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We consider the spin-% Heisenberg chain (XXX model) weakly perturbed away from integrability by an
isotropic next-to-nearest neighbor exchange interaction. Recently, it was conjectured that this model possesses
an infinite tower of quasiconserved integrals of motion (charges) [D. Kurlov et al., Phys. Rev. B 105, 104302
(2022)]. In this work we first test this conjecture by investigating how the norm of the adiabatic gauge potential
(AGP) scales with the system size, which is known to be a remarkably accurate measure of chaos. We find
that for the perturbed XXX chain the behavior of the AGP norm corresponds to neither an integrable nor a
chaotic regime, which supports the conjectured quasi-integrability of the model. We then prove the conjecture
and explicitly construct the infinite set of quasiconserved charges. Our proof relies on the fact that the XXX
chain perturbed by next-to-nearest exchange interaction can be viewed as a truncation of an integrable long-range

deformation of the Heisenberg spin chain.
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I. INTRODUCTION

Quantum chaos has become a subject of intensive research
over the last decades. Despite significant efforts and numerous
milestones achieved, there still is a large number of open
questions (for a review, see, e.g., Refs. [1-4]). On the contrary,
in classical systems, chaos is a well understood phenomenon
that relies on the exponential sensitivity of the phase space
trajectories to initial conditions [5]. This does not occur in
integrable systems, because their trajectories are confined to
certain subregions (tori) of the phase space, due to the pres-
ence of many conservation laws [6]. Moreover, the renowned
Kolmogorov-Arnold-Moser (KAM) theorem states that clas-
sical integrable systems under weak integrability-breaking
perturbations remain stable for a sufficiently long time, be-
cause such perturbations do not destroy and only slightly
deform most of the phase-space tori [7—-11].

Extending the physical picture of chaos from classical
systems to the quantum ones is far from being straight-
forward, already due to the fact that the notion of phase
space trajectories does not apply to quantum systems. Thus,
in the quantum case one has to define chaos differently.
A particularly successful and widely accepted approach
to quantum chaos is based on the random matrix theory
(RMT) [12,13] and the celebrated eigenstate thermalization
hypothesis (ETH) [1,14,15], which describes how isolated
quantum systems relax locally to thermal equilibrium. In the
context of RMT and ETH, chaotic quantum systems are most
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commonly characterized by their spectral properties, such as
the level spacing statistics [16—18], mean gap ratio [19,20],
and spectral form factor [21,22]. For instance, according to
the Bohigas-Giannini-Schmit conjecture [23] chaotic systems
exhibit Wigner-Dyson level spacing statistics due to the repul-
sion between the energy levels. On the contrary, in integrable
quantum systems the energy levels are uncorrelated, so that
the corresponding level spacing statistics is Poissonian [24].
Intuitively, this can be understood from the fact that integrable
systems possess a macroscopic number of local conserved
quantities (charges) that commute with the Hamiltonian and
one another, which is a widely accepted criterion for quantum
integrability. This is also the reason why quantum integrable
systems do not follow the ETH. Instead, their thermaliza-
tion is governed by the so-called generalized Gibbs ensemble
(GGE) that takes into account the additional conservation
laws [25-27].

Recently, an alternative approach to quantum chaos has
been formulated, which utilizes concepts of quantum geom-
etry [28] and relies on the rate of deformations of eigenstates
under infinitesimal perturbations. It turns out that the gen-
erator of these deformations, dubbed the adiabatic gauge
potential (AGP), provides an exceptionally sensitive measure
of chaos [29,30]. Indeed, the Frobenius norm of the AGP is
nothing other than the distance between the nearby eigenstates
(the so-called Fubini-Studi metric) [31-33]. It can be easily
shown that this norm scales with the system size in a dras-
tically different manner for chaotic and integrable quantum
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systems. Namely, the AGP norm exhibits an exponential scal-
ing for chaotic systems described by the ETH, whereas for
integrable systems the scaling is polynomially bounded [29].
Therefore, one can say that quantum chaos manifests it-
self in the exponential sensitivity of the eigenstates to the
integrability-breaking perturbations, which provides a certain
analogy with the classical chaos. The AGP norm is remark-
ably accurate in distinguishing the chaotic systems from the
integrable ones, since it is sensitive to integrability-breaking
perturbations that are exponentially small in the system size.
This by far exceeds the sensitivity of standard probes of chaos,
such as the spectral form factor or level statistics. Moreover,
from the practical perspective, the difference between the
polynomially bounded and exponential scaling of the AGP
norm is easy to detect numerically, even for relatively small
system sizes. These and other arguments demonstrate that the
AGP norm is an extremely useful tool for detecting chaotic
behavior in quantum many-body systems. Over the past few
years the AGP based approach has lead to a number of im-
portant achievements and insights on quantum chaos [34] and
quantum control [35-37]. It was also used in the context of
the many-body localization [38—46].

