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Topological surface states and phase transition in BaTh2Fe4As4(N1−xOx)2 superconductors
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We perform density functional theory and density functional theory plus dynamical mean-field theory
calculations to study the electronic structures and topological properties of iron-based superconductors
BaTh2Fe4As4(N1−xOx )2 (x = 0.1, 0.2, and 0.3). Taking into account electronic correlation corrections, we find
that at small oxygen dopings (x = 0.1 and 0.2), the BaTh2Fe4As4(N1−xOx )2 superconductors have nontrivial
band topology and Dirac-cone type topological surface states around the Fermi level on the (001) surface,
which indicates that they can harbor Majorana zero modes on the (001) surface. Increasing the oxygen doping
level, the BaTh2Fe4As4(N1−xOx )2 superconductor undergoes a topological phase transition between x = 0.2
and 0.3, and has trivial band topology and no topological surface states on the (001) surface at x = 0.3. The
coexistence of high-temperature superconductivity, topological surface states, and topological phase transition in
BaTh2Fe4As4(N1−xOx )2 superconductors makes them potential platforms to study topological superconductivity,
Majorana zero modes and effects induced by a topological phase transition.
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I. INTRODUCTION

Searching for topological superconductors is a research
hotspot in condensed matter physics. Topological supercon-
ducting states can host Majorana zero modes (MZMs) [1,2],
which obey non-Abelian statistics and are expected to be
used to realize topological quantum computation [3,4]. How-
ever, intrinsic topological superconductors are very rare in
nature [5,6]. An alternative way is to construct artificial topo-
logical superconductors through the proximity effect, such
as atomic chains, semiconductor nanowires, and topological
insulator-superconductor heterostructures [7–17]. However,
the preparation and manipulation of interfacial structure
are too complicated, and the requirement for a long su-
perconducting coherence length hinders the utilization of
high-temperature superconductors like cuprate and iron-based
superconductors for constructing the artificial heterostruc-
tures. A more attractive way for realizing MZMs is to find
superconductors with nontrivial band topology and topolog-
ical surface states in a single material platform [18–30],
referred to as connate topological superconductors [23,28,31],
thus the complexity and difficulty of interfacial structure is
readily avoided.

Thanks to the coexistence of high-temperature supercon-
ductivity and nontrivial band topology, iron-based supercon-
ductors emerge as a promising single material platform for
realizing MZMs in recent years [31,32]. In two-dimensional
materials, nontrivial band topology can be induced by a band
inversion at the M (�) point of the first Brillouin zone (BZ)
in monolayer FeSe [22,33] (FeTe1−xSex/SrTiO3 [23,34]).
In bulk materials, including FeTe0.55Se0.45 [24,34–37],
Li(Fe,Co)As [26], (Li0.84Fe0.16)OHFeSe [25] and CaKFe4As4
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[27], topologically nontrivial band inversions along the �−Z
path of the first BZ give rise to the odd Z2 invariant and Dirac-
cone type topological surface states on the (001) surface,
which were confirmed by both first-principles calculations
and angle-resolved photoemission spectroscopy experiments.
Meanwhile, the signatures of MZMs in these iron-based su-
perconductors were detected through scanning tunneling mi-
croscopy/spectroscopy measurements [25,27,38–46]. Layered
structure that is easy to cleave, extensive material library, and
high-temperature superconductivity make iron-based super-
conductors a more advantageous single material platform for
achieving MZMs. Therefore, it is interesting to find more iron-
based superconductors with nontrivial topological properties.

BaTh2Fe4As4(N1−xOx )2 [47] is an electron-doped 12442-
type iron-based superconductor resulting from intergrowth of
122-type BaFe2As2 [48] and 1111-type ThFeAsN1−xOx [49].
It is stabilized by the inter-block-layer charge transfer and
contains double Fe2As2 layers seperated by Th2(N1−xOx )2

layers, crystallizing in the body-centered tetragonal lat-
tice with space group I4/mmm (#139). For samples of
0.1 � x � 0.7, the BaTh2Fe4As4(N1−xOx )2 series have su-
perconducting transition temperature (T onset

c ) ranging from 30
to 35 K, and the bulk superconductivity in the solids was
confirmed for 0.2 � x � 0.6 with T bulk

c from 20 to 26 K [47].
To our best knowledge, the topological properties of these
superconductors have not been reported.

