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Motivated by the experimental identification of a higher-order Van Hove singularity (VHS) in AV;Sbs kagome
metals, we study electronic instabilities of two-dimensional lattice models with higher-order VHS and flavor
degeneracy. In contrast to conventional VHSs, the larger power-law density of states and the weaker nesting
propensity of higher-order VHSs conspire together to generate distinct competing instabilities. After discussing
the occurrence of higher-order VHSs on square and kagome lattice models, we perform unbiased renormalization
group calculations to study competing instabilities and find a rich phase diagram containing ferromagnetism,
antiferromagnetism, superconductivity, and Pomeranchuk orders. Remarkably, there is a generic transition from
superconductivity to a d-wave Pomeranchuk order with increasing flavor number. Implications for the intriguing
quantum states of AV3;Sbs kagome metals are also discussed.
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I. INTRODUCTION

Competing correlated electronic states are a central topic
in condensed matter physics. A typical example is the close
competition between spin density wave state and d-wave su-
perconductivity near half filling in the Hubbard model on the
square lattice [1-4]. This could provide a possible explanation
for the phase diagram of cuprate high-7, superconductors.
Importantly, band structures on the square lattice have a saddle
point at which the Fermi surface topology changes from hole
type to electron type. These saddle points are called Van Hove
singularity (VHS) points [5] and display divergent density of
states (DOS) in two dimensions (2D). When the Fermi sea is
filled up to the VHS, the Fermi surface takes the shape of a
parallelogram and good Fermi surface nesting and the diver-
gent DOS generate strong instabilities (double logarithmic)
in both particle-particle and particle-hole channels. Similar
physics also occur on the hexagonal lattices with repulsive
interactions, where chiral (d + id)-wave superconductivity is
found to be the ground state at Van Hove filling in the for-
malism of a renormalization group [6-9]. Recently, another
type of VHS, namely, the higher-order VHS (HOVHS), was
investigated in ABC-stacked trilayer graphene on hexagonal
boron nitride [10] and twisted bilayer graphene [11-13]. It
features flatter band dispersion along certain directions, while
the Fermi surface touches tangentially at the saddle points
[12]. In the 2D case, the higher-order VHS exhibits power-law
divergent DOS, much stronger than the logarithmic one of
conventional VHS. Generally, such VHSs are characterized
by relatively poor Fermi surface nesting when they are located
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at time-reversal invariant points. However, the strongly diver-
gent DOS can promote exotic correlated phenomena such as
ferromagnetism and supermetal [12,14,15].

The corresponding quantum materials convey VHSs play
an essential role in revealing the origin of correlated electronic
states. Despite tremendous experimental efforts, superconduc-
tivity has not been achieved in graphene near VHS filling
possibly due to disorder effect. Recently, the new family of
kagome metals AV3Sbs (A =K, Rb, Cs) with V kagome
nets [16—19] has been discovered, which exhibits a higher-
order VHS and several conventional VHSs close to the Fermi
level. The higher-order VHS is located just below the Fermi
level and exhibits a flat dispersion along the M-K direction
with a dominant quartic term, as confirmed by angle-resolved
photoemission spectroscopy (ARPES) experiments [20,21].
This multitude of VHSs may be closely related to a num-
ber of exotic correlated phenomena that occur in AV3Sbs,
such as charge density wave (CDW) [22-31], unconventional
superconductivity [32-35], and nematic orders [34,36-38].
The unconventional nature of superconductivity in AV3Sbs
is evidenced by a large residual thermal conductivity [32],
and proximity-induced edge supercurrents [33] and double
superconducting domes under pressure [39-41]. Below the
transition temperature Tcpw = 78—103 K [22-24,27], AV3Sbs
exhibits an unconventional CDW order with a 2 x 2 in-plane
pattern and time-reversal symmetry breaking, while below
Them = 35 K a nematic order emerges [34,36-38]. On the
kagome lattice, the sublattice features on the saddle points
have an important influence on the correlated physics through
the sublattice interference effect [42]. This important effect is
explored by a recent renormalization group study [43]. The
identified twofold VHSs with opposite concavity and distinct
sublattice features near the Fermi level in AV3Sbs [20,21] are
found to induce a competition between the chiral excitonic
state and the CDW order [44].
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Higher-order VHSs have also been observed in other mate-
rials, such as Sr;Ru,07 [45], B-YDAIB, [46], and germanene
on MoS, [47]. In addition, twisted bilayer graphene and mul-
tiorbital systems can host VHSs with multiple fermion flavors
Ny originating either from valley or orbital degrees of free-
dom. The increased flavor number can have a significant effect
on instabilities; for example, an imaginary CDW order instead
of chiral superconductivity is favored on the hexagonal lattices
with conventional VHSs for Ny > 4 [48].

Motivated by the above observations, we systematically
study the competing instabilities on the 2D square and hexag-
onal lattices at higher-order Van Hove filling with an SU(Ny)
flavor degeneracy and focus on the effect of the number of
flavors. First, based on tight-binding models, we determine
the conditions for the occurrence of higher-order VHSs on
the square and kagome lattices. With this information we
derive general effective models describing the N, higher-order
Van Hove saddle points with Ny fermion flavors. Based upon
the low-energy models, we perform unbiased renormalization
group calculations to deduce the competing instabilities. Re-
markably, we find that increasing flavor number can drive
a generic phase transition from a superconducting order to
a nematic order. Finally, we perform mean-field analyses to
determine the ground states and discuss the competing orders
in the kagome lattice model. Implications for the AV;Sbs
kagome metals are also discussed.

II. HIGHER-ORDER VHS ON THE SQUARE AND
KAGOME LATTICES

In this section, we derive the conditions for the occurrence
of higher-order VHSs in tight-binding models on the square
and kagome lattices. This provides a starting point for the
renormalization group study in the next section.