One of the most important questions in the field of quantum
chaos is related to the fate of many-body systems under weak
integrability-breaking perturbations. Generalizing the KAM
theorem to the quantum case is a long-standing problem.
Despite recent findings demonstrating some progress in this
direction [47], a complete understanding is missing. To some
extent this can be explained by the fact that even the very
definition of quantum integrability is subtle [48]. Extensive
research shows that weakly nonintegrable quantum systems
do not thermalize for sufficiently long times #y, ~ A~2, where
A < 1 is the strength of the perturbations [49,50], as can
be understood using the Pauli master equation and Fermi’s
golden rule-like arguments [51]. At times smaller than #y,
weakly nonintegrable systems exhibit a different, the so-called
prethermal behavior at earlier times [52-55]. It is believed that
the prethermal phase should be described by some effective
GGE [56,57].

Remarkably, in some cases the thermalization time turns
out to be much larger than the naive #;, ~ A2 scaling [51,58].
For instance, the spin—% isotropic Heisenberg chain (XXX
model), weakly perturbed by an isotropic next-to-nearest
neighbor exchange interaction was found to exhibit trans-
port behavior consistent with the thermalization time fy ~
A~% [59]. This anomalously large thermalization time was
attributed to the existence of an approximate integral of mo-
tion, conserved with the accuracy O(A?). This question has
been further addressed in Ref. [60], which explicitly con-
structed a few higher-order quasiconserved charges for the
spin—% XXX model, weakly perturbed by an isotropic next-
to-nearest neighbor exchange interaction. In the same work
it was conjectured that and one can construct as many qua-
siconserved charges for the perturbed XXX chain, as there
are exactly conserved charges for the unperturbed integrable
model (infinitely many in the thermodynamic limit). Simi-
larly, a few first quasiconserved charges were constructed for
an isotropic XY chain perturbed by a next-to-nearest neigbor
XY interaction [61]. There have been numerous studies of
spectral properties in weakly nonintegrable models, for in-

stance showing a crossover from Poissonian to Wigner-Dyson
level statistics, see, e.g., Refs. [16,62—-65]. However, since the
AGP norm has proven to be much more sensitive and efficient
in detecting quantum chaos, it is natural to ask whether it can
provide further insight into the behavior of weakly noninte-
grable systems.

The aim of this work is twofold. First, we investigate the
perturbed XXX chain using the AGP-based approach. Steps
in this direction (albeit with a different logic, see discus-
sion in Sec. III) were already performed in Ref. [29]. There,
it was observed that apart from the polynomially bounded
and exponential scaling for integrable and chaotic systems,
respectively, the AGP norm can exhibit yet another regime.
Namely, for weakly nonintegrable systems one has a sharp
crossover between the regimes of a polynomially bounded
and exponential scaling of the AGP norm. The latter regime
has been associated with the emergence of exponentially slow
relaxation dynamics [29]. The crossover was found to oc-
cur at a critical perturbation strength that is exponentially
small in the system size. This picture agrees with our find-
ings presented in this paper. We find that the AGP norm for
an integrable model (XXX chain) weakly perturbed by an
integrability-breaking perturbation (isotropic next-to-nearest
neighbor exchange interaction) exhibits the crossover between
the polynomially bounded and exponential scaling at a criti-
cal perturbation strength, which is exponentially small in the
length of the chain. The observed behavior of the AGP norm
is distinct from both integrable and purely chaotic regimes.
We argue that this strongly supports the conjecture on the
quasi-integrability of the perturbed XXX model, put forward
in Ref. [60].

In the second part of the paper we proceed with the
analytic proof of this conjecture. We present an explicit con-
struction of the infinite set of quasiconserved charges for
the isotropic Heisenberg Hamiltonian perturbed by a weak
next-to-nearest neighbor exchange interaction. We employ the
idea of integrability-preserving long-range deformations, in-
troduced in Ref. [66], and show its direct relation to the notion
of AGP. Our proof of quasi-integrability relies on the fact that
the perturbed XXX chain can be viewed as a truncation of an
integrable spin chain with long-range interactions.

The rest of the paper is organized as follows. In Sec. II
we introduce the perturbed XXX model and discuss the con-
jecture on its quasi-integrability [67]. In Sec. III we briefly
review the notion of the AGP. We numerically investigate
the scaling of the AGP norm for our model and demonstrate
that the results are consistent with the conjectured quasi-
integrability. Then, in Sec. IV we proceed with the analytic
proof of the conjecture and present an explicit construction of
an infinite set of the quasiconserved charges for the perturbed
XXX chain. Finally, in Sec. V we discuss our results and con-
clude. For the sake of completeness the paper is supplemented
with an Appendix where we briefly discuss another weakly
nonintegrable model; isotropic XY chain perturbed by the
next-to-nearest neighbor XY interaction, studied in Ref. [61].

