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The non-Bloch band theory can describe energy bands in a one-dimensional (1D) non-Hermitian system.
On the other hand, whether the non-Bloch band theory can be extended to higher-dimensional non-Hermitian
systems is nontrivial. In this work, we construct the non-Bloch band theory in two classes of two-dimensional
non-Hermitian systems by reducing the problem to that for a 1D non-Hermitian model. In these classes of
systems, we get the generalized Brillouin zone for a complex wave vector and investigate topological properties.
In the model of the non-Hermitian Chern insulator, as an example, we show the bulk-edge correspondence
between the Chern number defined from the generalized Brillouin zone and the appearance of the edge states.
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I. INTRODUCTION

A non-Hermitian Hamiltonian effectively describes a
nonequilibrium system [1]. In recent studies, the non-
Hermitian skin effect, i.e., the localization of bulk eigenstates,
plays a crucial role because it causes remarkable phenom-
ena [2-24]. In particular, with the non-Hermitian skin effect,
energy eigenvalues under an open boundary condition and
those under a periodic boundary condition are different. Such
phenomena associated with the non-Hermitian skin effect
are an obstacle to investigate properties of a non-Hermitian
system. For example, the bulk-edge correspondence between
a topological invariant defined from the conventional Bloch
wave vector and existence of topological edge states seems to
be violated within the conventional definition of a topological
invariant.

Recently, the non-Bloch band theory was proposed [2,25—
28]. It was shown that in a one-dimensional (1D) spatially
periodic non-Hermitian system without disorder, the gener-
alized Brillouin zone B = ¢’ for the complex Bloch wave
number k becomes different from that in a Hermitian system,
and it reproduces energy eigenvalues under an open boundary
condition. The non-Bloch band theory gives the condition
for the generalized Brillouin zone and is applicable to the
system even with long-range hopping amplitudes and on-site
potentials. Importantly, a topological invariant defined from
the generalized Brillouin zone restores the bulk-edge cor-
respondence. Additionally, some features of the generalized
Brillouin zone lead to unique phenomena, such as appear-
ance of a topological semimetal phase with exceptional points
[29]. Thus, the non-Bloch band theory is a powerful tool
for studies on many properties in a non-Hermitian system.
However, there is a lack of studies on a two-dimensional (2D)
non-Hermitian system in terms of the non-Bloch band theory.

There have been some studies on topological phases and
boundary states in a 2D non-Hermitian system in terms of the
conventional Bloch band theory. For example, some previous
works investigated how non-Hermiticity affects the bulk-
edge correspondence [30-41]. Furthermore, Refs. [42-45]
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calculated the Hall conductance associated with the topolog-
ical edge states in the model of the non-Hermitian Chern
insulator. In recent years, non-Hermitian topology in a higher-
dimensional system has been attracting much attention. In
theory, Refs. [46—53] proposed the higher-order topological
non-Hermitian skin effect, in which eigenstates are localized
at corners of the system, and in experiment, it has been ob-
served [54-58]. We emphasize that the topological invariant
predicting the higher-order topological non-Hermitian skin
effect is defined from the real Bloch wave vector. However,
as we learned from a 1D non-Hermitian system, we cannot
investigate physics of a 2D non-Hermitian system with an
open boundary condition in terms of the real Bloch wave
vector. Therefore, it is necessary to construct the non-Bloch
band theory in a 2D non-Hermitian system.

So far, the non-Bloch bands in some 2D non-Hermitian
models were investigated [59-65]. Nevertheless, it is un-
clear whether the non-Bloch band theory in general 2D
non-Hermitian systems can be constructed. In this work, we
construct the non-Bloch band theory in two classes of 2D
non-Hermitian systems, where we can reduce the problem
to that of a 1D non-Hermitian model. One class of sys-
tems has specific symmetries, such as a mirror symmetry
suppressing the non-Hermitian skin effect in one direction.
The other class is decoupled into two 1D non-Hermitian
systems due to a special form of the Hamiltonian. These
properties indicate that the eigenstates in the bulk are writ-
ten as linear combination of a few plane waves. Thereby,
the condition for the generalized Brillouin zone can be
obtained. In this paper, we exemplify three systems, e.g.,
the model of the non-Hermitian Chern insulator, the non-
Hermitian Benalcazar-Bernevig-Hughes (BBH) model, and
the Okugawa-Takahashi-Yokomizo (OTY) model. We show
that the generalized Brillouin zone reproduces the energy
eigenvalues in these models with a full open boundary con-
dition. Furthermore, we investigate topological properties in
terms of the generalized Brillouin zone.

