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We theoretically consider the effect of vertex correction on spin pumping from a ferromagnetic insulator
(FI) into a two-dimensional electron gas (2DEG) in which the Rashba and Dresselhaus spin-orbit interactions
coexist. The Gilbert damping in the FI is enhanced by elastic spin-flipping or magnon absorption. We show that
the Gilbert damping due to elastic spin-flipping is strongly enhanced by the vertex correction when the ratio of
the two spin-orbit interactions is near a special value at which the spin relaxation time diverges while that due to
magnon absorption shows only small modification. We also show that the shift in the resonant frequency due to
elastic spin-flipping is strongly enhanced in a similar way as the Gilbert damping.

DOLI: 10.1103/PhysRevB.107.174414

I. INTRODUCTION

In the field of spintronics [1,2], spin pumping has long
been used as a method of injecting spins into various materials
[3-5]. Spin pumping was first employed to inject spins from
a ferromagnetic metal into an adjacent normal metal (NM)
[6-9]. Subsequently, it was used on ferromagnetic insulator
(FI)/NM junctions [10]. Because spin injection is generally
related to the loss of the magnetization in ferromagnets,
it affects the Gilbert damping measured in ferromagnetic
resonance (FMR) experiments [11]. When we employ spin
injection from the FI, the modulation of the Gilbert damping
reflects the properties of the spin excitation in the adjacent ma-
terials, such as magnetic thin films [12], magnetic impurities
on metal surfaces [13], and superconductors [14—17]. This is
in clear contrast with the Gilbert damping of a bulk FI, which
reflects properties of electrons and phonons [18-20].

An attractive strategy is to combine spin pumping with
spin-related transport phenomena in semiconductor mi-
crostructures [1,21]. A two-dimensional electron gas (2DEG)
in a semiconductor heterostructure is an easily controlled
physical system that has been used in spintronics devices
[22-25]. A 2DEG system has two types of spin-orbit in-
teraction, i.e., Rashba [26,27] and Dresselhaus spin-orbit
interactions [28,29].

In our previous work [30], we theoretically studied spin
pumping into a 2DEG in semiconductor heterostructures with
both Rashba and Dresselhaus spin-orbit interactions, which
can be regarded as a prototype for a 2DEG with a complex
spin-texture near the Fermi surface [see Fig. 1(a)]. In that
study, we formulated the modulation of the Gilbert damp-
ing in the FI by using the second-order perturbation with
respect to the interfacial coupling [15,31-35] and related it
to the dynamic spin susceptibility of the 2DEG. We further
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calculated the spin susceptibility and obtained characteristic
features of the Gilbert damping modulation. This modulation
contains two contributions: elastic spin-flipping, which dom-
inates at low resonant frequencies, and magnon absorption,
which dominates at high resonant frequencies. In addition, we
clarified that these contributions have different dependence on
the in-plane azimuth angle 6 of the ordered spin in the FI [see
Fig. 1(b)].

When the Rashba and Dresselhaus spin-orbit interactions
have almost equal magnitudes, spin relaxation by nonmag-
netic impurity scattering is strongly suppressed because the
direction of the effective Zeeman field generated by the spin-
orbit interactions is unchanged along the Fermi surface. Due
to this substantial suppression of spin relaxation, there emerge

(i) —— ‘fﬁ\’r;icrowave (b)

=] / ’y

FIG. 1. (a) Schematic picture of junction composed of a ferro-
magnetic insulator (FI) and a two-dimensional electron gas (2DEG)
realized in a semiconductor heterostructure. S, indicates the total
spin of the FI. We consider a uniform spin precession of the FI in-
duced by microwave irradiation. (b) Laboratory coordinates (x, y, z)
and the magnetization-fixed coordinates (x',y’, z’). The red arrow
indicates the expectation value of the spontaneous spin polarization
of the FI, (S).

©2023 American Physical Society


https://orcid.org/0000-0001-7390-1772
https://orcid.org/0000-0003-1303-7614
https://orcid.org/0000-0001-7984-9354
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.107.174414&domain=pdf&date_stamp=2023-05-11
https://doi.org/10.1103/PhysRevB.107.174414

M. YAMA, M. MATSUO, AND T. KATO

PHYSICAL REVIEW B 107, 174414 (2023)

characteristic physical phenomena such as the persistent spin
helix state [36-39]. In general, the vertex corrections have
to be taken into account to treat various conservation laws,
i.e., the charge, spin, momentum, and energy conservation
laws in calculation of the response functions [40—43]. There-
fore, for better description of realistic systems, we need to
consider vertex correction, which captures effect of impurity
more accurately by reflecting conservation laws. However, the
vertex corrections were neglected in our previous work [30].
This means that our previous calculation should fail when the
Rashba and Dresselhaus spin-orbit interactions compete.

In this study, we consider the same setting, i.e., a junction
composed of an FI and a 2DEG as shown in Fig. 1(a), and
examine effect of the spin conservation law by taking the
vertex correction into account. We theoretically calculate the
modulation of the Gilbert damping and the shift in the FMR
frequency by solving the Bethe-Salpeter equation within the
ladder approximation. We show that the vertex correction sub-
stantially changes the results, in particular, when the strengths
of the Rashba- and Dresselhaus-type spin-orbit interactions
are chosen to be almost equal but slightly different; Specifi-
cally, both the Gilbert damping and the FMR frequency shift
are largely enhanced at low resonant frequencies reflecting
strong suppression of spin relaxation. This remarkable feature
should be able to be observed experimentally. In contrast, the
vertex correction changes their magnitude only slightly at high
resonant frequencies.

Before describing our calculation, we briefly comment on
study of the vertex corrections in a different context. In early
studies of the spin Hall effect, there was a debate on the
existence of intrinsic spin Hall effect [44-46]. By considering
the vertex corrections, the spin Hall conductivity, which is cal-
culated from the correlation function between the current and
spin current, vanishes in the presence of short-range disorder
for simple models even if its strength is infinitesimally small
[47-49]. This seemingly contradictory result stimulated theo-
retical researches on realistic modified models [50,51] as well
as definition of the spin current [52-56]. However, we stress
that the vertex corrections for the dynamic spin susceptibility,
which is calculated from the spin-spin correlation function,
have no such subtle problem [57] because it does not include
the spin current.

The rest of this work is organized as follows. In Sec. II,
we briefly summarize our model of the FI/2DEG junction
and describe a general formulation for the magnon self-energy
following Ref. [30]. In Sec. IIl, we formulate the vertex
correction that corresponds to the self-energy in the Born
approximation. We show the modulation of the Gilbert damp-
ing and the shift in the FMR frequency in Secs. IV and V,
respectively, and discuss the effect of the vertex correction in
detail. Finally, we summarize our results in Sec. VI. The six
Appendices detail the calculation in Sec. III.

