerically
show that 1-bit Janus coding elements with high reflectivi-
ties and desired asymmetric reflection phase responses can
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FIG. 1. Conceptual illustration of the switchable ACE. A double-
layer ACE can produce different reflection phase responses depend-
ing on the direction of the incident plane waves. The reflection
phase states can be transformed from asymmetric to symmetric by
changing the boundary conditions at the center. The blue and red
wavefronts indicate the 0 and π phase responses, respectively.

be realized by introducing a helical structure with smoothly
varying acoustic impedance and a nonsymmetric boundary
to break the reflection symmetry. We uncover the scattering
properties of the system and further propose experimental
verifications composed of freely asymmetric, symmetric, and
switchable functions for opposite incidences at a fixed fre-
quency. The Janus coding approaches may efficiently shift the
paradigm in compact acoustic devices and open a different
route for all-passive multifunctional acoustic metasurfaces.

II. ASYMMETRIC REFLECTION PHASE RESPONSE
WITH SYMMETRY BREAKING

The conceptual schematics of the double-layer asymmetric
coding element (ACE) with two phase response states are il-
lustrated in Fig. 1. The asymmetric reflection phase responses
of the proposed ACE depend on the direction of the incident
waves, as indicated by red and blue arrows at the top of Fig. 1,
respectively. The phase response of the ACE can transition
from asymmetric to symmetric by changing the boundary con-
dition in the middle, as shown at the bottom of Fig. 1. A single
passive reflective coding metasurface programed by the ACE
and other coding elements can be designed either to perform
different and independent functions on both sides with the
asymmetric reflection phase response or to freely switch dif-
ferent functions with the transition of two states. Considering
the binary reflective Janus coding metasurfaces, in addition
to the conventional 0 and 1 elements with a reflection phase
difference of π for incidences in the same direction, it is
necessary to design a single element with a phase difference
of π for incidences in the forward and backward directions.

To analyze the underlying relations of the reflection phases,
we adopt the scattering matrix to describe the input-output
relation of a two-port system [18]:

S =
(

t rB

r tB

)
, (1)

where r, rB, t , and tB (the subscript B represents the backward
incidence) are the corresponding scattering coefficients. The
transmission coefficients for opposite incident orientations are
the same, t = tB, for a reciprocal system. The energy conser-
vation relation and reciprocity of the acoustic system impose a
unitary character on the scattering matrix, which leads to S† =
S−1. Thus, a constitutive coupling relation between phases as
another form of the unitarity can be concluded [40]:

2ϕt = ϕr + ϕrB + 2(m + 1)π, (2)

where m is an integer and ϕt and ϕr (ϕrB) are the transmission
and reflection phases corresponding to t = |t |eiϕt and r =
|r|eiϕr (rB = |rB|eiϕrB ), respectively. Although the reflectivities
of R = |r|2 and RB = |rB|2 on both sides satisfy R = RB in a
lossless system, the reflection coefficients r and rB can still be
different in the reciprocal system, which means that ϕr and ϕrB

are not necessarily identical and thus provide guidance for the
subsequent structural design. According to Eq. (1), the asso-
ciated eigenvalues can be derived as λ1,2 = t ± √

rrB, while
the eigenvectors can be expressed as (1, ± √

r/rB)T . The
eigenvalues and eigenvectors can also be expressed in phase
terms as λ1,2 = eiϕt (|t | ± i|r|) and [1, ± ei(ϕr−ϕrB )/2]T by em-
ploying Eq. (2). It can be seen that a necessary and sufficient
condition to derive conjugated eigenvalues is ϕt = mπ . The
second components of the eigenvectors are evidently related
to the difference between the two reflection phases. An asym-
metric reflection phase with a phase difference of π can occur
when ei(ϕr−ϕrB )/2 becomes purely imaginary, which has been
achieved at the exceptional point of a broken PT -symmetric
system [18,19]. Nevertheless, with high reflectivities on both
sides, a simple passive geometric structure with unbroken
PT symmetry can also realize the π phase difference and
establish a special coupling relation between eigenvalues and
eigenvectors. The details of the asymmetry in the ACE can be
found in Sec. B 1.

