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We study the continuum limit of two-dimensional chiral magnets in which Dzyaloshinskii-Moriya interaction
(DMI) is due to the interplay between a smooth magnetic texture and spin-orbit coupling. The resulting free-
energy density of the system contains linear terms in the spatial gradient of the magnetic texture, which mark an
instability of the system towards the formation of nontrivial magnetic orders such as skyrmions or chiral domain
walls. We perform a microscopic analysis of DMI tensors responsible for this contribution to free energy based
on a Berry phase formulation in the mixed space of momentum and position, and reveal that they exhibit non-
Lifshitz invariants features. In particular, a perturbation theory shows in the case of Rashba spin-orbit interactions
the presence of non-Lifshitz invariants to third order in the small spin-orbit interaction and fourth order in the
small exchange coupling. The higher-order terms may even lead to an enhancement of DMI interaction at strong
spin-orbit coupling due to divergences in the density of states at the bottom of the conduction band. Finally, we
also study the DMI free energy generated from Rashba spin-orbit interaction in different symmetry groups.
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I. INTRODUCTION

Chiral symmetry-breaking in magnetic materials re-
sults in an antisymmetric exchange coupling called the
Dzyaloshinskii-Moriya interaction (DMI) [1-3], which tends
to cant neighboring spins such that noncollinear magnetic
orders are favored in the system [4-6]. As a consequence
of DMI, nontrivial magnetic structures such as chiral domain
walls [7-9] and skyrmions [10-14] become stable. The latter
are excitations in the form of magnetization vortices, which
are topologically robust, and have been the subject of in-
tense research in recent years [ 15—18]. The controlled creation
and annihilation of skyrmions with spin-polarized currents
[19,20], gate voltages [21,22], or lasers [23] feeds the driving
goal to realize energy-efficient spintronic devices operating at
room temperature for memory storage [24-27].

A promising platform for probing such physics is in ef-
fectively two-dimensional systems where interfacial DMI
develops [28]. In thin ferromagnetic films or in multilayers
with alternating magnetic and nonmagnetic layers, the inver-
sion symmetry is broken at the interfaces and thus a strong
spin-orbit coupling (SOC) is generated. In a long wavelength
approach, the magnetic texture below the Curie temperature
is described by the continuous magnetic density vector m(r)
of unit amplitude, with position r in the plane of the magnetic
layer (x, y). The effect of SOC is to generate in the free energy
linear terms in the texture gradient, which are characteristic
for the DMI. The micromagnetic DMI free energy follows
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The most common approach [2] is to consider that energies
w, are linear in magnetization m,

1
Ql = zDaﬂ,j(maarjmﬁ - mﬂarjma)9 (2)

which amounts to take into account only the well-known
Lifshitz invariant (LI) contribution to 2; (see Appendix B 1).
The microscopic analytical calculation of DMI tensor Dyg,; in
the continuum limit was only recently performed for the first
time in topological insulators [29,30] and a two-dimensional
(2D) Rashba thin film [31]. Notably, these were preceded
by different approaches where DMI was explained in the
vein of Ruderman-Kittel-Kasuya- Yosida theory as due to spin
interactions mediated by conduction electrons [32,33]. An
analysis of effects beyond the Lifshitz invariant correction
was performed in Ref. [34] in order to get a more general
description of DMI in chiral magnets, and it has established
that such corrections can be consequential. It was soon shown
that indeed there are cases as in tetrahedral magnets where
the conventional LI contribution vanishes by symmetry while
the remaining non-LI contributions lead to a noncollinear
magnetic structure [35,36].

In this paper, we revisit the issue of non-Lifshitz invariants
contribution to DMI from a different point of view, in which
DMI is due to Berry curvature in phase space. Our approach
assumes that the magnetization m varies slowly in space on
the scale of interatomic distance. Thus, the effect of m on the
periodic Bloch wave functions is considered perturbatively.
In this sense, the Bloch wave vectors depend on position
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through m, |n, k, m(r)). In such cases it is natural to consider
an approach based on a generalized Berry phase in the space
defined by position and momentum [37]. Indeed, it was shown
that the dynamics of electrons in the thin layer is determined
by the Berry curvature in the phase space [38,39].

Here we analyze the generic case of two-band systems
with crossings near the I" point. In such cases it is analyti-
cally tractable to obtain the form of DMI tensors. These are
determined from the corresponding DMI energy 2;, which
follows from an expansion of the total grand-canonical ther-
modynamic free energy €2 in texture gradients. This generates
a contribution that is proportional to the Berry curvature in
phase space [38]. The expansion in gradient is also further
refined with additional expansions in SOC or exchange ampli-
tude. This allowed us to determine the order at which non-LI
contributions might become relevant.

As an application, the present study focuses on Rashba
SOC, which occurs naturally in effective 2D systems due to
the large variation in the electrostatic potential normal to the
layer. Usually the structure of the LI and non-LI invariants
may be determined by symmetry analysis [2,4,34]. Here we
perform instead a microscopic analysis where such the struc-
ture is emergent from effective two-band Hamiltonians. Such
models are based on the specific form of the Bloch bands at
the I" point, as constrained by symmetries of the magnetic
point groups. The form of Rashba SOC to cubic order in
momentum was classified for 2D materials in Refs. [40,41],
and constitutes for us a starting point in determining micro-
scopically the DMI.

Our analysis reveals in the Berry curvature formulation of
the problem, that the DMI free energy decomposes into two
distinct parts Q; = Q(lo) + Qﬁl). Usually only the first part
has been a subject of investigation. The second contribution,
Q(ll), is higher order in SOC, but nonetheless it is of the same
order in the magnetization m, and also enters to the same
order in the exchange coupling strength. For example, the
second contribution in its lowest order in SOC is responsible
for symmetric DMI tensors, which are usually discarded in
the bulk, but may generate some nontrivial edge spin texture
[42]. The term Q(IU contains also antisymmetric DMI tensors,

which renormalize the QEO) contribution, and additionally, we
show that they can lead to divergences in the free energy since
they contain Fermi surface contributions, which diverge at low
temperature due to singularities in the density of states. All
our investigations are made concrete in the study of effective
models with Rashba SOC in different symmetry groups.

The article is organized as follows. Section II introduces
the class of two-band Hamiltonian models in which DMI
develops. The section also reviews the generic structure of the
energy density €2 that is linear in a smooth spatial gradient
of the magnetization, using a Berry phase formulation in the
mixed space of momentum and position. Section III devel-
ops a perturbation theory, which uncovers the non-Lifshitz
invariants corrections to €2;. The section expresses the form
of generalized DMI tensors, and develops further expansions
in the small and large SOC limit, relative to the exchange
energy. Section IV particularizes the analysis to the case of
Rashba SOC in the Co, group. Section V looks briefly at the
DMI contribution from Rashba SOC in different symmetry

groups. Appendix B details several of the points in the main
paper such as: a determination of DMI constants for the con-
ventional Rashba SOC in Cy, group, an analysis of group D3
where the SOC exhibits an out-of-plane component, a table
with LI and €2; in all 10 2D groups obtained in the limit of
small SOC, etc. Section VI summarizes the main points in the

paper.