It is well known that electronic correlations have a
prominent effect on the electronic structures of iron-based
superconductors. The combination of density functional the-
ory [50,51] and dynamical mean-field theory (DFT+DMFT)
[52,53] has been proved to be competent for electronic struc-
ture calculations of these materials [54–58]. In the studies
of topological properties of (Li0.84Fe0.16)OHFeSe [25] and
CaKFe4As4 [27], the DFT+DMFT calculated results are
in good agreements with experiments. Furthermore, it is
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demonstrated by a recent study [59] that electronic correla-
tions play a crucial role in determining the band topology and
topological surface states of iron-based superconductors.

In this paper, we carry out DFT and DFT+DMFT
calculations to study the electronic structures of
BaTh2Fe4As4(N1−xOx )2 for x = 0.1, 0.2, and 0.3, and
focus on the band topology and topological surface states.
We find that BaTh2Fe4As4(N1−xOx )2 superconductors are
in a topologically nontrivial phase at low doping of x = 0.1
and 0.2 and exhibit Dirac-cone type topological surface states
near the Fermi level on the (001) surface. The nontrivial
band topology is due to the band inversion near the Fermi
energy along the �−Z path between the strongly dispersive
As 4pz band and an Fe 3dxz/3dyz band which have opposite
parity along the �−Z path at the same time, giving rise
to a nontrivial Z2 topological invariant defined for the
bands below a Fermi curve through the spin-orbit coupling
(SOC) gap between the above two bands. We also find
that BaTh2Fe4As4(N1−xOx )2 undergoes a topological phase
transition between x = 0.2 and 0.3 and becomes topologically
trivial at x = 0.3 when electronic correlation is taken into
account, which removes the aforementioned band inversion.
Moreover, it is shown that electronic correlation makes the
topological surface states on the (001) surface much closer
to the Fermi energy, which is good for realizing topological
superconducting states and MZMs.

II. COMPUTATIONAL METHOD

The electronic structures of BaTh2Fe4As4(N1−xOx )2 for
x = 0.1, 0.2, and 0.3 are calculated by the DFT [50,51]
with the Perdew-Burke-Ernzerhof (PBE) form of the gen-
eralized gradient approximation as the exchange-correlation
potential [60]. We employ two DFT implementations for
double checking the results: the Vienna ab initio simulation
package [61,62] based on the pseudopotential projector aug-
mented wave method and the WIEN2K package [63] based
on the full-potential linear augmented plane wave method.
Both packages yield convergent results which are in good
agreement with each other. The experimental structural pa-
rameters [47] are used in the calculations. We apply the virtual
crystal approximation to treat the oxygen substitution of
nitrogen.

To take into account the strong electronic correlations of
Fe 3d electrons, we use DFT+DMFT [52,53,64] to calcu-
late the correlated band structures of BaTh2Fe4As4(N1−xOx )2

(x = 0.1, 0.2, and 0.3). The DFT part is based on WIEN2K
with the PBE exchange-correlation potential. A Hubbard
U = 5.0 eV and Hund’s coupling J = 0.8 eV are used in
the DFT+DMFT calculations, in consistency with previous
studies [55,56,58,65]. The DMFT quantum impurity prob-
lem is solved using the continuous-time quantum Monte
Carlo method [66,67] at a temperature of T = 116 K. All
DFT+DMFT (DFT) calculations are performed in the param-
agnetic (nonmagnetic) state. The SOC is included in both the
DFT and DFT+DMFT calculations when indicated explicitly.

In order to calculate the surface states on the (001) sur-
face of these materials, tight-binding Hamiltonians based
on the maximally localized Wannier functions [68] are
constructed using the WANNIER90 code [69] from the DFT

FIG. 1. Crystal structure and Brillouin zone (BZ) of
BaTh2Fe4As4(N1−xOx )2 with space group I4/mmm (#139).
(a) Crystal structure. (b) First BZ of the bulk material and its
projection on the (001) surface. The relevant high-symmetry points
are marked with green dots: � (0, 0, 0), X (0.25, −0.25, 0.25), M
(0, 0, 0.5), Z (0.5, 0.5, −0.5), R (0.75, 0.25, −0.25), A (0.5, 0.5, 0),
and N (0.5, 0, 0). The reciprocal points are given as linear
combinations of the basis vectors of the primitive reciprocal lattice.

band structures. The DFT tight-binding hopping parameters
are renormalized to reproduce the DFT+DMFT band struc-
ture around the Fermi level through a systematic optimization
procedure in order to obtain the DFT+DMFT tight-binding
Hamiltonian. The surface spectral functions are calculated by
the iterative Green’s function method [70] implemented in
the WANNIERTOOLS package [71] using both the DFT and
DFT+DMFT tight-binding Hamiltonians.

