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Lattice thermal conductivity of cubic GeTe with vacancy defects
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Germanium telluride (GeTe) and its variants are promising compounds as high figure of merit thermoelectric
materials due to their low lattice thermal conductivity. The strong anharmonicity and the intrinsic Ge vacancies
are shown to be the origin of the low thermal conductivity. While the anharmonic effect on the lattice thermal
conductivity has been systematically studied using the perturbation theory, the vacancy disorder has been treated
perturbatively mostly as an extreme case of phonon-isotope scattering. This simplification ignores realistic
features such as the nonbonding character and the detailed local environments near the vacancies. In this study,
we calculate the lattice thermal conductivity of the cubic GeTe by considering the anharmonicity and the vacancy
disorder on the same footing using the machine-learning potential molecular dynamics. We obtain the spectral
function via the nonperturbative approaches, the velocity autocorrelation function, and the phonon unfolding
scheme to investigate the effect of the vacancies on the lattice thermal conductivity. We find that the reduction
in the lattice thermal conductivity by the vacancies originates from the momentum-dependent scattering of the
acoustic phonon modes and the momentum-independent scattering of the optical phonon modes as determined
by the strength of the anharmonicity.
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I. INTRODUCTION

Lattice thermal conductivity of solids is a key measure that
determines the heat transport and thermal properties of the
materials. Yet its calculation with an accuracy of ab initio
methods is very complex and computationally demanding
when the materials are disordered or contain defects as it
is governed by both intrinsic and extrinsic effects. Germa-
nium telluride (GeTe) is a narrow-gap semiconductor with
low lattice thermal conductivity and shows a sizable thermo-
electric figure of merit in the intermediate temperature range
of 600–800 K [1]. Introducing defects, nanostructures [2–6],
or elemental dopants [7–10] further enhances the figure of
merit by reducing the lattice thermal conductivity. GeTe and
its variants have thus been considered as an alternative to toxic
PbTe-based thermoelectric materials.

The strong three-phonon anharmonicity is the primary
origin of the low lattice thermal conductivity of the rhombo-
hedral GeTe (α-GeTe). The lowest-order perturbation theory
that includes only the three-phonon processes reproduces the
measurement of the lattice thermal conductivity of α-GeTe
[11]. On the other hand, the origin of the low lattice thermal
conductivity of the cubic phase GeTe (β-GeTe), the high-
temperature counter part of α-GeTe, is unclear even though
it has a high-symmetric structure. The four-phonon processes
[12] and the intrinsic Ge vacancies [11] have been considered
as major sources for the low lattice thermal conductivity of
β-GeTe.

The anharmonic effects on the lattice thermal conductiv-
ity can be systematically assessed order by order using the
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perturbation theory. However, it is challenging to treat the
phonon scattering by vacancies in the perturbative approach
because the vacancies are more than just point defects; the
formation of the vacancies not only reduces locally the atomic
masses but also modifies nonlocally the interatomic force
constants. Meanwhile, the vacancy is assumed as a point
defect and even further simplified as a virtual isotope with
mass variance �M = 3M (M is the mass of a missing atom)
according to the virial theorem [13]. This approximation
reduces significantly the computational load of calculating
the vacancy-phonon scattering but ignores the realistic fea-
tures of the vacancies, such as the nonbonding character
and the detailed local environments near the vacancies. The
nonbonding character introduces the drastic change of the
interatomic force constants depending on the atomic con-
figurations, resulting in serious overestimation of the lattice
thermal conductivity [14].

Here we investigate the lattice thermal conductivity of β-
GeTe with vacancy defects nonperturbatively using molecular
dynamics (MD). We construct the neural network potential
(NNP) with the training datasets obtained from the density
functional theory calculations to achieve the accuracy of
ab initio MD (AIMD) in large systems. To clarify the effect
of vacancies on the thermal conductivity, we also calculate
the spectral functions of phonon in the momentum space also
using the nonperturbative schemes.

