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Majorana gap formation in the anisotropic Kitaev model with ordered flux configuration
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We study the Kitaev model with direction-dependent interactions to investigate how the flux configuration
and/or the anisotropy in the exchanges affect the Majorana excitations. It is found that the triangular flux
configurations with unit length ¢ induce the quantum spin liquid states with gapped Majorana excitations.
Systematic numerical calculations demonstrate that (g — 1)(¢ — 2)/2 gapped states bounded by gapless states
are realized in the vicinity of the isotropic limit. The induced gapped quantum spin liquid states are not
adiabatically connected to the gapped one realized in the large anisotropic limit. Therefore, these two states
are distinct from each other. The nature of the gapped states can be explained by the fact that the hybridization
between the gapless points, which originates from the superlattice potential due to the flux configuration, opens

the gap in the Majorana excitations.

DOL: 10.1103/PhysRevB.107.174428

I. INTRODUCTION

Over the last few decades, the quantum spin liquid state
has attracted much interest. One of the interesting exam-
ples to realize it is the Kitaev model [1], whose ground
state and finite-temperature properties have recently been
studied in detail [2-12]. This model is composed of the
direction-dependent Ising interactions (Jy, Jy, J;), which are
schematically shown in Fig. 1(a). Due to the existence of
the local conserved quantity on each plaquette, the Kitaev
model is solvable and the spin degrees of freedom is frac-
tionalized into itinerant Majorana fermions and local fluxes.
It is known that, in the ground state, the flux degrees of
freedom is frozen and the quantum spin liquid state is realized.
Low-energy properties are then described by the itinerant Ma-
jorana fermions. When the magnitudes of three interactions
Jx, Jy, and J; are the same, which is called the “isotropic”
case, the Dirac corn type dispersion appears in the Majorana
excitations and the system is gapless. It is also known that the
topologically protected quantum spin liquid state is realized
when the magnetic field is applied to the isotropic system [1],
which makes the Kitaev system more interesting. Magnetic
properties inherent in the Kitaev model have experimentally
been examined in the candidate materials such as A,IrOs3 (A =
Li, Na, H3/2Li]/2) [13—18], O{-RUC13 [19,20], and Na3C02AO6
(A = Sb, Te) [21]. In particular, in the material ¢-RuCl;, a
half-integer quantized plateau has been reported in the thermal
quantum Hall experiments [22-25], which may be associated
with a topologically protected chiral Majorana edge mode.
Some conflicting results have also been reported [26-28],
stimulating further investigations on topological properties in
the system. As for the bulk properties, the spin transport me-
diated by the itinerant Majorana fermions have theoretically
been discussed [29-31] although no experiments has been
reported so far.

When a certain Ising interaction is much larger than the
others (anisotropic case), the system should be described by
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the toric code [32]. In this case, the quantum spin liquid
state is realized with gapped Majorana excitations and Majo-
rana correlations exponentially decay. Therefore, the system
can be regarded as a Majorana insulator, in contrast to the
isotropic case. It has been claimed that the anisotropy in the
exchanges in the candidate materials can be controlled by the
circularly polarized light field [33], which should allow us to
control the motion of the Majorana fermions. Furthermore,
the effects of the flux degrees of freedom on the Majorana
excitations have recently been studied [28,34-38]. It has been
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FIG. 1. (a) Kitaev model with direction-dependent Ising ex-
changes. Red, blue, and green lines represent the x, y, and z bonds.
(b) Plaquette with sites py, ps, ..., pe. 1, and n,, indicate the local
conserved quantities on the z bonds of the left and right edges on the
plaquette p.
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clarified that the gapped quantum spin liquid state is real-
ized when the system has a certain flux configuration [39].
It has also been clarified that this gapped state is not adia-
batically connected to the gapped one realized in the toric
code [40]. This suggests that the flux configurations and/or
anisotropy in the exchanges should play an important role for
the Majorana excitations in the Kitaev model. It has also been
discussed how the ordered flux configurations affect the Ma-
jorana Chern insulator [41-44]. It is instructive to clarify the
nature of the gap formation in the Majorana excitation in the
Kitaev model.

In this paper, we treat the anisotropic Kitaev model on the
honeycomb lattice to clarify the effects of the triangular flux
configurations and/or anisotropy in the exchange couplings on
the Majorana excitations. Performing systematic calculations,
we examine how the gap appears in the Majorana excitations.
We clarify that the gapped quantum spin liquid states are
induced by the periodic flux configurations and are not adi-
abatically connected to the gapped state described by the toric
code.

