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The negatively charged boron vacancy (VB™) spin defect in two-dimensional (2D) hexagonal boron nitride
(h-BN) has attracted much attention for potential applications in quantum photonics recently. Its inherent van der
Waals force mechanism guarantees convenient heterostructures for quantum sensing. By virtue of such materials,
researchers not only can fabricate enough thin spin film naturally close to the sensing target but also can prepare
an almost perfect spin ensemble with a uniform orientation. We here propose a setup with an ensemble of
VB~ spins strongly coupled to the superconducting coplanar waveguide resonator through the magnetic-dipolar
interaction. The collective coupling strength is predicted to be G/2x ~ 15 MHz, which corresponds to the
strong coupling region. This collective spin-photon interaction can mimic the one-axis twisting Lipkin-Meshkov-
Glick model effectively and therefore guarantee the dynamic generation of the spin-squeezed state. In addition,
we show the influence of inhomogeneous coupling caused by sample thickness on squeezing, which proves
the validity of the homogeneity assumption in our scheme. This attempt not only explores the possibility and
superiority of 2D VB™ spins but also opens another avenue for quantum hybridization.
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I. INTRODUCTION

Spin squeezing means that the fluctuation of the quan-
tum state is lower than the standard quantum limit [1-6]; it
plays an important role in the field of quantum information
and quantum metrology [7-17]. Currently, spin squeezing
has been generated in many systems using the dynamic
method [18-25] and reservoir engineering [26-35]. Although
great progress has been achieved, there is still a consid-
erable challenge to overcome. Spin defects in traditional
three-dimensional (3D) crystal always have multiple spin ori-
entations [36-39], which results in inhomogeneous frequency
and interaction and leads to great obstacles to the alignment
of magnetic field in experiments. In addition, these schemes
always require an auxiliary cavity [40—42], but the distribu-
tion of the cavity field is usually inhomogeneous, resulting in
inhomogeneous coupling strength. These intrinsic limitations
of the defect center in 3D materials will directly restrict its
further application to quantum metrology.

Recently, the two-dimensional (2D) insulator mate-
rial hexagonal boron nitride (4-BN) has attracted much
attention for studying light-matter interactions at the
nanoscale [43—-49]. In contrast to conventional bulk materi-
als, the 2D layered structure of 4-BN has many outstanding
features; that is, it is more suitable for implanting, fabricating,
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and integrating with photonic chips. Specifically, an important
spin defect, namely, the negatively charged boron vacancy
(VB7) in A-BN, has become a hot topic of investigation. We
note this type of solid-state spin is quite similar to nitrogen
vacancy center in diamond. First, VB~ spin possesses D3,
point-group symmetry [50-53], which gives rise to a triplet
ground state with a zero-field splitting of ~2m x 3.5 GHz.
Second, it can be initialized, manipulated, and read out via
the optical method [54-58]. Third, the VB~ spin defect is
more convenient to scale up according to realistic require-
ments, and recent experiments also demonstrated that it can be
deterministically created using various means, such as neutron
irradiation, ion implantation, and electron irradiation [58—61].
Finally, VB~ spins in #-BN have an almost uniform orien-
tation which is perpendicular to the layer plane, and this
important feature is superior to the other color centers in
bulk materials. Therefore, VB~ spin in #-BN has triggered
a plethora of studies in high-resolution sensing and imag-
ing [62-67].

In this paper, we propose a hybrid device in which
an ensemble of VB™ spins is magnetically coupled to a
half-wavelength superconducting coplanar waveguide (CPW)
resonator. The 4-BN crystal (200 x 20 x 10 um?), contain-
ing N ~2.16 x 10'° VB~ spins, is attached to the middle
of the central conductor. The magnetic field in this region
can approximately be treated as a homogeneous field with
a magnitude value of 3.7 nT. An external magnetic field
perpendicular to the conductor surface is applied to modify
the frequency of the Zeeman splitting, with the purpose of