II. PERTURBED XXX MODEL

In this section, we introduce the model and briefly dis-
cuss the conjecture on its quasi-integrability, put forward in
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Ref. [60]. We consider the Hamiltonian
H() =Hy+V(2), (1)

where Hj is the integrable part and V(1) is the perturbation.
The real parameter A controls the perturbation strength and
we assume A < 1, so that the perturbation is weak. The term
Hj corresponds to the spin-% isotropic Heisenberg chain and
reads

H0=JZUj'¢7j+1, @)
J

where o; = {o O’j O'JZ} is the vector of Pauli matrices, the
dot denotes the scalar product, and J is the exchange coupling
constant. Here we work in units with J = 1. The Hamilto-
nian (2) is integrable and can be solved exactly by the Bethe
ansatz [68,69]. The model possesses an infinite number of
conserved charges that commute with the Hamiltonian and
one another

[H()a Qn] = [Qm» Qn] =0. (3)

We stress that the conserved charges O, are required to be
local in the sense that they are given by a sum of operators
with finite support. By convention, Q; is the total magne-
tization, which is clearly conserved by Hjy, and the second
conserved charge coincides with the Hamiltonian itself, Q, =
Hy. The higher charges can be iteratively generated from Q,
as [70-72]

Qn+l = [B[QZL Ql‘l]v (4)
where B[Q5] is the so-called boost operator. Explicitly it is

given by

B[] = — Z]U/ Gl )
j

and we see that B[Q,] is constructed out of the second charge
(Hamiltonian), cf. Eq. (2). Note that every next charge has
a larger support as compared to the previous one. For the
Heisenberg model the nth charge Q, generated by Eq. (4)
is a sum of term with the support on up to n lattice sites.
In addition, Q, usually contains terms that are also present
in the previous charges [70]. It is convenient to work with
a different basis {0’} in which every next charge does not
contain the terms from the previous charges. The first charges
are the same in both bases (9,, = Qf,?) form =1, 2), whereas
the next two conserved charges in this basis read

0y = §]mxwﬂ)m% (6)

0 = Z((o, X0 +1) X 0j42) 043+ Za, o2,
@)

where the cross denotes the vector product and the general
form of Q'” for the XXX model can be found in Ref. [70].
Let us now turn to the second term in Eq. (1). Following

Ref. [60], for the perturbation V (1) we take the isotropic next-
to-nearest-neighbor exchange interaction:

V) =1) 0 0. 8)
J

Note that both Hy and V (1) are translation and SU (2) invari-
ant and we assume that the system is in the thermodynamic
limit. The perturbation (8) breaks the integrability and the
quantities Q'” are no longer conserved since they do not
commute with the total Hamiltonian H(A). Moreover, one
clearly has ||[[H(}), Qflo)]|| & A, so that the quantities Q,(lo)
change significantly over times much shorter than #;. Thus,
they cannot be responsible for the existence of the prethermal
phase. One can try to deform Q¥ into

0,0.) =0 + 200, ©)

where the correction O\ is chosen such that the deformed
charges Q,()) satisfy

I[H (1), Qn O] o A2, (10)

and also commute with each other with the accuracy O(A?).
If this is possible, then the quasiconserved charges Q,(})
constraint the dynamics and prevent the system from being
truly chaotic during the prethermal phase. With a tedious but
straightforward brute force approach the authors of Ref. [60]
have constructed the first four nontrivial quasi-conserved
charges, 0,(0) with 3 < n < 6, for the Perturbed Heisenberg
model. For instance, the correction to Q5 was found to be

1
( ) = 2(6/ X 61-&-1) 0j+3 + Z(G/ X 61+2) 0jyt3.

an
It was then conjectured that one has as many quasi-conserved
charges for the perturbed model as there are exact conserva-
tion laws for the unperturbed one. We prove this conjecture
in Sec. IV, where we explicitly construct an infinite tower on
quasiconserved charges. However, before doing so, let us first
test the conjecture of Ref. [60] using an extremely sensitive
probe of chaos, the AGP norm.

III. ADIABATIC GAUGE POTENTIAL AND
INTEGRABILITY BREAKING

In this section we briefly review the notion of adiabatic
gauge potential and its power in detecting chaos. For an
in-depth discussion see Refs. [29,33]. We then numerically
investigate the scaling of AGP norm with the system size for
the perturbed Heisenberg model. We show that the results
are consistent with the conjectured quasi-integrability of the
model.

A. Adiabatic gauge potential

Consider a Hamiltonian H (1) depending on a parameter A.

Let {|n(A))} be its orthonormal eigenbasis, so that one has
H)In(2)) = E,(M)|n(R)). (12)

Then, there exists a unitary transformation that adiabatically
rotates the eigenstates as

In(2)) =

where |ng) = [n(0)). The generator of this transformation is
the so-called adiabatic gauge potential defined as

A, = i[U)IUT (L), (14)

U (X)lno), 13)
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so that its action on the eigenstates is A; [n(X)) = idy|n(A)).
It can be easily shown that the AGP satisfies the following
operator equation [33,73]:

i10,H() = [A, HR)] — iF(b), 15)

where the operator (1) is diagonal in the eigenbasis of H (1).
Explicitly, it is given by

dE, (A
Foy == 1 B nne) (16)

n

The relation (15) can be easily derived from the fact that the
rotated Hamiltonian A (1) = U (A\)H (A)U (L) commutes with
its derivative 8, H (1). Similarly, Eq. (16) follows immediately
from the Schrodinger equation (12). Differentiating both sides
of Eq. (12) with respect to A and substituting 9, H (%) from
Eq. (15), one arrives at Eq. (16).