II. FORMULATION

Here, we describe a model for the FI/2DEG junction
shown in Fig. 1(a) and formulate the spin relaxation rate in an
FMR experiment. Because we have already given a detailed
formulation on this model in our previous paper [30], we will
briefly summarize it here.

(a) Energy (b) Energy

k
Bla =0 Bla=1

FIG. 2. Schematic picture of the spin-splitting energy bands of
2DEG for (a) S/ =0 and (b) B/a = 1. The red and blue arrows
represent spin polarization of each band. In the case of (b), the spin
component in the direction of the azimuth angle 37 /4 is conserved.

A. Two-dimensional electron gas

We consider a 2DEG whose Hamiltonian is given as
Hwwm = Hiin + Himp, Where Hyg, and Hip,p, describe the kinetic
energy and the impurity, respectively. The kinetic energy is
given as

Hiio = (el i) (). ()
k
b = & — hee (k) - 0, 2

where ¢, is the annihilation operator of conduction electrons
with wave number k = (k,, k,) and z component of the spin,
o (=1, 1), I is a 2 x 2 identity matrix, o, (a = x, y, z) are
the Pauli matrices, & = h*k”/2m* — u is the kinetic energy
measured from the chemical potential, and m* is an effective
mass. Hereafter, we assume that the Fermi energy is much
larger than the other energy scales such as the spin-orbit
interactions, the temperature, and the ferromagnetic resonance
energy. Then, the low-energy part of the spin susceptibil-
ity depends on the chemical potential ;v and the effective
mass m* only through the density of states at the Fermi
energy, D(eg).

The spin-orbit interaction is described by the effective Zee-
man field,

heir (k) = |k|(—asing — Bcos @, acosp + Bsing, 0)
>~ kp(—asing — Bcos g, acosp + Bsing, 0), (3)

where o and B, respectively, denote the amplitudes of the
Rashba- and Dresselhaus-type spin-orbit interactions and the
electron wave number is expressed by polar coordinates
as (ky, ky) = (k| cos ¢, |k|sin ¢). In the second equation of
Eq. (3), we have approximated |k| with the Fermi wave num-
ber kp assuming that the spin-orbit interaction energies, kgo
and kg, are much smaller than the Fermi energy.! When only

'In semiconductor heterostructures, kpar and kgf are typically
less than 1meV. For example, kra was estimated as 0.07 meV
in GaAs/AlGaAs heterostructures [58] using the electron density
n=5.0x 10" m™2 and the effective mass m* = 0.067m,. [59]. In
addition, we obtain the Fermi wave number kg =~ 1.8 x 10 m~' and
the Fermi energy er 2~ 20 meV using the same electron density. We
note that er >> kra holds well.
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the Rashba spin-orbit interaction exists (8 = 0), the energy
band is spin-splitted as shown in Fig. 2(a). The spin polariza-
tion of each band depends on the azimuth angle ¢ because
it is determined by the effective Zeeman field ki which is
a function of ¢ as seen in Eq. (3). In the special case of
B/a = 1, the spin polarization always becomes parallel to the
direction of the azimuth angle 37 /4 in the xy plane as shown
in Fig. 2(b). Then, the spin component in this direction is
conserved. This observation indicates that effect of the spin
conservation may become important when the two spin-orbit
interactions compete (« =~ f).
The Hamiltonian of the impurity potential is given as

Hip =u Y Y Wi (r)W, (ry), )

ieimp o

where W, (r) = A~1/2 Dk Cro ™", A is the area of the junc-
tion, u is the strength of the impurity potential, and r; is the
position of the impurity site.

The finite-temperature Green’s function for the conduction
electrons is defined by a 2 x 2 matrix g(k, iw,) whose ele-
ments are

B '
oo (K, i) = / dt g, (k. 1), )
0
Soork, T) = = e (T)cf ), (©6)
where ¢, (t) = eftt/fig, e=Hswt/h ot = Hign + Himp,

wn =7(2m + 1)/hP is the fermionic Matsubara frequency,
and 3 is the inverse temperature. By employing the Born
approximation, the finite-temperature Green’s function can
be expressed as

(ihww — & + iTsgn(wp)/2)] — hesi - 0
[T,—s (ifiww — E} + iTsgn(on)/2)

where E,f = & = |heir (@)] is the spin-dependent electron dis-
persion,

I = 2 nu’D(ep) ®)

is level broadening, and »n; is the impurity concentration (see
Appendix A and Ref. [30] for detailed derivation).

As already mentioned, the case of 8/ =1 is special
because the spin component parallel to the direction of the az-
imuth angle 37 /4 in the xy plane is conserved [see Fig. 2(b)].
By defining the spin component in this direction as

PR P ,
5301/4 =3 Z(C£+Ck+ - C]:_Ckf)’ 9
k

Cht _( V2 e P2 ckT) (10)
a-)  \=e¥v2 12 J\en )

we can prove [Hiin + Himp, 5307: / 4] = 0. When the value of 8/«
is slightly shifted from 1, the spin conservation law is broken
slightly and this leads to a slow spin relaxation. As will be dis-
cussed in Secs. IV and V, this slow spin relaxation, which is a
remnant of the spin conservation at 8/« = 1, strongly affects
the spin injection from the FI into the 2DEG. To describe this
feature, we need to consider the vertex correction to take the
conservation law into account in our calculation as explained
in Sec. III.

B. Ferromagnetic insulator

We consider the quantum Heisenberg model for the FI
and employ the spin-wave approximation assuming that the
temperature is much lower than the magnetic transition tem-
perature and the magnitude of the localized spins, Sp, is
sufficiently large. We write the expectation value of the local-
ized spins in the FI as (S), whose direction is (cos 8, sin 6, 0)
as shown in the Fig. 1(b). Using the Holstein-Primakov trans-
formation, the Hamiltonian in the spin-wave approximation is
obtained as

Hp = hoxbyby, (11)
k

where by is the magnon annihilation operator with wave
number k, hiwy = Dk® + hyhg. is the energy dispersion of
a magnon, D is the spin stiffness, y is the gyromagnetic
ratio, and hgy. is the externally applied DC magnetic field.
We note that the external DC magnetic field controls the
direction of the ordered spins. We introduce new coordinates
(x',y',7) fixed on the ordered spins by rotating the original
coordinates (x, y, z) as shown in Fig. 1(b). Then, the magnon
annihilation operator is related to the spin ladder operator by
the Holstein-Primakov transformation as S,f”rz S,{’ +iS7 =
(250)'/?by.. The spin correlation function is defined as

B '
Gok,iw,) = / dt " Gy(k, 1), (12)
0

1, . ,
Golk, 1) = —E(S,er(r)S,ﬁ_(O)), (13)

where w,, = 2nm /}hf3 is the bosonic Matsubara frequency. The
spin correlation function is calculated from the Hamiltonian
(11), as

280/h
Go(k, iw,) = - o/

iw, — Wk — oGlw,]

, (14)

where ag > 0 is a phenomenological dimensionless parame-
ter that describes the strength of the Gilbert damping in the
bulk FI.