©2023 American Physical Society
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FIG. 1. (a) Schematic of an ensemble of VB~ spins glued on
top and in the middle of a CPW resonator. A static magnetic field
B, is applied parallel to the ¢ axis of the hA-BN crystal. (b) Sketch
of the negatively charged boron vacancy defect. Boron atoms and
nitrogen atoms are represented by yellow and blue spheres, respec-
tively. (c) The level structure of the electronic ground state of the
VB~ spin defect. (d) Frequency splitting of the VB™ spin states as
a function of the external magnetic field. (e) Cross-sectional sketch
and geometrical parameters of the CPW resonator.

ensuring the resonance condition matches the CPW resonator.
In this case, the coupling strength of a single VB~ spin
coupled to the CPW resonator is estimated as g ~ 2w X
100 Hz, and the collective coupling strength of the VB~
ensemble can reach G = g«/ﬁ ~ 21 x 15 MHz, which also
potentially provides a different 2D strong coupling platform
or interface. As an intriguing application, we show how to use
our setup to generate the spin-squeezed state (SSS). Under the
condition of large detuning, we can obtain the nonlinear spin-
spin interactions using the Schrieffer-Wolff transformation,
which can be further reduced to the one-axis twisting Lipkin-
Meshkov-Glick (LMG) Hamiltonian. The degree of generated
spin squeezing scales as N~°7 in the absence of decoher-
ence. In addition, we discuss the influence of magnetic-field
inhomogeneity on squeezing and prove the validity of the
homogeneity assumption in our scheme. Our work constitutes
a step forward in exploring the possibility and superiority
of VB~ spins in a 2D A-BN crystal interacting with other
quantum systems.

II. MODEL

In the setup depicted in Fig. 1(a), a h-BN crystal containing
the VB~ spins is glued on the top of a half-wavelength CPW
resonator. The negatively charged boron vacancy is formed by
a missing boron atom replaced by an extra electron and three
surrounding equivalent nitrogen atoms in the #-BN lattice, as
schematically shown in Fig. 1(b). It has a triplet electronic
ground state (S = 1) with a separation of D ~ 27 x 3.5 GHz
between states mg = 0 and mg = 1. In the presence of an
external magnetic field, the two upper spin states can be split
and shifted due to the Zeeman effect, and the corresponding
simplified energy level diagram is shown in Fig. 1(c). We
assume the magnetic field B, = B.e_, where the z-coordinate

axis coincides with the ¢ axis of the A-BN crystal. In this case,
the spin Hamiltonian for a single VB~ spin can be represented

by (A =1)
Hyg = o_|Y_) (V| + o |¥) (¥4, ()

where wy =D + \/ E? + (gvpuBB.)? are frequency split-
tings of eigenstates |11) relative to |0) [shown in Fig. 1(d)].
D and E are zero-field splitting parameters. gyg = 2 and
up/h = 14 MHz/mT are the Landé factor and Bohr magne-
ton, respectively.

The CPW resonator consists of a central conductor plus
two ground planes, which are fabricated on a dielectric sub-
strate [68—71]. Its electromagnetic fields are strongly confined
near the gaps between the central conductor and ground
planes [68,72]. It can be modeled as a single-model harmonic
oscillator, and the free Hamiltonian is given by I-?R = wré’a,
where @ (a") is the annihilation (creation) operator and wg
is the resonant frequency of the resonator mode. The quan-
tized resonator magnetic field can be described by B(r) =
Bo(r)(a + a'), where By(r) is the magnetic field of a single
microwave photon generated by the vacuum fluctuations at
position r [71,72]. A single VB~ spin at r,, is coupled to the
quantized resonator field through the magnetic-dipolar inter-
action, and the interaction Hamiltonian has the form Hi, =
gVBMBﬁ(rn) . S,,, where S,, = (S’)’:, S’;‘, S’g) are spin operators.
Assuming By(r) || e,, the Hamiltonian for the whole system
reads