II. PHASE SPACE BERRY CURVATURE FORMULATION
OF SPIN-ORBIT-INDUCED FREE-ENERGY TERMS,
LINEAR IN SPATIAL MAGNETIZATION GRADIENT

This section briefly recalls the derivation of the correction
Q) to free-energy density that is linear in the gradient of the
magnetic texture. Starting from generic two-band Hamilto-
nian models, it is shown that the correction 2; writes as an
average over occupied states of the momentum and position-
dependent skyrmion-like density of a vector field k(k, r) that
combines the spin-orbit coupling and the exchange coupling
to the magnetic texture. Complementary to previous works,
we show that this skyrmion density entails two distinct con-
tributions that appear at different order in spin-orbit coupling,
but nonetheless both contributing to same order in the magne-
tization m and exchange coupling.

A. Model Hamiltonian

In the following, we focus on generic two-band Hamilto-
nian models of the form

H(k,r) = &(k)oo + h(k,r) - o,
hik,r) = Axy(k) + Agm(r), 3

with ¢ the vector of Pauli matrices, and oy the identity matrix.
The first term is the energy dispersion of electrons in the
absence of spin-orbit coupling, which is an even function
of momentum &(—k) = £(k). The second contribution is a
momentum- and position-dependent vector field h(k, r) that
combines the spin-orbit coupling (SOC) and the exchange
coupling to the magnetic texture. The SOC is described by an
antisymmetric spin-orbit vector y(—k) = —y(k) and a cou-
pling strength Ag,. The magnetic exchange is characterized
by a coupling strength Ay; = JyuS, with S, the magnitude of
spins in the magnetic layer, and J;;, the exchange coupling.
The magnetic texture is modeled by a (unit length) vector
m(r), which varies smoothly in space. As it appears below, the
coupling strengths A, and Ay, are useful parameters to keep
track of the order in a perturbation theory in weak spin-orbit
or weak exchange coupling limits.

B. Free-energy density

The free-energy density is obtained from the local density
of states p(e, r),

Qr) = /d8p(8, r)g(e), 4

with g(e) the primitive of the Fermi-Dirac distribution func-
tion f(g) = g'(e), f(e) = 1/(1 + e#®=M). The local density
of states is expressed using the Green’s functions in a Wigner
representation, in the mixed center-of-mass space coordinate
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r and relative momentum k. Assuming that the Green’s func-
tions vary slowly in space, it is advantageous to expand them
in spatial gradients of the magnetization V,m. This translates
in a gradient expansion of the density of states p = pg + o1 +
..., with the subscript denoting the order of the gradient (see
Refs. [31,38,39,43] and Appendix A for details).

The effective density of states to linear order in the magne-
tization gradient reads

ple, r) = <(1—B!i)5(€ — &k — S hBijk)) ®)

with the shorthand notation

d‘k
()= /———“q (6)
2| Gay

and where summation over repeated indices j is assumed.
In Eq. (5), &k is the semiclassical energy spectrum of the
Hamiltonian in Eq. (3),

esk(r) = &(k) + s - hik,r),

he,r) = AL + A2 4280 Ay -m. ()
with s = &, the band index, and & = |h|. Lastly,
1k - 3,k % 3h)
2 |h|? ’

denotes the element (ij) of the intraband phase space Berry
curvature tensor.

The expression (5) illustrates two qualitatively distinct ef-
fects resulting from the gradient corrections. On the one hand,
there is a momentum-position dependent shift of the band
spectrum, and, on the other hand, there is also a modification
of the spectral weight [38]. To linear order in the gradi-
ent, both effects are proportional to the phase-space Berry
curvature Eq. (8). Using this effective density of states, the
free-energy density is decomposed as 2 = Qg 4 2, with a
zero-order contribution describing the uniform state, 2 (r) =
f depo(e)g(e), and a contribution 2 (r), linear in the gradient
of m, which reads

B (r) = —s ®)

h-(0,h x o.h
Q) = <%m> ©)
with
Fs,k(r) — Sg(g.v,k) - hf(gx,k). (10)

h3

Using the explicit expression of k from Eq. (3), it follows
that the correction to free-energy density €2; has two distinct
contributions

Q=" +ab, (11)
with
A A2
QP = %(ak,.y- (m x 3, m)F, ),
AZ A,
Q") = %(a@m (3, ¥ X Pk (12)

These contributions Q(]O‘])(r) have a structure similar to the
one in Eq. (1) and as detailed in the next section, both generate

Lifshitz invariant and non-Lifshitz invariant contributions to
the DMI interaction.

At this point, a few remarks are in order. The possibility
to express the linear gradient corrections in Egs. (5) and (9)
solely in terms of the intraband phase-space Berry curvature
is specific to two-band models. Likewise, the possibility to
express the phase-space Berry curvature directly in terms of
a phase-space skyrmion-like density of the vector field h(k, r)
is also specific to two-band models. However, Egs. (5) and
(9) are valid for any two-band model (in any dimension) of
the form given by Eq. (3). Importantly, the expression (9) and
(12) contain full nonperturbative dependencies in the coupling
strengths A, and Ay, and also full nonlinear dependencies
in the magnetization vector m(r) since all these parameters
appear implicitly in & and Fj .

III. GENERAL EXPANSION OF NON-LIFSHITZ
INVARIANT CONTRIBUTIONS

In the following, the free-energy density contributions
QEO’U are expressed as Ginzburg-Landau-like expansions in m
when considering A, Ay - m/ A2 as a small parameter, with

A=A+ ALY (13)

Generically, the free-energy densities are expanded as

[ee]

m”=§293, (14)
n=0
with
Q(ll)n = Dl(xl/)sm...m,l,j(mﬂfafimﬁ)mm' My, (15)

where D) are DMI tensors of odd rank. The lowest-order
term n = 0 is quadratic in m and yields the Lifshitz invari-
ant contributions Df;), . of the DMI tensor. The higher-order
terms n > 0 yield the non-Lifshitz-invariant contributions
pY ,.; of the DMI tensor. Since in higher-order contri-
butions there is no requirement of antisymmetry in indices
U1, ... M2, these should be considered generalized DMI en-
ergies and tensors.

More quantitatively (see Appendix B2 for details), the
expansion of eigenenergies leads to an expansion of F; ;. Note
that since y is antisymmetric in k, only the symmetric part of
F; r in k contributes to Q(lo), and only the antisymmetric part

of Fy ; contributes to ",

00
Angrl A2n+2

QQZE:;_?ﬂ_

n=0
x F00), (16)
o Agg+3 2n+2

Q(]l) = Z Tﬂjwnm : (3/‘,,'7 x Yy - m)2n+1
n=0

x o Do),

O,y - (m x 8,,m)(y - m)*"
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where the coefficients }'f’}c) are even in k, and are determined
iteratively

Fo Do)

(0) (n)
A) = A —, 17
Fd® CFR) = a7

y»m:O
for n > 0. The use of argument A in previous expressions
implies that all dependence on energy &, simplifies to one
on 8(0) & + sA.