C. Effect of the FI/2DEG interface

The coupling between the FI and 2DEG can be accounted
for by the Hamiltonian,

Hoo =Y (TSi sy +Tisi 75 0) (15)
k

where 7 is an exchange interaction at a clean interface, for
which the momentum of spin excitation is conserved. The spin
ladder operators for conduction electrons, si/i, are obtained
using a coordinate rotation as [30]

’ 1 Ax
=5 DI Cabp SEtcHIvE (16)
o0 Kk
&YE = —sinf oy 4 cos6 oy * ioy, a7

where 6** = 6, £ i6, and

Gy cos 6 sind 0\ [oy
6y | =|—siné cosf® O oy
o 0 0 1 o,
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Assuming that the interfacial exchange interaction is much
smaller than the spin-orbit interactions, kre and kg [60],2
we perform a second-order perturbation theory with respect
to the interfacial exchange interaction Hi,. Accordingly, the
spin correlation function of the FI is calculated as

1
(Golk, iwy))™! — S(k, iw,)’
Sk, iw,) = | Tel*Ax (k, iwy), (19)

Gk, iwy) =

(18)

where X(k, iw,) is the self-energy due to the interfacial ex-
change coupling and y (k, iw,) is the spin susceptibility for
conduction electrons per unit area, defined as

B '
xtkio) = [ dr e ik, 0)

0

1

hA

where si/i(f) = eHNW/hsfie*HNW/ i Within the second-
order perturbation, we only need to calculate the spin
susceptibility for pure 2DEG without considering the junction
because the interfacial coupling is already taken into account
in the prefactor of the self-energy in Eq. (19). The uniform

component of the retarded spin correlation function is ob-
tained by analytic continuation iw, — o + ié, as

280/

x(k,T) = ——(st " (0)s ~(0)), Q1)

G0, w) = . N (7))
w — (wy + dwg) + i(ag + Sag)w
) 280|702 A

dan 250l A g /%0, ), (23)

[Oh) fla)()

280|702

Sag ~ 25l Tol"A xR0, wp), (24)

Fla)()

where the superscript R indicates the retarded component,
wy = wr=g (=yhqc) is the FMR frequency, and dwy and Sag
are respectively the changes in the FMR frequency and Gilbert
damping due to the FI/2DEG interface. We note that in con-
trast with the bulk Gilbert damping «g, the increase of the
Gilbert damping, dag, can be related directly to the spin
susceptibility of 2DEG as shown by Eq. (24). In fact, mea-
surement of S has been utilized as a qualitative indicator
of spin current through a junction [61,62]. In Egs. (23) and
(24), we made an approximation by replacing @ with the FMR
frequency wy by assuming that the FMR peak is sufficiently
sharp (ag + dag < 1). Thus, both the FMR frequency shift
and the modulation of the Gilbert damping are determined by
the uniform spin susceptibility of the conduction electrons,
x (0, w). In what follows, we include the vertex correction for
calculation of x (0, w), which was not taken into account in
our previous work [30].

2 Although the interfacial exchange coupling in the present system
has not been examined experimentally, its order can be estimated
from the exchange bias between a ferromagnetic insulator and a
metal [60]. This indicates that the interfacial exchange coupling for
a YIG/semiconductor magnetic junction is much less than 0.1 meV,
justifying our approximation.

gk, iwpm + iwy,)

(@)
x(0,iw,) =
g
g(k,iwn)
(b) O g o
- o |
N g
= e —+ >.(
- o’ L
O', (&w’+>o,0 O_/ g2

FIG. 3. Feynman diagrams of (a) the uniform spin susceptibility
and (b) the Bethe-Salpeter equation for the ladder-type vertex func-
tion derived from the Born approximation. The cross with two dashed
lines indicates interaction between an electron and an impurity.

III. VERTEX CORRECTION

We calculate the spin susceptibility in the ladder approx-
imation [42,43] that obeys the Ward-Takahashi relation with
the self-energy in the Born approximation [57]. The Feynman
diagrams for the corresponding spin susceptibility and the
Bethe-Salpeter equation for the vertex function are shown in
Figs. 3(a) and 3(b), respectively. The spin susceptibility of
2DEQG is written as

X0, iw,) = D Trlgtk, i)k, iy, ioy)

1
4BA k,iw,,

x (k. iy + iw,)6" ], (25)
where the vertex function f‘(k, iwy, iw,) is a 2 x 2 matrix
whose components are determined by the Bethe-Salpeter
equation [see Fig. 3(b)],

Fa’a (kv la)m ) iwn)
Ax+ l/tzl/l,' .
= (6" "o + Tzzga’az(qv iwy)
q 0102
X FUzUI (qv ia)ma iwn)g(fl(f(q7 la)m + ia)l‘l)' (26)
Since the right-hand side of this equation is independent of k,

the vertex function can simply be described as f(iw,,l, iwy).
We express the vertex function with the Pauli matrices as

D (iwp, io,) = EI+ X6, + Y6y + Z6,, 27)
where E, X, Y, and Z will be determined self-consistently

later. The Green’s function for the conduction electrons can
be rewritten as

Al + Béy + Cé,

8(q, iwp) = D ; (28)
A(ion) = ihoy — & + %sgn(wm), (29)
B = —heg cos(¢p — 0), (30)

C = —hegs sin(¢p — 6), 31)

D(iw,,) = l_[ [ihwm —E; + gsgn(wm)}, (32)
v==+
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where ¢ is the azimuth angle by which the effective Zeeman
field is written as hegr = (hegr COS @, hegr Sin ¢, 0). This hegr is
written as A > kpy/a2 + B2 + 2af sin 2¢ using the Fermi
wave number kg. By substituting Egs. (27) and (28) into the
second term of Eq. (26) and by the algebra of Pauli matrices,
we obtain

u? un;
Zg(q, i) (g, iy, i0,)8(q. ioy + iw,)

= E/I +X'60+Y'6y +Z'6,, (33)
where
E' Ay + A 0 0 0
X’ _ 0 Ao+ As A3 0
Y| — 0 Aj Ao — As 0
A 0 0 0 Ao — Ay
E
X
|yl (34)
Z
and A (iwy, iw,) (j =0, 1, 2, 3) are expressed as
Aoty iw,) = "y AA (35)
LWy, lWy) = —— g
0 A~ & DD’
2. h2~~
Aoy, i) = “5 b (36)
u*n; h%.cos2(¢p —0)
As(iwy, iw,) = — - 37
s(iwp, iw,) 1 a DD (37)
u*n; h2.sin2(¢p — 0)
As(i ms ] n) = — eff 5 38
slin. iy) = — o (38)

q

using the abbreviated symbols, A = A(iw,), A’ = A(iw,, +
iw,), D = D(iw,,), and D' = D(iw,, + iw,). Here, we have
used the fact that the contributions of the first-order terms of
B and C become zero after replacing the sum with the integral
with respect to ¢ and performing the azimuth integration. We
can solve for E, X, Y, and Z by combining Eq. (34) and the