H=owpd'a+) Hyy+ Y gu@+ah0h(vel +He.,

n,o==+
(2)

where n labels the VB~ spin located at positions r, =
(-xm Yns Zn) and the COUpling 8n = gVBMBBx(rn)-

III. THE MAGNETIC COUPLING

As shown in Fig. 1(e), we consider a resonator with the
size (W, G, §) = (50 um, 50 pm, 25 um), which corresponds
to a characteristic impedance of Z; &~ 50 Q2. The resonator
length [ = A/2 = 2.1 cm is designed so that the fundamental
resonance frequency wg = e/l /eqr ~ 2m x 3.05GHz is in
resonance with the VB~ defects [73,74]. Here, A is the mode
wavelength, ¢ is the vacuum speed of light, and €. = 5.5
is the effective dielectric constant. We display the transverse
magnetic field of a single photon in the cross section of the
coplanar waveguide in Figs. 2(a) and 2(b). Compared to the
transverse magnetic-field components B, .(r), the longitudi-
nal component B, (r) is so weak that it can be neglected. On
the top of the central conductor, the magnetic strength varies
slowly, and the direction is almost parallel to e,. More specif-
ically, we consider the distribution of magnetic-field strength
for fixed x or z in Figs. 2(c) and 2(d). The magnetic field can
be regarded as a constant in the range of |x| < 10 um and
z < 10 pm. In this case, we choose a VB~ sample with the
size V. =200 x 20 x 10 um® to make the coupling homoge-
neous. When the VB™ ensemble is placed near the antinode of
the field, the wavelength A is much larger than the spatial di-
mension of the VB~ ensemble. We thus neglect the change in
the magnetic microwave field over the size of the #-BN crystal
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FIG. 2. The transverse magnetic field of a single photon above
the CPW resonator. (a) The contour maps of magnetic-field strength
versus positions x and z. (b) Vector plot of the magnetic field in
the resonator. (c) Magnetic-field strength along the x direction for
different distances above the resonator surface. (d) Magnetic-field
strength as a function of distance to the resonator surface at the
central conductor (y = 0, 10, 20 pm) and at the gap (y = 30 pm).

and get B(r,) ~ Boe,, with By ~ 3.7nT, for all defects. So
far, we can rewrite the total Hamiltonian as

A =wra’a+ ) (o Y- )a¥-| + op ¥ )nlye )
+g@+a") ) (100, (Y| + [0), (| +He), (3)

where g = gypusBo ~ 27 x 100 Hz is the coupling strength
for a single VB™ spin. For the VB~ ensemble, an effective
method to generate the VB™ spin experimentally is through
neutron irradiation [58], which results in a defect density of
p ~ 5.4 x 107 cm™3. From this we find the coherent col-
lective coupling strength is G = g«/N ~ 27 x 15 MHz, with
N = pV 2 2.16 x 10'° being the number of VB~ defects,
which is larger than the resonator decay « and the spin re-
laxation I'y, and thus reaches the strong coupling regime.

IV. ONE-AXIS TWISTING MODEL

We next consider generating entangled states with this
setup. Assuming that the resonator frequency wg is near
resonance with w_, the Hamiltonian can be simplified to a
Tavis-Cummings form in the rotating-wave approximation,

H =wpd'a+ w_J. + ﬁ(aﬁ +a'h), 4)

where J. = 337, [ )u(¥—| — 10),(0] and J =3, [0}, (¥_|
are the collective spin operators satisfying the usual angu-
lar momentum commutation relations. In the limit of the
large-detuning condition G < A = w_ — wg, We obtain an
effective Hamiltonian which describes the nonlinear spin-spin
interaction through a Schrieffer-Wolff transformation [1,75],

As = e*Ae’, with § = £(Ja' — Ja). Keeping terms to the
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FIG. 3. (a) Spin Husimi Q function in the plane perpendicular
to the mean spin direction ny with Ar/N =0, At/N = 0.05, and
At /N = 0.1. (b) The evolution of the spin squeezing parameter with
N =10, 20, 100. (c) The optimal squeezing versus the number of
spins with different collective decay rates. The solid line is the nu-
merical fitting, and it gives £2 ~ N~°7 in the absence of decoherence.