With the help of the Hellmann-Feynman theorem one can
easily see that the matrix elements of the AGP calculated
between the eigenstates of H (1) read

i

(m)| A ln(R)) = ———(m(2)[0,H (1) |n(R)), a7)

Wmn
where wy,, = E;,(A) — E,(A). In order to allow for degenera-
cies (accidental or not), one has to regularize the AGP as

a)mn

(iAol = =5

(m|3HX)|n),  (18)
where w is a small energy cutoff and we suppressed the
dependence on X for brevity. The results of Ref. [29] show that
the optimal cutoff choice is u ~ LD~". In order to lighten the
notations, from now on we drop the argument , so that A;
refers to the regularized AGP.

The Frobenius norm of the regularized AGP reads

1
AN = 32 ) lml A2, (19)

n. m#n

where D is the dimension of the Hilbert space. It is then
straightforward to see that for chaotic systems, described
by the ETH, the AGP norm scales exponentially with the
system size. Indeed, according to the ETH, the off-diagonal
matrix elements of any local operator scale as e~5/2, where
S is the entropy of the system [14]. Similarly, for the level
spacings one has w,,, ~ e~5. Thus, provided that the cutoff
is chosen as u ~ =5, we immediately see that for chaotic
systems IA; 11> ~ <L, with some k¥ > 0. On the contrary, for
integrable models the AGP norm behaves differently and its
scaling of the system size is bounded polynomially, as was
demonstrated in Ref. [29]. It turns out that for weakly nonin-
tegrable systems the AGP norm exhibits yet another behavior,
as we demonstrate below.

B. Scaling of the AGP norm for the perturbed XXX model

We now proceed with calculating the AGP norm for the
spin-% XXX model weakly perturbed by an isotropic next-
to-nearest neighbor interaction. The Hamiltonian is H(A) =
Hy + V()), where H, is the integrable XXX Hamiltonian (2)
and the perturbation V(1) is given by Eq. (8). In this sec-
tion we consider the system on a finite lattice of L sites and
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FIG. 1. Main panel: The rescaled AGP norm ||.A;||?/L as a func-
tion of the system size L for the XXX Hamiltonian H, in Eq. (2),
weakly perturbed by the isotropic next-to-nearest exchange interac-
tion V (1), given by Eq. (8). The AGP is calculated using Eq. (19).
One can clearly see a crossover from the polynomially bounded to the
exponential scaling, which occurs at a system-size dependent critical
perturbation strength A*(L). The solid lines are the exponential fits
lALN?/L o et, with « = 1.62 4 0.05. Inset: The scaling of the
critical perturbation strength A* with the system size. The solid line
is the exponential fit with e=0-44L,

impose periodic boundary conditions in order to retain the
translation invariance of the model. For the AGP norm in
Eq. (19) we include only the eigenstates of H(A) belonging
to the Hilbert space sector with zero magnetization [74]. Ac-
cordingly, for the normalization factor in Eq. (19) we take
the size Dy of zero magnetization sector. Similarly, the cutoff
is chosen as p = L/Dy. Then, using Eq. (19) we calculate
numerically the AGP norm as a function of system size for
8 < L < 20. Since in our case the perturbation V (1) is exten-
sive, we rescale the AGP norm as ||.A,||?/L. The results are
presented in Fig. 1 for different values of perturbation strength
A. One can clearly see that the rescaled AGP norm enters
the regime of exponential scaling at a certain system size-
dependent critical perturbation strength A*(L). For & < A*(L),
the (rescaled) AGP norm scaling is bounded by a polyno-
mial in L, as one would expect for an integrability-preserving
perturbation [29]. Interestingly, we find that in our case the
scaling is logarithmic, ||.4;]|?/L ~ log L. In the opposite case,
for A = A*(L), the rescaled AGP norm scales exponentially
with L. In this regime one has ||.A;||?>/L ~ €“* and our results
give k = 1.62 £0.05. As we demonstrate on the inset in
Fig. 1, the critical coupling decreases exponentially with the
system size and we find A* ~ =044,

The fact that the AGP norm in Fig. 1 scales in a drastically
different way from both the integrability-preserving perturba-
tions and the genuinely chaotic ones, supports the conjecture
on the quasi-integrability of the perturbed XXX chain [60].
Moreover, our results suggest that the AGP norm can be used
as a very useful tool not only for detecting chaos but also
for distinguishing the chaotic perturbations from the weak
integrability-breaking ones, in the spirit of the KAM theorem.
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FIG. 2. The rescaled AGP norm ||.A4; ||?>/L versus the system size
L for the XXX model perturbed by the interaction V(1) = 1 ) 0
0 for 2 <m < 5. In all cases the AGP norm is calculated in
the direction of V(i) at A = 0. For m = 2, which corresponds to
the next-to-nearest neighbor exchange in Eq. (8), the perturbation
is weakly integrability-breaking, so that the rescaled AGP norm
exhibits a polynomially bounded scaling (black dots). Data points
for m = 2 are the same as the A = 0 points in Fig 1. For less local
perturbations with 3 < m < 5, the AGP norm scales exponentially,
which indicates that these perturbations are truly chaotic as they
break the integrability strongly. The blue solid line is the exponential
fit |4, [|?/L o< et with k = In2.