A. Square lattice

We start by discussing VHSs in the square lattice with the
dispersion

€ = —2t(cosk, +cosk,) — 4¢' cos k, cos k,
—21t"(cos 2k, + cos 2ky) — u, )

where ¢, ¢/, and ¢” are the nearest-neighbor (NN), second
NN, and third NN hopping amplitudes, respectively. Near the
saddle point at X = (7, 0), the effective dispersion is

ex(K) = (=t — 2" + 41"k} + (1 — 21’ + 4"k,
—t + 2t — 16t

t+2t — 161" , 4

k k

+ 12 «F 12 y
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where k, , are the momenta relative to the X point. The effec-
tive dispersion around the other saddle point ¥ = (0, ) can
be obtained by a fourfold rotation and is €y (k) = ex (k,, —k,).
With only NN hopping, ex (k) = —t(k> — k%) and there are
two conventional VHS points at X and Y. When one coeffi-
cient of the quadratic terms vanishes in Eq. (2), a conventional
VHS point transforms into a higher-order VHS point, i.e.,
t! = — (£t —2t')/4 with t' #0. In this case, the disper-
sion along k, or k, becomes quartic and exhibits a nearly
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FIG. 1. Band dispersion, density of states (DOS), and Fermi
surfaces with variation of hopping parameters for the square lattice
(top) and kagome lattice (bottom). A fixed t' = 0.2¢ is adopted with
u =4(t' —t") for the square lattice model, while for the kagome
lattice model we set £, = 0 and pu = 2¢3.

flat dispersion near the VHS point. Figure 1(a) shows the
band evolution with a variation of ¢” for t' = 0.2t and u =
4(t' —t”). It is apparent that the dispersion along k, near the
X point becomes flatter with increasing ¢t”. The corresponding
evolution of the Fermi surface at the Van Hove filling is
displayed in Fig. 1(b). At the critical parameter ¢/ = 0.35¢,
the Fermi surface becomes circularlike centered at (77, 77) and
touches tangentially at the X and Y points, which is a typical
character of higher-order VHS. On the square lattice, there are
two higher-order VHSs.

B. Kagome lattice

Next, we study the VHSs on the kagome lattice models by
use of the tight-binding Hamiltonian,

Hy = |:tl ch'acjg +1 Z cg;jcja +1 Z ¢l Cio
( ((

ij)o ij)o ((if)o

+H.c.:| — U Z cjac,-a, 3)

where 1, 1, and 3 denotes the NN, second NN, and third NN
hopping amplitudes, respectively. In momentum space, the
Hamiltonian can be written as Ho = ) . lﬂlia [A(K) — w]Yko

with ¥ = [c} (k), ¢}, (K), ¢, (k)] and A, B, C being the
three sublattice indices. The Hamiltonian matrix elements are

hy1 = 2t; cos ky,

3 1
h22/33 = 213 coS (%_kx + zky) y

V3,1 V3 o3
h12/13 = 2t cos (Tkx F Zk) + 2t cos Tkx + Zky s

1 3
hy3 = 2t cos Eky + ZIZCOS%_kx, @)
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with hgy = hy, for o # B. The band dispersion features a
flat band and two Dirac cones. Moreover, there are two types
of VHSs located at £ =23 and E = 2(t; — 1, — t3), fea-
turing pure sublattice (p-type) or mixed sublattice (m-type)

J

263(1 — 14?) cgx + dg,
o= | v [
Ccqy — dq‘ 2(1‘1 —b) — 11 2

where ¢ = -3t +1)/2, d=( —3%)/2, and
q = (qx, gy) is the momenta relative to the M; point. For
the p-type VHS with E = 213, the energy dispersion up to the
quadratic order is
3t +0h)?
M —1—2)
|: (ty — 3)?
4t — 1 +213)
The effective dispersion around M, = ( [,n) and M3 =

E)'(q) =2t —

- l3i|61)2~ )

(— [,n) can be obtained by sixfold rotations, namely,

E)(q) = E)" (Csq) and E)(q) = E)" (C3q). With only
nearest-neighbor hopping, i.e., t, = t3 = 0, this VHS is con-
ventional and features perfect Fermi surface nesting with
E;,”‘ (q) =2t; — %(3%% — qi). In order to realize a higher-
order VHS, one of two quadratic terms in Eq. (5) must
vanish. As the quadratic and quartic terms of ¢, vanish si-
multaneously with #; = —,, we consider the g, terms. Setting
the coefficient of q_\z, to zero, we obtain t3. = }T(—tl +10*

\/ 317 — 146t + 1943). The corresponding evolution of band

structures and Fermi surfaces at the VHS filling is displayed
in Figs. 1(c) and 1(d). At the critical parameter 3., the band
dispersion along M-K is quartic and the corresponding Fermi
surfaces are circularlike around the center. In particular, for
t3 = 0, the coefficients for qf and q‘yt will vanish simulta-
neously, generating a higher-order VHS with more strongly
divergent DOS. The DOS for a generalized dispersion €(q) =
ag? —bg? + ... (¢ > 1)is [12,14]

pre  fore >0
ple) = (©)

p_e© fore <0,

where k=1/2—-1/2), oy =T[1/QaNHIT[1/2 —
1/Qa)]/(da'mw?a?b1>), and  p_ = p sin[x/2a’)].
The DOS is asymmetrical with respect to zero, as shown in
Figs. 1(a) and 1(c) from numerical calculations. When only
the quadratic term vanishes, ¢’ = 2 and ¥ = 1/4. While both
quadratic and quartic terms vanish, ¢’ = 3 and ¥ = 1/3.

For the m-type VHS with E = 2(¢; — 1, — 3), the energy
dispersion up to the second order at the M; point is

3t —3)(t + 36+ 283)

Er]::[] (@ =2t — 1, 4ty — tr — 213) o
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characters, respectively [35]. In order to explore the real-
ization of higher-order VHSs on kagome lattice models, we
derive a low-energy effective model near saddle points. The
effective Hamiltonian around the M| = (277%, 0) point reads

cqx — dgqy

2t —0) -4 + %4 |,

ta) ]

(

Within this model, the vanishing of the quadratic term will
lead to a completely flat dispersion along the corresponding
direction. A higher-order VHS can be realized upon the inclu-
sion of longer-range hopping. On the kagome lattice, there are
three inequivalent M points, thus three saddle points.