second order, the effective Hamiltonian is given by

Hg = wpd'a+ (@ +2Aaﬂa f+Aﬁf ®)
s — WR — N b4 N )

where A = G?/A is the spin-spin coupling strength. The op-
erator J'J can be rewritten as J% — J? + JAZ [1,19]. Because the
total spin J? commutes with the Hamiltonian Hs, the system
evolves within the manifold of J = N/2 if the initial state
is prepared in the maximally polarized state |J = N/2,J, =
N/2). Assuming the thermal phonon number ny, ~ 0, Hamil-
tonian (5) in the interaction picture is written as

N A,
Hg = _NJZ ; (6)
which corresponds to the one-axis twisting Hamiltonian [18]
and can be used to generate SSS. We define the density opera-
tor p to describe the VB™ degrees of freedom, and the motion
of p is controlled by the following master equation:

. N I
p = —ilHs, pl + = DI/1p. @)

where D[d]p = 6po" — %(6"'6[) + po'0) and T' = kG?/A? is
the collective decay rate induced by the resonator and the spin
relaxation is assumed to be zero.

Spin squeezing means the fluctuation in a certain spin
component is suppressed below the standard quantum
limit [18-20]. In order to visually characterize the spin
squeezing, we introduce Husimi Q function, Q(6, ¢) =A(2 Jj+
1)/(47)(6, 9116, ¢), where |6, ) = (1 + [n)Te™"|j, j),
with |j,m) (j =N/2 and m = —j, ..., j) being the eigen-
states of {J2,J.} and n = —tan(8/2)e® (O and ¢ are
the polar and azimuthal angles) [28,76]. In Fig. 3(a),
we display the projections of the @ function on the
(ny, mp) plane at three different moment for N = 20. Husimi
Q function at the initial time Az/N =0 is a circle, which
corresponds to the coherent spin state |Vy) = [/ = N/2,J, =
N/2). It gradually becomes squeezed and elliptical as the time
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increases, while the squeezing angle rotates. Eventually, the
optimal squeezing is reached at At/N = 0.1. In addition, we
also introduce the spin squeezing parameter [5] to quantify the
degree of spin squeezing

N min (Aji)

I(J)1?

where n; is an axis perpendicular to the mean spin direc-
tion ng = Tr(pJ)/|Tr(pJ)| [28]. When &2 < 1, the state is
squeezed. The evolution of the squeezing parameter is shown
in Fig. 3(b) for N = 10, 20, 100. As we expect, the time to
reach the optimal squeezing is reduced to 5, o< 1/N due to
the collective effect. In Fig. 3(c), we plot the optimal squeez-
ing versus the spin number N for different collective decay
rates. The spin squeezing scales as N~%7 in the absence of
decoherence. With a modest quality factor Q = 103, it still

produces considerable squeezing, which is shown in the or-
ange circle in Fig. 3(c).

£ = : ®)

V. VALIDITY OF THE HOMOGENEITY ASSUMPTION

In our scheme, we assume that the magnetic field is
uniform in the whole spin ensemble, so we get a homoge-
neous coupling strength. But in fact, the magnetic field is
nonuniform, as shown in Fig. 2. Here, we investigate the influ-
ence of the inhomogeneous coupling caused by the magnetic
field on the squeezing with different thicknesses h. As the
computational complexity increases exponentially with the
spin number, we here investigate a system consisting of six
spins without decoherence, in which the coupling strength
of each spin is given by g,(r) = gveupBy(z,). We assume
that these six spins are uniformly distributed between (0, 0, 0)
and (0, 0, ). The dependence of the magnetic-field strength
on coordinate z is shown by the purple inverted triangles in
Fig. 2(d), and the corresponding coupling strength of each
spin can be calculated. Then the Hamiltonian is given by

H— Z (A gz(zn) ata ) Z gn(Zn)gm(Zm) A; 6, (9)

n,m

where 67 = |Y¥_),(¥_| —|0),(0] is the Pauli operator and
6, = 10),(¥_| is the single-spin lowering operator. If the as-
sumption of homogeneity is valid in our scheme, we should
see that the squeezing is almost constant at z < 10 um.