This paper is organized as follows. In Sec. II, we introduce
the anisotropic Kitaev model and explain our method to treat
the flux configuration. By calculating the dispersion relations
systematically, we obtain the lowest Majorana excitation (Ma-
jorana gap). Then, we discuss the Majorana gap formation in
the system with the triangular flux configuration in Sec. III. A
summary is given in the last section.

II. MODEL AND METHOD

We consider the anisotropic Kitaev model, which is de-
scribed by the following Hamiltonian as

H=—J Y SIS =1, SIS -1 s, (1)
(i,J) (1,))z

(i, J)x

where (i, j), stands for the nearest-neighbor pair on
a(=x,y,z) bonds. S¥(= %a{") is the o component of the
S = 1/2 spin operator at the ith site and o* is the o« component
of the Pauli matrix. J,(> 0) is the ferromagnetic exchange
coupling on the o bond. The model is schematically shown in
Fig. 1(a). One of the important features of this model is the ex-
istence of the local conserved quantity [1]. The local operator
W, on a plaquette p is defined by W, = o 0;,0% 0 0p, 0%,
where p; (i=1,2,...,6) is the site on plaquette p [see
Fig. 1(b)]. Since [W,, W,] =0, [W,,H] =0, and sz =1,
the operator W), is a local conserved quantity with eigenvalue
w, = £1. Then, each eigenstate of the Kitaev Hamiltonian
can be classified by the subspace with the set of w). It is
known that the ground state is realized in the subspace with
w, = 1 for each plaquette [45]. Therefore, one can regard a
plaquette with w, = —1 as a flux and the subspace of the
ground state as a flux-free one. We note that the existence of
the local conserved quantities leads to the absence of the local
moment and long-range spin-spin correlations in the system.
Therefore, the quantum spin liquid is always realized for any
flux configuration.

To discuss low-energy properties in the Kitaev model, we
use the Jordan-Wigner transformation [46—48] and obtain the

Jy=3Js=0J,=0 Jo=3J,=0J;=0
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FIG. 2. (a) The flux configuration (¢ = 2) and primitive vectors.
(b) The red (blue) line shows the original (reduced) Brillouin zone
in the Kitaev model. Shaded regions show the possible area of the
gapless point kg in the flux-free system (see text). (c) Majorana
excitation gap in the flux-free system. The gapless state appears
inside the triangle region specified by the white lines.

Hamiltonian in the Majorana representation as

iJ iJ,
H=— f( Z YrbVrw — Iy( Z YrbVrw

rb,r'w), rb,r'w),

iJ,
- 4~ Z NrYrbVrw, (2)
where y,5 (7 ) is the itinerant (localized) Majorana fermion
operator at the black (white) site on the rth z bond and
nr = i¥w¥rw [see Fig. 1(a)]. Since [n,, -] =0, [n,, H] =0,
and n% =1, n, is a Z;, local conserved quantity. It is known
that W, = np,n,,, where p; (p,) is the left (right) z bonds
on plaquette p. Therefore, the flux configuration {w,} can
be represented by the configuration {7, } instead. The ground
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FIG. 3. Blue and red lines represent Majorana excitation gap A
in the systems with the flux configurations ¢ = 1 and ¢ = 2 under the
conditions J, +J, +J; = 3 and J, = J,. The dashed line represents
the results for the flux-free state. The inset shows A!/? as a function
of J, when g = 2.
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FIG. 4. Majorana excitation gap in the system with the flux con-
figurations (a) ¢ = 1 and (b) ¢ = 2 on the plane J, + J, +J, = 3.

state can be characterized by the subspace with n, =1 for
each z bond.

Ground state properties in the flux-free subspace are well
examined [1]. The dispersion relation for itinerant Majorana
fermions is given by

e(k) = 1|J, exp(ik - a) + Jyexp(ik -ay) + J.|,  (3)

where a; and a, are primitive vectors of the honeycomb lattice
[see Fig. 2(a)], and k is the wave vector. In the isotropic case
with J;, = J, = J;, the linear dispersion appears and the gap-
less points are located at the K and K’ points in the Brillouin
zone, as shown in Fig. 2(b). Introducing the anisotropy in the
exchange, the gapless points gradually change. When the set
of exchanges satisfies triangle inequalities [triangle region in
the diagram shown in Fig. 2(c)],