This paper is organized as follows: In Sec. II, we introduce
our 2D non-Hermitian tight-binding model and propose two

©2023 American Physical Society
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FIG. 1. Two-dimensional tight-binding system on a square lat-
tice. The geometry of the system is a rectangle, where the lengths
in the x direction and in the y direction are L, and L,, respectively.
The black circles express the unit cells at the lattice pointr = (n,, n,)
(ny=1,...,L,n,=1,...,L)).

classes of systems where we can apply the non-Bloch band
theory. Then, we can get the condition for the generalized
Brillouin zone. In Sec. III, we analyze the three 2D non-
Hermitian models in terms of the non-Bloch band theory. In
Sec. IV, we discuss the 2D non-Bloch band theory proposed
in this work from the viewpoint of the formation of a standing
wave and comment on difficulty to construct the non-Bloch
band theory in general 2D non-Hermitian systems. Finally, in
Sec. V, we summarize our result.

II. MODEL

First of all, we introduce a 2D non-Hermitian tight-binding
system. Throughout this paper, the system lies on a square
lattice, and the geometry of the system is a rectangle, as
shown in Fig. 1. The real-space Hamiltonian of our system is
given by

q Ny
— (x) )
H=3 > | 2t ,+wc,v+2t,,w Fripury |
r p,v=1 \i=—N, i=—N,
(D
where cj is a creation operator, r= (n,,n,) (n,=

1,..., Lx,’ny =1,...,L,)isalattice point, g is the number of
internal degrees of freedom in a unit cell, and ¥ and y are unit
vectors in the x direction and in the y direction, respectively.
The particles hop up to the Nth and N,th nearest-neighbor
unit cells along the x and y directions, respectively. We note
that when either tl(xv)ﬂ =+ (t(fi)’ )t or tl(yv)u + (tg) L) s satis-
fied, the system becomes non-Hermitian. Now, the real-space
eigenequation is written as

Hly) = E|y), (2)
where the eigenstates are given by
T
W) = (""w(nx,ny),l""’w(nx,ny,l),q’ ) . 3)

Next, we describe a way to construct the non-Bloch band
theory in our system. In the case of ¢ = 1, it is straightforward
to construct the non-Bloch band theory in the system. This
is because the system can be decomposed into two 1D non-
Hermitian models. In Appendix A, we derive the condition for
the generalized Brillouin zone in this case. On the other hand,
in the case of ¢ > 2, we find that when the system satisfies
some conditions, one can calculate the generalized Brillouin

zone in terms of the conventional non-Bloch band theory. In
the following, we explain the two cases where the description
of the non-Bloch bands is possible.

A. Case A

In a 1D non-Hermitian system, when the energy of the
eigenstate with the Bloch wave number +k and that of the
eigenstate with —k are degenerate, the non-Hermitian skin
effect is suppressed because k becomes real [8,66,67]. The
degeneracy leading to the suppression of the non-Hermitian
skin effect comes from symmetries, e.g., a global symmetry,
such as a PT symmetry, and a crystalline symmetry, such as
a mirror symmetry. Importantly, we here propose that such
suppression is realized also in a 2D non-Hermitian system.
For example, when the Bloch Hamiltonian H (k,, k,) satisfies

U™'H" (ky, —k)U = H (ky, ky), )

where U is a unitary matrix satisfying U? = 1, we can show
that the non-Hermitian skin effect in the y direction is sup-
pressed. In fact, when Eq. (4) is satisfied, the wave with the
Bloch wave vector (k,, ky) is reflected to that with (k;, —k;)
at the boundary of the system parallel to the x direction.
Then, the condition for the formation of a standing wave
means that the imaginary parts of the wave vector for the
incident and reflected waves are equal. Therefore, we can
obtain Im(k,) = Im(—k,), meaning that k, is real, and the
non-Hermitian skin effect in the y direction is suppressed.

In this case, the bulk eigenstates extend over the y direction
because the Bloch wave number &, becomes real. Hence, in
the limit of a large system size, the asymptotic behavior of the
bulk eigenstates in the cylinder geometry, where a periodic
boundary condition in the y direction is imposed to the system,
matches that in the full-open geometry. Therefore, the energy
bands in the cylinder geometry asymptotically reproduces the
energy levels in a finite open plane. Importantly, since the
cylinder geometry can be regarded as a pseudo-1D system,
one can calculate the energy bands of this system in terms
of the conventional non-Bloch band theory. Thus, we can
construct the non-Bloch band theory in the system.

Based on the above concept, we establish the non-Bloch
band theory in the 2D non-Hermitian systems without the
non-Hermitian skin effect in the y direction. With Eq. (4), by
assuming that the Bloch wave number k, is real, we take

V= D (Be) ™" g )
J

as an ansatz for the eigenequation in the cylinder geometry.
Here, we define the non-Bloch matrix as

Ny
[HBe k)l = Y 15, ()" +

m=—N,

Z tg)lw ikym (6)

m=—N, 'y

Then, in Eq. (5), B = By, is the solution of the characteristic
equation

det[H (B, ky) — E] = 0. )

We note that Eq. (7) is an algebraic equation for 8, of 2gN,th
degree. Therefore, the condition for the generalized Brillouin
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zone is given by

|Bran.| = [Bran1]. ®)
where the solutions of Eq. (7) are numbered as
|:3x.l| < e < |:3x,2qNX . (9)

For a given real value of k,, we can obtain trajectories of By g,
and B 4n.+1 With Eq. (8) forming loops on the complex plane.
Thus, by changing the real value of k,, the surface formed by
(B, By) (By = e, ky, € R) is the generalized Brillouin zone.
Finally, from the generalized Brillouin zone, we can calculate
the energy bands by using Eq. (7). In this work, we show that
it matches the energy levels in a finite open plane. This means
that the non-Hermitian skin effect is indeed suppressed in the
y direction in this case.