In Fig. 4(a), we display the evolution of the squeez-
ing parameter £2 with three different thicknesses, h =
10, 50, 100 wm. For the small thickness, # = 10 um, the sys-
tem exhibits significant squeezing. As the thickness increases,
the optimal squeezing is reduced, and the time to reach the
optimal squeezing is extended. To further discuss the im-
pact of thickness on optimal squeezing, we plot the optimal
squeezing versus sample thickness i ranging from O to 100 um
in Fig. 4(b). When the thickness & = 0, these six spins have
the same coupling strength (homogeneous case) and exhibit
the strongest squeezing. When the thickness % is less than
10 um (the blue shading), the influence of thickness on op-
timal squeezing is so slight that the change in the numerical
value is almost invisible, which verifies that the previous
assumption of homogeneous coupling in our setup is valid.
When the thickness # is greater than 10 um (the yellow shad-

(a) 0.0 (b) -0.1p=
1
1
N h=100| S -0.215!

”\é_o ) “\é gﬂo pm
an on Zi
2 < 038
1

h=10_ ) H+**
04 40 50 % 50 100
8! B (pm)

FIG. 4. (a) Evolution of the spin squeezing parameter with three
different thicknesses, # = 10, 50, 100 um, for spin number N = 6
without decoherence. go = g(0) is the spin-photon coupling strength
of the spin at position (0, 0, 0). (b) The optimal squeezing parameter
versus the thickness. The black dashed line, corresponding to & =
10 um, separates the blue shading (corresponding to VB~ spins in
our setup) from the yellow shading.

ing), the optimal squeezing shows a strong dependence on the
thickness /, and the squeezing degree decreases rapidly.

VI. FEASIBILITY

In order to examine the feasibility of this scheme in ex-
periment, we now discuss the relevant parameters. A static
external magnetic field B, = 10 mT is applied to the VB~
spin, resulting in the spin frequency w_ =~ 2w x 3.2 GHz of
state |{y_). The frequency of the CPW resonator is given by
WRp = nc/l\/ﬁ ~ 2w x 3.05 GHz. The detuning between
the spin and the CPW resonator is A = w_ — wg & 21 X
150 MHz, which is larger than the collective coupling strength
G = 2m x 15 MHz and satisfies the large-detuning limit. The
spin dephasing rateis 'y = 1/T5 ~ 2w x 80 kHz, and the res-
onator decay rate is k = wg/Q. Even under a modest quality
factor Q = 103, the cooperativity C = g*/k T is still greater
than 1, indicating a strong coupling regime. After a series of
transformations and approximations, we get the effective spin-
spin coupling strength A = G*/A = 27 x 1.5 MHz and the
collective decay I' = k G*>/ A% ~ 0.02A of the spin ensemble
induced by the CPW resonator. Even stronger dissipation
" causes only a slight reduction in squeezing, as shown in
Fig. 3(c). The only problem may be spin decoherence. A
large number of nuclear spins around the defect introduce
an equivalent random local magnetic field, also known as
the Overhauser field, resulting in an extremely short spin
dephasing time 7;* ~ 100 ns [53,54]. However, dynamical de-
coupling can eliminate this effect [77], and the spin coherence
time 7, ~ 2 us [54,66] has been measured experimentally. The
optimal time #,; ~ 2/A ~ 0.21 us of spin squeezing is less
than the spin coherence time 75, so we predict that we can get
reduced squeezing. Research on extending the VB~ coherence
time, such as applying an enhanced magnetic field [78], is in
progress.