Classical helical structured acoustic metasurfaces [4,41]
with fixed pitch or labyrinthine structures with constant chan-
nel height [42] can form two-faced symmetric structures with
a constant acoustic impedance. The reflection phases ϕr and
ϕrB are always equal, that is,

√
r/rB = 1. We introduce a

variable-pitch helical structure with a nonsymmetric boundary
to achieve an asymmetric reflection phase response, as shown
in Fig. 2(a). The single-layer ACE consists of four individual
helical blades spaced at 90◦ to each other connected through
a central column, and gradually varying cross sections form
between them. The side length of the shell p, blade thickness
w, diameter D, inner diameter d , and overall length H can
be used to describe its structural properties. The parametric
equations for a single helical blade can be written as [43]

xr = R sin (ωs),

yr = R cos (ωs), s ∈ [s1, s2],

z = C1
(
sn − sn

1

)
, (3)
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FIG. 2. Design of the single-layer ACE. (a) A variable-pitch helical structure with smoothly varying cross sections consists of four identical
blades spiraling around a slender shaft. A photograph of the fabricated single-layer ACE is appended on the right, with w = 1 mm, ω = π/12,
H = 24.7 mm, D = 28 mm, and p = 30 mm. (b) The equivalent cross-sectional view of the single-layer ACE, where the middle layer is
assumed to be the route with smoothly varying impedance Z (x). The materials on the left and right are a uniform background medium
with impedance Z1. The top and bottom parts represent the forward and backward propagating cases, respectively. (c) Simulated (lines) and
measured (points) reflection spectra and phase difference for the two sides, 0 and 1. The real and imaginary parts of the eigenvalues and the
second component of the eigenvectors of the corresponding scattering matrix for the single-layer ACE are shown in (d) and (e), respectively.

where R = (D + d )/4 is the rotation radius, s is the rotation
time, ω is the angular coefficient, s1 and s2 define the range
of parameter s, and C1 is the constant coefficient describing
the rate of rise. ωs represents the rotation azimuth angle. The
relationship between z and s is nonlinear when n > 1. The spi-
ral blade rises following the parametric equations in Eq. (3),
resulting in a variable pitch. In terms of the equivalent route,
the four identical helical paths of acoustic wave propagation
can be combined and totally represented as a hornlike path.
The equivalent paths proposed herein are shown in Fig. 2(b),
which depicts the cases of forward and reverse incidences.
Considering the geometric relations between the helical
path and hornlike path, the equivalent coordinate x can be

expressed by its derivative as dx =
√

(ωR)2 + C2
1 (nsn−1)2

ds.
The cross-sectional area of the equivalent path can be derived
as S(x) = 2(D − d )h(x), where h(x) = C1[(s + π

2ω
)n − sn] −

w is the height of the single helical path between two adja-
cent blades. Since n > 1, the cross-sectional area gradually
varies with x, leading to a gradually varying equivalent acous-
tic impedance with Z (x) = ρc/S(x). Using the notation in
Fig. 2(b), the acoustic impedances of the throat and mouth
are indicated by Z2 and Z3, respectively.

To further investigate the presence of the asymmetric
reflection phase in the horn path boundaries, the scatter-
ing coefficients r = Pr (0)/Pi(0), rB = PrB(xs)/PiB(xs), and
t = Pt (xs)/Pi(0) [using the notation in Fig. 2(b)] can be
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analytically derived by utilizing the transfer matrix method
(see in Sec. B 1 for details). Thus, by substituting them into
Eq. (1), we can readily conclude that

λ1,2 = 2
√

Z31Z21 ± iα

(Z21 + Z31) cos ϕ(xs) + (1 + Z21Z31)i sin ϕ(xs)
, (4)

√
r/rB =

√
(Z21 − Z31) cos ϕ(xs) + i(Z21Z31 − 1) sin ϕ(xs)

(Z31 − Z21) cos ϕ(xs) + i(Z21Z31 − 1) sin ϕ(xs)
,

(5)

with

α =
√

(Z21 − Z31)2 cos2 ϕ(xs) + (1 − Z21Z31)2 sin2 ϕ(xs),

ϕ(x) =
∫ x

0

√
k2 − [h′(x)/2h(x)]2dx.