J

x(0, iw,) = 4f3A > 2 12BCX + (A

DD’

k,iw,

Bethe-Salpeter equation (26), which we rewrite as

El+X6,+Yéy + 26,

=6t +ET+X'604+Y'6, +76,, (39)
with 6+ = 6, + i6,. The solution is

E =0, (40)
- A (1)

(1= At = A3—=AY

1—Ag— A,

(1— Ao — A2 — A2

: 43)

T 1Mo+ A,

By replacing the sum with an integral as § = &,

2 d
AZ( )~ D(er) / dt / .. (44)

Egs. (35)-(38) can be rewritten as

A (i@, i0y) = 0(—0)0(0n + o)A j(iw,), (45)
P 7 de
Aj(iw,) = I/o T

« Z fj(V,U,QD) (46)

 iho, + (v = Ve () + T

where we have used Eq. (8), 6(x) is a step function, and

fow v o) =1, (47)

fi, vV, @) = v, (48)
L,V ) = v cos 2((p) — 0), (49)
[V, @) =v1'sin2(p(p) — 0). (50)

For detailed derivation, see Appendix B. Substituting the
Green’s function and the vertex function into Eq. (25), we
obtain

B>+ C?Y — i(AA' — B> — CHZ]. &))

By summing over k and w,, and by analytical continuation, iw, — @ + i8, the retarded spin susceptibility is obtained as®

- ~ ~ o2 - -
2 a2 a2 — AR L AR )
ZE o RIS AT S S
where
_ ~ i [ dg fiw, v, )
AR = AR & (iw, 5) = ’— IR . 53
y j(@) = Aj(io, > w+i8) = 1A Zha)/A()"'(U_V/)heff/AO“r‘iF/A() (53)

3We note that the uniform spin susceptibility given in Eq. (52) becomes independent of the temperature if the density of state of 2DEG is
assumed to be constant. Although we can derive its temperature-dependent correction by the Sommerfeld expansion, it is small as long as kg T

is much smaller than the Fermi energy.
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A detailed derivation is given in Appendix C. Here, we have introduced a unit of energy, A¢ = krc, for the convenience of
making the physical quantities dimensionless. Using Eqgs. (23) and (24), we finally obtain the shift in the FMR frequency and

the modulation of the Gilbert damping as

80)0
— =agoRe F(w), (54)
wo

dag = —ag,oIm F(wp), (55)

Flo)= 30t

Ao |:1~\g(1 - ]\g) — [\12?(1 _ ]\12e) i (]\ég)z
(1= )" - (A"~ (&%)’

(56)

AR — AR Ao
who’

1 —Af + Af

where oG = 27 So|Tol>AD(er)/ A is a dimensionless parameter that describes the coupling strength at the interface. This is

our main result.

The spin susceptibility without the vertex correction can be obtained by taking the first-order term with respect to [\f :

< _BoD(eR) s xR iR] 3 do[ 1 1—cos’(¢(p) —6)
11O, 0) = =2 [2R5 =AY - AS] - Dier) = th(eF)/ 2 [hw Fir 2
1 1 + cos?(p(p) — 0) 1 1 + cos*(¢(p) — 0)
o — 2huy (@) £ 1T 4 fio + 2het () + iT 4 } — D). 57)

The imaginary part of x®(0,w) reproduces the result of
Ref. [30]. Using this expression, the shift in the FMR fre-
quency and the modulation of the Gilbert damping without
the vertex correction are obtained as

8 nv
20 — 4G, Re Fyy (), (58)
wq
80[%‘1 = —ag.oIm Fy(wy), 59)
A - - - A
F(0) = sz’r [2A% — AR — A%] - ﬁ (60)

IV. MODULATION OF THE GILBERT DAMPING

First, we show the result for the modulation of the Gilbert
damping, Sag, for /o =0, 1, and 3 and discuss the effect
of the vertex correction by comparing it with the result with-
out the vertex correction in Sec. IV A. Next, we discuss the
strong enhancement of the Gilbert damping near 8/«a = 1 in
Sec. IVB.

A. Effect of vertex corrections

First, let us discuss the case of 8/a = 0, i.e., the case when
only the Rashba spin-orbit interaction exists.* Figure 4(a)
shows the effective Zeeman field ks along the Fermi surface.
Figures 4(b) and 4(c) show the modulations of the Gilbert
damping without and with the vertex correction. The horizon-
tal axes of Figs. 4(b) and 4(c) denote the resonant frequency
wo = yhqg. in the FMR experiment. Note that the modula-
tion of the Gilbert damping, Scg, is independent of 6, i.e.,
the azimuth angle of (S). The four curves in Figs. 4(b) and

“The result for the case of a/8 = 0, i.e., the case when only the
Dresselhaus spin-orbit interaction exists, is the same as the case of

B/a = 0.

(

4(c) correspond to I'/Ag = 0.1, 0.2, 0.5, and 1.0 We find
that these two graphs have a common qualitative feature; the
modulation of the Gilbert damping has two peaks at wy = 0
and wy = 2A and their widths become larger as I increases.
The peak at wg = 0 corresponds to elastic spin-flipping of
conduction electrons induced by the transverse magnetic field
via the exchange bias of the FI, while the peak at iwyg = 2A¢
is induced by spin excitation of conduction electrons due to
magnon absorption [30]. In the case of 8/« = 0, the vertex
correction changes the modulation of the Gilbert damping
moderately [compare Figs. 4(c) with 4(b)]. The widths of the
two peaks at wgp = 0 and wy = 2A( become narrower when
the vertex correction is taken into account (see Appendix D
for the analytic expressions).

The case of B/a = 1 is special because the effective Zee-
man field k. always points in the direction of (—1, 1) or
(1, —1), as shown in Fig. 4(d). The amplitude of h.s; de-
pends on the angle of the wave number of the conduction
electrons, ¢,

hett (9) = 2A0| sin(p + 7 /4)1, (61)

and varies in the range of 0 < 2h.s < 4A(. Figures 4(e)
and 4(f) show the modulation of the Gilbert damping with-
out and with the vertex correction for I'/Ag = 0.5. The
five curves correspond to five different angles of (S), 6 =
—m /4, —n /8,0, /8, and /4. The most remarkable feature
revealed by comparing Figs. 4(f) with 4(e) is that the peak
at wo = 0 disappears if the vertex correction is taken into
account (see Appendix E for the analytic expressions). In
the subsequent section, we will show that dag(wy) has a

5The order of the electron mobility in GaAs/AlGaAs at low tem-
peratures is 10°cm?/Vs [63] to 107 cm?/Vs [64]. By using this and
the values in footnote 1, we obtain that I'/ Ay is on the order of 1072
to 1.
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(a) ky (b)  Without vertex corrections (c) With vertex corrections
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FIG. 4. (Left panels) Effective Zeeman field h.¢ on the Fermi surface. (Middle panels) Modulation of the Gilbert damping, doy, without
vertex correction. (Right panels) Modulation of the Gilbert damping with vertex correction, Scg. In the middle and right panels, the modulation
of the Gilbert damping is plotted as a function of the FMR frequency, wy = yhqg.. The spin-orbit interactions are as follows. (a), (b), (c)
B/a =0.(d), (e), () B/a = 1. (g), (h), (i) B/ = 3. We note that (b), (e), (h) are essentially the same result as Ref. [30].