III. THE GENERAL MODEL

We further investigate the competing instabilities at the
higher-order Van Hove filling. Since the unbiased renormal-
ization group (RG) method takes into account the particle-
particle and particle-hole channels on equal footing, and the
low-energy physics is dominated by the electron scattering in
the vicinity of saddle points, we simplify the above models
into patch models, which only consider the electrons near the
saddle points [3,6,49], and then perform a RG analysis. The
general low-energy theory with total N, patches and Ny flavors
of fermions with the SU(Ny) symmetry is given by [6,14]

L- Y vl eakmwwz{zgm;a

X Ipom’l//om + Z [gl 1//'(1-(7 w;fngaa’Wa’G + 82 1/’;
aFa’

x Ilfzi’a’ wa’a’lﬁ‘aa + 83 1//01:0 1#;(,/ wa’u’ll/a’tr] } s ®)

where the patch index o, &’ = 1, e , N, and the spin/flavor
index 0,0’ =1, ..., Ny. Yoo (¥, are electron annihilation
(creation) operators with spin/flavor o at patch «. Here €,  is
the energy dispersion of electrons expanded up to 2nth order
at patch o, where n is a positive integer (n = 1 for conven-
tional VHS). The chemical potential is denoted by . In the
rest of the paper, we take u = 0 and n = 2. The short-range
interactions g; which describe different scattering processes
are illustrated in Fig. 2. One should note the umklapp scat-
tering g4 appear when the nesting momentum 2Q = 0 up to
a reciprocal lattice vector. The inclusion of only short-range
interactions in the low-energy description is justified because
the highly metallic screening close to VHSs suppresses long-
ranged Coulomb interactions.

The higher-order VHSs possess distinct properties
compared with conventional VHSs. First, the corresponding
DOS at a given patch diverges with a power law, i.e., faster
than the logarithmic divergence at a conventional VHS. And
second, the nesting between different patches is weaker
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FIG. 2. (a) Four different scattering processes in the kagome
lattice with three different patches. Here Q;, Q,, and Q3 represent the
nesting vectors between two patches. (b) Feynman diagrams describ-
ing these four scattering processes. The lines with different colors
represent fermions in different patches. (c) Feynmann diagrams rep-
resenting the particle-hole and particle-particle polarizations with
zero or finite momentum transfer P = Q; , 5 at the zero order.

OIORE IS

compared to the case with conventional VHSs. These two
physical properties can be checked from the zero-momentum
and finite-momentum (difference between distinct patches)
susceptibilities. The zero-momentum particle-particle
and particle-hole susceptibilities can be defined as

XNAT) =T Y [ L5 GO (i, K)GO (i, k) and

(271)2
XTAN/TY=TY,, [ (;’n';z G (—iwy,, —K)GO (iwy, k),

respectlvely Note we have hidden the patch index « in
susceptibility x(‘))h’pp because of the lattice symmetry. Here
Gg(iwm, k) = 1/(iwy, — &, k) is the bare Green’s function of
electrons at patch o with &, = €, x — . T is the temperature
of the system, and the magnitude of momentum has an
ultraviolet cutoff A. Matsubara frequency for the electrons
is taken as iw,, =i(2m+ 1)T with m =0, £1,£2, ...
Focusing on the Van Hove filling with =0, we
find that susceptibilities with zero-momentum transfer
exhibit the same power-law divergent behavior but with
different prefactors, i.e., with x}", Xgh & (py + p-)/(T“),

while the finite-momentum susceptibilities prrﬁ (AT) =
T Y, [ &5 G (i, k)GO(ia)m, P, +k) and
w (NT)=TY,, [ L (W — iy, —k)Gg(iwm, P+
k) where patches o # 8 and ﬁmte momentum Peg = Q123
as shown in Fig. 2(a), exhibit quite different behavior, XS:; X
const and Xl‘,’fﬁ o In(A/T) [14]. Therefore, approaching
zero temperature, the zero-momentum susceptibility
X" diverges much faster than the ones with finite
momentum x5P*", in contrast to conventional VHSs. These
characteristics play an essential role in determining the
competing orders. Note we have suppressed the patch index

« in the susceptibilities 2™ as they are the same due to the
lattice symmetry.

IV. RG FLOW EQUATIONS

After presenting the effective model and analysis of sus-
ceptibilities, we turn to study the competing instabilities by

performing renormalization group calculations. Within the
RG approach, high-energy degrees of freedom are iteratively
integrated out, such that the initial microscopic description
gradually evolves to an effective low-energy model with de-
creasing energy cutoff. The initial microscopic description
and the effective low-energy model have the same form, ex-
cept for the coupling constants which depend on a running
parameter, i.e., the RG flow time. The coupling constants can
grow or shrink under the RG flow, which are relevant and irrel-
evant couplings, respectively. Approaching a critical RG time,
one or several coupling constants can diverge and the system
goes to a strong-coupling regime. Usually the susceptibility
of certain order will also diverge, indicating that the system
undergoes a phase transition to an ordered state. In fermionic
systems interactions with finite frequency and/or momentum
away from the Fermi surface are irrelevant, such that only
zero-frequency coupling constants at the Fermi surface need
to be considered [50,51].

For these higher-order VHSs, the corrections of the cou-
pling constants from both tree-level and one-loop terms
are important and dimensionless coupling constants g; =
gidx4"/ds can be introduced with s = In (A/T). Generally,
there are no stable fixed points and thus we focus on the
strong-coupling behavior of the dimensional couplings g;
[14,15], where the tree-level terms are irrelevant. The RG flow
equations with the one-loop terms can be obtained directly
by implementing the Feynman diagrams as shown in Fig. 2
with the inclusion of dominant susceptibilities in the particle-
particle and particle-hole channels. Here, we derive general
RG flow equations for N, patches and Ny flavors, such that
different lattice structures and different numbers of orbital
and spin degeneracies can be captured. The same result is
also derived in Ref. [14]. As depicted by Fig. 2, the fermions
in different patches are denoted by different colors; then we
have to sum over the remaining fermion patch numbers. Since
there is no flavor flip process, the summation over the fermion
flavor only occurs in the fermion loop. To simplify the identi-
fication of the critical temperature, we adopt y = x5*(T) —
XP(A) = pof()A™ [(A/T) — 1] as the RG flow time,
with pg = (p+p-)/2 and f(x) = %fde|e|’(1+")tanh(e/2)
[14]. Straightforwardly, we obtain the RG flow equations after
considering the one-loop corrections in Fig. 3:

dg

dy = dogi[2g4 + (N, — 2)g1], ©)
d
E82 o 4N, — 2)g2[Nygs — 2g1]
dy
—2dogs[(Ny — 1ga — g1, (10)
d
§ﬁ=:—&mw—zmy+ku, (11)
d
§§=—@kMr4ﬂM5—a&&—ﬁ]