VII. CONCLUSION

Through a theoretical study of the magnetic coupling be-
tween the VB~ spins and CPW resonator, we first estimated
that its coherent coupling strength at a single quantum level
is g/2m ~ 100 Hz and therefore achieved pin-photon interac-
tions with the collective and strong coupling strength G/2m ~
15 MHz. In one potential application of this hybrid design,
these collective spins can be engineered into the SSS. #-BN
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can be very thin down to atomic layer thickness, ensuring it is
close to the superconducting resonator and therefore guaran-
teeing homogeneous coupling. As a result, we get strong spin
squeezing, which shows the potential of VB™ in the applica-
tion of quantum metrology and quantum sensing. The high
density of VB~ spins was produced in a recent experiment by
means of neutron irradiation, which allowed us to achieve a
stronger collective coupling to the microwave photons. There-
fore, it is necessary and meaningful for us to study such a
hybrid system, and we also note that this attempt could also
open an avenue for others feasible schemes for VB~ spins
coupled to other quantum systems.
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APPENDIX A: MODELING OF N VB~ SPINS
COUPLED TO A RESONATOR

As described in the main text, a A-BN flake containing an
ensemble of VB™ defects is stuck on a superconducting CPW
resonator. The total Hamiltonian for this system contains three
parts, which can be represented by

H = Hyg + Hg + Hint- (A1)

The first part is the Hamiltonian of the VB~ ensemble; the
second part is the Hamiltonian of the CPW resonator, and
the last part is the coupling between the VB~ ensemble and
the resonator. We provide a detailed discussion of these three
parts in the following.

1. Electronic structure of the VB~ defect

The negatively charged VB~ defect is formed by a missing
boron atom replaced by an extra electron and three surround-
ing equivalent nitrogen atoms in the #-BN lattice. It can be
experimentally generated by means of neutron irradiation,
ion implantation, and electron irradiation. The electrons of
VB~ spin occupy the defect states, so that the dangling bond
state becomes half occupied and gives rise to a spin-1 ground
state [52,54]. The Hamiltonian describing the spin-spin inter-
action of the VB™ defect can be represented as

Hyg = D[S — S(S+ 1)/3] + E(S; — 8}) + gvbusB.S..
(A2)
where D and E are the zero-field splitting parameters due
to spin-spin interaction and residual strain in the crystal, re-
spectively. S = (S, Sy, §;) are the total spin § = 1 operators

of the VB~ defect. The last term is the Zeeman splitting,
and we have assumed the external magnetic field B, = B.e;,

which is parallel to the ¢ axis of the A-BN lattice. gygp = 2
and ug/h = 14 MHz/mT are the Landé factor and Bohr
magneton, respectively. In the basis of eigenstates of S., the
Hamiltonian ﬁVB in Eq. (A2) can be written in the following
matrix form:

D+ gvgugB, 0 E
Hyp = 0 0 0 (A3)
E 0 D—gveupB.
Diagonalizing Eq. (A3), we can obtain the eigenstates
[¥o) = 10),
lY-) = si 9|+1> GI 1)
_) =sin < —cos —|—1),
2 2
0 .0
[¥4) = cos Z|+1) + sin Z|—1), (A4)

E

where tanf = ——
gvBupB.

cies are

and the corresponding eigenfrequen-

wy =0, wx =D £ /E?+ (gyisB.)’. (AS)

Then we have the Hamiltonian (1) in the main text.

2. Magnetic-dipolar interaction

The resonator used in our setup is a half-wavelength
(A/2) transmission line resonator based on a superconducting
coplanar waveguide. A CPW resonator consists of a center
conductor with width W and two neighboring ground planes
with width G; the gap width between the center conductor
and the ground plane is represented by S. The characteristic
impedance Z; of the CPW resonator depends on the ratio
of W/S, which is designed so that the resonator has a min-
imal radiation loss with ~50 2 impedance. The resonator
frequency w,, is related to the resonator length I, which is
calculated by the equation w,, = mmc/l /e, where c is the
vacuum speed of light and e.¢s = 5.5 is the effective dielectric
constant. The coplanar waveguide problem is reduced to a
rectangular waveguide problem by inserting electric walls at
y=—I/2 and y =1/2 and a magnetic wall at x = b. The
classical magnetic-field components By (r) = uoH(r) can be
calculated by