Lo+ dy > @)
AT = 5)
Lo+ Ji >y, ©)

the system is gapless, and the gapless points take the inside of
a certain region in the Brillouin zone shown as a shaded area
in Fig. 2(b). On the other hand, when the exchanges are away
from the triangle inequalities, the excitation gap appears in the
Majorana excitation. In this case, the system should be adia-
batically connected to that for the dimer limit (J, = J, = 0),
and thereby low-energy properties are effectively described by
the toric code [32]. It is also known that Majorana excitations
are controlled by not only the anisotropy in the exchanges, but
also the flux configurations [39]. Therefore, it is necessary to
clarify the gap formation in the Majorana systems and the role
of flux configurations and/or anisotropy in the exchange.
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FIG. 5. Majorana excitation gap in the system with the flux
configurations (a) g =3, (b) ¢ =4, and (c) ¢ =5 on the plane
Jo+J,+J,=3.

In this study, we focus on the triangular flux configurations,
where the fluxes are periodically arranged in the honey-
comb sheet, as shown in Fig. 2(a). This flux configuration
is specified by its unit length g. We note that the Majorana
Hamiltonian equation (2) is represented by the (2¢>x2¢%)
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FIG. 6. Majorana excitation gap A as a function of J, under the
condition J, = J, when g = 3 (green), ¢ = 4 (blue), and g = 5 (red).
Inset is the magnified figure around J, = 1.
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FIG. 7. Majorana excitation gap in systems with flux configura-
tions ¢ = 6, 7, and 8.

matrices in the Fourier space. The flux-free configuration
corresponds to the limit ¢ — oco. When the triangular flux
configuration is represented by the set of {#,}, the unit cell
is characterized by the primitive vectors b; = ga, and b, =
—2qa; + 2qa, [see Fig. 2(a)]. We should note that the unit
cell specified by the {n,} is different from the one by the flux.
The set of {n,} for the flux configuration ¢ = 2 is shown as
the bold and thin lines on the z bonds. The Brillouin zone
for the original Kitaev model is given by the hexagon in the
Fourier space, and the reduced one for flux configurations g
is given by the rectangle, as shown in Fig. 2(b). In the follow-
ing, we study the Majorana excitation under the conditions
Jy +J, + J. = 3. We note that, in the system with the triangu-
lar flux configuration, the model Hamiltonian equation (2) is
symmetric under the exchange operation in {J,, J,, J;}.
Before starting with discussions, we comment on mag-
netic properties in two limits of the system with the flux
configuration g. When J; is large, the system is reduced to
the weakly coupled dimers, where the Majorana gap, which
is defined by the lowest energy of the Majorana dispersion
relation, is A ~ J, and the flux configuration is irrelevant. In
this case, the effective Hamiltonian should be given by the
fourth-order perturbation theory and the system is described
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FIG. 8. Majorana excitation gap A in the system with the flux
configuration ¢ = 3n with integer n. The inset shows g A with respect
to q.

by the toric code. When J, = 0, the system is reduced to
isolated one-dimensional spin chains composed of x and y
bonds. The system is then described by the free Majorana
fermions and the flux configuration is also irrelevant. In the
following, we discuss how the flux configurations affect low-
energy Majorana excitations in the Kitaev model away from
these two limits.

III. RESULT

We consider the triangular flux configuration to discuss
Majorana excitations. Diagonalizing the Hamiltonian with the
corresponding configurations {n,} [49,50], we obtain the Ma-
jorana dispersion relations. Then, we focus on the Majorana
gap A given by the lowest energy of the Majorana dispersion.
First, we consider the flux configuration with ¢ = 1, where
the system is fully covered by the fluxes. Now, the Majorana
gap is examined under the condition with J, = J, as shown in
Fig. 3. When J, = 0, the system is reduced to one-dimensional
chains, where the flux configuration plays no role for the
Majorana excitation and the system is gapless. Introducing
J;, the flux configuration affects low-energy properties and
the gapless points change. On the other hand, the gapless
excitation remains until a certain value (J;). ~ 1.243. Beyond
(J.)e, the excitation gap linearly increases. In that case, the
system should be effectively described by the toric code,
where the flux configuration is irrelevant. Therefore, the curve
of the excitation gap is similar to that for the flux-free state,
which is shown as the dashed line in Fig. 3. By performing
similar calculations, we obtain the Majorana excitation gap
in the parameter space with J; +J, +J. = 3, as shown in
Fig. 4(a). We find that the gapless ground state is realized in
the isotropic case (J, = J, = J;) [39], and is stable against the
small anisotropy in the exchange couplings. Similar behavior
is also found in the ¢ = 2 case, as shown in Figs. 3 and 4(b).
Therefore, we can say that the flux configurations play a minor
role in the Majorana excitations when ¢ = 1 and ¢ = 2. Some
details of the dispersion relations in the isotropic case are
discussed in the Appendix.
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FIG. 9. Brillouin zones for the flux configurations (a) ¢ =1,
(b) ¢ = 2, and (c) ¢ = 3. The shaded region shows the possible area
of the gapless point k¢ in the flux-free system. Solid red circles at the
symmetric points in the possible area are important for generating the
gapped states (see text).