B. Case B

Next, we focus on the case that the characteristic equa-
tion of the Bloch Hamiltonian H (k,, k) is written in the form
of separation of variables. In this case, the motion of the
bulk eigenstates in the x direction is completely decoupled
from that in the y direction. Namely, the 2D non-Hermitian
systems can be regarded as two 1D non-Hermitian systems.
In the following, we assume that the characteristic equation is
given by

det[H (ky, ky) — E] = R(e®, E) + Ry(e™) = 0. (10)

Then, by applying the conventional non-Bloch band theory to
the 1D non-Hermitian systems, we expect that one can get the
energy bands in the 2D non-Hermitian system, and indeed, we
will show it in this work.

Now, we derive the condition for the generalized Brillouin
zone to calculate the energy bands. With Eq. (10), we have

Vr =3 (Bes)" (Buy) ol (1)

JxrJy

as an ansatz for Eq. (2). Here, B, = B, and B, = B, in
Eq. (11) are the solutions of the equation R, (B, E) = A and
the equation R,(B,) = —A, respectively, where A is an ar-
bitrary constant. We note that these equations are algebraic
equations of 2gN,th degree and 2gN,th degree, respectively.
Thus, we can get the generalized Brillouin zone spanned by

(Bx, By) satisfying

= | Baghot1]» (12)

where the solutions of Ry (B,, E) = A and R,(8,) = —A are
numbered as

’ﬂa,qN,,

1Bl < -+ < |Baan, (13)

for a = x, y. Finally, the energy bands are obtained from the
characteristic equation of the non-Bloch matrix

Ny Ny
[H(Be. B)luw = D 155, B+ Y 19 (B)". (14)

m=—N, m=—N,

We note that, unlike Case A, the non-Hermitian skin effect
appear in both directions.

III. EXAMPLES

In this section, we calculate the generalized Brillouin zone
and the energy bands in some examples, e.g., the model of
the non-Hermitian Chern insulator, the non-Hermitian BBH
model, and the OTY model. The first model is in Case A,
and the second and third models are in Case B, as discussed
in Sec. II. Throughout this calculation, we show that the
non-Bloch band theory in the Case A and Case B indeed re-
produces the energy levels in a finite open plane. Furthermore,
we study topological properties in theses systems in terms of
the generalized Brillouin zone.

A. Non-Hermitian Chern insulator

First of all, we focus on the model of a non-Hermitian
Chern insulator investigated in Ref. [59]. The real-space
Hamiltonian of this system is given by

H = Z(c; iTler+ el Tieris
r

+elTier + e Tyery +riMey), (15)
where
T. :1 —f  —iu ’ Tyzl —ty  —vy
2\ —1v, I 2\ vy ty
M= ( m ””XJ”’y), (16)
Yx —Vy —m

and ¢/ = (c: 4> Cl ) are the creation operators of particles
on sublattices A and B, respectively. For simplicity, all the
parameters are set to be real. We note that this system is in the
case of Ny =1, N, = 1, and ¢ = 2 in Eq. (1). The real-space
eigenequation is written as

T¥rs + TV + T, + T, + MY, = EY,,
(17)

where ¥, = (Y4, 1//,,B)T. In the following, we investigate
the case of y, = 0. Then, the Bloch Hamiltonian H (k,, k) of
the system has the symmetry written as Eq. (4) with U = 1.
Hence, this system is in Case A as discussed in Sec. IT A, and
we expect that the non-Hermitian skin effect is suppressed
along the y direction. Indeed, one can see from Fig. 2(a) that
all the bulk eigenstates are localized at one edge. By following
the discussion in Sec. Il A, we can get the generalized Bril-
louin zone and the energy bands.

In the model of the non-Hermitian Chern insulator, the
non-Bloch matrix is given by

H(Be ky) = BT+ BT + T, + T + M. (18)

Since the characteristic equation det[H(B,, ky) — E] =0 is
a quartic equation for B, the condition for the generalized
Brillouin zone is given by

B2l = |Bx.3l, 19)

where the solutions of the characteristic equation satisfy
Eq. (9). As an example, we show the generalized Brillouin
zone formed from the complex Bloch wave number k, and
the real Bloch wave number k, in Fig. 2(b). Furthermore, the
energy bands are calculated from the generalized Brillouin
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FIG. 2. Eigenstates, generalized Brillouin zone, energy eigen-
value, and Chern number in the model of the non-Hermitian Chern
insulator. (a) Bulk eigenstates localized at one edge. (b) Generalized
Brillouin zone spanned by (8., B,) (B, = €', k, € R). The color bar
means the absolute value of B,. (c) Energy bands calculated from
the generalized Brillouin zone. (d) Energy level in the system with
L, = L, = 30. We show the topological edge states in orange. (e)
Chern number for the band with Re(E) < 0 computed by using the
Fukui-Hatsugai-Suzuki method. The Chern number changes its value
at m = 1.91. In panels (a)—(e), the values of the system parameters
are set to be t, =09, f,=1, v, =12, v, =0.8, ., =0.2, and
¥y = 0, and in panels (a)-(d), m = 1.6.