&0 Mo Z 1 |:sinnn8/2 .

nmwé
H, sin —
n A — F,| nmé/2 2

niwx vl mimy
X COS Te " COST,

Hy=—i8—0 o 2§Zl—(x/xo)2 sinnns/zsin@
n\A/ ko nky, nmd/2 2

n>0

12l miy

. nmx
X sin —e~ "%l cos —=,
b l

g0 ho |:sinn718/2 . nnS]
n>0

sin —
n A nwd/2 2

nIX My
X cosTe " COST,

(A6)
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where &9 = /fiwg/eV,, §=8/b, §=(S+w)/b, n=
377Q, and F, = (by,/nm) = /1 + 2b/nr)*[(Ao/A)? — 1]
[79-81]. Here, we choose the resonator length / = 2.1 cm,
which corresponds to a fundamental frequency of
~2m x 3.05 GHz to ensure the resonance condition. A = 2
is the cavity wavelength, and A is the free space wavelength,
expressed as Ao = A, /€cfr.

Following the standard procedure for quantizing the elec-
tromagnetic fields, we obtain the quantized form of the
single-mode magnetic-field operator for the CPW cavity:

B(r, 1) = B(r)(ae ™ + afer"), (A7)

where B(r) = uo(Hy, Hy, H;). The CPW Hamiltonian and
magnetic-dipolar interaction are written as

fa, (A8)

HR = a)R&

ﬁint == gVBMBﬁ(rn) . Sna (A9)

where n labels the VB~ spin located at positions r, =
(Xps Ynr Z0) and S, = s, S;’, S") are spin operators. The
magnetic-field operator in the position of the VB™ can be
written as B(r) = Bo(r)(@ + a'). The longitudinal component
By can be ignored since it is always small. In Fig. 2 in the
main text, we showed the transverse magnetic field of a single
photon in the cross section of the coplanar waveguide. From
the vector plot, the magnetic field can be considered to be
parallel to the x axis in the range of the spin ensemble. We
find that the magnetic field in this region can be regarded as a
uniform magnetic field with By(r) ~ Bge,, so the interaction
Hamiltonian is reduced to

Hy = g@+a"s,, (A10)

where g = gvpupBy is single-spin coupling strength. In the
basis of new eigenvectors {|0), |1 )}, the total Hamiltonian
of the whole spin ensemble has the form

+ Y gn(@+a)(0h(Wal + [Wa)a(OD. (A1)

na==+

APPENDIX B: ONE-AXIS TWISTING HAMILTONIAN

Assuming that the resonator frequency wg is near res-
onance with w_ and the state |{,) is off resonance, the
coupling is homogeneous, i.e., g, = g. In this case, we can
introduce the collective spin operator, and the total Hamilto-
nian in Eq. (A11) can be reduced to the following form in the
rotating-wave approximation:

a

a'J, B1)

T
=
D>
el
D>
+

where J = 3 37, [¥/-)u (| = 10),(0] and J =3, 0}, (v—|
are the collective spin operators satisfying the usual angular
momentum commutation relations. Considering the resonator
dissipation, the dynamics of total system is described by

btot = —ilH, por] + (n + Dy Dlal piot

+ nay DIa 1 peot (B2)

where D[0]p = 0po’ — 36'0p — 3o’ 0is the Lindblad super-
operator, ny = (ekT/ heog _ 1)’1 is the thermal photon number,
and y is the CPW resonator decay rate. The Hamiltonian in
Eq. (B1) can be used to model the interaction between a two-
level atom ensemble and a single-mode field. Next, we will
derive the effective one-axis twisting Lipkin-Meshkov-Glick
(LMG) model under the large-detuning condition G < A =
w_ — wg. Although discussions similar to what we present
here were given in several articles [1,19], we give a de-
tailed derivation to acquire a better understanding. In order
to simplify the derivation processes, we rewrite Eq. (B1) in
the form of H = Hy + H,, where Hy = wga'a + w_J. is the
free Hamiltonian and H; = \Gf(afT atJ) is the interaction
Hamiltonian. Applying the Schrieffer-Wolff transformation,
H — Hy = SHe™S, where § has the same order as the in-
teraction term. Expanding the transformation to second order
of S,