+(N =g} g - N, - Dg. (12)
Here, the nesting parameter do = 9 x§ "9 xoP. It is noted that
we have ignored subdominant terms related to susceptibilities
with large momentum transfer, as they have weaker diver-

gence than pr/ P’ The RG equations have two prominent
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FIG. 3. Feynman diagrams for the one-loop corrections of the
four different scattering processes g; with the inclusion of dominant
susceptibilities. The lines with different colors denote the differ-
ent patches. (a) To the leading order, only the crossed diagrams
contribute to the backward scattering process between two patches.
(b) Two different topological Feynman diagrams contribute to the
renormalization of the interpatch forward scattering process g, be-
tween two different patches. (c) There are three BCS type diagrams
to correct the umklapp scattering g3. (d) The diagrams to renormalize
the intrapatch forward scattering g4.

features: (1) the RG equations for g; and g3 contain g; and
g3, respectively; and (2) the RG functions for g, and g, do
not contain g3 and that of g3 does not contain g; and g,, in
contrast to the RG equations of conventional VHSs [6]. The
first feature is related to a symmetry: all interactions except
g1 conserve spin at each saddle point separately and all in-
teractions except g3 conserve the number of electrons at each
saddle point separately. Consequently, the RG equation of a
nonconversing interaction g; 3 must contain a factor of itself,
indicating that the sign of g, and g3 will be fixed during
the RG flow. The second feature is related to the neglect
of subdominant terms and suggests that g; and g, are fully
decoupled with g3 during the RG evolution.

The magnitude of dy dramatically affects the flow of the
RG, determining which coupling constant will diverge first.
One can check this by considering the limit of small dy — 0
and the limit of large dy — o0, respectively. When dy = 0, the
coupling constants g; and g, will not flow, staying at the given
initial values for the RG time y running from the ultraviolet
value to the infrared value. The negative definite character
of the differential equation, Eq. (12), for g4 at dy = 0 will
ensure that the coupling constant g, always flows to negative
infinity, except for the trivial fixed point (g3, g4) = (0, 0).
Thus, in the limit of small dy superconducting order is fa-
vored, while the instability in the particle-hole channel, such
as CDW, ferromagnetic (FM), and antiferromagnetic order,

is completely suppressed. In contrast, in the large dy limit
the particle-hole instabilities are favored, while the particle-
particle channel leading to superconductivity is suppressed.
The coupling constant g; that diverges first at the RG time y,
determines the leading order and the corresponding transition

temperature is T, o (pof(k)/[pof (k) + A"yc])l/K. We note
that this power-law behavior of 7. in systems with HOVHs
is significantly different from the exponential behavior of T,
in systems with conventional VHSs [3,6].

V. ORDERING INSTABILITIES

To identify the leading instabilities, we introduce the test
vertices in various particle-particle and particle-hole channels,
8L =Y [Ay Ty + He.]. In the particle-particle channel,
we consider the flavor pairing A, [y} ¥!  — ¢! 4l ] with
o > o’ and it is antisymmetric in the flavor space. In the
particle-hole channel, the charge Pomeranchuk order is the
summation of uniform flavor terms }__ v} 14, and the mag-
netic order is the summation of the antisymmetric terms
ZDJ'[%T«; Yoo — w;a,xpm]. Under the RG flow, these test
vertices obtain one-loop corrections through the divergent
susceptibilities, and the corresponding RG equation reads

dAy(y)
dy

These orders can be further decoupled into different irre-
ducible channels according to the lattice symmetry, A/(y) =
Var(0)A(y) where Var(y) is the interaction vertex for
A’ and is a linear combination of coupling constants.
Approaching the critical RG time, the interaction g; usu-
ally diverges as g;(y) = G;/(y. —y), hence V:(y) diverges
as Var(y) = A;/(yc —y) where A; is a constant number.
Correspondingly, the vertex scales as A/(y) o (y. — y) ™
and the susceptibility x; related to A! defined by x; =
—T3%In(Z)/(DATdA™)| (a1, a1+—9) Where Z is the partition
function, scales as x;(y) « (v —y)™" with n; =2A; — 1
from the equation dy;/dy o |A!|?>. The parameters for two
representative orders are Aysc = G3 — Gy for the d-wave pair-
il’lg and Agpom = —doGy + d()NfG2 — do(Nf — 1)G4 for the
d-wave Pomeranchuk order. The order with the most pos-
itive A; diverges fastest and is the leading instability. We
summarize the interactions and their coefficients for various
competing orders in particle-particle and particle-hole chan-
nels in the Table I.

= Vaup(MAp(Y). 13)

VI. FIXED TRAJECTORIES AND STABILITIES

In the RG equations (9)—(12) for the higher-order VHSs,
there is no positive-definite coupling constant, distinct
from the case of conventional VHS [6]. The RG flow of
differential equations (9)—(12) exhibit fixed trajectories along
which the couplings become singular but their ratios tend to
finite values. Along these fixed trajectories the couplings g;
diverge as g;(y) = yG—_y, as mentioned before. To analyze the
stability of these fixed trajectories, it is useful to introduce the
relative couplings y; = g;/g4 withi = 1, 2, 3. The reason that
we choose g4 as the denominator is that the g4 always diverges
except for the trivial unstable initial condition g;(0) = 0. This

means that |g4| monotonically grows near critical RG time y,.
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TABLE I. Competing orders and their divergent coefficients A;.
The orders in three channels can be s wave and d wave depending on
their symmetry and they are labeled as sCO or sCO with CO=POM,
FM, SC. In the square lattice, these orders are singlet, while in the
hexagonal lattice, the d-wave orders are doublets.