8-function-like singularity at wy = 0 for 8/a = 1 due to the
spin conservation law along the direction of h.g.

In the case of S/« = 3, the direction of the effective
Zeeman field h.g varies along the Fermi surface [Fig. 4(g)].
Figures 4(h) and 4(i) show the modulation of the Gilbert
damping without and with the vertex correction for I'/ Ay =
0.5. For B/a = 3, a peak at wy = 0 appears even when the
vertex correction is taken into account. The broad structure
in the range of 4Ay < hwy < 8Ay is caused by the magnon
absorption process where its range reflects the distribution
of the spin-splitting energy 2h.; along the Fermi surface.
By comparing Figs. 4(h) and 4(i), we find that the vertex
correction changes the result only moderately as in the case of
B/a = 0; the peak structure at wy = 0 becomes sharper when
the vertex correction is taken into account while the broad
structure is slightly enhanced.

B. Strong enhancement of the Gilbert damping

Here, we examine the strong enhancement of the Gilbert
damping for B/a >~ 1. As explained in Sec. I A, the spin
component in the direction of the azimuth angle 37 /4 in the
xy plane is exactly conserved at 8/« = 1 [see also Fig. 4(d)].
When the value of 8/« is shifted slightly from 1, the spin
conservation law is broken but the spin relaxation becomes
remarkably slow. To see this effect, we show the modulation
of the Gilbert damping without and with the vertex correction
for B/ = 1.1 in Figs. 5(a) and 5(b), respectively. The five
curves correspond to five different azimuth angles of (S), and
the energy broadening is set as I'/Ay = 0.5. Figs. 5(a) and
5(b) indicate that the Gilbert damping is strongly enhanced at
wo = 0 only when the vertex correction is taken into account.
This is the main result of our work.
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(a)  Without vertex corrections  (b)

With vertex corrections
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(c) With vertex corrections
g= Tojd—— 200
=-7/§ —— 0 = 7T/4
=0
A= ="\ Bla=103
b=rjs ——| 3 a=1.
30100 “
g B/a=1.05
g}
50%
06 08 1 Y% 0.005 0.01 0.015
fiwo /Ao

FIG. 5. Modulation of the Gilbert damping calculated for /o = 1.1 (a) without the vertex correction and (b) with the vertex correction.
The horizontal axis is the FMR frequency wy and the five curves correspond to five different angles of (S),i.e.,0 = —n /4, —7 /8,0, 7 /8, and
7 /4. (c) Enlarged plot of the modulations of the Gilbert damping as a function of the FMR frequency w,. The angle of (S) is fixed as 6 = 7 /4
and the three curves correspond to 8/« = 1.03, 1.05, and 1.1. In all the plots, we have chosen I'/Ay = 0.5.

Figure 5(c) plots the modulation of the Gilbert damping
with the vertex correction for I'/Ag = 0.5 and 6 = 7 /4, the
latter of which corresponds to the case of the strongest en-
hancement at wy = 0. The three curves correspond to /o =
1.03, 1.05, and 1.1. As the ratio of B8/« approaches 1, the peak
height at wy = 0 gets larger. For 8/a >~ 1, §ag is calculated
approximately as

50[(‘, ~ A() Fs
ago 21 (hwo)? + T2

B /h do  (hy+hy)?
- 2 1+ (2heff/I‘)2 ’

where I'y gives the peak width in Figs. 5(b) and 5(c) (see
Appendix F for a detailed derivation). For S/ =1+ 6 (§ K
1), 'y is proportional to 8> and approaches zero in the limit
of § — 0. This indicates that I'y corresponds to the spin
relaxation rate due to a small breakdown of the spin con-
servation law away from the special point of 8/a = 1. Note
that the peak height of ag at wy = 0 diverges at /o = 1.
This indicates that for 8/a = 1, Sag(wg) has a §-function-like
singularity at wy = 0, which is not drawn in Fig. 4(f).

Figure 6 plots the modulation of the Gilbert damping
for I'/Ap=0.5 and 6 = /4 as a function of B/«. The
five curves correspond to fiwy/Ag = 0, 0.005, 0.01, 0.02, and
0.05, respectively. This figure indicates that when we fix the
resonant frequency wq and vary the ratio of 8/«, the Gilbert
damping is strongly enhanced when §/« is slightly smaller or
larger than 1. We expect that this enhancement of the Gilbert
damping is strong enough to be observed experimentally. We
note that dag/ag,o approaches 0.378 (0.318) for /o — 0
(B/a — o0). The inset in Fig. 6 plots maximum values of
dag/ag,o when B/a is varied for a fixed value of fiwg/Ao.
In other words, the vertical axis of the inset corresponds to
the peak height in the main panel for each value of fiwg/Ay.
We find that the maximum value of dog /oG, diverges as wy
approaches zero.

sin2 (9 n %) (62)

(63)

V. SHIFT IN THE FMR FREQUENCY

Next, we discuss the shift in the FMR frequency when the
vertex correction is taken into account. The density plots in

Figs. 7(a), 7(b), and 7(c) for B/ =0, 1, and 3 summarize
the modulation of the Gilbert damping, §ag. These plots have
the same features as in Figs. 4(c), 4(f), and 4(i). Figures 7(d),
7(e), and 7(f) plot the shift in the FMR frequency dwy/wy with
density plots for 8/a = 0, 1, and 3. By comparing Figs. 7(a),
7(b), and 7(c) with 7(d), 7(e), and 7(f), we find that some of the
qualitative features of the FMR frequency shift are common
to those of the modulation of the Gilbert damping, Sag; (i)
they depend on 6 for B/« > 0, while they do not depend
on 0 for B/a = 0, (ii) the structure at wy = 0 due to elastic
spin-flipping appears, and (iii) the structure within a finite
range of frequencies due to magnon absorption appears. We
can also see a few differences between dag and dwy/wg. For
example, Swy/wo has a dip-and-peak structure at fiwg/ Ay = 2
where dag has only a peak. Related to this feature, §wg/wo
has a tail that decays more slowly than that for dag. The
most remarkable difference is that Swp/wy diverges at wy =
0 for B/a =1 except for 6 = 3w /4, 7m /4, reflecting the