Here, Z1 = ρc/S1 is the acoustic impedance of the incident
channel, and S1 = πD2/4. Z21 = Z2/Z1, Z31 = Z3/Z1, and the
aforementioned transmission phase is ϕt = ϕ(xs); k, ρ, and
c are the wave number, mass density, and speed of sound
in air, respectively. The eigenvalues λ1,2 are conjugate when
ϕ(xs) = mπ and are independent of

√
r/rB. When the cross

section of the horn path varies smoothly, the asymmetric
acoustic impedances of Z21 �= Z31 produce an intriguing re-
sult. In this case, λ1,2 and

√
r/rB constrain each other, which

means the conjugated eigenvalues lead to purely imaginary√
r/rB and vice versa. Moreover, this special coupling relation

leads to actual values of 0 and π for ϕr and ϕrB, respectively,
and not just in a relative sense according to Eq. (2). When
Z21 = Z31, this relation will be broken with full transmission.
Thus, by designing the transmission phase ϕ(xs) of the single-
layer ACE as π with asymmetric acoustic impedance, a π

phase difference between the reflection phases in opposite
directions can be obtained at a given frequency. This treatment
proves the capability to separate the two reflection phases on
both sides and reveals the relation between the scattering and
impedance properties of the equivalent channel. According
to Eq. (3), the range of s mainly affects the length of the
equivalent path xs and thus regulates the transmission phase
ϕ(xs). When ϕ(xs) = mπ , the reflectivity can be expressed as
(see Sec. B 1 for details)

R = 1 − 4

2 + Z23 + Z32
, (6)

which unequivocally shows the relation between reflectivity
and the ratios of acoustic impedances on the two boundaries
(Z23 = Z2/Z3, Z32 = Z3/Z2). The initial value s1 and the coef-
ficients C1 and n mainly control the throat impedance Z2 with
h(0) = C1[(s1 + π

2ω
)n − sn

1] − w, while C1 and n also regulate
the rate of variation of the impedance and eventually control
Z23 or Z32. The efficient reflectivities on both sides are also im-
portant for reflective Janus regulation, which can be enhanced
by increasing Z23. Since S(xs) has a limitation of S1, a larger
Z23 mainly requires a smaller S(0), which can be achieved by
regulating s1, C1, and n. However, due to the inevitable ther-
moviscous loss, a smaller S(0) will result in more potential
dissipation. To balance reflectivity and loss, the single-layer
ACE is intentionally designed with a suitable cross-sectional
area to optimize loss through simulation (see Sec. A 1 for
details); the double-layer ACE is employed to obtain high re-

FIG. 3. Design of the Janus coding elements. (a) Schematic of
the three Janus coding elements from left to right, which are all com-
posed of a double-layer structure 4.94 cm high. (b) Simulated and
experimental phase differences between the three coding elements
as binary digital phases. (c) Simulated and experimental reflection
spectra. Here, 01 and 10 indicate the normal and reversed states of
the double-layer ACE.

flectivity (see Sec. B 2 for details). Based on the well-designed
single-layer ACE, we numerically simulated the phase and
amplitude of reflected waves on both sides, as illustrated in
Fig. 2(c). The phase difference between the two reflections is
exactly π around the frequency f ≈ 3400 Hz. The phases 0
and π (with respect to the incident wave phase) of the Z2 and
Z3 sides are marked as the digits 0 and 1, respectively. The cor-
responding experimental results show good agreement with
the simulations, except for some slight deviations. The mea-
sured phase difference exists with a deviation of 50 Hz from
the simulated result, which is approximately 1.5% compared
to 3400 Hz. There is also a slight fluctuation in the measured
reflectivities, especially the reflectivity of 1, which fluctuates
by 0.05 between 3400 and 3800 Hz. These deviations are
mainly caused by fabrication errors in three-dimensional (3D)
printing and the inevitable gaps between the sample and tube
with wave leakage. Optimizing the sealing in the experiment
and improving the accuracy of sample preparation can help
reduce these deviations. Compared with the simulated reflec-
tivities, the experimental reflection efficiency (defined as the
ratio of the experimental value to the simulated value) can
reach approximately 80% on the 1 side, while that of the 0
side almost reaches 100%, as shown in Fig. 2(c). Moreover,
the simulated results in Figs. 2(d) and 2(e) validate the theoret-
ical predictions, except for some slight frequency deviations.
Importantly, the criteria presented herein can be generalizable
to lossless media with smoothly varying acoustic impedance
rather than confined to a purely geometrical structure.