Competing order Coefficient A;

sPOM d()(Np — l)(Gl - Nng) — d()(Nf — ])G4
dPOM do(—G + N;Gy) — do(Ny — )G,
M do(N, — )Gy + doG,4

dFM —doGi + doGs

sSC —(N, — 1)Gs — G,

dScC G3 — Gy

Thus we choose x = In |g4(y)| as a running parameter and
the reduced RG equations for y; (i = 1, 2, 3) for given N, = 2
as a typical example are given by

dy, 2doy1

f = — = — y 14
pritrid) dx  f(y1,v2,v3) " (19
dys _ =2do[(Ny = Dyr =1l

B2({vi}) = e f v2. v3)

Y2,

15)

d -2
Bi(lyih) = =2 v

=—— 1, (16)
dx  f(yi,v2, v3) v

where f. v2. v3) = —doNyys + 2doyiva + doyt —
y32 —do(Ny — 1) — 1. Since in this system Gy is always
nonvanishing (we ignore the trivial solution G4 = 0), the fixed
points for the reduced RG equations are (I'; = G;/Gy). The
reason we analyze the reduced RG equations (14)—(16) is that
determining the stability conditions of the fixed trajectories
in RG equations (9)-(12) can be obtained by studying the
stability conditions of their corresponding fixed points in
reduced RG equations. The matrix S;; = (98;/0y;)|r, is a
so-called stability matrix [52] and the signs of its eigenvalues
determine the stability of the fixed point (I'j, I'p, ['3). If
all eigenvalues of the matrix S at the fixed point (I";)
are nonpositive, then the fixed point (I'; = G;/G4) or the
corresponding trajectory (Gi, G, G3, G4) is immune to
perturbation around the fixed point; in other words, it is a
stable solution. For the square lattice with N, =2 patches
and general flavor number Ny, the analysis of the stability of
fixed points is straightforward and we give all fixed points,
their stable conditions, and corresponding dominant orders in
Appendix A. We find that instabilities in both particle-particle
and particle-hole channels can be leading but a large Ny favors
particle-hole orders. For the hexagonal lattice with N, = 3, we
can obtain all fixed trajectories provided in Appendix B but
the analysis for conditions of stability and competing orders
need numerical calculations. For the more general case with
fermion patches N, and flavors Ny, the analytical trajectories
are difficult to obtain but one can identify the fixed points
and their stability from the three-dimensional (3D) RG flow
diagram through numerical calculations. For example, we
plot such a diagram in Fig. 4 for the case of hexagonal lattice
with N, =3 and Ny =4 (twofold VHSs), where the initial
interactions are g4(y = 0) = —0.1 and the nesting parameter

g1/94
0
10

93/94
-4
FIG. 4. 3D RG flow diagram of (;%’ f,—i, i—j) under RG time y with
a given initial g4(y = 0) = —0.1, number of fermion flavors Ny = 4

and patches N, = 3, and the nesting parameter dy = 0.1. Here the
black points denote the unstable fixed points for the reduced RG
equations, and they eventually flow to the stable points indicated by
red points, which are labeled as A and B, respectively.

is dy = 0.1. From Fig. 4, it is apparent that the unstable
fixed points denoted by black points will flow to one of the
fixed points denoted by a red point with a small perturbation.
The relative interactions (I'y, I'2, I'3) of two stable points,
labeled by A and B, are (0,0, —0.466) and (0,0,0.966),
respectively. The corresponding interactions (G, G, G3, G4)
are (0,0,0.304, —0.652) and (0,0, —0.326, —0.377),
respectively. Therefore, from the coefficients A of the
competing orders listed in Table I, we find that the dominant
instabilities at the fixed points A and B are d- and s-wave
superconducting states, respectively.

VII. PHASE TRANSITION DRIVEN BY THE NUMBER OF
FLAVORS

For conventional VHSs, the leading instabilities signifi-
cantly depend on the number of patches (type of lattice),
even for the same initial interaction setting. For example, with
initial repulsive interactions, the RG analysis reveals that the
d-wave superconducting state and spin density wave state are
competing on the square lattice [4], while the chiral d-wave
superconducting states become dominant on the hexagonal
lattice [6]. The number of flavors also has a dramatic effect
on the competing states even at conventional Van Hove filling
[48]. In this section, we explore the effect of the number
of flavors and lattice type competing states for higher-order
VHSs through the RG analysis.

Driven by the recent progress in experimental and theoreti-
cal studies in the kagome material AV3Sbs with the hexagonal
structure [16-21], we first solve the RG equations (9)—(12)
for the hexagonal lattice with patches N, = 3 and different
Ny (the different orbital degeneracy). As shown in Fig. 5, we
plot the representative RG flows of coupling strength g;(y) and
reduced parameters y;(y) (insets) under the RG time y with
initial repulsive interactions g,(0) = g3(0) = g4(0) = 0.1 and
£1(0) = 0.01, and a reasonable nesting parameter dy = 0.5.
The three plots are for the number of flavors Ny = 2, 4, and
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FIG. 5. RG flows of couplings g;(y) and reduce parameters y;(y) with initial condition g;(0) = 0.01 and g,(0) = g5(0) = g4(0) = 0.1 for
the hexagonal lattice N, = 3. Here the nesting parameter is taken as dy = 0.5. (a)—(c) show the RG flows of the couplings with RG time y for
fermion flavors Ny = 2, 4, and 6, respectively. The black dashed line denotes the critical RG time y, where some coupling strength diverges.
The inset displays the RG flows of y;(y) near the critical RG time y.. [y1(y), v2(y), y3(¥)] tend to flow to a stable fixed point at given initial

parameters for the reduced RG equations (14)—(16).

6, respectively. For the repulsive coupling strength region
gi(0) =go (i =2,3,4) and g(0) < go, g1(y) always tends
to vanish, while g4(y) eventually changes sign and diverges
to negative infinity. Thus, in this region, the negative G4 will
favor the charge Pomeranchuk and superconducting states.
The detailed numerical results shown in Fig. 5 indicate that
g2(y) and g3(y) flow to positive infinite, while it is subtle
to tell which one diverges first. For the normal case with
Ny =2, Figs. 5(a) and 5(a;) show that g3(y) behaves as
g3(y) ~ 1/(y. — ), i.e., with a similar power-law divergence
as g4(y), while g,(y) has a much slower power-law diver-
gence 1/(y. —y)* with the exponent 0 < o ~ —2dy(Ny —
1)G4 < 1. In this case, the fixed trajectory is (0, 0, G3, G4)
with G;3 > 0 and G4 < 0. For the case with Ny =4 (from
the orbital degeneracy), the flow of interactions is depicted
in Figs. 5(b) and 5(b;); both g,(y) and g3(y) will diverge
as g2/3(y) ~ 1/(yc — y). As a consequence, the fixed trajec-
tory for this case is (0, G,, G3, G4) with G, Gz > 0 and
G4 < 0. For the case with Ny = 6, as shown in Figs. 5(c)
and 5(cy), g2(y) and g3(y) have a reversed behavior com-
pared to the case of Ny = 2; g2(y) scales as 1/(y. — ), but
g3(y) behaves slower as 1/(y. — y)® with 0 < o’ &~ —2G4 <
1. Here the fixed trajectory is (0, Gz, 0, G4) with G, > 0
and G4 < 0.