Indeed, consider again the Hamiltonian H(A) = Hy + V (1),
where Hj is integrable and V(1) is the perturbation. Assume
that V(1) is known to break the integrability, which is usually
easy to check. Then, in order to tell whether the integrability
is strongly or weakly broken, all one needs is to calculate
the AGP norm in the integrability-breaking direction V () for
sufficiently large system size and zero value of A [i.e., one
calculates the AGP using the eigenstates of an unperturbed
Hamiltonian, cf. Eq. (19). If the AGP norm scales exponen-
tially, then the perturbation V (1) is chaotic and it completely
breaks the integrability of Hy. On the contrary, if the scaling of
the AGP norm at A = 0 is bounded polynomially, then V (1)
only weakly breaks the integrability.

We illustrate this idea in Fig. 2, which shows the scaling of
the AGP norm for the XXX chain perturbed by the operators
of the form V(1) = A Zj G- 01, with2 < m < 5. For each
m, we calculate the AGP at A = 0. The results unambigu-
ously demonstrate that the case m = 2, which corresponds
to the next-to-nearest exchange interaction, is special, since
the scaling of the AGP norm is bounded polynomially. On
the contrary, for less local perturbations with 3 < m < 5 the
AGP norm at . = 0 scales exponentially with the system size.
Therefore, the next-to-nearest exchange interaction breaks the
integrability of the XXX model only weakly, whereas the
perturbations with larger support are genuinely chaotic as they
break the integrability more strongly.

Let us finish this section with a remark. Naively, one may
conclude the scaling of the AGP norm in Fig. 1 strongly
resembles the one presented in Fig. 3 in Ref. [29]. While it
is true that the effects of integrability-breaking perturbations

on the behavior of the AGP norm have already been studied
in Ref. [29], their protocol is very different from ours. They
consider a weakly nonintegrable system and calculate the
AGP for a perturbation that, unlike in our case, is different
from the one breaking the integrability. Then, they find that
the scaling of the AGP norm in the integrable direction also
demonstrates the crossover between the regimes of polynomi-
ally bounded and exponential scalings, similar to the one in
Fig. 1. We would like to emphasize that our protocol (where
the AGP is calculated in the direction of the same perturbation
that breaks the integrability) allows for a transparent physical
interpretation, as demonstrated in this section.

IV. LONG-RANGE DEFORMATIONS AND
QUASICONSERVED CHARGES

In this section we proceed with proving the conjecture on
the quasi-integrability of the Heisenberg chain (2) weakly
perturbed by the next-to-nearest neighbor exchange interac-
tion (8). First, we briefly review the idea of integrability-
preserving long-range deformations, discussed in Ref. [66],
and relate it with the AGP. Then, we show how truncating
the formal series for the charges of a long-range deformed
integrable spin chain leads us to a quasi-integrable and with
quasiconserved charges. We then present an explicit construc-
tion of the quasiconserved charges for the perturbed XXX
chain.

A. AGP and integrability-preserving deformations

We consider the Hamiltonian H(L) = Hy + V(}) from
Eq. (1). The term Hy is the integrable part, and one has an
infinite set of mutually commuting conserved charges Q.
Then, let {|ny)} and {|n(1))} be the eigenbasis of Hy and H (1),
respectively, so that the transformation U (A) from Eq. (13)
connects the unperturbed basis with the perturbed one. The
transformation U (1) is generated by the AGP A, as follows
from Eq. (14). The AGP satisfies the operator relation (15).

Then, following Ref. [66], let us assume that the per-
turbation V(1) does not break the integrability of the total
Hamiltonian H(A). In this case one has an infinite set of
deformed conserved charges Q, (1) that satisfy

[H (), @n(M)] = [Om(2), Qu(A)] =0,

along with 0,,(0) = Q. Keeping in mind that H (1) satisfies
the relation (15), and the Hamiltonian is a conserved charge
itself [H (1) = Q,(A) by convention], let us try a deformation
similar to Eq. (15) for the other charges:

(20)

10,0n(A) = [As, @u(W)] = iCy(R), ey

where C, (1) is an operator commuting with all charges Q,,(1).
Denoting by &, ,,(A) the eigenvalue of Q,()) that corresponds
to the eigenstate |m())), we have the spectral decomposition
Cir) ==Y, 0:.&m(A)|m(1)) (m(A)|, which is similar to
that in Eq. (16). On the other hand, C,(A) can be written as
a linear combination of conserved charges:

Ci3) =Yy m(R)Qm(2). (22)
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Moreover, due to the fact that the charges are defined up to
an arbitrary linear transformation, the coefficients o, , (1) in
Eq. (22) can be arbitrary functions of A. Note that for n = 2
Eq. (21) reduces to Eq. (15).