The double-layer ACE (4.94 cm high) consisting of two
layers stacked in sequence is shown in Fig. 3(a), where the
digits 01 indicate that the element has a reflection phase re-
sponse of 0 at the top and π at the bottom and 10 is the reverse
of 01. To fabricate a two-faced 1-bit coding metasurface with
independent reflected wavefront modulation, the elements 00,
with identical reflection phase responses of 0, and 11, with
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those of π on both sides, are also designed, as delineated
in Fig. 3(a). The three Janus coding elements are similar in
size, and all adopt variable-pitch helical structures inside. Es-
sentially, the 01 (or 10) double-layer structure is constructed
in a translational manner, and the reflection responses are
still asymmetric, while 00 and 11, with C2-symmetric double-
layer structures, possess symmetric reflection responses.
Meanwhile, the simulated and experimental reflection phase
differences between the three elements are shown in Fig. 3(b),
which show good agreement and are 0 or π around a fre-
quency of 3430 Hz. In the theoretical prediction, the π phase
difference between the reflection phases for the double-layer
ACE requires the same condition as for the single-layer ACE.
Since there are some air gaps at the interface between the two
layers, the π phase difference for the double-layer ACE has
a slight frequency shift compared with the single-layer ACE.
In addition, the simulated reflectivities of the three elements
can exceed 0.8 for both sides, while the actual reflection
efficiencies in the experiment are all over 75%, as depicted
in Fig. 3(c). A detailed analysis of the Janus coding elements
is given in Sec. B 2. Owing to the difficulty in deriving the
equivalent coordinate x analytically, the theoretical results can
be used to guide the structural design, and concrete parameter
adjustments are realized by simulation.

III. JANUS CODING METASURFACE
FOR ASYMMETRIC FOCUSING

The simulated and experimental results of the three Janus
coding elements demonstrate that they have the capability
to provide accurate two-faced phase differences of 0 and
π and high reflectivities to independently regulate the re-
flected waves for forward and backward directions at a fixed
frequency. Based on these direction-dependent coding ele-
ments, we first program a one-dimensional Janus Fresnel lens
(JFL) with asymmetric reflected focusing to present a func-
tion of Janus coding metasurfaces, schematically depicted in
Fig. 4(a). The JFL consists of an array of 31 coding elements
(total length of 95 cm), generating focal points with different
focal lengths for plane wave irradiations in opposite direc-
tions. The sequences of the coding elements on both sides of
the metasurface can be obtained by utilizing the interference
principle, which is supposed to produce constructive interfer-
ence at the focal point. For the two successive zones i and
i + 1 on either side of the JFL, the radii ri and ri+1 (from the
center of the zone) should satisfy [36]√

r2
i+1 + f 2 −

√
r2

i + f 2 = λ

2
, (7)

where r0 = 0, f is the focal length, and λ is the wavelength.
Subsequently, the focal lengths of the designed JFL are f1 =
50 cm and f2 = 60 cm for incidences in the forward and
backward directions, respectively. Thus, we can acquire the
zone parameters by employing Eq. (7), i.e., r1 = 22.9 cm,
r2 = 33.2 cm, and r3 = 41.5 cm for f1 and r1

′ = 25.0 cm,
r2

′ = 36.0 cm, and r3
′ = 45.0 cm for f2. The corresponding

arrangement of the coding elements is shown in Fig. 4(a).
The Janus reflected focusing of the incident plane waves at
3430 Hz can be numerically and experimentally achieved by
elaborately designing the JFL, as illustrated in Figs. 4(b) and

FIG. 4. Janus coding metasurface for asymmetric reflected fo-
cusing. (a) Schematic design of a reflective JFL with focal lengths
of 50 and 60 cm for normal plane incident waves in the forward
and backward directions, respectively. The sequence of the cod-
ing elements is consistent with the experiment. (b) Simulated and
(c) experimental reflected acoustic pressure distributions at 3430 Hz,
where the top and bottom correspond to the forward and backward
directions, respectively.

4(c). The reflected sound pressure Pr utilized here is attained
by subtracting the pressure without the metasurface from that
with the metasurface and normalized by the maximum values.
The simulated and experimental focal lengths are 45.0 and
43.5 cm for the incidence in the forward direction, respec-
tively, which are obviously different from those of 55.2 and
57.0 cm for the incidence in the backward direction. The re-
alized JFL exhibits excellent asymmetric focusing properties,
and the actual performances are in great agreement with the
numerical simulation, which clearly demonstrates the unique
characteristic of the variable-pitch helical structure in two-
faced reflected wavefront modulations.