zone as shown in Fig. 2(c). This model has two bands, one
with Re(E) > 0 and the other with Re(E) < 0. We also cal-
culate the energy levels of the system on a finite open plane
as shown in Fig. 2(d). Comparing Fig. 2(c) with Fig. 2(d), we
confirm that our non-Bloch bands reproduce the energy levels
in a finite open plane.

Next, we investigate a topological aspect of the model of
the non-Hermitian Chern insulator in terms of the Chern num-
ber defined from the generalized Brillouin zone. Let |ug ,(k))
and (uy , (k)| denote the right and left eigenvectors of Eq. (18),
respectively, where k is the complex Bloch wave vector with
k, defined by e’ = B,. Here, n expresses a band index, and
we set n = + and n = — to represent the energy bands with
Re(E) > 0 and Re(E) < 0, respectively. The right and left
eigenvectors satisfy (ug ,, (k)|ug ,(k)) = 8.,. Then, we define
the Chern number as

c = / kB, (), (20)
2mi Ty
_ 8ML,n(k) 8”R,n(k)
B"(k)_< k. ok, >
_<8ML,n(k) auR,n(k)>, (2])
ok, | ok,

where B, (k) is the Berry curvature. The definition of Eq. (20)
means that the Chern number is defined as an integral of the

Berry curvature over the generalized Brillouin zone denoted
by Tz. Now, we compute the Chern number with n = — by
using the Fukui-Hatsugai-Suzuki method [68]. As shown in
Fig. 2(e), the Chern number takes —1 in some region of the
parameter m. Importantly, the nonzero Chern number corre-
sponds to appearance of the topological edge states as we
discuss next. Indeed, the topological edge states shown in
orange appear in Fig. 2(d). Thus, the non-Bloch band theory
shows the bulk-edge correspondence in the model of the non-
Hermitian Chern insulator. We note that the gap-closing point
atm = 1.91 is not an exceptional point because the non-Bloch
matrix has full rank. It was shown by Ref. [64] that the gapless
phases with exceptional points can appear as an intermediate
phase between the trivial phase and the topological phase in
some parameter regions.

In general, the Chern number (20) predicts existence of
topological edge states. In the following, we focus on a non-
Hermitian system with a line gap in which energy bands
are separated into two sets, set 1 and set 2, by a line on
the complex energy plane. First, we note that the sum of
Eq. (20) over all the bands belonging to the set 1 is quantized,
which is shown in Appendix B. According to Ref. [66], a
non-Hermitian system with a line gap can be transformed to a
Hermitian system without closing the gap. The transformation
corresponds to the deformation from the generalized Brillouin
zone to the conventional Brillouin zone. Then, the values of
Eq. (20) remain quantized under the deformation. Hence, after
transforming the system, Eq. (20) becomes the Chern number
of the Hermitian system, defined by the conventional Brillouin
zone. In the Hermitian system, the bulk-edge correspondence
for the Chern number is established. Importantly, since the
bulk gap remains open before and after the transformation,
the topological properties in the non-Hermitian system and
the Hermitian system are common. Therefore, the nonzero
value of Eq. (20) corresponds to appearance of topological
edge states across the gap between set 1 and set 2. Thus, we
have shown the bulk-edge correspondence for Eq. (20).

Finally, we comment on the relationship between the
present work and Ref. [59]. This previous work investigated
the model of the non-Hermitian Chern insulator in terms of a
low-energy continuum model in which the Bloch Hamiltonian
of Eq. (15) is expanded up to second order of the Bloch wave
vector around (ky, k,) = (0, 0). In the low-energy continuum
model, one can obtain an approximated value of the complex-
valued Bloch wave vector only near (k,, k,) = (0, 0). On the
other hand, in this work, we show a way to get the full
generalized Brillouin zone in the original lattice model. We
note that near (ky, k,) = (0, 0), our generalized Brillouin zone
reproduces the approximated result in the previous work.
In particular, the previous work proposed that the band gap
closes at

2
l‘x]/x2 n ny/y
202 202

Me > 1, + 1y, + (22)

and the Chern number changes its value there. With the values
of the system parameters in our calculation, Eq. (22) gives
m. >~ 1.91, and it matches the value of m at which the Chern
number changes in Fig. 2(e).
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B. Non-Hermitian Benalcazar-Bernevig-Hughes model

Next, we study the non-Hermitian BBH model with the
asymmetric intercell hopping amplitude and the next-nearest
neighbor hopping amplitude by following Ref. [69], which
has studied the second-order topological phase in a Hermitian
system with a chiral symmetry. The real-space Hamiltonian of
this system is given by