To clearly demonstrate the evolution of relative interac-
tions, we plot I'; as a function of the number of flavors Ny
in Fig. 6(a). |I'2| becomes nonzero from Ny = 2.2 and in-
creases with increasing Ny. In contrast, |['3] decreases with
increasing Ny and drops to zero at Ny = 4.2. These behaviors
are intimately related to the RG equations. From Eq. (12),
we find that g4 diverges faster and the critical y. becomes
smaller with increasing Ny, which is already numerically ver-
ified in Fig. 5. The more divergent negative g4 and increasing
Ny have a positive feedback for the g, from the Eq. (10),
significantly enhancing g,. While, as the one-loop correction
of g3 is decoupled from g, and does not depend on Ny, g3
is slightly enhanced. The reduction of critical RG time y,
with increasing Ny will lead to a decreasing I's. The rela-
tive evolution of G, and Gj in the regions gy > 0 and gy >
£1(0) > 0 with increasing flavor number Ny for the hexagonal

lattice will generate a phase transition from a particle-particle
instability to a particle-hole instability. Here, with increasing
Ny, Agsc decreases but Agpom increases monotonically, as
shown in Fig. 6(b), and thus the phase transition is from the
d-wave superconducting state to the d-wave Pomeranchuk
state. The phase transition occurs around Ny = 3. With an
initial attractive gz, the behaviors are similar to the case of
repulsive g3 as shown in Fig. 6(c), where |I';| increases and
IT'3| decreases with increasing N;. The difference is that the

(a) (b) 6
00T, r dPO
-0.2 - 4

_-04 R <) ,

I_ =
-06 Iz g
-0.8 .<O 0 sPOM
-1.0 FM_dFM

2 3 4 5 6 7 8 -2

Flavor Number N

2 3 4 5 6 7 8
Flavor Number N

(c) 20 (d)e
15 dPO
10 —~—L s

= 05 =

(. r 5 2
0.0 g
_0:5 R ) SPOM
-1.0 2 ol FM idFM

2 3 4 5 6 7 8
Flavor Number N

2 3 4 5 6 7 8
Flavor Number N¢

FIG. 6. On the hexagonal lattice with N, = 3, the solution I'; =
G;/Gy and the ration of susceptibility coefficient A and |G4| for
different competing orders as functions of fermion flavors Ny with
fixed nesting parameter dy = 0.5. The two black dashed lines sepa-
rate three regions (0, 0, G3, Gy), (0, G2, G3, Gy), and (0, G», 0, Gy)
for the curves for I';. The dashed black line in curves Aqwger/|Gal
denotes the position where the phase transition occurs. (a) and (b) are
solutions for initial coupling constants g3 4(0) = 0.1 and g,(0) =
0.01. (c) and (d) are solutions for g, 4(0) = 0.1, g;(0) = 0.01, and
23(0) = —0.1.
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FIG. 7. The phase diagrams for the square and hexagonal lattices in the weak-coupling space [g;(0), g3(0)] with fixed initial repulsive

intra- and interpatch forward coupling strength g,(0) = g4(0) =

fermion flavors Ny = 2, 4, 6, and 8, respectively. The left four panels display the case of the square lattice with N, = 2 and d

0.1. Here subgraphs (a;»3), (bi23), (¢123), and (d; 2 3) represent different

= 0.25, while

the right eight panels show the case of the hexagonal lattices with N, = 3 and dy = 0.25 and dy = 0.5. In all panels there are four different
phases, which are either superconducting (SC), ferromagnetic (FM), or Pomeranchuk (POM) with s-wave (s) or d-wave (d) form factor. The
color in the phase diagrams encodes the information of critical RG time y,. as In(y,).

phase transition is from the s-wave superconducting state to
the d-wave Pomeranchuk state and occurs at a larger Ny = 4.2
as illustrated in Fig. 6(d).

We further study the phase diagrams of competing states in
a wider range of initial interactions on the square and hexag-
onal lattices. In Fig. 7, we take the initial intra- and interpatch
forward coupling strength as repulsive with g4(0) = g,(0) =
0.1 and plot the diagrams in the coupling space [g1(0), g3(0)]
for the square and hexagonal lattices. The small subplots
(a1.2.3), (b12:3), (c123), and (d; »3) are calculated with the
number of fermion flavors being Ny =2, 4, 6, and 8, re-
spectively. The two lattice structures share very similar phase
diagrams for the same initial parameters, distinct from the
case of conventional VHSs. Furthermore, one can observe that
phase diagrams are separated into four regions. The ferromag-
netic and antiferromagnetic (d-wave ferromagnetic) orders
are robust in a wide range of coupling space for different
nesting parameter dy and fermion flavors. For large initial
negative and positive g3, the system with small Ny favors
an s-wave and d-wave superconducting state, respectively.
With the gradual increase of Ny, these orders turn to be the
dPOM state. The transition from superconducting states to
dPOM occurs at smaller Ny with a larger nesting parameter
dy, as shown in phase diagrams [Figs. 7(b,) and 7(bs)] of the
hexagonal lattice with dy = 0.25 and dy = 0.5. In the square
lattice with N, = 2, the phase diagrams with dy = 0.5 are
similar to the case with dy = 0.25 and they are displayed
in Appendix C. A supermetal phase, exhibiting power-law
divergent DOS but no long-range order [12], can appear on
the hexagonal lattice at dp = 0.25 and Ny = 8 [red regime
of the subfigure (d;) of Fig. 7] . The phase diagrams with
a variation of other couplings g,(0) and g4(0) are provided
in Appendix D. They also display a similar feature that the
instabilities in the particle-particle channel are suppressed
but particle-hole orders are favored with increasing flavor
number N;.