The Egs. (15) and (16) readily yield the general form of
DMI tensors

s = 3BT AL 0 (O, 5D Vi
x FEP0)), (18)

1 1 2n+3 A 2n+2
DY) i = AL AT €5 (Vo Vo (34, V5)

X Vi VunFeg (M), (19)

with €45, the Levi-Civita symbol.

The usual Lifshitz invariants contribution to the energy is
contained in Qll)o’ and the related DMI tensors are D
The expansion beyond the first order is responsible for non-
Lifshitz invariants. Note that even to first order, there is a
marked difference between the two tensors. The first tensor

Di{ p.; 1s antisymmetric in o and g indices, while there is no

such constraint on D' ﬁ) The symmetric part of the latter
tensor is usually neglected since it multiplies a total deriva-
tive 9,;(mgmyg), and vanishes when integrating over the entire
sample. It was shown, however, that it has physical effects in
generating specific magnetic textures at the sample boundary
[42]. Since we treat here the case of an infinite system, we
consider only the antisymmetric part.

It is particularly revealing to truncate the free-energy den-
sity expansion to the first term where non-LI contributions are
present. This is done either in the limit of small spin-orbit cou-
pling, or small exchange coupling. From Eqgs. (18) and (19), it
follows that at weak SOC the free energy is approximated

Qi = QU + Qg + Q) + O(AL/A%),

~ (DY) +DL)  +DY) mumy,)med,mg.  (20)

aB.j aB.j afuipa,j

Similarly, in the case of weak exchange coupling (or large
SOC) Aso > Asch

Q =) + o) + ) + Q') + 0(a%,/A%,).

~ (i) (@)
Z (Daﬂj +Dopuis, Jmﬂlm/“)m“a B 2D
i=0,1

Note that the power counting in the two expansions is dlffer-
ent. At small SOC, the linear order in Ay, is contained in 9(1 0
alone. This contribution to free energy and all conventional LI
invariants are therefore determined exactly in this limit from
the analysis of 9(1 ()) In the Appendix B 5 we have microscop-
ically obtained the LI invariants in all 10 two-dimensional
point groups by considering the symmetry-allowed spin-orbit
coupling to cubic order in momentum. In contrast, in the

limit of large SOC or small exchange, both tensors Dg;lj)

already contribute at the lowest order Af , such that both Q(lo())
and Q(ll()) are needed. Finally, the explicit expression of F Y(';()

coefficients (17) up to n = 4, necessary to give the dominant
non-Lifshitz invariants in both limit cases of Egs. (20) and
(21) are given in Appendix B 2.

IV. APPLICATION TO RASHBA SPIN-ORBIT COUPLING

The general theory from above is instantiated now in the
important case of Rashba spin-orbit interactions. The simplest
case is that of the Co, group with a rotationally symmetric
Rashba coupling Ay = ar(—k,, k., 0) for electrons with a
parabolic spectrum,

n*k?
H= <% - /L)O’() 4+ ark X 0), + Aggm - 0, (22)

with ag, the amplitude of Rashba SOC.

A. Small SOC expansion

The limit of weak spin-orbit coupling relative to the ex-
change coupling A, is relevant in experiment and is the
focus of the following. To obtain the first non-LI invariant
contribution to free-energy density it is necessary to expand
) to cubic order in ag as shown in Eq. (20). That requires
determining the tensors D(Oﬂ) It D(l) , and D(O) s, j (S€€ Ap-
pendix B 3 for details about the DMI tensors 1nvolved beyond
the weak SOC approximation).

Using the rotational symmetry of the Rashba SOC allows
one to readily show that all nonzero tensor elements of D
are equal in amplitude, such that there is a single DMI con-
stant characterizing the free-energy density

Q% =D{Lj. ;. (23)

with the DMI constant D(O) =DY

_a A? dkk
Dy’ == ‘dZ / (sg0.s — Mfos)  (24)

and Lifshitz invariant

Laﬁ,j = maarlmﬁ - mﬂarjma. (25)

To first order in g, A = Ay, in Eq. (13) recovermg the result
in Ref. [31]. The functions fy, = f(ssk) and g5 = g(e(O))
are the Fermi-Dirac function and its primitive, respectively,
evaluated in the zeroth-order approximation for the band en-
ergies esk =& 4 sA.

(1) )
The tensors Daﬁ It and Daﬂ,“mj

yielding the free-energy contributions Qllo and Q(loi, respec-
tively. Since, again, in each tensor, the components are equal
in amplitude, it is possible to factor out a single DMI constant
in the free energies,

are analyzed similarly,

Ql'y =DL; Q) =D (1 —ml)Ly,,;. (26)

JzJ»

The constant D(()l)

antisymmetric contribution in D;lﬁ) i
reads

A n s . .
= D) /2 is obtained by extracting out the
To cubic order in ag

) “%Afd 3 (1)
Dy = _WZ Ak FU (Asa). (27)
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FIG. 1. The DMI constants Déo), D((Jl), and D§0> in units of kg A, /87 as a function of chemical potential in the limit of small spin-orbit
coupling. [(a),(c),(e)] show the three DMI constants at different Eg and kT = 0.01A,, with the red line represents denoting the zeroth-order
approximation where the DMI constants are linear in ag. [(b),(d),(f)] present the same DMI constants’ behavior at different temperatures and

at fixed ER = O.ZAM [kB = l]

- 0 0
Finally, the DMI constant D" = DY) . from Dég .y DS
the expression to (9(05,3{),
3 A4
ap A’
DY = - > / ki F 3 (Asa). (28)
s

Therefore, the free-energy density €2; in this approximation is
determined by all the three contributions,

Q ~[DY +D" + (1 -m )DL ;. (29)

Already, to cubic order in o there are now non-LI invariants
in the free energy m2L;, ;. The additional dependence on m?
is a property due to the rotational symmetry of the problem
and was already predicted [34].

Using natural momentum and energy scales characterizing
the Rashba SOC,

4

2
mog

20
respectively, yields simple analytical formulas for the con-
stants in the zero-temperature approximation to O(o3),

kg A, 2E, 2 2
DO ~ £ d(l— ﬁ”)(l—%)@(l—“—z),
87 Asd Asd Asd

koE 2 2
DY ~ _R_R#<1 _ ﬂ_z)@<1 _ M_z),

SﬂAsd Axd Axd

3kgE, 5u? 2
D(O)NR—RM(l_ /“Lz )@(1_“_2)

3Asd Asd

L= 4T A sd
with ® the Heaviside function. The results for D(()O) from
Ref. [31] are recovered by eliminating the cubic dependence
on SOC by formally setting Ef to 0. In the zero-temperature
limit it follows that the DMI energy is nonvanishing only
when the Fermi surface determined by p is inside the ex-
change gap. In this case there is a single circular Fermi surface

atk ~ /2m(Asq + )/ h. Outside the exchange gap 1 > Ay,

kp = % and Ep = (30)

€29}

there are always two Fermi surfaces, with equal contribution
and opposite sign, canceling in the sum over the bands.