20 : :
60,
0 =m/4 -
05 §40
o £
- 20
s £
<10 0
©) 0.01 0.03 0.05
(g EMU/AQ
5 hwo /Ao =0,0.005,0.01,
0.02,0.05
0 ‘
0 0.5 1 2 2.5 3

FIG. 6. Modulation of the Gilbert damping as a function of 8/«.
The five curves correspond to fiwy/ Ay = 0, 0.005, 0.01, 0.02, and
0.05. We have taken the vertex correction into account and have
chosen I'/Ay = 0.5. The inset illustrates maximum values of the
modulation of the Gilbert damping, §oG max, in varying 8/« for a
fixed value of hiwy/Ao.
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Blo=3

FIG. 7. (Upper panels) Modulations of the Gilbert damping, dag/ag,o for (a) /e =0, (b) B/ =1, and (c) B/« = 3. (Lower panels)
Shifts in the FMR frequency, dwy/(aG.0wo), for (d) f/a =0, (e) B/ =1, and (f) /o = 3. The horizontal axes are the FMR frequency,
woy = yhqge, while the vertical axes show the azimuth angle of the spontaneous spin polarization, €, in the FI. In all the plots, we have considered
vertex corrections and have chosen I'/ Ay = 0.5. In (a), (c), (e) there are regions in which the values exceed the upper limits of the color bar
located in the right side of each plot; the maximum value is about 0.45 in (a), 0.65 in (c), and about 10 in (e) (see also Fig. 8). In addition,
(b) cannot express a §-function-like singularity at wy = O (see the main text).

§-function-like singularity of dog at wy = 0. These features
are reasonable because dwy/wy and Sag, which are deter-
mined by the real and imaginary parts of the retarded spin
susceptibility, are related to each other through the Kramers-
Kronig conversion.

The main panel of Fig. 8 shows the frequency shift §wg/wq
for B/ = 1.1 as a function of the resonant frequency wg. The
five curves correspond to 0 = —m /4, —7 /8,0, /8, and 7 /4.
Although the frequency shift appears to diverge in the limit of
wo — 0 in the scale of the main panel, it actually grows to a
finite value and then goes to zero as wy approaches zero (see

5&)0/(0&(},0(,00)

4 6
h(.U()/AO

FIG. 8. Shift in FMR frequency, wy/(ag owo), as a function of
the resonance frequency w, for /o = 1.1. The inset shows the same
quantities in the low-frequency range of 0 < hwy/Ap < 0.05 with a
larger scale on the vertical axis. We have taken the vertex correction
into account and have chosen I' /Ay = 0.5.

the inset of Fig. 8). For /o =1+ 6 (6 < 1), the frequency
shift is calculated approximately as

36{)0 ~ A() ha)()
aGowo 21 (hawy)? + I'2

sin2 (9 n %) (64)

where [’ is the spin relaxation rate defined in Eq. (63) (see
Appendix F for the detailed derivation). We expect that this
strong enhancement of the frequency shift near 8/« = 1 can
be observed experimentally.

VI. SUMMARY

We theoretically investigated spin pumping into a two-
dimensional electron gas (2DEG) with a textured effective
Zeeman field caused by Rashba- and Dresselhaus-type spin-
orbit interactions. We expressed the change in the peak
position and the linewidth in a ferromagnetic resonance
(FMR) experiment that is induced by the 2DEG within a
second-order perturbation with respect to the interfacial ex-
change coupling by taking the vertex correction into account.
The FMR frequency and linewidth are modulated by elastic
spin-flipping or magnon absorption. We found that, for almost
all of the parameters, the vertex correction modifies the mod-
ulation of the Gilbert damping only moderately and does not
change the qualitative features obtained in our previous paper
[30]. However, we found that the Gilbert damping at low fre-
quencies, which is caused by elastic spin-flipping, is strongly
enhanced when the Rashba- and Dresselhaus-type spin-orbit
interactions are chosen to be almost equal but slightly dif-
ferent. Even in this situation, the Gilbert damping at high
frequencies, which is caused by magnon absorption, shows
small modification. This strong enhancement of the Gilbert
damping at low frequencies appears only when the vertex
correction is taken into account and is considered to originate
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from the slow spin relaxation related to the spin conservation
law that holds when the two spin-orbit interactions completely
match. A similar enhancement was found for the frequency
shift of the FMR due to elastic spin-flipping. We expect that
this remarkable enhancement can be observed experimentally.

Our work provides a theoretical foundation for spin
pumping into two-dimensional electrons with a spin-textured
Zeeman field on the Fermi surface. Although we have treated
a specific model for two-dimensional electron systems with
both the Rashba and Dresselhaus spin-orbit interactions, our
formulation and results will be helpful for describing spin
pumping into general two-dimensional electron systems such
as surface/interface states [65-67] and atomic layer com-
pounds [68,69].
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APPENDIX A: CALCULATION OF GREEN’S FUNCTION

In our work, Green’s function of conduction electrons is
calculated by taking effect of impurity scattering into account.
In general, the finite-temperature Green’s function g(k, iw,,)
after the impurity average is described by the Dyson equa-
tion with the impurity self-energy ["(k, w,,) as

1
go(kv ia)m)_1 - f‘(k, iwm)’

8k, iwy) = (AD)
where go(k, iw,,)~" is Green’s function of electrons in the
absence of impurities. In our work, we employ the Born
approximation in which the self-energy is approximated by
second-order perturbation with respect to an impurity poten-
tial. In the Born approximation, the self-energy is given as

(A2)

~ d’k
Bk, ion) = mid / 2ol ion).

(2n)?
where n; is the impurity concentration. The corresponding
Feynman diagram of the Dyson equation is shown in Fig. 9.
By straightforward calculation, Eq. (7) can be derived. For a
detailed derivation, see Ref. [30].

APPENDIX B: DERIVATION OF EQS. (45)-(50)

Equations (35)-(38) can be rewritten with I =
2w nu?D(ep) as
2
d
Aot o) = [ ‘”le, B1)
0

2w d(p
A (iwn, iwy,) = —/ E 'l (B2)
0

T (7 d
A (i, iwy) = ’Ifo ﬁcosZ(w —6)> Wil (B3)

v,V

|
Y
_|_
Y
Y
Y

+ ' SN ‘ 4+ e

FIG. 9. The Feynman diagram for Green’s function within the
Born approximation.

d
@ sin2(¢p — 0) Z w'l,y, (B4)

i 2
AS(iwma lwn) = _/
0 2

4

v,V

where

de 1
b = /,w 2700 ihiwy — & — vherr + i(T/2)sgn(wp)
1
" (@m + n) — & — Vher + (T /2)sgn(@p + @)
(BS)

We note that one needs to calculate this integral only for w, >
0 to obtain the retarded component by analytic continuation.
Then, we can easily prove by the residue integral that [, =
0 for w,, > 0 and w,, + w, > 0 (w,, < 0 and w,, + w, < 0)
because both of the two poles in the integrand are located only
in the upper (lower) half of the complex plane of &. For w,, <
0 and w,, + w, > 0, the integral is evaluated by the residue
integral as
1

I, = . B6
ihw, + (v — V)heg + il (B6)

By combining these results, Egs. (45)—(50) can be derived.