III. RESULTS AND DISCUSSION

BaTh2Fe4As4(N1−xOx )2 crystallize in a body-centered
tetragonal lattice with space group I4/mmm (No. 139), in
which the 122-type BaFe2As2 and 1111-type ThFeAsN1−xOx

blocks sharing the same Fe planes alternately stack along
the c axis as shown in Fig. 1(a). There are two inequivalent
arsenic sites (denoted as As1 and As2), adjacent to Ba and
Th2(N1−xOx )2 layers, respectively. The first BZ of the bulk
material and its projection on the (001) surface with the rele-
vant high-symmetry points are shown in Fig. 1(b).

A. Electronic band structures, band topology
and nontrivial Z2 invariant

We first take the system with x = 0.2 to illustrate the
electronic band structures and topological properties. Figure 2
shows the band structures and Fig. 3 zooms in on the band
characters along the �−Z path combined with the irreducible
representations. As shown in the DFT and DFT+DMFT cal-
culated band structures without SOC in Figs. 2(a) and 2(c),
double sets of Fe 3d t2g bands constitute the dominant states
near the Fermi energy. The weakly dispersive bands along the
�−Z path are composed of two sets of twofold degenerate Fe
3dxz/3dyz bands and two sets of nondegenerate Fe 3dxy bands.
Electronic correlations strongly renormalize the DFT bands
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FIG. 2. DFT (left column) and DFT+DMFT (right column) electronic band structures of BaTh2Fe4As4(N0.8O0.2)2. (a) DFT and
(c) DFT+DMFT Fe 3dxy (red), 3dxz (green), and 3dyz (blue) orbital-resolved band structures without (w/o) SOC. (b) DFT and
(d) DFT+DMFT band structures with (w/) SOC. In panels (b) and (d), the blue and cyan dashed lines correspond to the Fermi curve through
the SOC gap.

of Fe 3d electrons by a factor of 3 ∼ 4. Along the �−Z path,
the two Fe 3dxy bands are below the two sets of Fe 3dxz/3dyz

bands in DFT, whereas the two Fe 3dxy bands locate close
to the higher-energy Fe 3dxz/3dyz bands in DFT+DMFT. The
strongly dispersive band across the Fermi level along the �−Z
path mainly derives from the 4pz orbital of As2 hybridizing
with Fe 3dz2 orbital and N/O 2pz orbital, as shown in Fig. 3(a)
and Fig. S1 [72].

As shown in Figs. 3(c) and 3(e), the higher (lower) twofold
degenerate Fe 3dxz/3dyz bands belong to the �−

5 (�+
5 ) irre-

ducible representation at both the � and Z points, while the
higher (lower) nondegenerate Fe 3dxy band belongs to the
�−

4 (�+
3 ) representation. The As2 4pz dominated band which

intersects the Fe 3d t2g bands and the Fermi level along the
�−Z path is labeled as �+

1 state. It is noted that there is
an exchange of band order between the �+

1 state (As2 4pz

orbital) and the �−
2 state (Fe 3dz2 state) at the � point, as

illustrated in Fig. 3(a). When SOC is included, the doubly
degenerate �−

5 (�+
5 ) states split into �−

6 and �−
7 (�+

6 and �+
7 ),

the nondegenerate �−
4 (�+

3 ) state becomes �−
7 (�+

7 ), and the
�+

1 state turns into �+
6 , as shown in Figs. 3(d) and 3(f). Along

the �−Z path, the strongly dispersive �+
6 band and both

the weakly dispersive �−
6 and �+

6 bands have the same �6

irreducible representation under C4v symmetry, which leads
to band anticrossing and SOC gap opening. Notably, the band
inversion between the odd-parity �−

6 band and the strongly

dispersive even-parity �+
6 band [indicated by the green dashed

circle in Figs. 3(d) and 3(f)] drives the system into a topo-
logically nontrivial phase due to the accompanying parity
exchange.