Hs = H +[H, 81+ 1[4, 8), 8]
= Hy+H; + [Ho + Hy, $1+ [[Ho +H;, 81, 8]
= Hy + (H; + [Ho, §1) + [H;, 81 + 3[[Ho + H,, §1. 8]
= Hy + (H; + [Ho. $1)

+ 3[H;, $1+ 3[(H; + [Ho, S1), S1. (B3)

Here, we have neglected the higher-order interactions. Letting
H; + [Hp, S] = 0, we can obtain the expression

o _ S At _ fin

= A(Ja J'a) (B4)
and the final form of the effective total Hamiltonian of Eq. (5)
in the main text

Hy = wpa'a + (a) + ZA&T&)J + Aﬂ] (B5)

where we have used the commutation relations [f+, J 1=
20, [, J 1 =Jy. and [J,,J_]= —J_ and A = G?*/A is the
spin-spin coupling strength. Because the total spin J* com-
mutes with the Hamiltonian ﬂg, the system evolves within
the manifold of J = N/2 if the initial state is prepared in
the maximally polarized state |/ = N/2,J, = N/2). Assum-
ing the thermal phonon number 7y, ~ 0, Hamiltonian (B5) in
the interaction picture is written as

A
-5 jz2
which corresponds to the one-axis twisting LMG model and
can be used to generate spin-squeezed states. In order to dis-
cuss the dissipation dynamics of the spin degrees of freedom,
we introduce the reduced density operator p. The evolution of
p is governed by the Born-Markov master equation. Applying
the transformation to the master equation and tracing the res-
onator mode, the dynamics of the reduced density operator p
for spin is described by

Ay = (B6)

. A r_. .. r R
p = —ilHs, p]+ (nn + I)ND[J],O + ”thﬁp[ﬁ]pv (B7)
where I' = yG?/ A2,

In the case of inhomogeneous coupling, the Schrieffer-

Wolff transform is still valid, with § =}, & (6,a" — 6,/ a).
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Then we can get the effective Hamiltonian

Hy=3. (% + g ) APive 6160, (BS)

n

where 67 = |Y_),(¥_| —0),(0] is the Pauli operator and
6, = |0),(¥_| is the single-spin lowering operator. The cor-
responding master equation is

8n o p)

A n

+ nth— [Z & AT] (B9)

n

. R r
p = — i[Hg, pl + (ng + 1)ND|:

APPENDIX C: THE VALIDITY OF THE
EFFECTIVE HAMILTONIAN

To verify that the effective Hamiltonian and master equa-
tion are valid, we compare the results of the original
Hamiltonian (B1) (black solid line) and the effective Hamil-
tonian (B6) (red dashed line) in Fig. 5(a). These two curves

() 1.0 (®) 0.0

—— Original Hamiltonian
— = - Effective Hamiltonian
~~~~~~~ Photon number

o Qo0 0.05 0.10

FIG. 5. (a) Evolution of the spin squeezing parameter and photon
number. Other parameters are A/g =20, y/g =2, and N = 10.
(b) Evolution of the spin squeezing parameter with different thermal
photon numbers ngy = 0, 2, 10. Other parameters are I'/A = 0.05
and N = 50.

fit very well, which means the approximation is valid in our
scheme. In addition, the blue dotted line indicates that the pho-
ton number is always very small with the chosen parameters.
On the other hand, we discuss only the case in which the mean
thermal photon number is zero in the main text. Here, we also
show the dynamics where the thermal photon number is not
zero. The existence of the thermal photon number leads to a
reduced degree of squeezing and time for optimal squeezing.
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