When g > 3, a distinct behavior appears in the Majorana
excitations. When ¢ = 3, we find in Fig. 5(a) the gapped
state around the isotropic point. The cross section under the
condition J, = J, clearly indicates three transition points at

05
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FIG. 10. Brillouin zones for the flux configuration with ¢ = 4.
Shaded region shows possible area of the gapless point k¢ in the flux-
free system. Solid red circles at the symmetric points in the possible
area are important for generating the gapped states (see text).

J, =0.678, 1.308, and 1.313, as shown in Fig. 6. This implies
that, around the isotropic point, the gapped quantum spin liq-
uid is driven by the triangular flux configuration. Furthermore,
this gapped region is bounded by the gapless region although
the region is narrow under the condition J, = J,. Therefore,
we can say that this gapped state is not adiabatically con-
nected to the gapped one realized in the large J, limit. In the
gapped state, the Majorana excitation gap takes its maximum
A = 0.153 at the isotropic point J, = J, = J;. The number
of gapped states stabilized by the flux configurations is one for
g = 3, three for g = 4, and six for ¢ = 5, as shown in Fig. 5.
We note that, for the cases ¢ =4 and g = 5, the system is
gapless in the isotropic point. This implies that the anisotropy
in the exchange interactions as well as the flux configurations
plays an important role in realizing the gapped states. The
maximum of the gap is located on the axis of J, = J, (and its
equivalent axes), and the corresponding exchanges are given
as J, >~ 1.228 for ¢ = 4 and J, >~ 0.720, 1.323 for ¢ = 5, as
shown in Fig. 6. Figure 7 shows the Majorana excitation gap
in the systems with ¢ = 6, 7, and 8. We find several gapped
states in the triangular region. The number of gapped states
is represented by (¢ — 1)(¢ — 2)/2 for the flux configuration
g. An important point is that the bilayer structure appears
from the isotropic point J, = J, = J;. In the case with g = 6,
the gapped state is realized at the isotropic point, and away
from this state (second layer), nine distinct gapped states are
realized. When ¢ = 7 (¢ = 8), 3 (6) gapped states appear in
the first layer, and 12 (15) gapped states appear in the second
layer. These results should suggest that “three” is a key role
in the Kitaev system [39]. In fact, the increase in g by three
increments the number of the layer, which has been confirmed
in the system with the flux configurations with ¢>10 (not
shown).

When g = 3n with integer n, the Majorana excitation gap
appears at the isotropic point, as shown in Fig. 8. Increas-
ing g, the Majorana excitation gap monotonically decreases.
Since gA is nearly constant with respect to changes in g, A
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FIG. 11. (a) Reduced Brillouin zone in the Kitaev system with triangular flux configurations. The dispersion relations for the flux

configurations (b) g = 1,(c) g =2,(d) g =3, (e) g =4, and (f) g = 5.

is inversely proportional to g. In this case, the numbers of
the layers and gapped states increase in the triangle region
Je+Jy =2 I 0+ J 2 U, J+ e > J,. These facts should
be consistent with the fact that the gapless ground state is
realized there when ¢ — oo.

The Majorana gap formation in the system with the trian-
gular flux configuration may be simply explained, by taking
into account the idea of the superlattice potential. In the
flux-free case, the gapless point k¢ satisfies € (k) = 0. Since
kg # 0, two gapless points are given by +kg and are lo-
cated inside certain regions, which are shown as the shaded
areas in Fig. 2(b). Now, one takes into account the reduced
Brillouin zone for the flux configuration, where the gapless
points +kg; are defined in the reduced Brillouin zone. When