The behavior of DMI constants for different relative
strengths Er/Ags and at different temperatures are shown
in Fig. 1. The zero-temperature approximation recovers
the numerical behavior at low temperature and weak SOC
Er/A;q < 1. At weak SOC the constant D(()O) is symmetric

in pu, while D(()l) and DEO), antisymmetric around the middle
of exchange gap /A = 0. Such symmetry is quickly lost
at larger SOC and generally the constants have a higher value
near the bottom of the gap, as explained below. Larger correc-
tions in oy also lead to increasing the number of zeros in the
free energy in their respective contribution at . = 0.

With decreasing temperature and increasing Eg/Agy, the
constants develop divergences at the bottom of the band. This
is visible in Figs. 1(b), 1(c), 1(e), and 1(f) and it is due to
the presence of derivatives of the Fermi-Dirac distribution in
coefficients ]—"g(lk) and ]-"fzk) (B12). This effect cannot be cap-
tured analytically in the weak SOC expansion since og enters
only as an overall prefactor, and the effective energy bands are
determined by Ay, alone. The divergence is, however, readily
understood when considering o nonperturbatively.

B. Large SOC expansion

It is telling to analyze this effect quantitatively in the oppo-
site limit Eg/Asz > 1, although the effect is visible beyond
this limit. At large SOC, the two energy parabolas /2k?/2m
for spin up and down are shifted, creating a degenerate man-
ifold of momentum states with zero group velocity at k ~ kg
at the bottom of the lower band p ~ —FEjg. Since the density
of states is effectively one dimensional (1D) there, the total
density of states will exhibit the usual inverse square-root
energy singularity [Fig. 2(a)].

More quantitatively, at zero temperature and in the limit of
Er > Ay, the leading approximation involves both D(()O) and
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FIG. 2. (a) Density of states at small A, (large SOC, Er/A;; > 1) presents divergences at the bottom of the lowest band. Comparison
between numerics (solid line) at kg7 /As; = 0.1 [kg = 1] and zero-temperature analytic approximation (dashed line) for (b) DE,O) and (c) D(()”

DMI constants in the Rashba C,,, case in units of kg A, /87.

D" to O(A2)),
 krAY
B 167TER
. 1+ Eik)% +1+ Eik)—%, u € (—Eg, —Ag),
-, p € (—Asa, Asa)
(32)

0) (1)
Dy” + D,

At u = —Ag, the two asymptotic expressions match to
leading order in Ay /Eg. More importantly, near the band
minimum at u >~ —FEpg, the constant D(()l) displays the typ-

ical 1D singularity in the density of states D(()l) ~ 1+
w/Eg)™1/? ~ 1/./e, where ¢ is the energy calculated from
—FEg. The analytical results are corroborated with the nu-
merical calculation of DMI constants presented in Figs. 2(a)
and 2(c), where the typical divergences in the 1D density of
states are accompanied by the divergence in D(()l). Similar re-
sults are expected for higher-order terms in the expansion that
contribute to order A;‘d such as DEO) [see Figs. 1(c) and 1(f)]
since they contain a stronger divergence generated by Fermi-
surface terms such as f”(¢) that occur in }'53,2 in Egs. (B12).

The above considerations explain the divergences devel-
oping in DMI constants of higher order in oy (see details
in Appendix B 3). This effect could be used as an exploit
to single out non-LI contributions, with the provision that it
would be seen only in the low-temperature regime, at strong
SOC, with a chemical potential finely tuned near the lower
band bottom.

V. RASHBA SPIN-ORBIT COUPLING IN DIFFERENT
SYMMETRY GROUPS

In order to analyze microscopically the DMI free energy
in all 10 two-dimensional point groups, we consider effective
SOC derived to cubic order in momentum in Ref. [41]. No-
tably, in such cases, the rotational symmetry of Cy, may be
lost, and the SOC vector may develop out-of-plane compo-
nents. The latter is true in point groups where a w rotation
around z axis is not a group element: C;, C3, Dy, and D3. In
the remaining six groups, symmetry under a 7 rotation and
antisymmetry of y,, imposes y, = 0. Consequently, in these
groups there is a drastic reduction in the number of linearly

independent components of the DMI tensors. Namely, from
Egs. (18) and (19), it follows that in the generalized DMI
energy m, enters only once, and the generalized DMI tensors
are reduced to nglll) by j? with Latin indices in the (x, y) plane.

Let us briefly analyze the example of group D3 in I bands

where the SOC vector develops an out-of-plane component,
Ay = (— arky, arky, asky(3k; — k). (33)

The SOC in this group is relevant for topological surface states
of Bi,Tes and BiySe; [44,45], BiTel [46], hole gases in quasi-
2D semiconductors [47], (001) surface states of oxide SrTiO3
[48], etc.

Note that the spin-orbit vector is identical in the x and y
components to the case explored in the previous section, and
therefore one expects to recover some of the same structure of
DMI tensors from Cy, case. However, there is an additional
cubic dependence on momentum in the z component of the
SOC vector. The analysis in Appendix B 4 shows that to first
order in a perturbation theory Q(lo()) + Q(ll()) there is no con-
tribution from the cubic term, and the expected LI invariant
follows, i.e., Lj; ; generated by y, and y,. The effect of cubic
Rashba term y, is visible only at the level of non-LI invariants
present in the material. To cubic order in the SOC, there are
now two non-LI invariants generated in the free-energy expan-
sion. One is identical to the previous Cy,, case, and represents
a quartic interaction of spins of the form mZZL jz,j- Additionally,
there is a new invariant that involves only in-plane interactions
between the spins,

2memyLyy o + (m)zc — myz,)Lyx,y.

This non-LI is proportional (up to total derivatives that vanish
in the bulk) to the invariant m, (m? — 3m§)8,-m,- that was ana-
lyzed in detail in Ref. [49] for the group Ds;,. The difference
being that in our case this contribution to generalized DMI
energy appears alongside the conventional LIs and the non-LI
m?L jz.j

The cubic terms in momentum in the SOC, such as those
in y, for D3, are not reflected at the level of LI invariants, and
generally may only contribute to higher-orders in the perturba-
tion theory, to non-LI invariants. To the fifth order in SOC, our
calculations show that these terms only contribute to non-LI
invariants only when the linear contribution in SOC coupling
is present. For the above case, that means the generalized DMI

(34)
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TABLE I. Lifshitz invariants for all the two-dimensional groups obtained to linear order in SOC as contained in the free-energy density
Q(IO()) The parameters «; are real and B; are complex, k+ = k, £ ik,. The spin-orbit interaction A,y - o is determined by the vector A,y as

derived in Ref. [41] (here modulo an eventual overall sign change).