H = Z(CI+)AC’I;TC" + C:];L'r_t,_fc
r

+el e + e Tyerys + ¢ Mey), (23)
where
0 0 5 0 0 # 0 0
_10 0 0 -5 g 0 0o o
L= 1y 0 0 o\l I, = 0 0 0 t3y
0 —n 0 0 0 0 # 0
0 H+y/2 5 +yr)2 0
M liy—yy/Q, 0 0 _tiV _y)r/2
n=v/2 0 -0 g2 |
0  —tf4+y/21H-y)2 0
24)

Tooor .
+ B Cr.Co Cr,D) are the creation operators of

particles on sublattices A, B, C, and D, respectively. For

simplicity, all the parameters are set to be real. We note that

this system is in the case of N, =1, N, =1, and ¢ =4 in

Eq. (1). The real-space eigenequation of this system is written

in the form of Eq. (17) with ¥, = (YA, Y5 Vir.c. YD)
In this system, we have the Bloch Hamiltonian

H(k) = H.(¢™) ® o, + 09 ® H, (™), (25)

T (oF
and ¢, = (¢, 5. €

where
ey _ 0 R (e™)
Ha(e ) - <Rzi(eika) 0 s
. . y¢ .
Ry (e") = t§e* + (:1“ + 7) +iget (26)
for a = x,y, and oy is an identity matrix, and o, is the z
component of the Pauli matrix. We note that H, satisfies

o0,H,0, = —H,. Then, the characteristic equation of Eq. (25)
is obtained as

> RY(e" )R (e*) — E* = 0. @7)
a=x,y

Thus, we find that the system is in Case B as discussed in
Sec. II B. Therefore, from the solutions of the equations

RL(BOIRL(Ba) = Aas (28)
the condition for the generalized Brillouin zone is given by
|Ba2l = 1Basls (29)
where we have
1Bail < -+ < [Baal (30)
for a = x, y. Then, we can calculate the energy bands from
E =2/ A+ 2, (€20)

Im(E)

0
Re(E)

FIG. 3. Energy eigenvalue of the non-Hermitian Benalcazar-
Bernevig-Hughes model. (a) Energy band calculated from the
generalized Brillouin zone. (b) Energy level in the system with L, =
L, = 40. In panel (b), the energy levels of the hybrid topological-skin
states and the topological corner states are shown in magenta and
orange, respectively. The system parameters are set to be #f = 1.2,
5=1,6=02y"=4/3,§ =08, =09, =02, and y’ =
5/3.

As an example, we show the energy bands of the system
obtained from the non-Bloch band theory in Fig. 3(a) and
confirm that they match the energy levels in a finite open plane
shown in blue in Fig. 3(b).

‘We note that, in Fig. 3(b), one can see that the energy levels
shown in magenta do not belong to the bulk bands. These orig-
inate from the hybrid skin-topological states [46,49,51,52,55],
which result from the hybridization between topological edge
states and non-Hermitian skin states. A general method of
the calculation of energy bands of such states is beyond the
present work. On the other hand, in some models, such as the
OTY model studied in Sec. III C, we can obtain the energy
bands of the hybrid skin-topological states.

Finally, we investigate a topological phase of this system.
Based on the result obtained from Ref. [69], we defined the
topological invariant as

—— (32)

where

oy — — 1 [argR..(Ba)lc,, — [argR—(Ba)lc,, 33)
2 2

fora = x, y. Here, let Cg, denote a loop formed by Eq. (29) on
the complex g, plane. In Eq. (33), [argR+(B4)]c,, means the
change of argR. (8,) as B, goes along Cg, in a counterclock-
wise way. In the definition, we use the fact that the non-Bloch
matrix can be written in the form of Eq. (25). Importantly, the
nonzero value of v corresponds to existence of the topological
corner states at £ = (. Indeed, in the present case, the system
has w, = 1 and wy, = 1, which agrees with appearance of the
zero-energy modes in a finite open plane as shown in Fig. 3(b).
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C. Okugawa-Takahashi-Yokomizo model

Finally, we study the OTY model proposed in Ref. [48].
The real-space Hamiltonian of this system is given by

H = Z(CI_HC];_cr + an;rcﬂrf

-
|

+ Cr_'_y]jv_cr + cr];,+cr+ﬁ)v (34)
where
Ti: tx:l:gx 0 Tiz 0 —ty:tgy
* 0 t¥e) 7 tyxg 0 ’
(35

and ¢f = (c] ,, ¢! ) are the creation operators of particles on
sublattices A and B, respectively. All the parameters are set
to be positive real numbers. We note that this system is in the
case of Ny =1, N, = 1, and ¢ = 2 in Eq. (1). The real-space
eigenequation is obtained as

7;(7 '/’rJrfc + 7;+er£ + Ty7 '/’rJrjr + Terwrfjr = E'/’w

where ¥, = (¥, ¥u.8)". The previous work proposed that
the OTY model exhibits the second-order non-Hermitian skin
effect. In this effect, O(L,) [or O(L,)] eigenstates are local-
ized at the corners while O(L,L,) eigenstates extend over the
system. For example, among the energy levels of the OTY
model on a finite open plane with L, = L, = 30 as shown in
Fig. 4(c), the eigenstates with £} = 0.84 are localized at the
corners [Fig. 4(a)] while the eigenstate with £, = 1.45 — 2.1i
extends over the system [Fig. 4(b)]. We note that the second-
order non-Hermitian skin state in this model is a kind of the
hybrid skin-topological state [49].