IV. SWITCHABLE TWO-FACED WAVEFRONT
MANIPULATIONS

To verify the noninteracting reflected wavefront regula-
tions of the metasurface for two opposite incidences and
implement a two-faced modulation with high flexibility, we
introduce a switchable Janus coding metasurface, which
is schematically plotted in Fig. 5(a). The metasurface is
composed of only 10 and 01 coding elements and designed
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FIG. 5. Switchable Janus coding metasurface. (a) Schematic diagram of the switchable Janus coding metasurface, which can be switched
from symmetric reflected focusing for two incident plane waves in opposite directions to the state with unchanged reflected focusing on one
side and plane wave irradiation on the other. The schematic switching process of the double-layer ACE is shown in (b), which is achieved by
inserting a rigid plate with a thickness of 0.5 mm at the center of the structure. (c) The corresponding reflection spectra and phase differences.
(d) The simulated reflected acoustic pressure distributions of the metasurface at 3430 Hz before state switching and (e) the reflected acoustic
pressure distributions after state switching. (f) Unswitched and (g) switched corresponding experimental results at 3430 Hz.

with the same focal length of 60 cm for incidences in the
forward and backward directions, where the zone parameters
have been obtained above and the sequences of elements are
shown on the left side of Fig. 5(a). Moreover, the state of
the double-layer ACE can be switched from 10 to 10′ (01
indicates the reversal one) by inserting a hard board in the
middle of the 10, as shown in Fig. 5(b). Owing to the infinite
acoustic impedance in the board boundary, the channel is no
longer continuous, and the reflection responses on both sides
of 10′ are symmetric at a fixed frequency, i.e.,

√
r/rB is 1 (with

a lossless situation, see in Sec. B 3 for details). Figure 5(c)
numerically and experimentally demonstrates that the phase
response of the 1 side is switched from π to 0, while that
of the 0 side remains 0, where the high reflectivities on both
sides can remain at the same time. Similar to the double-layer
ACE, the structure with an inserted board is still asymmetric,
resulting in different losses. By switching all 10 elements in
the metasurface to 10′ and keeping 01 unchanged, as schemat-
ically shown on the right side of Fig. 5(a), the reflection phase
responses of all elements are 0 for incidence in the forward
direction, while those of elements in the backward direction
remain the same. Notably, the almost identical phase profile
represents the property of a plane wave, where the 0 reflection
phase enables the metasurface to be characterized by a hard
plane and exhibits great potential for camouflage applications.
The simulated reflected acoustic pressure distributions for

both sides of the well-designed metasurface before and after
switching at 3430 Hz are displayed in Figs. 5(d) and 5(e), re-
spectively. The corresponding experimental results are shown
in Figs. 5(f) and 5(g), respectively, which show excellent
focusing characteristics and agree well with the simulations.
When we switch the state of the metasurface element from
10 to 10′, the reflected acoustic pressure field for the forward
direction can be changed easily from focusing to plane wave
radiation, while the reflected focusing for the backward di-
rection is almost impervious. As a consequence, in contrast
to the above asymmetric reflected focusing, the presented
switchable metasurface not only produces symmetric reflected
focusing but also switches to a reflected plane wave on one
side without interacting with the function of the other side.

V. CONCLUSIONS

In conclusion, by employing a variable-pitch helical struc-
ture to break reflection symmetry, we have introduced a
passive switchable direction-dependent ACE and validated
numerically and experimentally that it can generate different
reflection phase responses or switch to the same responses
for two opposite incidences. Based on the ACE and other
coding elements, we have proposed and demonstrated the con-
cept of a reflective Janus coding acoustic metasurface, which
can be encoded independently in different sequences on both
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FIG. 6. The thermoviscous loss of the single-layer ACE. (a) Simulated reflection spectra and phase difference for the two sides, 0 and 1,
with (lines with data points) and without (lines without points) considering loss. (b) Comparison of experiments (points) and loss simulations
(lines with data points) for reflection spectra and phase differences for the two sides, 0 and 1.

sides to achieve noninteracting functions at a fixed frequency.
For instance, both asymmetrically focused and symmetri-
cally focused metasurfaces have been constructed using the
proposed coding elements, and their performance has been
demonstrated numerically and experimentally. Moreover, the
switchable metasurface has also been fabricated and illus-
trated in experiments and simulations. The presented ACE
with a simple structure offers a different design methodol-
ogy for generating an asymmetric reflection response, while
the proposed reflective Janus coding metasurface provides a
different way of encoding multifunctional metadevices which
effectively enhances the space utilization and flexibility of
compact systems. Using the switchable ability, the Janus
coding metasurface can be developed for unidirectional cam-
ouflage and dynamic transformation of imaging in the future.
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APPENDIX A: SIMULATION AND EXPERIMENT