Group r Ay

(©)
Qo

C I,

(Ollkx + Olzky, Ol3kx + Ol4ky, (15kx + (X6ky)

IlLyz,x + IZLyz,)' + I3sz,x + I4sz,y
+ 5Ly, + 6Ly,

G Iy (arky + O‘Zkyv aszk, + a4ky, 0) Ilva,x + IZLyz,y + 5L + I4sz,y
C3 F4,5 (alkx + aZk': _a2kx + alkyv ﬁlki + ,Brki) Il (Lyz.x + sz,y) + IZ(sz.x + Lyz.y)
I (Biky + BIK2, Bok + B33, B3k + B5K7) 0
C4 F5.6‘7,8 (alkx + Clzk ) _a2kx + alkyv O) [l (Lyz.x + sz,y) + IZ(sz.x + Lyz,y)
CG F7,8,9.10 (alkx + a2kya _Olex + alky’ 0) Il (Lyz.x + sz,y) + IZ(sz.x + Lyz.y)
IRTRT! (Bik + BiK2, ok + B3k, 0) 0
Dl F3‘4 (alkyv Olzkx, a3ky) [l Lyz,y + IZsz,x + I3ny,y'
D2 FS (alkyv Olexs 0) Il Lyz.y + IZsz,x
D; r (— aiky, aik,, —iaz(ki —k)) L(Lyyx + Lyyy)
Ise (i) (k] — k), ap (k] +K2), iz (k] — k) 0
D4 F6,7 (alkyv _alk:n 0) Il (sz,x + Lyz.y)
Ds I7g (arky, —aike, 0) L(Lgx + Lyzy)
Iy (o (kL — k), aa (k3 + K2), 0) 0

energy will contain to this order only terms of type afo?'
with n > 0, (where «; is the strength of the Rashba coupling
linear in momentum). Conversely, the Rashba coupling in I's
and I bands in D3 group has no linear terms in momentum
(see. Table I), and yields no contribution to DMI energy to the
lowest orders in spin-orbit coupling strength.

As a byproduct of the present theory, we also determine
the conventional LI invariants, which follow in a first-order
perturbation theory in weak SOC. A table of microscopically
calculated DMI constants and LI-invariants in all symmetry
groups is shown in Table I in Appendix B 5, and recovers
the conventional invariants obtained in a standard symmetry
analysis [4,50].

VI. CONCLUSIONS

In this article, we investigated generic two-dimensional,
two-band continuum models where Dzyaloshinskii-Moriya
interaction is generated in the interplay between spin-orbit
coupling and a magnetic texture. The DMI micromagnetic
free energy, proportional to the first derivative in the gradient
of a smooth magnetic texture, was analyzed in detailed to
reveal its structure beyond the Lifshitz invariants corrections.
A second expansion in weak SOC or weak exchange coupling
allows to pinpoint the exact order at which non-Lifshitz in-
variants are manifest, namely to third order in small SOC and
fourth order in small exchange coupling. The calculation of
DMI tensors was performed in these limits explicitly for the
case of rotation-symmetric Cy, Rashba spin-orbit coupling.
A signature of higher-order terms is revealed in divergences
in the generalized DMI energy due to singularities in the
electronic bands. In the case of Rashba interactions this occurs
due to the effective one-dimensional density of states near
the bottom of the band at larger spin-orbit coupling, which
generates an inverse square-root singularity in energy. Thus, a
signature of non-Lifshitz invariants might be visible in mea-
surements of the DMI constants, provided a strong SOC, a
low-temperature regime kg7 << Ay, with chemical potential
tuned near the bottom of the band.

We have also shown how effective models for spin-orbit
coupling in different point groups may be used to determine
microscopically the generalized DMI energy. The lower sym-
metry of the Rashba vector compared to the continuum model
with rotational symmetry induces new non-Lifshitz invariants.
This approach is checked also by deducing the conventional
LI invariants when taking only the first order in a weak SOC
expansion.

A nontrivial extension to the present paper is the investiga-
tion of multiband effects in systems hosting skyrmions. The
free energy linear in the gradient of the magnetization is still
expressed as a function of the Berry phase [38], but a simple
decomposition as in Eq. (11) is not readily available. Another
open venue is the analysis of free-energy contributions that
depend on higher-order gradients of the magnetization, which
play a role in the stabilization of the skyrmion textures.
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APPENDIX A: GRADIENT EXPANSION

In this Appendix, we detail the gradient expansion lead-
ing to the density of states approximation to linear order in
the gradients from Eq. (5). The calculation follows the lines
drawn in Ref. [38] and is included to render the paper self-
contained.

For an inhomogeneous system, the local density of states
is obtained as p(e,r) = —2ImTr[G(e, r, r)] where G(e, r, 1)
is the (retarded) Green’s functions, with the symbol Tr cor-
responding to the trace over all internal degrees of freedom
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(spin/orbitals). The Wigner representation of the Green’s
function is then defined as

G(e, k,r) = fdr’e"k"“g<s,r+ %,r - %) (A1)
with r playing the role of the center-of-mass position and
k the relative momentum. The local density of states then

rewrites p(e,r) = —%Imf %Tr[G(s, k,r)]. As explained
in Ref. [38] the Wigner Green’s function G(¢, r, k) is obtained
from the Moyal product identity

Gy (e, k,r)ezVr Ve Ve VG k,r) = 1, (A2)

where Gal(e, k,r) = ¢ — H(k,r) with H(k,r) the Hamilto-
nian matrix [e.g., as given in Eq. (3)]. Expanding the Moyal
identity to first order in gradients, and writing G = Gy + G,
we obtain

G;'G, + %(V,Gal ViGy — ViGy' - V,Gy) =0, (A3)
where we use the identity G, 1G0 = 1. Then the first correc-
tion G; reads as

i
G| = 2 ; GolH,,; Go, Hy; Gol, (A4)

with H,, = 3,/.H » Hy, = 8kl.H and where we used the identity
d9r,Go = GoH,,Go.

From now on, we focus on two-band models Hamiltonian
of the form H (k,r) = &(k)oy + h(k,r) - o as given in Eq. (3).
For this model, the zeroth-order Green’s function writes as

Go(e,r, k) = Z i

— ' with
it — & +1in

1 h
esk,r) =& +sh, P, = §<1 +SZ -a), and h = |h|.
(A5)

For brevity, the infinitesimal imaginary energy shift n > 0 is

neglected in the notation, but always implied in the follow-

ing. Correspondingly, the zeroth-order local density of states
d'k

reads po(e,r) = f el >, 8(e — &,) where we use the iden-

tity —LIm—— = §(¢ — ¢,). Considering now the first-order
gradient correction, it is convenient to define g; = Tr[G,],
which reads

y s-h 1
e k,r)= B/ — , A6
gi(e.k.1) Z, S’k[(s—sm 8_83] (A6)
y h-(h,, xhy, .
with B, = —%% the (i) elements of the phase space

Berry curvature tensor. Then the first-order gradient correc-
tion follows as

d'k
(2m)?

pi(e,r) = — > B Ls - hd'(e — &)+ 8(e — &),
5.j

(A7)
where 8'(e — &) = 9,8(e — &). It is then straightforward to
verify that the local density expression p(e,r), as given in
Eq. (5), verifies p = py + p; when expanded to first order in
gradient corrections.

APPENDIX B: DETAILED DMI CONSTANT
DETERMINATION IN RASHBA MODELS

1. Notation

The convention used in the article is that Greek letters
denote indices that can take values in {x, y, z}, while Roman
ones, only in the two-dimensional plane {x, y} of the layer.
Einstein notation, where repeated indices are summed over,
is also employed throughout the paper. Spatial derivatives are
denoted as 9, and act in the 2D plane of the material.