APPENDIX C: DERIVATION OF EQ. (52)
In this Appendix, we give a detailed derivation of Eq. (52)
from Eq. (51). First, we modify Eq. (51) as

x(0, iw,) = AZZ[W sin 2(¢ — 0) Lo

+{1 —vv' cos2(¢p — 0Ly 2
— l(l — UU/)IU\)’,?)]’ (Cl)

where

LD .
v, j = ) ~ ihwy — E; +il'/2 sgn(wp)
1
X 7 El
ihw,, + ihw, — E; + il /2 sgn(w, + w,)
(C2)

and (X, Xz, X3) = (X, Y, Z). A standard procedure based on
the residue integral enables us to express the sum Z,, ; for

174414-10



EFFECT OF VERTEX CORRECTIONS ON THE ...

PHYSICAL REVIEW B 107, 174414 (2023)

Im z z Im 2 z
(a) 12 () ! k2
s Rez Cy Rez
E—==>
D s
C
L Cs
............................................................. E.. T T oo -
R Imz = —w, Cy Imz=—w,

FIG. 10. Schematic picture of the change in the contour integral.
(a) The original contour. (b) The modified contour.

w, > 0 as a complex integral on the contour C shown in
Fig. 10(a). This contour can be modified into a sum of the
four contours, C; (I = 1, 2, 3, 4), shown in Fig. 10(b). Accord-
ingly, 7, ; is written as

uv g Z v, ) (C3)
78— / a f(z)XAz, i)
v, j q 2wiz — EIE + iF/2 Sgn([m 7)
1
(C4)

X / 9
z+ihw, — E; +il'/2sgn(Im z + w,)

where f(z) =1/ (ePz + 1) is the Fermi distribution function.
The sum of the contributions from the two contours, C, and
C3, is calculated as

Iz +IC3

v, j

. dE
= —Xj(lwn)/ %f(E)

1 1
X | = ;
|: E—E; —il')2E +ilw, — E +il'/2

1 1

7 . (G5
+E—iha),z—E,f—il"/ZE—E,‘;—|—il"/2:| ©3)

Here, we have used the fact that X;(z, iw,) is independent
of z for 0 < Imz < w, from Eq. (45) and have defined its
value as X;(iw,) (j = 1,2, 3). From Eqs. (41)-(43), X;(iw,)
are calculated as

~ . _ [\3(1.0)11)
Xilion) = R Gom) = AationP—AaGan? O
1 - AO(lwn) - [\2(1(1),1)
Xolion) = G RGP = Katani— st
L (iwy) = : (C8)

1 — Ag(iw,) + Ay (iw,)

By changing the integral variable to E’ = E — E} in the first
term and to £/ = —(E — E,f/) in the second term in Eq. (C5),

we obtain
N dE’ 1
IC +IC‘ = _Xj(iw11)/_.—.
v ' 2ni E' —il'/2

—E'+E)) - f(E+E
i) —gem)] o
E’ +ihw, + £ — E; +il'/2

Using formula (44), we replace the sum over k in Eq. (C1)
by the integral with respect to £ and ¢. We can perform the
&-integral by using

— f dé [f(E'+EY)—f(—E'+E)|=2E' + E — E{ .

(C10)
Then, by performing the E’-integral, we obtain
o ih ni' ] n
[ e 1) = e e
oo / E} — E; +ihw, + il’

Next, let us consider the contribution from C; and C4. On
these two contours, X;(z, iw,) is independent of z and its
value is defined by X/(iw,) (j = 1,2, 3). Because A(z, iwy,)
(j =0,1,2, 3) becomes zero for Imz < 0 or w, < Imz from
Eq. (45), X]f(iwn) are given as

X/(iw,) =0, Xy(iwy) =1, Xj(iw,)=1i. (C12)
A similar calculation to that of C, and Cj yields
[e¢]
/ dg (I3, + I3 ;) = =X (o). (C13)
—00

By substituting these results into Eq. (C1), we obtain

2
1 (0, i) = D(gF) Z/O j—: (' sin 2( — 0) % (iwy)

+[1 — vV cos2(¢p — N[—1 + X (iw,)]
—i(1 — v)[—i + B (iw,)]}, (C14)
where

ihwnf(j(iwn)
E} —E} + i, +il"’

Xj(iw,) = (C15)
Finally, Eq. (52) is derived by substituting the expressions for
Xj(iw,) and by analytic continuation iw, — @ + 3.

APPENDIX D: ANALYTIC EXPRESSION FOR B/a =0

In this Appendix, we derive analytic expressions of the
modulation of the Gilbert damping when 8/a = 0, only the
Rashba spin-orbit interaction exists, to see the quantitative ef-
fect of taking the vertex correction into account. For /o = 0,
the spin-splitting energy 2k = 2A( is constant along the
Fermi surface, and [\f(a)) (j=0,1,2,3)is simplified as

x ir 1
Af(w) = — , , (DD
400 & hio/ Ao + (v — V) +il'/ Ao

R ir vy’
Af(w) = — - , (D2
4A0 hw/A0+(U — U/)+ZF/A0
A’;(w) = A (w) = (D3)
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FIG. 11. (Upper panels) Change of the Gilbert damping due to the vertex correction, dag — sy, for (a) B/a =0, (b) B/a =1, and
(c) B/a = 3. (Lower panels) Change of the FMR frequency due to the vertex correction, wy — day’, for (d) B/a =0, (e) B/a =1, and (f)
B/a = 3. The horizontal axes are the FMR frequency, wy = y hq., Whereas the vertical axes are the azimuth angle of the spontaneous spin

polarization, 6, in the FI. In all the plots, we have set I' /Ay = 0.5.

Then, we obtain the modulation of the Gilbert damping with
the vertex corrections,

) A
2% ~ =% Re
OG,0 2nT

AR(wo)
1 — AR(wo)

AR(wo) — AR(wp)

1 — Af(wo) + Af(wp) |
(D4)

The modulation of the Gilbert damping without the vertex

correction is obtained by considering only the first-order term
with respect to Af(wo),

ezed Ao iR TR
wn ~ Zn—FRe [2A§ (@w0) — Af(wo)]. (D5)

When I <« Ay, the contribution of v = v’ is dominant for the
peak at wy = 0 and the modulation of the Gilbert damping can
be analytically calculated as

sag Ao r,2

o6 20 D6
G,0 47'[ (ha)o)2 + (1“/2)2 ( )
S A r
% . 20 (D7)

aGo  4m (hwg)? + T2

This indicates that the peak width is halved by taking the
vertex correction into account, which is consistent with the
results shown in Figs. 4(b) and 4(c).