¢ = —kg + K, where K, is the reciprocal lattice vector,

the periodic potential for the Majorana fermions from the
flux should yield the hybridization between two branches,
leading to the Majorana excitation gap. We note that the M
and N points in the reduced Brillouin zone are not genuine
symmetric points since we have treated the triangular flux
configurations in terms of the set of {,}. Therefore, the
gapped quantum spin liquid state should be realized when
k’G is located at the high symmetric points X, Y, and T.
Figure 9 shows the reduced Brillouin zones for the g =1,
2, and 3 cases in the original hexagonal Brillouin zone with
the shaded area (see also Fig. 2). We clearly find there are
no high symmetric points in the corresponding regions for
g = 1 and 2. Therefore, the flux configuration plays a minor
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role in the Majorana excitations, which is consistent with the
absence of the gapped states. In the case ¢ = 3, the region
includes the I'" point. Therefore, around the corresponding
exchanges J, = J, = J;, the Majorana gap is induced, which
is consistent with the numerical results. Figure 10 is the
reduced Brillouin zone for the flux configuration g = 4. We
find three symmetric points in the shaded area. The A (A”)
point is located at the X point, the B (B") point is at the Y
point, and the C (C’) point is at the " point in the reduced
Brillouin zone. These three points are equivalent under the
exchange operation {J,, J, J;}. The exchange couplings for
the A point being the gapless point in the Majorana dispersion
are given by J, = J, =3 —3/4/2 and J, = 3(+/2 — 1). The
values are close to (Jy, Jy, J;) = (0.886, 0.886, 1.228), where
the Majorana excitation takes a maximum in its gapped state.
As for the g = 5 case, there are two independent points under
the condition J, = J,. When J; ~ 0.708(1.342), the gapless
point is located at the I' (X) point in the reduced Brillouin
zone. These are also consistent with the fact that the Majo-
rana excitation gap takes a maximum in the distinct gapped
states. As g increases, the unit cell of the flux configurations
becomes larger while the reduced Brillouin zone becomes
smaller. In this case, high symmetry points in the reduced
Brillouin zone are covered by some shaded areas, which leads
to the increase of the number of gapped states. The number
of symmetry points in the shaded area is (g — 1)(g — 2)/2,
which is consistent with the number of gapped states. For
these reasons, we can say that the triangular flux configuration
yields the periodic potential for the Majorana fermions and the
excitation gap opens when k¢ coincides with high symmetry
points. It is naively expected that this can be applied to the
Kitaev system with distinct flux configurations, which is now
under consideration.

IV. SUMMARY

We have investigated the anisotropic Kitaev model with
triangular flux configurations to discuss the Majorana exci-
tation. Systematic numerical calculations have clarified how
the anisotropy of the exchange couplings and flux configura-
tion create the Majorana excitation gap. The induced gapped
quantum spin liquid states are not adiabatically connected to
the gapped one realized in the large anisotropic limit. There-
fore, these two states are distinct from each other. We have
also addressed the g dependence of the gap magnitude of
the Majorana excitations. These results suggest that Majorana
insulators may be realized by controlling the anisotropy in the
exchanges and/or flux configurations. We believe that the re-
alization of Majorana insulators will further advance research
into the development of quantum devices using Majorana
fermions.
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APPENDIX: THE DISPERSION NEAR THE ZERO POINT
IN THE ISOTROPIC CASE

Here, we discuss the Majorana excitations in the isotropic
case (Jy =J, = J;). In this case, the system is essentially the
same as the graphene system, where the effect of the vortex
configurations has been discussed [51]. The dispersion rela-
tions forg = 1, 2, 3,4, and 5 are shown in Fig. 11. It is found
that the system is gapped in the case with ¢ = 3. On the other
hand, in the others, g # 0 (mod 3) and the system is gapless,
as discussed in Sec. III. In fact, we find that the zero-energy
state always appears at the midpoint between the S and I'
points. Furthermore, the linear dispersion appears except for
the configuration with ¢ = 2. Figure 12 shows the velocity of
the dispersion relation calculated up to the configuration g =
100, which should be important in the Majorana-mediated
transport [29-31]. We clearly find that these can be divided
into two groups ¢ = 1 or 2 (mod 3), which are shown as blue
and red circles. In the large ¢ limit, each velocity approaches
0.17J, which is different from that for the flux-free case
v = */ng . Since the energy scale for the Majorana excitation
originated from the flux configuration should be tiny in the
large g case, the Majorana excitations are almost described by
the flux-free Kitaev model except for the lowest energy states.
Since the spin transport in the Kitaev model is mediated by
the Majorana fermions with finite energy, a small number of
fluxes has little effect on the velocity of the spin transport.
The details of the phase shift (Aharonov-Bohm effect) due to
an isolated flux have been discussed [38].
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