Using the Jacobi identity, we immediately obtain

10, [Qm(A), Qu(M)] = [Ax, [Qn(M), QM. (23)

Because the initial condition is [Q,,(0), O, (0)] = 0, the solu-
tion to Eq. (23) is identically zero, i.e., [Q,,(X), Q,(A)] = 0, in
agreement with Eq. (20). In other words, for a set of mutually
commuting unperturbed charges Q) there always exists a
commutativity-preserving deformation (21). Of course, this
does not imply that an arbitrary perturbation V(1) is inte-
grability preserving. Indeed, in general the deformed charges
Q(1) from Eq. (21) at nonzero A lose the locality property. In
order for the deformed charges Q, (1) to be local,

Qn1) = gnj(h), (24)
J

the AGP A4, in Eq. (21) must belong to certain special classes
of operators, as was shown in Ref. [66]. Namely, .4, can be
(?) local and X independent; (ii) a Boost operator constructed
out of one of the charges Q,(4); or (iii) the so-called bilocal
operator. If the AGP in Eq. (21) belongs to one of these three
cases, then the deformed charges Q,()) are of the form (24).
For the sake of completeness, below we briefly discuss these
three cases, before we proceed to explicitly construct the infi-
nite family of quasiconserved charges for the perturbed XXX
chain.

The most obvious choice for the integrability-preserving
deformation is the local and A-independent AGP, i.e.,

ZA,, (25)

where A; # A;(A) has a finite support. This is a trivial case
since it corresponds to merely a basis transformation for the
unperturbed Hamiltonian Hy with the unitary operator U (A) =
e~ ™24 Another option for the integrability-preserving
long-range deformation is the AGP of the form

A(loc)

Aghboost) Qn ( A )] —

Zmn i), (26)

i.e., the AGP is the boost operator of the nth conserved
charge (24). Finally, one can show [66] that taking the
so-called bilocal operator for the AGP also yields an
integrability-preserving deformation:

iloc 1
AT o [QnINQuOIT = 5 D am i), dn i)
j
+ ) {Gmis Gnj}- 27)
i<j
where {-, -} is the anticommutator. It is straightforward to

check the commutator in Eq. (21) results in a local operator
if the AGP is given by Egs. (25)-(27).

For a given AGP, one can easily solve Eq. (21)
perturbatively in A. Indeed, the long-range Hamiltonian

H(A) = Hy + V(X)) can be written as a formal power series
in A as

+00
H(A) = Hy+ Y V. (28)
k=1
The deformation V(1) is generated by some AGP A;. Then,
for this AGP and the corresponding deformed charges Q, (1)
we write similar formal expansions:

+o0
A=Y aka®, (29)
+o0
Ou(0) =Y oW (30)
k=0

Then, from Eq. (21) we immediately obtain

+00 +00

3 itk + DAFQED = 37 ot [AP, o]
k=0 p,r=0
—i Z Za,i"zl(me,;", 31)
p,r=0

which allows one to construct Q, (1) to the desired order in A
iteratively. Let us emphasize that Q,(}) commute with each
other and H(X) only if one takes into account the complete
infinite series in Eqs. (28)—(30). Truncating the series would
lead to approximate conservation laws, which we are going to
use below.

We also note that the construction of long-range deformed
integrable Hamiltonians outlined above is deeply connected
with the so-called TT deformations, well known in the field
theory literature, see, e.g., Ref. [75].

B. Quasiconserved charges in the perturbed XXX model

We now return to the Heisenberg model Hy in Eq. (2)
perturbed by the next-to-nearest exchange interaction V(1) =
AVi, where

Vi=) 000, (32)
J

as described in detail in Sec. II. Our aim is to prove that the
perturbed XXX Hamiltonian H(X) = Hy + AV has as many
quasiconserved charges as there are exactly conserved ones
for the unperturbed XXX model, a conjecture put forward in
Ref. [60].

The idea of the proof is extremely simple. Let us con-
sider an integrability-preserving long-range deformation of
H,, generated by some appropriate AGP A4, . Further, assume
that one can choose A, in such a way that to the first order in A

the solution to Eq. (15) is nothing else than H (1) = Ho + AV].
Keeping in mind that H(1) = Q»(%), so that Hy = Q% and

Q , one can equivalently work with Eq. (31), after
settmg there n = 2 and truncating both sides to the zeroth
order in A [one power is lost after taking the derivative in
Eq. (15)]. This yields

Vi = —i[A©, Hy] - ZamQ(O) (33)
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where we denoted o, = a3,,(0). Thus, our goal is to find
the operator .A” and the coefficients ,, such that Eq. (33)
is satisfied for a given perturbation V;. If this is possible,
one can immediately construct all quasi-conserved charges by
truncating the series in Eq. (30) as

0,(0) = 0V + 20, (34)

and then solving for Qfll) from Eq. (31), truncated to the zeroth
order in A:

0 = —i[A©, 0] - Z om0, (35)
with «, ,, = @, (0) for brevity. The quasiconserved charges
0, commute with each other and the Hamiltonian H(X) =
Hy + AV; with the accuracy O(A?) by construction.