In a similar way, we can evaluate the modulation of the
Gilbert damping near the peak at wy = 2Ao/% as

(SO{G ~ AQ 1 3F/4
ago 4 |2 (hwy — 280)2 + (3T /4)2
+ e (D8)
(hwg — 200)* + (T/2)2 |
Sag A 3r/2
ag ~ 0 / (D9)

aGo  4m (hwg — 2002 + T2

As well, for the peak at wy = 2A/#, the peak width becomes
smaller when the vertex correction is taken into account. This
observation is consistent with the results shown in Figs. 4(b)
and 4(c). For a finite value of I', a sum of Egs. (D6) and (DS)
[Egs. (D7) and (D9)] gives a better analytic form which fits
the numerical result with (without) the vertex correction. Note
that Sag and S’ depend on the impurity potential strength,
u, and impurity concentration, n;, through I' = 2mn;u’D(eg)
[see Eq. (8)]. As shown in Egs. (D6)—(D9), the peak widths
of the Lorentzian functions in dag and o are determined
by I' [see Figs. 4(b) and 4(c)]. It is remarkable that the peak
width in S is reduced from I' to I'/2 by taking the ver-
tex correction into account. To summarize the effect of the
vertex correction, we show Sag — daf and Swg — Swypy’ in
Figs. 11(a) and 11(d), respectively. We find that the vertex cor-
rection modifies mainly the peak width around Zwy/Ag = 0
and 2, in consistent with the above analytic expressions.

Finally, we note that the same analytical expressions for
dag and Sag can be obtained for the case of /8 =0, i.e,
when only the Dresselhaus spin-orbit interaction exists. We
also note that for general values of 8/«, da, and gy’ depend
on I in a more complicated way.

APPENDIX E: ANALYTIC EXPRESSION FOR B/a =1

In this Appendix, we derive analytic expressions of the
modulation of the Gilbert damping when 8/a = 1. In this
case, the effective Zeeman field is parallel to the (—1, 1, 0)
direction and its amplitude is given as

hei (9) = 2A¢] sin(g + 7 /4)|. (ED)
Then, ]\f(a)) (j =0,1,2,3)becomes
p il
Af(@) = 1x- > T (E2)

vy’
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r
Af@) = 737 2 v/ T (E3)
A (w) = —sin20 Af(w), (E4)
AR (@) = —cos 20 Af(w), (E5)
where
2 d A
Tow(@) = / = -0 _. (E6)
0o 21 ho+ (v —V)he (@) + il

In the case of 6 = /4, the modulation of the Gilbert
damping with the vertex correction is expressed as

80[(; AQ 1
— = ——Re |2+ = =
G0 2nT 1— Ag(a)o) + Af(a)o)

1
+ = = . (E7)
1 — Af(wo) - A’,‘)(wo):|
The third term of the above equation is calculated as
1 1 hawo + i’
TR AR = T - (E8)
I = Aj(wo) = Af(wo) 1 — 7ot fiwg

This indicates that the expansion with respect to A¥ cannot
be allowed for wy < I'. This is why the modulation without
the vertex correction, which is obtained by taking from the
first-order term of 1~\§ in Eq. (E7) as

saly Ao -
s = mRe [2A§ (@0)]. (E9)

gives a different result near wy ~ 0. Actually, for 6 = 7 /4,
dag and day’ are calculated as

Sag Ao [ i (Jom +T-4)

aGo 27T | 1= i (T + T)
S 1
= —Reli(J4-+T+ +Ty + TN

OG0 4

j|, (E10)

(E11)

Note that Eq. (E10) is not valid for wy = 0. As indicated from
the absence of J,, and J__, the graph of dag(wp) has no
peak at zero frequency even though Sog’ (wg) has a peak there.
This observation is consistent with Figs. 4(e) and 4(f).

In the case of 8 = —m /4, the modulations of the Gilbert
damping with and without the vertex correction are

%06 _ Bope i%ﬁj*’ D
ago #l I =iz (T + T-4)
SaY 1
%6 — —Reli(Jie + T (E13)
OZG,() 27[

Note that Sy is obtained by taking the first-order term in
Eq. (E12). As indicated by the absence of the terms, 7,4 and
J__, neither dag nor Soy has any structure around wp = 0.
It can be checked that these two expressions give almost the
same result when I' < Ay, which is consistent with Figs. 4(e)
and 4(f). Note as well that g is just doubled compared with
the result for 6 = /4 in Eq. (E10).

To summarize the effect of the vertex correction, we
show Sag — dad’ and dwy — dwy’ in Figs. 11(b) and 11(e),

respectively. We find that the vertex correction modifies
mainly the peak width around /iwy/A¢ = 0. In addition, the
broad peak in the range of 0 < fiwg < 2A¢ is enhanced or
suppressed depending on the azimuth angle of the ordered
spin. These features are consistent with the above analytic
expressions. We note that similar features are observed for
B/a = 3 as seen in Figs. 11(c) and 11(f).

APPENDIX F: APPROXIMATE EXPRESSIONS
NEAR B/o = 1

In this Appendix, we derive the approximate expressions
Egs. (62) and (64) for B/ =146 (6§ < 1) and w =~ 0. For
B/a =148 (5§ <« 1), we can use the approximation,

hy + hy)?
cos2(¢—9):sin29<—1+—( t y) >, (F1)
heff 5
h, + h,
sin2(¢ — 0) ~ cos 20 <—1 + H%) (F2)
heff
Then, we obtain
A% ~ X sin 26, (F3)
A¥ ~ X cos 26, (F4)
Urthy )
iT 2w d vv/(—l + v — )
x= L [Tde P 7 (F5)
4 Jo 21 S~ ho+ (v —V)he + il

in the low-frequency region. Here, the contribution of the sec-
ond term of the bracket in Eq. (56) does not have a singularity
at wy = 0 because A and A% do not depend on the effective
Zeeman field heg. Therefore, the singularity comes from the
first term of the bracket in Eq. (56) and we can approximate
F(w) as

Ao Af(1— &) — AR(1 - &%) + (AE)’
il (1= AR - (A1) (A5

_ Ao 14 (1 4sin26)/2
- 27l 1—-AR+Xx |

F(w) ~

(1 —sin26)/2
1-AR—X

(F6)

Finally, using the equation,
. 'y ho
1—A§+X=F—z?+(’)(a)2), (F7)

we find that the third term in the bracket in Eq. (F6) is diver-
gent at @ = 0 in the limit of § — 0 since the denominator
vanishes. By substituting Eq. (F7) into Eq. (F6), the most
singular part is calculated as

Ag sin®(0 + 7 /4)

F ~
@) =TT T i

(F8)

Using Egs. (54) and (55), it is straightforward to obtain
Egs. (62) and (64).
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