II. METHODS

A. Construction of machine learning potential

We employed the equivariant graph neural network to con-
struct the machine learning potential implemented in Neural
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FIG. 1. Learning curves for the neural network potentials with
the mean absolute error (MAE) vs the number of epochs for (a) the
force and (b) the total energy.

Equivariant Interatomic Potential (NequIP) package [15]. The
equivariance of the neural network tensors reflects properly
the equivariance of the atomic forces and the atomic position
vectors, which must be equally transformed under E(3)-group
transformations. These features guarantee the interatomic
potential and the corresponding forces to be trained in a sys-
tematic way, enabling reliable long-time molecular dynamics
simulations. The spherical harmonics Yl

m are adopted as the
basis for the rotation-equivariant convolutional filters, and the
maximum of the angular momentum index l , i.e., lmax, governs
the number of the basis functions and the accuracy of the
training. We used lmax = 1 by virtue of its cost-effectiveness
as discussed in Ref. [15].

We generated a training dataset in a hybrid form combin-
ing the random sampling and subsequent atomic relaxation,
namely randomized atomic-system generator (RAG) [16] as
follows; first, we prepared a 2 × 2 × 2 periodic supercell of
FCC conventional cell of β-GeTe with the experimental lattice
constant of a = 6.015 Å at 700 K [17]. Next, we introduced
Ge vacancies up to two in the periodic supercell. There are
seven irreducible backbone structures, one without vacancy,
one with one vacancy, and five with two vacancies. For each
backbone structure, we displaced randomly the atomic posi-
tions within the maximum displacement �max = 0.06, 0.15,
0.30, 0.60, 1.20 Å and changed the lattice constants within the
maximum strain of 3% to sample the potential energy surface.
In addition, we permutated randomly Ge and Te atoms. Lastly,
we performed structural relaxation by force minimization of
20 steps for each randomly generated structure to scan the
local energy minima. The total energy and atomic forces
obtained during the relaxation for each structural configura-
tion constitute the training dataset of 16 000 configurations in
total, among which we used 15 200 configurations for train-
ing and other 800 configurations for validation. We found
that 16 000 configurations are sufficient for constructing and
training the potentials due to efficient schemes of NequIP and
RAG methods. The neural network potentials are constructed
by training the dataset with the mean absolute error (MAE) of
2.1 meV/atom for the total energy and 30.5 meV/Å for the
force (Fig. 1).

B. Estimation of the lattice thermal conductivity

The reversed nonequilibrium MD (RNEMD) [18] is ex-
ploited to calculate the lattice thermal conductivity (κ). In this

scheme, the heat flow Jz is artificially generated by exchang-
ing two atoms of the same element, one the fastest atom with
vc,max in the cold sink at z = 0 and Lz, and the other is the
slowest atom with vh,min in the hot sink at z = Lz/2, where
Lz is the supercell size along the z direction. As a result, the
temperature gradient ∂T/∂z is induced between the cold and
heat sinks. Then, κ can be expressed as

κ = Jz

〈∂T/∂z〉 = 1

〈∂T/∂z〉L + 〈∂T/∂z〉R

×
∑

transfers

mv2
c,max − mv2

h,min

2LxLy�t
,

where �t the simulation time, Lx (Ly) the periodic supercell
size along the x (y) direction, and m is the mass of the ex-
changed atoms. We took the linear region of the temperature
distribution to estimate the temperature gradient of the left (L)
side (0 < z < Lz/2) and the right (R) side (Lz/2 < z < Lz).
We used the 4 × 4 × 4Nz supercell (Nz = 5 ∼ 10) of the
conventional cell, i.e., Lx = Ly = 24.12 Å and Lz = 24.12 ×
Nz Å.

To emulate the randomly distributed vacancies, we applied
the special quasirandom structure (SQS) scheme [19] to the
4 × 4 × 4 supercell of the conventional cell with 8, 16, 24,
32 Ge vacancies (i.e., 1/32, 2/32, 3/32, 4/32 of vacancy
concentrations). We subsequently expanded the SQS struc-
ture Nz-fold (Nz = 5 ∼ 10) along the z direction. We also
estimated the lattice thermal conductivity of β-GeTe with the
uniformly ordered vacancies at concentration of 1/32, 2/32,
and 4/32 in the periodic unit cell of (6.015 Å) × (6.015 Å) ×
(6.015 Å).