Now, we calculate the energy bands of the OTY model
from the non-Bloch band theory. In this system, we have the
characteristic equation of the Bloch Hamiltonian as

(36)

R.(e™, E)+ R (e*) =0, (37)
where
R(e™ E) = [t(e™ + ™) — EP — gi(e™ — ™),
Ry(eiky) _ t)?(eik, + e—ik,)Z _ gi(eik, _ e—ik,)Z. (38)

Hence, this system is in Case B as discussed in Sec. I B. Then,
the conditions for the generalized Brillouin zone are given by
the solutions of the quadratic equation R, (B, E) = A for i
and those of the quadratic equation R,(8,) = —A for B,. In
fact, the condition is obtained as

|Ba2l = 1Basl, (@ =x,y), 39)

where the solutions satisfy Eq. (3). At last, we can calcu-
late the energy bands by combining the generalized Brillouin
zone and Eq. (37). Importantly, the generalized Brillouin zone
spanned by (8., B,) (B: = €™, B, = ¢™*) becomes a torus de-
fined by |B¢| = 1 and |B,| = 1 in this case because the Bloch
wave vector (ky, k,) takes real values. Then, we obtain the
energy bands as

E(ky, ky) = 2t, cosk, & 2i\/g§ sin®k, 4+ 12 cos® ky + & sin® k.

(40)

c d

(fl)ll""“““"'"lu (/) \
m E=0.84 o
g o S reeoebom g o

L4
III""luull""l“ . \/
E,=1.45-2.1i
_373 0 s _373 . ;
Re(E) Re(E)

FIG. 4. Eigenstate and energy eigenvalue in the Okugawa-
Takahashi-Yokomizo model. Spatial distribution of (a) the hybrid
skin-topological states and (b) the extended state in the system with
L, = L, = 30. The energy levels of the hybrid skin-topological states
and the extended state are £, = 0.84 and E, = 1.45 — 2.1i, respec-
tively. (c) Energy level in the system with L, = L, = 30. (d) Energy
band calculated from the non-Bloch band theory proposed in this
work (blue) and that for the hybrid skin-topological states (red). We
set the system parameters to be , =12, g, =0.9, 1, = 0.8, and
g =0.7.

The results are shown in blue in Fig. 4(d). Comparing Fig. 4(c)
with Fig. 4(d), we see that the blue energy bands reproduces
the bulk energy levels in a finite open plane. Meanwhile, the
energy levels of the hybrid skin-topological states are not
obtained from the non-Bloch band theory proposed in this
work.

Next, we explain a way to calculate the energy band of
the hybrid skin-topological state. In the following, we set
t, > g, for convenience. The key ingredient is that 8, can be
determined as a constant so that the non-Bloch matrix

H(Be, By) = BT, + B T+ BT, + BT (41)
has eigenvectors independent of the value of B, such as
(1,0)T and (0, 1)T. In this case, a non-Bloch wave for 8, can
be constructed. In fact, we can take an ansatz

'ﬁr = “I"n,x q)nys
v, = Z(ﬁx,j)”‘v("),
J

?, = Z(ﬁy, N (?)
J

(42)

for Eq. (36), where v and x /) are constants. By imposing
(0, 1)T to be an eigenvector of H (B, By), the (1, 2) compo-
nent of H(B,, By) should vanish, and possible values of B, are
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given by
Iy — 8y =8
. —i , 2 =1 /- . 43)
P Iy + 8 ha V Iy + 8
In this case, by putting x 1) = —x®, the wave function satis-
fies an open boundary condition along the y direction:

&, =0. (44)

We note that the wave function is located near n, = 1 because

t, > gy > 0. Then, the energy eigenvalue of H(B,, B,) is

given by

Iy — &«
Bx

Therefore, the condition for the generalized Brillouin zone
for the hybrid skin-topological state is obtained from the two
solutions of Eq. (45) as

1Bl = [Brol. (46)

Finally, we can get the energy band as

E =2,/t? — g2 cosb, 47)

where 6 is real. We note that the localization lengths of the
hybrid skin-topological state in the x and y directions can be
explicitly written as

(tx + 8B + =E, (45)

1

T VG s/ T8 @
and
Ay = ! , (49)
In/(t, — g,)/(ty + gy)
respectively.