The conventional generalized DMI tensor notation is re-
lated the one used in this paper as follows:

i i
Dt(x;ﬁmmmn = D‘()‘;}ﬂlml’dmj (B1)
where the j index is separated out since it corresponds in
the free energy €2; to a spatial derivative 9, or 9, of the
magnetization m.

The free energy is expressed conveniently with the aid of

LI invariants,

Lotﬁ,j = maarjmﬁ — m,garjma. (B2)

Such invariants are also denoted in the literature as L(E/ﬁ) .

2. Free-energy expansion in two-dimensional, two-band models
with spin-orbit interactions

Here we present in more detail the model and the expansion
of the free-energy density from Secs. II and III. To improve
readability, some equations in the main text are restated.

The continuum model from the main text in Eq. (3),

H=§k)oo+h -0, h=Agyk)+ Agm(r), (B3)

with local energy eigenvalues

Euklr) = £ + 5,/ AL + ALY2 + 280 Ay -m(r). (B4)

The correction to the first contribution to the gradient expan-
sion in the free-energy density €2; uses an expansion of energy
eigenstates

ek =E+sh/1+n, A=, A%+ A2y

ZASO Asd
= —)\‘2 y
with 1 the small parameter. This procedure generates in the
free-energy density a Ginzburg-Landau expansion in the mag-
netization m.

The free-energy density in Eq. (12) are

n m, (BS)

Ay, A2
QP = %(a@y - (m x 3, m)F, ),
A2 Ay
Q) = %(ar,m (¥ X VFR).  (B6)

The functions F;; and implicitly the free-energy density €2;
are expanded in powers of magnetization field

oo o0
Fa=Y FRoanaly-my, o =>"af ®7)
n=0 n=0

The spin-orbit vector y is antisymmetric in k, while the ex-
pansion coefficients F are symmetric in k. Therefore, only
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the symmetric in k part of F;; contributes to Qﬁo), and only

the antisymmetric part of Fj g, to le), such that the following
simplified expressions follow. Each order in the expansion is
related to the rank of a corresponding generalized DMI tensor
D in the following way:

() (@)
Qll»" = Ddlﬂul -Hans j(mo‘a’/mﬂ )m/il My, (B3)
with generalized DMI tensors
0
((X/f?m Honsj T =3 AZHH A2n+260t/%<(akj Y$) V"
X YV Fip (), (B9)
1
e = 3BT (Ve Vo (O V),
X Vun Fip ). (B10)

In calculations, it is profitable to perform a decomposition
of the tensors in symmetric and antisymmetric parts, thus
revealing a reduction in the number of linearly independent
components,

0) . 1)

afpr.pion,j — T laBl(r-pn),J?

(6] _p )]

aBr.oini = Plaplur.cion.i T Papyourmn. - BID
Here [...] and (...) denote antisymmetric and symmetric

tensor in those indices, respectively. Further reductions are ap-
parent only by considering specific point groups under which
DMI tensors transform.

For practical purposes the free-energy density may be
analyzed analytically in the weak SOC or weak exchange
coupling limits to identify the leading non-LI contributions.
This leads to the truncated expansions in the Ay, < Ay limit,

Q= Q) + Qi)+ Q) +0(AL,/AL)

0)

(Daﬁ Jj

or Ago > Agy limit,

Q= Q) + Qi) + Q) + Q) + 0(A%,/AS)

+D.) .+ DS

ap.j Bz, j T m"2)m"’a’fmf”

= Z Df(rlf)f J t(xl}mluz jmmmm)maarjm,g
i=0,1
Computing the first terms in the free-energy density ex-
pansions above [or Egs. (20) and (21) in the main text] to
obtain the non-LI invariants requires the first four coefficients
determined from Eq. (17),

1
FiRO) = (505 = Afos),

FR0) = —( — 3sgo.s + 3hfos — SA2SG ).

1
FR0) = (15Sgo s — IShfos 4+ 6522 f)  — A f),

FR0) = — 105sg0,s + 105 fo s — 45522 £

mﬂ
+ 1047 f3 = sA* f1).
The primes denote derivatives with respect to the energy
argument of the Fermi-Dirac functions. Also, g, = g(aiok),
Jos=f (8(0)) and derivatives are evaluated at 8(0) =&+ s\

(B12)

at vanishing y - m. Higher-order coefficients F contain deriva-
tives of the Fermi-Dirac distribution function, which capture
mainly Fermi surface contribution to the DMI tensor ele-
ments. Although such terms are small in a perturbation theory
in either small SOC or small exchange, they can yield di-
vergences in the free energy at small temperature when the
density of states diverges such as for flat bands, van Hove
singularities etc.

3. Group Cy,

This subsection details the calculation of generalized DMI
tensors and constants in the Rashba model from Eq. (22) in
group Coo,. The spin-orbit coupling vector in this group is
given by

Aoy = ag(—ky, ky, 0), (B13)

and it is identical to the spin-orbit coupling in D4: I and 7,
and Dg: I'; and 3. The y expression determines the DMI ten-
sor elements when using Eq. (18). We derive in the following
the general form of the first four DMI tensors, which capture
the dominant contribution to non-LI invariants. Later in the
subsection we perform a perturbation theory in either weak
SOC or weak exchange coupling to get explicit forms for the
DMI constants.

The DMI tensor in Q(l 0 is sparse with only four nonzero
elements, which are equal in amplitude,

pO — _pO _ _

Jz.J zj,J (B14)

2
ARAS | 10)

2 (]:.v,k ()L))
In these tensor elements the repeated indices are not summed.
This convention also applies below and in the next sec-
tions whenever discussing a given DMI tensor element.
Factoring out one of the elements determines the DMI con-
stant

Q% = D (m;d,,m, — m.d,m;)=DVL;.;  (BIS)
with DY = DY, or, explicitly
2
o _ Ay )
Dy =—=— Z / dkkF) (). (B16)

The next contribution is from the three-rank tensor Délﬂ) i
The nontrivial tensor elements are

ayA ay A2
D, = SRRl ). DY, = SRR r ),

XZ,X Y2y
0‘13e 1
Dy, = D), = ke, FL) (1), (B17)

The last two elements vanish by using the spherical sym-
metry of the problem in the integrals over momentum in (... ),
and the remaining tensor elements read

3A2
DM RAL 2
DY = pth == (CF L), k

XZ,X yz,y

=k; + k.
(B18)

The symmetric part of the tensor integrates to zero over the
bulk as it multiplies a total derivative d,,(m;m;). Therefore,
the nonvanishing part of the free-energy density has only the
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antisymmetric part

Qo =Dy Ly, Dy’ =DL\/2, (B9
with explicit DMI constant
3A2

D\ = k2w /dkk3f“> 2. B20

0 167 Z x,k( ) ( )

The DMI tensor in Q(loi has eight nonvanishing tensor
components,

o _ _pnOo  _
Djzu J Dzjii,j -

4
T2 12 7O 2)). (B21)

Therefore, the free-energy correction reads

Q(loi = D(O)(mxaxmz m; 0y mx)(m + m: ) +x <y

=D (1 —m?)L;, ;, (B22)
using m*> =1 in the second equality, with DMI constant

D(lo) D(O)’ or

DY = “R L) Z / A F0).  (B23)

The final generalized DMI tensor considered here has 16
nonvanishing components (not explicit here), leading to a
free-energy density contribution,

Q') = 2D (1 — m2)(m,dm, + myd,m,). (B24)
The free-energy density, after eliminating total derivatives
3y, (mjm.) and 9, (m;m?), also reads

2
1 ) m
91,1 =D (1 - TZ)sz,j’

which presents the same m?