VIII. DISCUSSION

We discuss the ground state for the dominant states with
degeneracy. On the square lattice, there are two saddle points
and N, = 2. All competing states are nondegenerate, consis-
tent with lattice symmetry. In the hexagonal lattice, such as
honeycomb or kagome lattices, there are three saddle points
and N, = 3. There is a single s-wave state and twofold degen-
erate d-wave states in each channel of instability, including
superconductivity, spin density wave, and charge density wave
with zero momentum (Pomeranchuk order). In the following,
we take the kagome lattice as an example. In the supercon-
ducting channel, for the d-wave pairing state, the system
tends to form a d + id state [6,14] in order to maximize
the condensation energy. This state is time-reversal break-
ing and carries an even Chern number. In the channel of
spin density wave, the s-wave state is the ferromagnetic state
and the magnetic moments of the three patches are aligned
along the same direction, as shown in Fig. 8(a). The d-wave
states are twofold degenerate and the corresponding eigen-
vectors are ¢¢ = %(1, 1,-2) and ¢§ = %(1, —1,0). The

order parameter can be written as S; = slqbii + S2¢§i and the

(a) (b) ()

FIG. 8. Competing states on the kagome lattice: (a) ferromag-
netic order, (b) 120° antiferromagnetic order, and (c) nematic order.
The size of a circle represents the on-site energy of the corresponding
sublattice.
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corresponding free energy up to quartic order in s , reads [14]

o B 2
P R [CR

—gsfsg + g(sl -s2)2] (17)

As B is generally greater than zero, by minimizing the
free energy, we obtain that s; and s, are orthogonal with the
same amplitude. Setting these two vectors to be the in-plane
unit vectors e, and e,, the corresponding order parameter
isS; = \/la(ex + \/gey, e, — «/§e_\,, —2e,). In the momentum
space, the spin vector winds twice on the Fermi surface. For
the p-type VHS on the kagome lattice, where each sublattice
dominates the eigenstate at each saddle point, this order cor-
responds to the intraunit cell antiferromagnetic order with an
angle of 120° between nearby spins, as shown in Fig. 8(b).
For the m-type VHS, where the eigenstate at each saddle point
is attributed to a mixture of two sublattices, this order corre-
sponds to both on-site and bond orders and thus there is no
clear real-space pattern. In the channel of charge density wave,
the s-wave state is isotropic and preserves all lattice symmetry,
while the d-wave states are twoold degenerate and the eigen-
vectors are the same as the d-wave spin density wave state.
The order parameter can be written as ng = m(pf + nqug .
The free energy reads [14,53-55]

=S )+ S e, (18)
where nL = 1y & in, and the cubic term is attributed to the
sixfold rotation of the lattice. Assuming 7. = ne™>? with
0 being the orientation of the nematic director, the cubic
term can be written as 8'n>cos(60), which is minimized by
260 =2nm /3 for B/ <0 and 20 = 2n + 1) /3 for B’ > 0.
The corresponding order parameters are r]g = \/Lé 2,—-1,-1),
fa(_l’ 2,—1),or ﬁ(—l, —1, 2). These orders break the lat-
tice rotational symmetry and thus are nematic. For the p-type
VHS, this order corresponds to distinct on-site energies of
sublattices [see Fig. 8(c)] or anisotropic intrasublattice hop-
ping. For the m-type VHS, sublattices are mixed and this
order is attributed to distinct on-site energies of sublattice and
anisotropic intra- and intersublattice hopping.

Let us now discuss the implications of our findings for
the kagome metals AV3Sbs. In AV3Sbs, both conventional
and higher-order VHSs appear near the Fermi level [20,21].
The CDW order may originate from the electronic corre-
lation effect enhanced by conventional VHSs [28-31] or
phonon softening [27]. According to ARPES measurements,
the momentum-dependent CDW-induced gaps are maximum
at the M point and the conventional VHSs are shifted away
from the Fermi level [20,26,56]. In contrast, the higher-order
VHS only exhibits slight energy shifting [26] due to its poor
Fermi surface nesting and is still close to the Fermi level in
the CDW phase. Superconductivity and nematicity emerging
inside the CDW order can derive from the instabilities of this
higher-order VHS. The twofold dPOM states will mix and
form a nematic state breaking the lattice rotational symmetry
[see Fig. 8(c)], which may account for the observed nematic
order in transport measurements [38] and scanning tunneling

microscopy measurements [37]. The superconductivity in ex-
periments is d wave or s wave depending on the initial value of
the interaction g3 according to our calculations. With increas-
ing pressure, the CDW and nematic orders get suppressed
while superconductivity is enhanced as both the conventional
and the higher-order VHSs gradually move away from the
Fermi level [57,58]. These are consistent with experimental
observations.

IX. CONCLUSIONS AND REMARKS

In summary, we systematically study the competing insta-
bilities on the 2D square and hexagonal lattices at higher-order
Van Hove filling with an SU(Ny) flavor degeneracy. These
higher-order VHSs host the power-law divergent DOS and
feature poor Fermi surface nesting. Firstly, we study the evo-
lution of the band structure and explore the realization of
higher-order VHSs on square and kagome lattices, based on
a tight-binding Hamiltonian and an effective model around
saddle points. Secondly, by performing renormalization group
calculations, we investigate the competing orders with a vari-
ation of initial coupling constants and number of fermion
flavors. Interestingly, we find that increasing the flavor number
can drive a generic phase transition from a superconductivity
order to a nematic order. It originates from the significant
enhancement of the interpatch density interaction g, with a
larger flavor number Ny. Thirdly, the mean-field theory is used
to determine the ground states and their real-space patterns
are also revealed on the kagome lattices. Implications for
observed intriguing states in AV3;Sbs kagome metals are also
discussed.
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APPENDIX A: FIXED TRAJECTORIES AND THEIR
STABILITIES ON THE SQUARE LATTICE

In this section, we can get the equations for the fixed
trajectories by putting the relation g;(y) = G;/(y. —y) near
critical time y, into Egs. (9)—(12) as follows:

G| = 2dyG,Gy, (A1)

G3 = —2G3Gy, (A2)

Gy = —2doG4[(Ny — 1)G, — Gy, (A3)
Gy = —G; — G5 — dyN;G)

—2dyG,Gy — dyG? — dyG? (A4)

for the square lattice case with N, = 2. The fixed trajectories
can be analyzed by using the stability matrix mentioned in
the Sec. VI. We summarize the solutions and their stability
conditions in the Table II.
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TABLE II. Fixed trajectories and stable conditions on the square lattice.