Importantly, we can take another ansatz of the hybrid skin-
topological state

'/,r = \I”nxq’ny»
W, =Y (B oY, (50)
J

ny—L,—1 =(j 1
e, =) (B " IX(J)(O).
J

Here, 0 and ¥ /) are constants. By imposing (1, 0) to be an
eigenvector of H(B,, B,), the allowed values of B, are given

by
.| +g\' . ty+gy
ﬁ',lz_l - =, /3',2=l U] (51)
’ ly — & ’ Iy — &
In this case, by taking ) = —x®, the wave function satis-
fies an open boundary condition along the y direction:

@41 =0, (52)

and it is located near n, = L,. Finally, the energy eigenvalue
of H(B,, By) is given by
t){ + g}(
Bx

(tr — 8B + =E, (33)

eik:j_a:+ik'1,;z/

cikiatikly

eik‘x1+ikyy
eikzz+ik;y

=

FIG. 5. Reflection of the plane waves at the boundaries in the
two-dimensional non-Hermitian system. Through the reflection at
the boundary parallel to the y direction, the wave number k, changes
to k., but the wave number k, is unchanged. The situation is similar
at the boundary parallel to the x direction.

and we can get the energy band of this hybrid skin-topological
state in the form of Eq. (47). We note that the localization
lengths of the hybrid skin-topological state in the x and y
directions can be explicitly written as

1

W e S oY
and
Ay = ! , (55)
In \/(ty + g,)/ (1, — gy)
respectively.

The energy band for the hybrid skin-topological state ob-
tained above is shown in red in Fig. 4(d). Comparing Fig. 4(c)
with Fig. 4(d), we confirm that our calculation reproduces the
energy levels of the hybrid skin-topological states in a finite
open plain.

IV. DISCUSSION

In this section, we explain the reason why our non-Bloch
band theory is established in the 2D non-Hermitian system.
The key ingredient of our work is that the ansatz of the
real-space eigenequation can be written as Eqgs. (5) and (11)
in Case A and Case B, respectively. This is related to the
condition for the standing-wave formation. In the bulk, the
standing wave is formed by interference between plane waves
which are generated by reflection at the boundaries of the
system. In general, the process of the standing-wave formation
is complex. In some cases, the condition for the standing-wave
formation becomes straightforward. In Fig. 5, we show such a
case in the rectangle geometry, where the standing wave con-
sists of four plane waves. The plane wave e***%Y preserves
the wave number in the direction parallel to the boundary
where the plane wave is reflected. In the present work, we
propose the two cases in which the above situation can be
realized. In Case A, the reflection of the plane wave becomes
simple because of the suppression of the non-Hermitian skin
effect in one direction. In Case B, since the motions of the
plane wave in the x direction and the y direction are decou-
pled, we can regard the 2D system as two 1D systems. Finally,
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| Im(E)
r,

o

g

°

0
Re(E)

FIG. 6. Geometry dependence of the energy bands in the model
of the non-Hermitian Chern insulator (5). (a) Energy band calculated
from the non-Bloch band theory for the rectangle geometry proposed
in this work. (b) Energy level in a finite open plane on the diamond
geometry with L = 59. (c) Diamond geometry. In panels (a) and (b),
we set the system parameters same as Figs. 2(a)-2(d).

the leading terms of the standing wave have the form of the
linear combination of a few plane waves in both cases.

Based on the above concept, it naturally follows that the
geometry of the system largely affects the condition for the
standing-wave formation. In fact, the non-Hermitian skin ef-
fect in a 2D system depends on geometry [50]. Namely, the
non-Bloch band theory proposed in this work should depend
crucially on geometries. For example, in the model of the
non-Hermitian Chern insulator as discussed in Sec. IIT A,
the energy bands obtained from the non-Bloch band theory
for the rectangle geometry [Fig. 6(a), which is the same as
Fig. 2(c)] do not match the energy levels in a finite open plane
[Fig. 6(b)] on the diamond geometry [Fig. 6(c)]. This indicates
that non-Bloch bands on the rectangle geometry are different
from those on the diamond geometry. Thus, we conclude that
the energy bands in a 2D non-Hermitian system depend on
geometries. Construction of a general method to calculate
the energy bands in a 2D non-Hermitian system with various
geometries is left for a future work.

Finally, we focus on the model of the non-Hermitian Chern
insulator with y, # 0 and y, # 0. We note that the non-
Hermitian skin effect occurs in both the x and the y directions,
and the system is not in Case A. In this case, the plane wave
is scattered at the boundary into numerous waves. Since the
reflection process of the plane wave becomes complex com-
pared with the case in Fig. 5, we cannot find the condition for
the standing-wave formation, and the standing wave cannot be
written in the form of Eq. (5). Hence, it is unclear whether we
can construct the non-Bloch band theory in the model of the
non-Hermitian Chern insulator with arbitrary parameters, and
also in general 2D non-Hermitian systems.