The DMI constant reads

30{
1 3)
Dﬁ) 6Ijlnéd E fdkksf( Q).

(B25)

correction to Lifshitz invariants.

(B26)
|

0 87TER

DO ~ kr A% {2\/1 + /Ex,

1 - H/Aéd’

In the following we introduce the characteristic Rashba
momentum and energy scales

mag moc,ze

9 R = 2h2 9
and perform a perturbation theory either in the small or large
SOC limit.

B27)

a. Small SOC

We consider now the expansion in g/ Agy as in Eq. (20). In
Fig. 1 we have shown the exact behavior of the DMI constants
by numerical integration over bands and momentum, includ-
ing the limit of small SOC. Analytically, we also compute
the DMI constants in the zero temperature limit, to the lowest
orders in ag.

To (9(04,3-‘,), the zero-temperature DMI constants read as

follows:
krAg 2E, 2 2
) . KrRAsd R I H
O3 (R ()
sd sd sd
(B28)
kgE : :
DV ~ — RERE (1 -2 )@(1 _ “—2> (B29)
87 Ay A2, A2,
and
E 2 2
p® ~ SKREri (0SNG R g3
DT An Ay 3A2, A2,

with Heaviside step function ®. To obtain D(()l) it was neces-
sary to expand Fx(i)()») from Eq. (B16) to a,%, hence the term
proyortional to a}gER. Note that to linear order in ag, only
DO1 survives by formally setting in the expression Ex = 0,
such that it reproduces the results in Ref. [31]. The zero-
temperature results are obtained by performing the sums
and integrals in Egs. (B16), (B20), and (B26) using Fermi-
Dirac formulas at zero temperature g(¢) = (¢ — w)®(u — ¢),
f(e) =0 —¢),and f'(e) = —8(u — ).

b. Large SOC

In the limit of Ex > Ay, we obtain from Eq. (B16) the
leading zero-temperature approximation to D0 0)

e (_ERv _Asd)9

B31
ne (_AsdyAsd)~ ( )

To same order in A, there is the additional contribution from Dg]) from Eq. (B20),

=3(1 + u/ER)"? + (1 + n/Eg)~'2,

W _ ke
O T 16mER T | pu/Agy — 1

Therefore, the DMI constant at large SOC (small exchange
coupling) D(O) + D(l) is the one in Eq. (32). The D(()l) constant
has a dlvergence at the bottom of the band in the limit of small
exchange coupling (or large SOC) due to the Fermi surface
contribution to the free-energy density. This is a consequence
of the large density of states that develops at the bottom of

me (_ERv _Asd)s

(B32)
JS (_Asda Axd)-

[
the band, where the minimum occurs on a circle of constant
energy at k = kg, such that the density of states there has a
characteristic divergence of a 1D model. The DMI constant
has a similar divergence near the band minimum at u >~ —FEp,

Dy ~ (1 u/Ep)™" ~ 1/, (B33)
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where ¢ is the energy calculated from —E. Such effects start
to be visible at low temperature even at Ex < Ay, in Figs. 1(b)
and 1(e), and more so at Ex > Ay, where the divergences
in the DOS are accompanied by the divergence in Dol), re-
spectively in Figs. 2(a) and 2(c). This situation becomes more
visible for higher terms in the expansion that contribute to or-
der A“d such as D( [see Figs. 1(c) and 1(f)] since they contain
a stronger dlvergence generated by Fermi-surface terms such
as f”(¢) that occur in Fé(i) in Egs. (17).

4. Group D;

There are cases where the SOC vector develops nonzero
out-of-plane components where one could expect qualitatively
different results. This occurs for groups where rotation sym-
metry by 7 is absent: C; 3 and D, 3. This subsection details
the calculation of generalized DMI tensors and constants in
the Rashba model from Sec. V in group D3 for I'; bands. In
this case, the spin-orbit vector reads

Ay = (— arky, aiky, axky (3k; — k7)), (B34)

where for convenience o is defined as half of «, from Ta-
ble I. The cubic term breaks the rotational symmetry of the
spectrum. '

In the following, we will analyze the first terms, le,)o and

QE’)] , in the Ginzburg-Landau expansion in magnetization m

J

aA aazA

without assuming either relative small SOC, or small ex-
change coupling. At the end of the section, the small SOC will
be treated in more detail since it allows analytical resolution
for the DMI constants.

The nonvanishing components of Dgg ; tensor read

(X]A

©) ©) 0)
DJZ] _DZJJ <]:vk()‘)>
6“2 0
DY) =-D) = <k FE ),
30[2
0 0 sd 2 2 (0)
DY), = =Dy = =4kl — k) FYG) (B35)
with
A= \/ A2+ 02k + a2k2(3K2 — k2)° B36
= + afk? 4+ a3k2( 2)". (B36)

The last two equations in (B35) vanish by symmetry and
therefore the free-energy contribution reads

0 o A 0
N Lt (O

It exhibits the usual LI structure (see Table I).
There are eight components of the D(lﬁ) tensor that do not
vanish under the constraint D3 group imposes on the angular

integral,

(B37)

1 1 1 1
Dy =—=HGFG) DR = === BRI A R)FRM), DY) = —afen ALK FGG),
3ata, Al
D\ = —3afoar AL (K F ) (), DY, =——— 22 (k2 (k7 — k) FL ), (B38)
2
0, = DBt _okHFENG). DY, = oAb (KB — ) FDG)

Due to the lack of rotation symmetry it is not immediate to
resolve these integrals as was the case in Cy,. Using polar
coordinates and adding the contribution from all tensors as in
Eq. (15) yields the energy density,

A? dkk [ ak?
2o = ‘T“Jf m[ 5 Omdome + mydym)r (k)

30512052k4
T(myaxmy — my0ymy + my0,my + m,0,m,)
M 103k° M
x ry (k) + ———(m;0ymy + mz0ymy)r, (k) |,

(B39)

where the angular integral acts inside functions r0 1 These are
generally defined for following use,

2
rm (k) = Z /0 do sin(30)" F (). (B40)

The second term O(a%az) vanishes since it contains only
total derivatives over products of magnetization components.
Then after factoring out the symmetric part of the rest of the

(

components, which integrates to zero in the bulk, one obtains

Q(11()J = D(I)Lﬂ i
()[1A2
p{" = - 32n2/dkk3[a1 o (k) — krogrP (k)] (BAD)

Thus, the usual LI invariant is indeed recovered to this order
and a unique DMI constant is defined.