1. Simulation

To investigate the wavefront modulation performance of
the samples, 3D full-wave simulations are implemented us-
ing the commercial COMSOL MULTIPHYSICS software (version
5.6a). The pressure-acoustic module with frequency domain
research is employed. The background medium is air with
a mass density of ρ = 1.2 kg/m3 and a speed of sound of
c = 343.2 m/s. The structural walls of the samples are as-
sumed to be rigid boundaries. A cylindrical waveguide with a
diameter of 3 cm is used to explore the properties of the coding
elements [41]. Additionally, for the simulations of the coding
metasurfaces, a rectangular waveguide is utilized with hard
boundaries at the top and bottom, perfectly matched layers on

the left and right, and plane wave radiations on the front and
back.

To optimize the structure and ensure the reflection effi-
ciency in practical applications, the thermoviscous acoustic
module is employed in the metasurface region with two
boundary layers 0.2/

√
f /100 mm thick, where f is the fre-

quency. The pressure module is used in the incident and
transmitted regions. Using the method introduced above, we
selected the appropriate parameters s1, C1, and n to ensure
that S(0) is not too small while S(xs) remains large, where
D and d play an optimization role. The simulated results for
the optimized structure with and without considering loss are
shown in Fig. 6(a). Compared with the lossless results, the
phase differences and reflectivity of 0 are almost the same,
while the reflectivity of 1 decreases but still possesses a
reflection efficiency of 80%. Although there is a frequency
deviation of 60 Hz, approximately 1.8% due to fabrication
errors, Fig. 6(b) still shows good agreement between exper-
iment and simulation with loss, which proves the accuracy
of our discussion based on thermoviscous loss and provides
guidance for designing structures.

2. Experimental measurement

In this section, we introduce the complete experimental
procedure. All the samples are manufactured with photosen-
sitive resin via a 3D printer (Lite600, 0.1 mm in precision).
Based on the four-microphone method, the reflection spectra
of the coding elements are measured in an impedance tube
(B&K Transmission Loss Kit Type 4206-T) with 2.9 cm in-
ner diameter tube sections. Four microphones (B&K 4187,
1/4 inch diameter) are inserted into four different positions
in the tube. Due to the diameter limitation of the tube, the
diameters of the measured elements in cylindrical form are
still 2.8 cm, and the total diameters are 2.9 cm, which may
be slightly different from the simulations. The experimental
setup for the Janus coding metasurface is shown in Fig. 7,
which is a waveguide composed of two thick acrylic plates.
Sound-absorbing cotton with a thickness of 1.2 cm is placed
around the waveguide to mitigate undesired reflections. The
size of the entire waveguide is 180 × 120 × 3 cm3, for which
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FIG. 7. Photograph of the entire experimental setup for measur-
ing the resultant acoustic field in the specified region on the reflection
side of the metasurface. The inset shows the detailed appearance of
the metasurface.

the 3 cm spacing equals the side length p of the elements. The
sample is firmly sandwiched in the middle of the waveguide.
Circular planar speakers with diameters of 2.5 cm are used to
form a speaker array at the right boundary as a plane wave
source. The measurement area is defined as a rectangular
region with dimensions of 45 × 45 cm2, as indicated by the
black rectangle in Fig. 7. In the experiment, with a step of
2.5 cm in a frequency range from 3000 to 3800 Hz, the acous-
tic fields are scanned with one microphone (B&K 4961, 1/4
inch diameter). In addition, a Keysight E5061B ENA vector
network analyzer is employed to extract the amplitude and
phase of the measured sound signal.

APPENDIX B: METHODS

1. Asymmetry in the asymmetric coding element

To discuss the relation between the structure and the asym-
metric reflection responses, the transfer matrix method is
employed with the equivalent route of a single-layer ACE in
Fig. 2(b). In the present derivation, we assume that the cross
section of the systems varies smoothly with negligible lateral
velocities and purely real acoustic impedance and that the
wavefront varies continuously with the tube section. Acoustic
wave propagation in such an equivalent route can be simpli-
fied, leading to the one-dimensional wave equation

d2P(x)

dx2
+ [ln S(x)]′

dP(x)

dx
+ k2P(x) = 0, (B1)

which is called the Webster equation. When [ln S(x)]′ is
not 0, ignoring the second derivative ϕ(x)′′ (the Wentzel-
Kramers-Brillouin approximation), we may readily derive the
following:

P(x) = A√
S(x)

e−iϕ(x) + B√
S(x)

eiϕ(x), (B2)

where A and B are constants and the second term appears
owing to the finite length of the path. Note that when there is
a turning point in the path, that is, [ln S(x)]′ = 0, the solution
is no longer applicable.