C. Spectral function

We calculated the phonon spectral function using the
velocity autocorrelation function [20] extracted from the equi-
librium MD (EMD) simulation at 700 K,

〈Vq(0)Vq(t )〉 = lim
τ→∞

1

τ

τ

∫
0

Vq(t ′)Vq(t ′ + t )dt ′,

where Vq(t ) = ∑N
I=1

√
MIvI (t )eiq·RI . Applying the Fourier

transformation, the q-resolved spectral function can be ob-
tained

Gq(ω) =
∫ ∞

−∞
〈Vq(0)Vq(τ )〉eiωτ dτ.

The spectral function is decomposed into the mode-
dependent spectral function Gq(ω) = ∑

s Gqs(ω), where
Gqs(ω) = ∫∞

−∞〈vqs(0)vqs(τ )〉eiωτ dτ and vqs(t ) = Vq(t ) · ∈qs

[21]. We can define the mode-dependent spectral function of
the systems with vacancy defects using ∈qs of the pristine
β-GeTe and treating the vacancies as immobile atoms with
vI (t ) = 0.

For EMD simulation, we used a 16 × 16 × 16 supercell
of the primitive cell. To emulate the randomly distributed
vacancies, we constructed SQS structures from the 8 × 8 × 8
supercell of the primitive cell that contains 16, 32, 48, and
64 Ge vacancies (vacancy concentration of 1/32, 2/32, 3/32,
and 4/32 the same as in the RNEMD simulation), and then
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FIG. 2. Lattice thermal conductivity κ of β-Ge1−nTe at 700 K
(a) 1/κ vs 1/Lz for random (left panel) and ordered vacancies
(right panel). The straight lines are the linear fit. (b) The bulk ther-
mal conductivity κ∞ vs the vacancy concentration n. Random (red
filled square) and ordered vacancies (blue empty square). The green
crosses at n = 0 are measurements from Refs. [7,29–33] that did not
specify the vacancy concentrations. The arrow marks the range of the
intrinsic vacancy concentration (n = 0.03–0.10) from Refs. [26–28].
The shaded region highlights the range of n and κ∞ in experiment.

expanded the SQS structure twofold along each primitive cell
vector (2 × 2 × 2).

D. Code availability

We exploited the LAMMPS package [22] for RNEMD
and EMD simulations, UPHO code [23] for phonon unfold-
ing, DYNAPHOPY [24] for the temperature-dependent phonon
dispersion and the velocity autocorrelation function, and cor-
responding spectral functions.

III. RESULTS AND DISCUSSION

Our calculated lattice thermal conductivity κ of β-GeTe
at 700 K is shown in Fig. 2(a) in terms of the system size
Lz and the Ge vacancy concentration n. 1/κ is approxi-
mately expressed as [25] κ∞

κ
= 1 + l∞

Lz
, where κ∞ is the bulk

lattice thermal conductivity and l∞ is the average mean-
free path in the infinite system. High-order terms of l∞/Lz

are ignored since Lz(> 12 nm) is large enough compared to
l∞(∼5 nm) [12], and we obtain κ∞ from the linear extrapo-
lation of 1/κ . For the vacancy concentration n = 0.03 ∼ 0.10
reported in measurement [26–28], our estimated κ∞ of about
0.75–1.25 W/mK [Fig. 2(b) random vacancies] is in good
agreement with the measured values of 0.7–1.3 W/mK [7,29–
33]. Moreover, κ∞ decreases as the vacancy concentration
is increased, going below 1.0 W/mK for n > 0.06 almost
half the value of pristine β-GeTe. This result clearly indi-
cates that Ge vacancies affects κ∞ more dominantly than the
anharmonicity as gauged by the Matthiessen’s rule, 1/κ∞ =
1/κanhar + 1/κimp with κanhar and κimp being the anharmonicity
and impurity contribution to κ∞, respectively. We note that the
ordering of the vacancies can change κ∞ by about 15–20% in
β-GeTe.