We are now finally in the position to demonstrate that the
algorithm outlined above can be performed for the perturbed
XXX chain. Indeed, consider the zeroth order AGP of the
form

A(O) [Q(O) ZJ(O’] X 0',+1) 012, (36)

which is nothing other than the boost operator constructed
from the conserved charge Q(O) of the Heisenberg Hamilto-
nian, see Eq. (6). It is straightforward to check that for the
Heisenberg Hamiltonian Hy from Eq. (2) one has

—i[A©, Hy] =V, — 2H, — 0", (37

where tho) is the conserved charge of the Heisenberg model,
explicitly given by Eq. (7). Therefore, given the perturbation
Vi from Eq. (32) and the AGP from Eq. (36), one can sat-
isfy Eq. (33) if we set the coefficients o, = 28,2 + Sin.a. We
then immediately obtain the infinite tower of quasiconserved
charges 0, (1) for the perturbed XXX model, given in terms
of the charges Q') of the unperturbed Hamiltonian. Explicitly,
from Eq. (35) for any n > 3 we have

0,(0) = 0 = 1) "m0 + A[B[0Y]. O], (38)

where «, , are arbitrary real numbers. Therefore, we have
proven the conjecture of Ref. [60] on the quasi-integrability of
the perturbed XXX chain. In the same way one can easily con-
struct other quasi-integrable models and their quasiconserved
charges. It is also straightforward to generalize this procedure
to an arbitrary order in A.

For completeness, in the Appendix we demonstrate an ex-
ample of a weakly nonintegrable model (isotropic XY chain
perturbed by the next-to-nearest XY interaction), whose qua-
siconserved charges are constructed with the help of the AGP
from the class of bilocal operators.

V. CONCLUSIONS

In this work, we first have studied weak integrability break-
ing in the spin-% Heisenberg chain (XXX model) perturbed by
the isotropic next-to-nearest neighbor exchange interaction.
We have shown that in this model the AGP norm scales with
the system size in a distinct way, different from both the
polynomially bounded scaling characteristic of integrability-
preserving perturbations and the exponential scaling for the

chaotic ones. Instead, for the perturbed XXX model we find
that the (rescaled) AGP norm exhibits a sharp crossover
from the regime of polynomially bounded to the exponen-
tial scaling. The crossover occurs at a critical perturbation
strength that is exponentially small in the system size, and
we have A* ~ 704~ In the regime of exponential scaling,
i.e., for A = A*, for the rescaled AGP norm we have found
lAN?/L o e, where k = 1.62 & 0.05. On the contrary, for
A < A* the scaling of the AGP norm is bounded polynomially,
just like it is for integrability-preserving perturbations. These
findings strongly support the conjectured quasi-integrability
of the perturbed XXX chain made in Ref. [60].

In the second part of this work we have presented an
analytic proof of this conjecture. Using the algebraic methods
developed in Ref. [66], we explicitly constructed an infinite
tower of quasiconserved charges, which commute with one
another and the Hamiltonian of the perturbed XXX model
with the accuracy O(A?). The main idea of our proof is based
on the fact that the perturbed XXX model can be viewed as the
truncation to the first order in A of an integrable long-range
spin chain with the Hamiltonian H(A) = Hy + ZH’O AV,
where the operators V; have an increasingly large support. The
generator of this long range is nothing other than the AGP,
satisfying certain additional requirements needed to preserve
locality. In order to generate the deformation that to the first
order in A gives the next-to-nearest neighbor exchange inter-
action, one has to take the AGP whose value at A = 0 yields
the boost operator constructed from the third conserved charge
of the unperturbed XXX model.

Together, our results demonstrate that the AGP norm can
be used not only to detect the onset of chaos, but also as a
useful tool in distinguishing different types of integrability-
breaking perturbations, i.e., the truly chaotic perturbations
from those that only weakly break the integrability. In the
latter case the system possesses a macroscopic number of
quasiconserved charges, that can be found using the approach
discussed in Sec. IV. In order to tell whether a given per-
turbation V(A) is chaotic or weakly integrability-breaking,
one simply needs to calculate the AGP in the direction of
V(A) at A = 0. Then, the (rescaled) AGP norm scales expo-
nentially for the chaotic perturbations, whereas for weakly
integrability-breaking ones the scaling is bounded polynomi-
ally. We expect that our findings can be useful for the studies
of transport properties in weakly nonintegrable models, see,
e.g., [59,76,77]. It would be interesting to further investigate
the spectral properties of the weakly perturbed XXX chain in
the regime of A < A*(L), and other quasi-integrable models in
similar settings. For instance, from the results of Refs. [63,64]
one can expect that in this regime the level spacing statistics
should not deviate significantly from the Poissonian, whereas
for A 2 A*(L) it should gradually deform into the Wigner-
Dyson statistics. We leave these questions for future work.

Before we finish, let us make a general remark [78] on
the spectral-based criteria to quantum chaos. It is important
to keep in mind that the many-body eigenstates are not ob-
servables, and it takes an exponentially large (in the system
size) time to resolve the individual eigenstates corresponding
to exponentially close energies. As a result, the properties
of the eigenstates can also be exponential sensitive to per-
turbations, which makes detecting chaos much harder. For
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instance, it is well known that some nonchaotic systems can
have Wigner-Dyson-like level spacing distributions, such as
quadratic systems with two bosonic modes [79], or spin sys-
tems with a single impurity [80]. Finally, a common drawback
of all spectral-based measures, including the AGP, is that they
are limited to relatively small system sizes, amenable to exact
diagonalization.