Higher-order tensors are expected to yield the non-LI con-
tributions. There are 28 nonvanishing components to tensors
D Adding the respective energy contribution from

afpipn,j .
each of them yields

AL dkk[  odk?
0 S 2
@) ZTd/O m[ = = (L=m)r? ()L
3ok
142 _r(()Z)(k)[2mxmyLyx,x + (m; — m)z)l,y”]

302k 8
+ % <1 - §m§> rP (L., ]}, (B42)

with the functions r deﬁned as in Eq. (B40). At this order,
it is practical to deﬁne three DMI constants to quantitatively
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describe the free energy,

0 0
Q(l i —D( )(1 —m)Lj. +D]b [2mmy Ly

8
+ (m} —m})Lyy ] + DY [(1 - gmf)sz,j}-
(B43)

Finally, there are 80 nonzero components to D&lgm o

Adding the contributions from each one yields the free energy

_3“?k4r(3) l_mzz L.
16 ° 2 )

a) _ Ay, [ dkk
1,1 — 2
2 ) @m)

9a‘1‘a2k6 G 3 s o
16 (ro )_”i )[memyLyx,X‘*‘(mx_my)Lyx,y]
lSa?a%kg 3) 5,
+—16 r] <1—§mZ>Lﬂ,]
9 agk] (3) 5
= O Ly + (0 = )L
3o oik!?
Tzrfkk)mggz, it (B44)

The non-LI invariants that are present in the free-energy ex-
pansion to higher order are characterized by qualitatively new
invariants of the type 2m,myL,,  + (m)% — m\2 )Ly . These are
identical to the non-LI invariant in the D3, group analyzed in
Ref. [49]. Modulo total derivatives, which vanish in the bulk,
they are related as

mx( —3m ) —%(memyLyx,x + (mi — mi)Lyx))

(B45)

a. Small SOC

Several simplifications are possible in the small SOC limit,
where the rotation symmetry breaking SOC distortion to
the energy spectrum is treated perturbatlvely The first-order
corrections require knowledge of tensors D° ﬂ I DY and

apB.j’
ngs) in.] .. In the small SOC limit, at each order one recovers

in the 1ntegra1 the rotational symmetry such that the expres-
sion for DMI constants is further simplified.

Computed to cubic order in spin-orbit coupling, the nonva-
nishing components are from (B35)

2
th i 2 Z/ 277 ]:s,k (Asd)

+5 ( )fﬁ,ﬁ(Am}

This exhibits the same structure as in the Cy,, case. Defining
DY = DY), the free-energy density reads

(B46)

Q) =D L., ;. (B47)

Thus working to linear order in SOC yields the conventional
LI invariant characterizing the D3 (or Cs,) point group in 2D
(e.g., see Ref. [4]).

The contribution from D,

order in SOC F, Y(’lk)()»)

(l) also simplifies since to cubic

F Y(lk)(Axd) and the angular integral is

trivial. Therefore, it readily follows from Eq. (B41) that

Q1 = Dg 'Ljz.j.

D(l)__a]Ast dkk'i 2 %k4 J—_'(l)(A )

© T Tlen £ T T )T
(B48)

which renormalizes the previous term (B47).

Finally, the last term to cubic order in SOC is the contri-
bution from Da uins, - From Eq. (B42) it follows directly that
the three DMI constants are determined after performing the
angular integral in (?) functions,

D(O) _ a?A?d dkk3]:(2) A
la — 8T Z s,k( sd )

et A
Dy = ==y / dkk® F3) (Asa).

(B49)

33 A
D == 2= / dkk" FO)(Aua).

In the zero-temperature approximation the DMI constants
reveal that there is a nonvanishing contribution due to cubic
terms in momentum. Since both D(()O) and Dél) contribute to

the conventional LI, we add them to yield D((]H = D(()O) + D(()l),

2
DL = — U1 > | dkk| EQ (M)
0o = A sk \Psd

k2 2k
4(3 2 4 5 )F“)(A;d)}

where the k° term contributes at zero-temperature above the
£ap,

+) o Aggm w? 30{? w [ m 2 w?
Dy = 7l el 72 -5
8rh Asd 16 Agg \ B A‘vd
+“‘“§m41+“38 gl 3k
80m \ 2 A Asa AL,

2 2A
% @(1 _ ,u_> + O“O[Z—Yd<h2> O — Ag).

Y4
(B51)

(B50)

Finally, from Eqgs. (B49) we obtain

po = odn (m (S o
W = Te-a \72 ) (1—32 el -2 )
167 Agg \ I 342, A2,

©) 30512012Asd m\’ ,u2 5,u2
Dy, = 2 l— = J|1--F
327 h AL, AL

4 2
DY = 9010311 A Y (= M_z of1- 'u_z _
‘ 167 i AZ, A2,
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The SOC in I'5 and [ bands in point group D3 reads (see
Table I)

Aoy = (o (kL — k), ookl + &), ias (k3 — k2)), (BS3)

with k+ = k, = ik,. Working at small SOC, the integrals are
expanded term by term, and we find zero contribution to
(9(051-5 ).

5. DMI constants for LI invariants in all 2D symmetry groups

Here we determine the DMI constants for LIs obtained
in the approximation of relatively weak SOC Ay, < Ay,
extracted from Qi%. The results are presented in Table I for
all symmetry groups. Generically we see that cubic terms in
momentum are irrelevant to first order in spin-orbit coupling.
This readily yields the DMI constants determined by a single
integral,

A?
= %% Z / dKEFQ (M), (B54)
In the zero-temperature limit it reads
i Ar 2 2
r=-20d B )e(1-£). 85
8 h Asd Axd

The I; coefficients are formally the same (up the value of «;)
with the one analyzed in detail the Cy, case, i.e., DE)O) from
Eq. (B16).

6. Gapped Dirac model

An important limit with application to topological materi-
als is that of a Dirac model with Rashba spin-orbit interactions

and gapped by the exchange coupling. The Hamiltonian for a
Coop model reads

H = —poy+oarlk x 0), + Aggm(r) - 0. (B56)

In this case, the first DMI constants are computed exactly to
all orders at zero temperature.

The first DMI coefficient from Eq. (B16) in the zero-
temperature limit is

A,
_4ﬂil; ne (_Asdv Asd)’

n ¢ (_Axdv Asd)'

Note that the zero-order perturbation theory in small spin-
orbit coupling would be divergent due to flat bands for the
zero-order energy at +A,,. Nevertheless, summation of all
orders gives a dispersion to the bands, which returns a finite
DMI constant.

To the same order in magnetic texture, Dgz) from Eq. (B20)
is half the amplitude of D(()l), such that the total contribution
reads

DY = (B57)

—sign(u),

DY = 1D DO yp—1p®  (B58)

The first non-Lifshitz invariant, in the zero temperature ap-
proximation, is nonzero only in the gap and the related DMI
constant from Eq. (B23) reads

MAsd - 2 2
—8MR0(1 w2 /AL).

The remaining contribution to O(m*) reads from Eq. (B23)

D’ = -1p?. (B60)

DV = — (B59)
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