Figure 3 shows calculated total spectral function, which
provides the broadening of the quasiparticle peaks by the
anharmonic scattering and the vacancy-phonon interaction.

FIG. 3. (Left panel) The total spectral function of β-Ge1−nTe
(n = 0, 0.031, 0.125) at 700 K with ordered (O) or random (R) va-
cancies. (Right panel) The phonon dispersion of the pristine GeTe at
700 K obtained using the temperature-dependent effective potential
(TDEP) scheme. The shaded region highlights the partly dispersion-
less branches near the X point.

Two peaks near 6 and 12 meV develop clearly in the spectral
function, corresponding to the flatlike branches near X point
in the phonon dispersion. As the vacancy concentration is
increased, each peak is broadened by the increase of the scat-
tering rate. The lattice thermal conductivity, which is inversely
proportional to the linewidth, is reduced accordingly. Inter-
estingly, both peaks become slightly broader for the ordered
vacancies than for the random vacancies, in shear contrast to
the smaller lattice thermal conductivity for the random case.
For a high vacancy concentration n = 0.125, the peaks are
broadened and shifted down compared to those for n = 0.031,
which indicates a reduction in the group velocity of phonons
and thus the low lattice thermal conductivity. However, it is
hard to distinguish the frequency shift of individual modes
from the broadening of other modes.

For more detailed analysis of the individual quasiparti-
cle peaks, we decomposed the total spectral function into
the momentum q-resolved spectral function (Fig. 4) and the
mode-dependent spectral function at some selected q points
(Fig. 5). At low vacancy concentration n = 0.031, the quasi-
particle peaks are broadened overall except for the acoustic
phonon modes near Г point below 3 meV [Fig. 4(c)]. The
smearing of LA, TA, and TO modes near the X point (Fig. 5)
is consistent with the broadening of the peaks in the total spec-
tral function as discussed above. In addition to the broadening,
the quasiparticle peaks are also shifted. The acoustic phonon
modes near the Г point show a downshift in frequency by at
least 3%, which reduces the average group velocity and thus
the thermal conductivity. The LO modes near Г point also
show softening, whereas the TO modes show hardening. As
a result, the overall shape of the optical modes becomes less
dispersive, reflecting the localization of phonon modes due to
the vacancies.

It is interesting to find that the spectral function for the
ordered vacancy [Fig. 4(b)] is similar to that for the random
vacancy [Fig. 4(c)] at most phonon modes. However, for
some acoustic phonon modes, the satellite peaks develop at
about 4 ∼ 5 meV, which reflects the splitting of quasiparticle
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FIG. 4. Momentum q-resolved phonon spectral functions of β-
GeTe at 700 K (a) without vacancies, (b) with the ordered vacancies,
and (c), (d) with the random vacancies. The blue arrows in (b)
highlight the satellite branches. The color bar indicates the spectral
weights (arbitrary units).

peaks by the ordered vacancy instead of the broadening. The
ordered vacancies introduce another periodicity in the lattice
while breaking partly the original translational symmetry. As a
result, the phonon modes at momentum q1 can hybridize with
other modes at q2 = π/c + q1 with c being the periodicity
of the ordered vacancies. This hybridization at discrete points
produces the satellite phonon peaks separated from the origi-
nal peaks [Fig. 5(b)]. These satellite branches are mostly faded
out by strong anharmonicity at elevated temperature ∼700 K,
and only satellite peaks near the acoustic phonon modes sur-
vive [Fig. 4(b)]. On the other hand, the random vacancy breaks
fully the translational symmetry, allowing the hybridization
without any momentum restriction that produces the continu-
ous broadening of the spectral function.

The linewidth of the TA modes at q = 3/8 L is about twice
for the random vacancy that for the ordered vacancy (Fig. 5).

FIG. 5. Mode-dependent spectral functions at 700 K of indi-
vidual branches at three characteristic q points without vacancy
(black), with random vacancies n = 0.031 (red), ordered vacancies
n = 0.031 (orange), and random vacancies n = 0.125 (navy). The
inset (q = 1/4 X, TA) is a magnified spectral function near ∼2 meV.