V. SUMMARY

In this paper, we propose two classes of the 2D non-
Hermitian tight-binding systems in which the non-Bloch band
theory can be constructed. In terms of the present non-Bloch
band theory, we calculate the generalized Brillouin zone and
the energy bands in the model of the non-Hermitian Chern
insulator, the non-Hermitian BBH model, and the OTY model.
We confirm that the energy bands reproduce the bulk en-

ergy levels in a finite open plane on the rectangle geometry.
Furthermore, we investigate topological properties of theses
models from the non-Bloch band theory. In the model of
the non-Hermitian Chern insulator and the non-Hermitian
BBH model, it is shown that the topological invariant defined
from the generalized Brillouin zone can predict existence
of the topological edge states. In the OTY model, we pro-
pose the method to calculate the energy bands for the hybrid
skin-topological state. We note that the construction of the
non-Bloch band theory in general 2D non-Hermitian system
and a general method to calculate the energy bands for the
hybrid skin-topological state are left for a future work.
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APPENDIX A: NON-BLOCH BAND THEORY
IN THE CASEWITH¢ =1

In this Appendix, we construct the non-Bloch band theory
in the system described by the Hamiltonian (1) with g = 1.
For example, the non-Hermitian skin effect in this case was
investigated in a synthetic photonic lattice [70]. When g = 1,
the real-space eigenequation (2) is explicitly written as

N, N,
ot s+ Y Ve =E¥r,  (AD)
i=—N, i=—N,
where r = (n,, n,). When we take
Vr =00, (A2)
as an ansatz for Eq. (A1), we get
Ny
Dt = rap” (a=x.y), (A3)
i=—N,
dthy = E. (Ad)

Here, the solutions of Eq. (A3) can be given in the form of a
linear combination. Namely, we obtain

O =" (Bai)$): (A5)
Jj

where B, = B,,; is the solution of the characteristic equation

N(l

Z ti(a)(ﬂa)m =0

m=—N,

(A6)

for a = x, y. By following the conventional non-Bloch band
theory, we can obtain the condition for the generalized Bril-
louin zone in terms of the solutions of Eq. (A6), given by

| Ban, , (A7)

= |ﬁa,Na+1

where

1Bail <+ < |Baw, (A8)
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Re (ky)
L

FIG. 7. Generalized Brillouin zone on the k, — k, plane for the
complex Bloch wave vector k. The imaginary part of k is omitted. /
represents the boundary between region I and region II.

for a = x, y. Thus, a set of the trajectories of B, n, and B, +1
satisfying Eq. (A7) forms the generalized Brillouin zone. Fi-
nally, from B, and B, on the generalized Brillouin zone, we
can calculate the energy band by using Eq. (A4).

APPENDIX B: QUANTIZATION OF THE CHERN NUMBER

In this Appendix, we show that the values of the Chern
number defined in Eq. (20) are quantized when the band # is
separated from other bands by a line gap. We assume that the
system is in Case A or Case B, and the generalized Brillouin
zone can be constructed. For the non-Bloch matrix obtained
from Eq. (1), let |ug ,(k)) and (u; ,(k)| denote the right and
left eigenvectors, respectively. Here, k is the complex Bloch
wave vector, and n expresses the band index. We impose that
the right and left eigenvectors satisfy

<ML,m(k)|MR,n(k)) = 8m,n- (Bl)
Furthermore, we define the Berry connection as
An(k) = (up (k)| Vic|ug n(k)). (B2)

First of all, we discuss the generalized Brillouin zone in
this work. In our 2D non-Hermitian system, let us regard
k, as a system parameter. Under a given value of k,, the
system is regarded as a 1D non-Hermitian system described

by the complex Bloch wave number k,. Then, a complex
parameter ¢’*+ forms a loop on the complex plane [71]. This
leads to numerous loops of e’ for all values of k,. Similarly,
etk ky, € C forms a loop for all values of k,. Therefore, the
whole generalized Brillouin zone in the 2D non-Hermitian
system forms a closed surface. For example, the generalized
Brillouin zone in the Chern number discussed in Sec. ITA
becomes a closed surface [Fig. 2(b)].

Topologically nontrivial phases can be associated with
topological obstruction for a single gauge choice over the
whole k space. Therefore, in the present case, we separate
the generalized Brillouin zone into two regions so that we
take gauge I on one region and gauge II on the other region
(Fig. 7). Importantly, the two gauges are related by the gauge
transformation

[V, () = 1y (k)™ ® |y, (K)), (B3)
1 —i
(vl )| = PN w®fyl &), (B4)

where r,,(k) and x, (k) are real functions [31]. Here, from the
Stokes’ theorem, Eq. (20) can be rewritten in terms of the
corresponding Berry connection as

_L T4l 4l
Cn_zm_ygdk [AL (k) — A} (k)] (B5)

where / denote the boundary between region I and region II.
Hence, we obtain

1
C = - f dk - Viex(h), (B6)
2 I
where we use
Vir,(k
AVk) = AL(K) + iV (k) + Virnk) (B7)
rp(k)
and
?{dk - Vilnr,(k) = 0. (B8)
1

The integral in Eq. (B6) is always equal to an integer multiple
of 2w because the wave functions are single-valued. As a
result, the Chern number defined in Eq. (20) takes quantized
values when the band 7 is separated from other bands by a line

gap.
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