To firmly confirm the topological nature related to the band
inversion between the �−

6 band and the strongly dispersive �+
6

band, one can assume a “curved chemical potential” (Fermi
curve) [35] through the continuous direct SOC gap to define
Z2 topological invariants [73–75], as shown by the blue (cyan)
dashed lines in Figs. 3(d) and 3(f) [also in Figs. 2(b) and
2(d)]. Thanks to the presence of three-dimensional inversion
symmetry in BaTh2Fe4As4(N1−xOx )2, we can calculate Z2

topological invariants by the Fu-Kane parity criterion [76]
from the knowledge of the wavefunction parities of all the
bands below the Fermi curve at the eight time-reversal in-
variant momenta points in the first BZ. The Z2 invariant
ν0 = 0, 1, which distinguishes the strong topological insulator
in three dimensions, is given by the product over all eight
points (−1)ν0 = ∏8

i=1 δi, where δi is the product of wave-
function parities of all the bands below the Fermi curve at
the ith time-reversal invariant momentum point. Among the
eight time-reversal invariant momenta points in the first BZ
of BaTh2Fe4As4(N1−xOx )2 with space group I4/mmm, there
are four equivalent points denoted by N and two equivalent
points denoted by A/M, so the parity product over these six
points is always 1. Therefore, only the parity products at the
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FIG. 3. DFT (a)–(d) and DFT+DMFT (e), (f) band topology along the �−Z path of BaTh2Fe4As4(N0.8O0.2)2. DFT band structure with
Fe 3dz2 and As2 4pz orbital projections and the irreducible representations of the projected states along the �−Z path without (a) and with
(b) SOC. Irreducible representations of the bands near the Fermi energy along the �−Z path in the DFT (c), (d) and DFT+DMFT (e), (f) band
structures without (c), (e) and with (d), (f) SOC. In panels (d) and (f), the green dashed circle indicates the band inversion and the SOC gap
between the odd-parity �−

6 band and the strongly dispersive even-parity �+
6 band that gives rise to the nontrivial Z2 topological invariant. The

blue (d) and cyan (f) dashed lines correspond to the Fermi curve through the SOC gap.

� and Z points are needed to determine ν0. The parities at
these two points of the DFT calculated band structure are
detailed in Fig. S2 [72]. It is clearly shown that the parity
exchange brought by the band inversion between the �−

6 band
and the strongly dispersive �+

6 band leads to negative parity
product of the bands below the Fermi curve over both the �

and Z points. Consequently, the Z2 invariant ν0 comes out to
1, indicating that the material is in a nontrivial topological
phase. In the DFT+DMFT calculated band structure, the rel-
ative energy positions of the Fe 3dxy and 3dxz/3dyz bands are
renormalized and shifted, which can be seen in Figs. 2(a) and
2(c) and Figs. 3(c) and 3(e). As a result, in comparison with
their DFT counterparts, a pair of �±

7 bands are shifted above
the Fermi curve at both � and Z points in the band structure
with SOC as displayed in Fig. 3(f), which does not change the
parity product of the bands below the Fermi curve over both
the � and Z points. Therefore, the material remains topologi-

cally nontrivial after considering strong electronic correlation
effects on the band structure.

B. Topological phase transition by tuning the doping level

Besides x = 0.2, we also investigate the band structures
and topological properties at other doping levels x = 0.1 and
x = 0.3. As discussed above, the key ingredient driving the
topologically nontrivial phase is the band inversion between
the �−

6 band and the strongly dispersive �+
6 band along the

�−Z path. For simplicity, we only plot the band structures
without SOC calculated by both DFT and DFT+DMFT for
three doping concentrations in Fig. 4. We find that the odd
�−

5 band from which the odd �−
6 band originates (Fig. 3) only

slightly changes with increasing doping level. As a result, we
focus mainly on the strongly dispersive �+

6 band dominated
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FIG. 4. DFT (top row) and DFT+DMFT (bottom row) electronic band structures without SOC of BaTh2Fe4As4(N1−xOx )2 for x = 0.1 (a),
(b), 0.2 (c), (d), and 0.3 (e), (f). In each panel, the arrows indicate the energy positions at both � and Z points of the strongly dispersive band
along the �−Z path.

by As2 4pz orbital along the �−Z path in the following
analysis.

As can be seen in Fig. 4, increasing the doping level from
x = 0.1 to 0.3, the strongly dispersive �+

6 band is moved
downward noticeably along the �−Z path in both DFT and
DFT+DMFT calculations. In particular, the energy position
of this band at the Z point is shifted down by ∼0.25 eV and
0.20 eV in DFT and DFT+DMFT calculations, respectively,
as the doping concentration is increased from x = 0.1 to 0.3.
Moreover, compared to the DFT results at the same doping
level for x = 0.1, 0.2, and 0.3, the DFT+DMFT band width
of this strongly dispersive band along the �−Z path is com-
pressed by a factor of ∼1.9, 2.2, and 2.7, while the band
energy at the Z point is lowered by ∼0.24 eV, 0.21 eV, and
0.19 eV, respectively.