In addition, the TO modes near the Г point (q = 1/4 X and
3/8 L) have a broader linewidth by about 15% for random
vacancies than for ordered vacancies. This difference must be
the origin of the low lattice thermal conductivity of β-GeTe
with the random vacancy compared to that with the ordered
vacancy.

A distinctive change in the spectral function occurs
when the vacancy concentration is increased to n = 0.125
[Fig. 4(d)]. The linewidth of the quasiparticle peaks above
5 meV increases by ∼50% for the random vacancies, and
the peak position in frequency changes by about 20%. The
spectral weights and the density of states of the phonon modes
are also reduced overall due to the missing of Ge atoms. These
features add up to the low lattice thermal conductivity for
n = 0.125.

Finally, we calculated the harmonic spectral functions
(Fig. 6) to compare the effect of the vacancies and the an-
harmonicity on the lattice thermal conductivity. The harmonic
spectral functions are obtained by applying the unfolding
scheme to the harmonic phonon dispersions in the folded
Brillouin zone of the supercell with vacancies. This analysis
reveals that the characteristic features of the original spectral
functions (Figs. 4 and 5) come from the change in the har-
monic force constants. The harmonic spectral function is split
and fragmented for the ordered vacancies [Fig. 6(b)] whereas
it is mostly broadened for the random vacancies [Figs. 6(c)
and 6(d)]. From this finding, the satellite quasiparticle peaks
of some acoustic modes near 5 meV [Fig. 4(b)] are identi-
fied originating from the splitting at q = 1/4 X and 3/8 L
in the harmonic spectral function for the ordered vacancies.
Although the splitting occurs for other phonon modes in
the harmonic spectral function, it is faded out by the anhar-
monicity in the original spectral function. Also, the difference
between the ordered and random vacancies is obliterated as
discussed above. The harmonic spectral function exhibits the
mode-dependent splitting or the broadening. We observe a
large splitting and also smearing in the quasiparticle peaks
of the TO phonon modes near the X point, which is mapped
to X/2 point in the Brillouin zone of 2 × 2 × 2 conventional
supercell. The flatlike dispersion from X/2 to X point makes
the quasiparticle peaks at the X/2 and the X points overlap.
In addition, the TO modes near the X point come almost from
Ge atom vibrational modes [Fig. 6(a)], which interact with Ge
vacancies stronger than the Te vibrational modes.

To compare directly the harmonic spectral function with
the original spectral function in Fig. 4, we shifted the har-
monic spectral functions by adding the same amount as the
anharmonic shift of the phonon dispersion of the pristine β-
GeTe [upper and lower panels of Figs. 6(b)–6(d) for harmonic
spectral function without and with the anharmonic shift, re-
spectively]. At first, we obtain the renormalized dynamical
matrix due to the anharmonicity at 700 K in the pristine
β-GeTe. Next, by extracting the harmonic dynamical matrix
from the renormalized dynamical matrix, we obtain the an-
harmonic contribution to the dynamical matrix for the pristine
case, namely, the anharmonic dynamical matrix. Then, we add
the anharmonic dynamical matrix to the harmonic dynamical
matrix with the vacancies (the matrix elements for the vacancy
sites are dropped). Finally, we apply the phonon unfolding
scheme to the shifted dynamical matrix. As a trade-off, the
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FIG. 6. (a) The harmonic phonon dispersion of the pristine β-GeTe at 0 K (upper panel) and 700 K (lower panel). The color indicates the
atomic contribution. (b)–(d) The harmonic spectral function of β-GeTe with vacancies, obtained by unfolding the harmonic phonon dispersion
at 0 K (upper panel) and 700 K (lower panel). The color bar indicates the spectral weights (arbitrary units).

acoustic modes near the Г point show an unphysical fea-
ture. Sizable splitting or broadening occur despite their long
wavelength because the shifted dynamical matrix violates
largely the acoustic sum rule. Nevertheless, we expect that this
unphysical noise is insignificant for high-frequency optical
modes.