No. G, G, G; Gy Conditions for fixed trajectories Leading order Stable condition
—1 1

1 0 0 0 B, =T Ny #3— @ sPom/dPom Unstable
doNp+do—1 -1 1 1

2 0 46131\/[(1\/]’*1)2 0 72%(}\//_1) Nf 2 % -1 dPom Nf 2 1 + %
doNy-+dp—1 1 | |

3 0 =\ qN,m, 17 0 Mo, Nf>%—l sPom Nf>1+%

4 0 0 A -1 Ny <43 dSCorsPom/dPom Ny <3+ &

/1= =3) 1 1 !

5 0 0 e -3 Nf<%+3 sSC Nf<1+%
14+dy(Ny—1) 1

6 N;G, W D 0 % Ny 2> 1 FM Ny 21

) [ oW —1) 1
7 N;G, WD 0 o Ny > dFM Ny >1

APPENDIX B: FIXED TRAJECTORIES ON THE
HEXAGONAL LATTICE

The equations of fixed trajectories on the hexagonal lattice
with N, = 3 are given as

G1 = doG1(2G4 + Gy), (B1)
Gy = —doGr(NyGy — 2G1) — 2doGu[(Ny — DG, — G1],
(B2)
G3 = —G3(G3 +2Gy), (B3)
Gy = —dy[2N;G3 — 4G,G, — 2G} + (N; — 3)G5]
- Gj —26G;. (B4)

We solve these equations, and we list these solutions as below.
(1) When G| = G3 = 0, G, and Gy are given as

-1

1 G,=0,G4=————, B5
(1) 2 4 T+ do(N;, —3) (B5)
8dy — INsdy £ S
2 G= S 2 - 2 : 212\’
2(Nfd0 + 8d0 — 191Vfd0 +9Nfd0)
—-N 2Nrd Nr—1)S
G '+ +2N¢dy F (Np — 1)S> (B6)

" Npdo[ Ny + do(8 — 19N + N3

(ii) At the relation G| = d—lo — 2G4, Gz = 0, we solve as

17dy £ S5

3) Gy=-2G,= . (B7
G G Sa iz rone B
@) G Nf - 2Nfd0 + N}do + S5,
* 7 Ny(Ny — 8dy — UNsdo + N2dy)”
—8dy — 9N;dy F S
Gs = 0 £ao F 94 . (BY)

2(Nydo — 8dg — 11Nsdg + N7dg)
(iii) When G; = G, = 0 and G5 = —1 — 2G4, we have

9+£Ss

5 Gy =— .
©) * 7 7209 = 3dy + Nydo)

(B9)

(iv) When G| = 0 and G3 = —1 — 2G4, we can solve
Sd() — 17Nfd0 F S6
Gy = 2 2 2 2\’
2(9N¢do + 8dj — 19Nds + IN?d;)
—9N¢dy — 6Nydg + 8N7dg + do(Ny — 1)S6
ON¢dy + 8d§ — 19N fdg + 9Nj%do2

(6)

G, =

(B10)

(v) When G| = d—lo — 2G4 and Gz = —1 — 2G4, we can
solve

25dy + S,
M G= =
9(d() — 3d0 + Nfdo)
_25dy ¥ S
G, 0F 7 (B11)

" 18(do — 3d2 + Nyd2)
ONsdo + 6Nydg + N7ds + doSs

* Nydo(9Nydo — 8d3 — 11INsd3 + N3d3)’

—Sd() — 17Nfd0 F Sg

(8) G,

Gy = . (B12
7 2(9Nydy — 843 — 1IN;d3 + N3d)) (B12)
Here we define the following formulas as

Sy = /Nydo(—8 + 8dy + INydy), (B13)
Sy = /do(8 + 73dy + T2Nyd), (B14)
Sy = \/Nfd0(8 + 8Ny — 8dy + Nydo + 8N?dy).  (B1S)
S5 = \/9+24d0 —8Nfd(), (B16)

Se = (— 72Nydy — 120N;dy + 145N7d;
—64N;dy + 152N2d3 — T2N3d)'? (B17)

§7 = \Jdo(72 + 337dy + T2Nydy + 21643 — T2Nd3),
(B18)

Ss = [(8dy + 17Nydy)* — 4(—2 — 2N f + 2Nydy)

172

x (ONydo — 8ds — 11Nydg + N7dj)] (B19)
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FIG. 9. The phase diagrams for the square lattice in the weak-
coupling space [g1(0), g3(0)] with fixed initial repulsive intra- and
interpatch forward coupling strength g,(0) = g4(0) = 0.1, and with
the given nesting parameter dy = 0.5. Here (a)—(d) is for the case
with Ny = 2, 4, 6, and 8, respectively.
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One can note the solutions of fixed trajectories on the hexag-
onal lattice are too complex to analyze their stable properties,
in contrast to the case on the square lattice.

APPENDIX C: PHASE DIAGRAMS FOR THE SQUARE
LATTICE WITH THE LARGE NESTING PARAMETER

The phase diagram with the nesting parameter dy = 0.5 in
the square lattice is given in Fig. 9. It is clear to see there is no
dramatic difference comparing dy = 0.25 and dy = 0.5 in the
given initial coupling constant [g2(0), g4(0)] = (0.1, 0.1).

APPENDIX D: PHASE DIAGRAMS FOR THE NEGATIVE
INITIAL COUPLING CONSTANT

We plot the phase diagrams with the nesting parameter
dp = 0.5 in the hexagonal and square lattice for the different
given initial coupling constant [g,(0), g4(0)]. From Fig. 10,
one can note that there exists a phase transition from su-
perconductivity to the s- or d-wave charge order (sPOM or
dPOM) as increasing the fermion flavor N.
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FIG. 10. The phase diagrams for the square and hexagonal lattices in the weak-coupling space [g;(0), g3(0)] with different fixed initial
repulsive intra- and interpatch forward coupling strength [g2(0), g4(0)], and with the given nesting parameter dy = 0.25. Here (a)—(d) is for the
case with Ny = 2, 4, 6, and 8, respectively. The upper panel is for the square lattice, and the down panel is for the hexagonal lattice. The initial
given coupling constant [g,(0), g4(0)] is (—0.1, —0.1) for the left panel, (—0.1, 0.1) for the middle panel, and (0.1, —0.1) for the right panel,

respectively.
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