Note added. While finishing the manuscript, we have
learned that the authors of Ref. [81] obtained similar results
on the existence of quasiconserved charges for weakly non-
integrable Hamiltonians. As far as our studies overlap, our
results are in agreement with each other. Key differences
between Ref. [81] and our work are the following: (i) we
additionally investigate the scaling of the AGP norm and find
that for a weakly nonintegrable Heisenberg model it behaves
in a distinct way; (ii) the authors of Ref. [81] extend the
proof of quasi-integrability to Hamiltonians with higher order
perturbations and illustrate the procedure with a number of
different models.
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APPENDIX: QUASI-CONSERVED CHARGES OF
THE PERTURBED ISOTROPIC XY CHAIN

In this Appendix we discuss the construction of quasicon-
served charges for the isotropic XY chain weakly perturbed by
the next-to-nearest XY interaction, studied in Ref. [61]. The
Hamiltonian is given by

H(A) = Hy + AV1, (AD)
where H is the integrable part
Hy=Y (o}o, +olol,,). (A2)

J

and V; is the perturbation of strength A < 1, which reads

_ x X y_y
V= E (ojoj+2+ajaj+2).
J

(A3)

At A = 0 the model is integrable (it can be mapped onto free
fermions) and it has two families of conserved quantities [71].

Explicitly, the first family is given by

X yy .
00 — Y +er;), neven "
Zj (eny/ ei ]) n odd,
and the second family can be written as
Xy - * . .
1O _ (e =), neven 5
! > (e’”ﬁ + e"’y.), n odd,

where n > 2. In Egs. (A4) and (AS5) we introduced the opera-
tors
e% =0} 6/+1 ;+n—20]/'s+n—l' (A6)
For instance, from Eq. (A4) with n = 2 one has
(0)
0, = Z (G 0jp1 +0; ,+1) (AT)

J
which is simply the isotropic XY Hamiltonian Hj itself, and
Eq. (AS) for n = 2 gives

B =2 (0}0} = ojof),
J

(A8)

which is the Dzyaloshinski-Moriya interaction. The conserved
charges Q) are invariant under the parity transformation
0% — —o¢, whereas the charges I{”’ change their sign.

As was shown in Ref. [61] the perturbed Hamiltonian (A1)
possesses a quasiconserved quantity that commutes with H (1)
with the accuracy O(A?). Let us try to construct the AGP that
generates this quasiconserved charge and try to construct more
of them. In analogy with the perturbed XXX model, discussed
in Sec. IV, one could try to use the AGP Proportional to
the boost operator constructed from Q3 or I; . However, it
turns out that for the isotropic XY model the boost operators
B[O"] and B[I"] with any n simply generate other charges
from Eqgs. (A4) and (AS5). For this reason, one cannot generate
a nontrivial long-range deformation of the isotropic XY chain
using only boost operators.

Therefore, we have to look for the AGP in the class of
bilocal operators. Let us try the following one:

A, = LS IB),

where S, =) ;0; is the z-projection of total spin and the

(A9)

factor of }1 is included for later convenience. To zeroth order
in A, the explicit expression for the AGP reads

1

A” = Z[UZ 2]
) Z Z I+V j+r+1 _/}'lt,-ro'_;c+r+1)~ (AIO)
j r>0
Then, using Eg. (33) we obtain
- Z Z 970+ 22"fo+1
Jj oa=xy j
- Z BuQY + vuly"). (A11)

where we took into account that the unperturbed model has
two families of conserved charges. The first term on the right-
hand side of Eq. (Al1) is precisely the perturbation V; from
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Eq. (A3). However, the second term is the nearest-neighbor
Ising interaction, and it is clearly impossible to cancel it using
the charges Q¥ and 1.

The trick here is to add a correction to the AGP, which
would eliminate the Ising interaction from Eq. (All). One
immediately observes that this correction is exactly the AGP
that generates the deformation of the isotropic XY chain into
the XXZ chain with the Hamiltonian

— X X Y5y o _ Z.Z
HXXZ_E (aj0j+l+ajqi+l 2)»01.0”1).

J

(A12)

Taking into account Eq. (A12), let us rewrite the perturba-
tion (A3) as

Vi = —il A, Ho) + 8, Hxxz. (A13)
Keeping in mind that the Hamiltonian H(A) = Hy + AV; is a

(quasiconserved) charge itself, one can see that the remaining
charges are constructed in a way similar to Eq. (A13). Thus,

we write
o = —i[AY, 0] + (.07, -

where A is given by Eq. (A10), QX*Z is the nth conserved
charge of the XXZ model (A12), and we only keep the terms
in OX*Z that are linear in A. The conserved charges QX** can
be generated with the help of the boost operator as

f,(flz x [B[Hxxz], Q?XZ}

(Al4)

(A15)
Then, the family of charges in Eq. (A4) gets deformed as
0,(1) = 0 +20.". (A16)

Note that the second family of charges, given by Eq. (AS), is
destroyed by the perturbation. It is straightforward to check
that the quasiconserved charges (A16) commute with each
other and the perturbed isotropic XY chain (Al) with the
accuracy O(A?).
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