Considering the forward propagating case [see the top part
of Fig. 2(b)] of the equivalent model, the propagation relation
that involves the output and input conditions can be extracted
as [

Pi(0)
Pr (0)

]
= Q1M0Q2

[
Pt (xs)

0

]
, (B3)

where

Q1 = 1

2

[
1 + Z12 1 − Z12

1 − Z12 1 + Z12

]
and

Q2 = 1

2

[
1 + Z31 1 − Z31

1 − Z31 1 + Z31

]
are the boundary matrices, Z12 = Z1/Z2, and Z31 = Z3/Z1;
owing to the anechoic termination at x � xs, the reflected
sound pressure in the transmission region is 0. In addition,
the propagation tensor M0 completely characterizes the acous-
tic properties of the equivalent path. Since the sound wave
propagates in the equivalent route according to Eq. (B2),
the propagation tensor from throat to mouth can be further
formulated as

M0 = √
Z23

[
eiϕ(xs ) 0

0 e−iϕ(xs )

]
. (B4)

Therefore, the reflection and transmission coefficients for the
forward direction case can be written as

t = 2
√

Z21Z31

(Z21 + Z31) cos ϕ(xs) + i(Z21Z31 + 1) sin ϕ(xs)
, (B5)

r = (Z21 − Z31) cos ϕ(xs) + i(Z21Z31 − 1) sin ϕ(xs)

(Z21 + Z31) cos ϕ(xs) + i(Z21Z31 + 1) sin ϕ(xs)
. (B6)

Inverting the orientation of the incident plane wave would
change only Z21 − Z31 → Z31 − Z21, and the reflection coeffi-
cient for the backward direction case can be derived as

rB = (Z31 − Z21) cos ϕ(xs) + i(Z21Z31 − 1) sin ϕ(xs)

(Z21 + Z31) cos ϕ(xs) + i(Z21Z31 + 1) sin ϕ(xs)
. (B7)

On the basis of Eq. (2) and asymmetric acoustic impedance
Z21 �= Z31, ϕt = ϕ(xs) = mπ leads to ϕr = 0 and ϕrB = π .
Eventually, the reflectivity is derived as

R=1− 4Z21Z31

(Z21 + Z31)2 cos2[ϕ(xs)] + (1 + Z21Z31)2 sin2[ϕ(xs)]

(B8)

2. Double-layer Janus coding elements

To obtain high reflectivity, double-layer variable-pitch he-
lical structures are utilized. Considering the forward case for
01, where the plane wave is incident on the 0 side, the prop-
agation relation correlating the input pressure to the output
pressure is concluded to be[

Pi(0)
Pr (0)

]
= Q1M0Q3M0Q2

[
Pt (2xs)

0

]
, (B9)

where

Q3 = 1

2

[
1 + Z32 1 − Z32

1 − Z32 1 + Z32

]
.
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FIG. 8. Equivalent model of the double-layer Janus coding elements and corresponding phase relations. (a) Schematic of the analytical
model for 00 and 11. (b)–(d) The intrinsic relations between the transmission and reflection phases for 01, 00, and 11, respectively.

Subsequently, in a similar way, the second components of the
eigenvectors for the double-layer ACE can be summarized as

√
r/rB =

√
cos ϕ(xs)(Z21 − Z31) − i sin ϕ(xs)(1 − Z21Z31)

cos ϕ(xs)(Z31 − Z21) − i sin ϕ(xs)(1 − Z21Z31)
.

(B10)

For the same condition ϕ(xs) = mπ , the transmission
phase becomes ϕt = 2ϕ(xs), and the eigenvalues are still
conjugated. According to Eq. (B10),

√
r/rB is also purely

imaginary, and ϕr = 0 and ϕrB = π still exist. The corre-
sponding phase relation is shown in Fig. 8(b). In addition,
when ϕ(xs) = mπ , the reflectivity of the 01 can be expressed
as

R = 1 − 4

2 + Z2
23 + Z2

32

. (B11)

In contrast to Eq. (6), the double-layer ACE with the squared
term of the impedance ratios certainly increases the reflectiv-
ity for the same Z23 > 1.