For x = 0.1, both DFT and DFT+DMFT band structures
exhibit the key band inversion (Fig. S4) [72] similar to x = 0.2
as discussed above. Therefore, we can define a Fermi curve
through the SOC gap between the Fe 3dxz/3dyz band and the
strongly dispersive �+

6 band along the �−Z path and obtain

a nontrivial Z2 topological invariant for all the bands below
the Fermi curve as shown in Figs. 5(a) and 5(c). However, for
x = 0.3, while this band inversion is still present in DFT cal-
culations [Fig. 5(b)], it vanishes in DFT+DMFT calculations
[Fig. 5(d)] after strong electronic correlation is considered
which significantly lowers the strongly dispersive As2 4pz

band along the �−Z path such that it no longer crosses the Fe
3dxz/3dyz bands. Therefore, a topological phase transition is
induced by electronic correlation at a doping between x = 0.2
and 0.3. Our study suggests that both doping and electronic
correlation are effective ways to induce topological phase
transitions in correlated topological materials.

C. Topological surface states

A direct consequence of a nontrivial Z2 topological invari-
ant is the existence of topological surface states. As shown
in Figs. 6(a)–6(d), it is found that there are Dirac-cone type
topological surface states on the (001) surface for x = 0.1 and
0.2 in both DFT and DFT+DMFT calculations. The energy
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FIG. 5. DFT (left column) and DFT+DMFT (right column) electronic band structures with SOC of BaTh2Fe4As4(N1−xOx )2 for x = 0.1
(a), (c) and 0.3 (b), (d). In panels (a), (b), and (c), the blue and cyan dashed lines correspond to the Fermi curve through the SOC gap.

position of the center of the Dirac-cone surface states is
mainly determined by the odd �−

6 band. With increasing
doping level, the Fermi energy is increased thus the odd
�−

6 band along the �−Z path gets closer to the Fermi level,
which makes the center of the topological surface states
on the (001) surface closer to the Fermi energy, as shown
in Figs. 6(a) and 6(c) and Figs. 6(b) and 6(d) for DFT
and DFT+DMFT calculations, respectively. For x = 0.3,
the topological surface states only exist in DFT but not in
DFT+DMFT [Figs. 6(e) and 6(f)] due to the absence of
the band inversion in DFT+DMFT, which confirms that
the material becomes topologically trivial at x = 0.3 when
electronic correlation is taken into account. Moreover, by
comparing the energy positions of the topological surfaces
states in DFT and DFT+DMFT calculations, we find that
electronic correlations move the topological surface states
much closer to the Fermi energy [59], which is favorable
for further experimental observation and the realization of
topological superconducting states and MZMs.

IV. CONCLUSIONS

In conclusion, we present DFT and DFT+DMFT
calculations of BaTh2Fe4As4(N1−xOx )2 (x = 0.1, 0.2, and

0.3) superconductors and systematically study their band
structures and topological properties. When electronic
correlation is properly taken into account as in DFT+DMFT
calculations, we find that these superconductors are in a
topologically nontrivial phase at low doping levels (x = 0.1
and 0.2), which is due to the band inversion and opposite
parity between the Fe 3dxz/3dyz �−

6 band and the strongly
dispersive As2 4pz �+

6 band along the �−Z path. As a
result, Dirac-cone type topological surface states emerge
near the Fermi level on the (001) surface. When doping
is further increased, the strongly dispersive As2 4pz band
along the �−Z path is rapidly lowered by both doping
and electronic correlation effects. At x = 0.3, the strongly
dispersive As2 4pz band is below the Fe 3dxz/3dyz bands
along the �−Z path, hence the aforementioned band inversion
vanishes, which makes the system topologically trivial and
no longer have topological surface states on the (001)
surface. Therefore, a topological phase transition occurs
between x = 0.2 and 0.3. Considering the coexistence of both
superconductivity and topological surface states at x = 0.1
and 0.2 and the topological phase transition between x = 0.2
and 0.3, our findings suggest that the BaTh2Fe4As4(N1−xOx )2

superconductor family has the potential to be a good platform
to realize topological superconductivity and MZMs and
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FIG. 6. DFT (top row) and DFT+DMFT (bottom row) surface states of BaTh2Fe4As4(N1−xOx )2 (x = 0.1, 0.2, and 0.3) on the (001)
surface. In each panel, the arrow indicates the energy position of the Dirac point of the topological surface state (TSS) centered at � point.
There is no topological surface state in panel (f).

to explore the effects of topological phase transition in a
superconductor.
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