The quasiparticle peaks of the optical modes near the Г

point are clearly split [lower panel of Fig. 6(b) for ordered
vacancy] or broadened [lower panel of Figs. 6(c) and 6(d)
for random vacancy]. This is due to the scattering of the
optical modes to other phonon modes at 7–8 meV enabled by
large anharmonic shift. Similar to the optical modes near the
Г point, the TO modes near the X point also show a large
frequency shift due to the anharmonicity. Interestingly, the
splitting and the broadening of the TO modes near the X point
are still sizable despite that they are Te-dominant vibrational
modes. We found that the interatomic force constant between
Ge and the nearest Te is much larger in effective harmonic po-
tential at 700 K (∼0.60 eV/Å2) than in the harmonic potential
at 0 K (∼0.18 eV/Å2). This feature explains that Te-dominant
TO modes are highly affected by Ge vacancies at 700 K.

On the other hand, the LO modes along Г-X have a small
linewidth by the vacancies [lower panel of Figs. 6(c) and
6(d)]. Also, the large mode-dependent scattering feature of the
harmonic spectral function persists in the effective harmonic
spectral function that includes the anharmonic shift. We note
that the original spectral functions (Figs. 4 and 5) show weak
mode dependence, especially for the optical modes. In other
words, the broadening of the quasiparticle peaks is similar
among the optical modes in the original spectral functions.
This result indicates a sizable second-order process that the
optical phonon modes are scattered by both the vacancies and
the anharmonicity as discussed in Ref. [34].

At the concentration n = 0.125 of random vacancy [lower
panel of Fig. 6(d)], the phonon dispersion shows less dis-
persive than the pristine case, which is consistent with the
frequency shifts in the original spectral function [Fig. 4(d)].

Therefore, the quasiparticle peak shift almost comes from the
change in the harmonic force constants under the vacancies.

Summarizing the above analysis, we found two significant
modifications in the phonon spectral function of β-GeTe by
the vacancies. First, some acoustic phonon modes exhibit
distinctive splitting or broadening of the quasiparticle peaks,
which indicates strong momentum and mode-dependent scat-
tering of the acoustic phonon modes by the vacancies. This
modification is highly sensitive to the vacancy distribution
or local environments of atoms. The change in the harmonic
force constants governs such a modification in the acoustic
phonon modes. As temperature is increased, the effect of the
vacancy ordering is washed out by the anharmonicity. Still our
calculations show that some acoustic modes retain this feature
of the vacancy ordering and contribute to the thermal con-
ductivity differently. Second, the optical phonon modes show
overall shift and broadening of the quasiparticle peaks due to
the vacancies, representing the weak momentum dependence
of the change in scattering rate. This result may be attributed
to the second-order or higher-order scattering by the vacancies
through the strong anharmonicity of the optical modes. These
two features in combination should be the major origin of the
reduction in lattice thermal conductivity by the vacancies.

IV. CONCLUSION

We calculated the lattice thermal conductivity of cu-
bic GeTe using the machine-learned potential molecular
dynamics considering the anharmonic scattering and the
vacancy-phonon interaction on the same footing. Our cal-
culated lattice thermal conductivity at 700 K is in good
agreement with experiment. We analyzed the role of the va-
cancies on the low lattice thermal conductivity of cubic GeTe
by calculating the spectral function nonperturbatively, the
velocity autocorrelation function, and the unfolded phonon
dispersion. We discovered that the reduction in the lat-
tice thermal conductivity by the vacancies originates from
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the momentum-dependent scattering of the acoustic phonon
modes and the momentum-independent scattering of the op-
tical phonon modes as determined by the strength of the
anharmonicity of each phonon mode. Our analysis can be
utilized to understanding the thermal conduction of defected
GeTe and to its thermoelectric applications. Our approach
provides a framework for consistent and quantitative analysis
of the lattice dynamics and transport of disordered systems
with both sizable defects and anharmonicity with an accuracy
of first-principles calculations.
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