The 00 element consists of two channels and an air layer
(with a thickness of xa), as shown in Fig. 8(a). Following the
transfer matrix method, the propagation relation of 00 has the
form of[

Pi(0)
Pr (0)

]
= Q1M0Q2M1Q4M ′

0Q5

[
Pt (2xs + x0)

0

]
, (B12)

where

Q4 = 1

2

[
1 + Z13 1 − Z13

1 − Z13 1 + Z13

]
,

Q5 = 1

2

[
1 + Z21 1 − Z21

1 − Z21 1 + Z21

]
,

M1 =
[

eiϕa 0
0 e−iϕa

]

is the propagation tensor for the air layer, ϕa = kxa represents
the transmission phase of the air layer, and

M0
′ = √

Z32

[
eiϕ(xs ) 0
0 e−iϕ(xs )

]

denotes the wave propagation tensor from mouth to throat. Be-
cause of the C2 symmetry and complex form of the reflection
coefficient, we consider only one side and set a large mouth
with Z31 ≈ 1 and a small throat with Z21 � 1 and Z12 
 1.
Therefore, in the limit of Z12

2 → 0, we may simply write

r = 1

1 − 2iZ12 cot[ϕa + 2ϕ(xs)]
, (B13)

which means that the reflection coefficient is always 1 except
for the extreme points ϕt = ϕa + 2ϕ(xs) = mπ . As long as we
avoid the extreme points and use a small throat and a large
mouth, the reflection phases ϕr and ϕrB of the 00 element will
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TABLE I. Design parameters of the double-layer ACE.

Parameter 01 or 10 00 11

d (mm) 5 9 6
s1 121 121 121
s2 143.7 139 151.4
C1 1.2 × 10−22 1.2 × 10−22 1.2 × 10−22

n 10.84 10.7 10.65
ω π/12 π/12 π/12
Number of blades 4 4 2

always be 0, which causes a constant 2ϕt = mπ , as shown in
Fig. 8(c), and the corresponding reflectivity remains almost 1.

Consequently, by utilizing the same equivalence, the 11
element can also consist of two channels and an air layer,
which is displayed in Fig. 8(a). Thus, taking similar conditions
with Z31 ≈ 1, Z21 � 1, and Z12 
 1, the reflection coefficient
of 11 appears to be

r = − e−2iϕ(xs)

1 − 2iZ12 cot ϕa
. (B14)

When ϕ(xs) = mπ and ϕa= (2m + 1)π/2, the reflection co-
efficient is always −1, resulting in the reflection phases ϕr =
ϕrB = π . Because the mouth of 11 is on the outside with
more sound waves accessing and reflecting in the inner throat,
a small throat causes more loss. To balance loss and re-
flectivity, the structure of 11 is intentionally designed with
a suitable throat to optimize loss; the thickness of the air
layer is designed as a quarter wavelength of xa ≈ 2.5 cm to

obtain high reflectivity. Subsequently, as validated in
Fig. 8(d), the reflection phases of 11 are ϕr = ϕrB = π around
a frequency of 3430 Hz, while the transmission phase be-
comes ϕt = 2ϕ(xs) + ϕa = (2m + 1)π/2. The details of the
element design parameters are given in Table I.

3. The state switch caused by the boundary change

Figure 1 schematically exhibits the state switch, which can
be achieved by changing the inner boundary of the double-
layer ACE. When we insert a hard board in the middle, the
acoustic impedance in the board boundary becomes infinite.
The sound wave will travel only in a single layer and reflect
completely on the hard boundary in the middle. Thus, the
wave propagation course can be simplified as a single-layer
one, resulting in Z31 → Z3/∞ = 0 for the forward incident
plane wave on the 0 side and Z21 → Z2/∞ = 0 for the
backward incident plane wave on the 1 side. Following the
discussion of the single-layer ACE in Eqs. (B6) and (B7), the
reflection coefficient of 01′ can be written as

r = Z21 cos ϕ(xs) − i sin ϕ(xs)

Z21 cos ϕ(xs) + i sin ϕ(xs)
. (B15)

Moreover, the reflection coefficient of 10′ is expressed as

rB = Z31 cos ϕ(xs) − i sin ϕ(xs)

Z31 cos ϕ(xs) + i sin ϕ(xs)
. (B16)

When ϕ(xs) = mπ, both r and rB become 1, which means
symmetric reflection responses on both sides of 01′ (or 10′)
around a fixed frequency. Under this condition, the reflection
phases of 01′ and 10′ are all 0 and possess the same phase
property as the 0 side of 01.
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