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The Berry curvature plays a key role in the magnetic transport of topological materials. Yet, it is not
clear whether the Berry curvature by itself can give rise to universal transport phenomena with specific
scaling behaviors. In this work, based on the semiclassical Boltzmann formalism and the symmetry anal-
ysis, we show that the noncentrosymmetric distribution of the Berry curvature generally results in linear
magnetoresistivity and thermoconductivity both exhibiting the B-scaling behavior. We then study such kind
of topological linear magnetoresistivity in the 2D MnBi2Te4 flakes and the 3D spin-orbit-coupled electron
gas, the former showing good agreement with the experimental observations. The difference between our
mechanism and the conventional anisotropic magnetoresistance is elucidated. Our theory proposes a universal
scenario for the topological linear magnetoresistivity and thermoconductivity and predicts such effects to
occur in various materials, which also provides a reasonable explanation for the recent observations of linear
magnetoresistivity.
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I. INTRODUCTION

The magnetic field effect on electron dynamics is an im-
portant manifestation of the electron properties, which can be
probed by the transport measurements of the magnetoresis-
tivity (MR) [1]. There are a variety of physical scenarios for
the MR, which can usually be discriminated by their specific
scaling behaviors in the magnetic field B. For example, the
conventional positive magnetoresistance in metal possesses a
B2 scaling [2] and the weak localization effect results in the
dimension-dependent scaling behaviors of the MR with the
ln B scaling for 2D diffusion and

√
B scaling for 3D diffusion,

respectively [3]. In the past two decades, the study on topolog-
ical materials [4–6] shows that the band topology introduces
new ingredients to the MR scenarios. For example, the chiral
anomaly and Berry curvature effect can induce negative MR
with B2 scaling in Weyl semimetals [7,8] and the nontrivial
Berry phase results in a sign change of the MR in topological
insulators and topological semimetals [9–13], etc.

Different from the scaling laws mentioned above, there
also exist several scenarios which can give rise to linear
MR (LMR) [12,14–33]. In particular, there are two types of
LMR in the literature which are proportional to B and |B|,
respectively. In the former case, the MR changes its sign as B
is inverted and so exhibits nonreciprocity while in the latter
case, the sign of the MR remains the same despite the in-
version of B. Away from the quantum limit [12,21,27,30,31],
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the LMR with B scaling may originate from the chiral
scattering and self-field effect [14], chiral anomaly [17],
spin-orbit coupling and ferromagnetic momentum-dependent
exchange interaction [15], intravalley-scattering effects [16],
and complex spin configurations [33], etc; Moreover, the MR
with |B|-dependence is also observed in several experiments
[23,24,34], which are attributed to the disorder-induced mo-
bility fluctuation [26,34] and the shift of the Fermi surface
[23,24]. As one can see, different from other types of scaling
laws which are pertinent to certain mechanisms, the LMR can
arise due to a variety of physical origins. On the one hand, the
phenomena associated with the LMR indicate rich underlying
physics; On the other hand, it becomes extremely challenging
to discriminate different scenarios from each other in the
experiments.

In this work, we uncover a new and general mechanism
for the nonreciprocal LMR with B scaling, dubbed topolog-
ical LMR (TLMR). It arises due to the noncentrosymmetric
distribution of the Berry curvature of the energy bands in
the reciprocal space; see Fig. 1. In the semiclassical trans-
port regime, the effects due to the Berry curvature mainly
originate from two aspects, the anomalous velocities [35] and
the correction to the density of states (DOS) [36,37]. It gives
rise to several exotic magneto-transport phenomena such as
the anomalous Hall effect [35,38], the negative MR in Weyl
semimetals and topological insulators [7,8,39], and the chiral
magnetic effect [40–42], etc. It was also discovered in some
specific systems that the Berry curvature effect can lead to
nonreciprocal LMR [18–20]. Yet, whether there exists a gen-
eral mechanism for the TLMR induced by the Berry curvature
remains an open question.
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FIG. 1. Sketch of the (a) centrosymmetric and (b) noncentrosym-
metric distributions of the Berry curvature, which give rise to the
magnetoresistivity with B2 and B scalings, respectively.

In this work, based on the semiclassical Boltzmann
formalism and symmetry analysis, we show that the non-
centrosymmetric distribution of the Berry curvature in the
reciprocal space can generally give rise to the TLMR and
similar topological linear thermoconductivity (TLTC) with
B scaling in both 2D and 3D systems. We exemplify the
general mechanism with two physical systems: the 2D flakes
of topological material MnBi2Te4 [22] and 3D electron gas
with the Rashba or Dresselhaus spin-orbit coupling and a
magnetic order [43]. For the former case, the results calculated
by our theory are in good agreement with the observations in
the transport experiment on the MnBi2Te4 flakes [22]. Mean-
while, we predict the TLMR effect in the 3D electron gas
with spin-orbit coupling and leave it to be explored in future
experiments. Given that the main ingredient, noncentrosym-
metric distributed Berry curvature is ubiquitous, the TLMR
and TLTC effects are expected to exist in various systems with
nonvanishing Berry curvature.

The rest of the paper is organized as follows. The semi-
classical transport theory is briefly introduced in Sec. II.
In Sec. III, a symmetry analysis on the occurrence of the
TLMR is given. Then the TLMR in the topological material
MnBi2Te4 is studied and the results are compared with the
experimental observations in Sec. IV. In Sec. V, we predict
the TLMR to arise in the 3D spin-orbit coupled electron gas
with a magnetic order. In Sec. VI, we discuss the phenomena
associated with the multidomain structures and compare our
scenario with that of the conventional anisotropic magnetore-
sistance. The effect of the TLTC is discussed in Sec. VII.
Finally, some concluding remarks are given in Sec. VIII.

II. SEMICLASSICAL TRANSPORT THEORY

We consider the magnetic transport in the diffusive regime
and describe it by the semiclassical Boltzmann formalism. For
a weak magnetic field such that the electron cannot achieve the
entire cyclotron motion along the closed orbit before getting
scattered, the effect due to the Landau levels can be neglected.
The semiclassical equations of motion for the electron in the
energy bands with nonvanishing Berry curvature read [35,44]

ṙ = 1

h̄
∇kεk − k̇ × �k, k̇ = − e

h̄
(E + ṙ × B), (1)

where r and k are the center position and momentum of the
wave packet, respectively, �k = i〈∇kuk| × |∇kuk〉 is the Berry

curvature defined by the wave functions |uk〉, εk is the energy,
E (B) are the external electric (magnetic) field and h̄ is the
reduced Planck constant.

In the linear response regime, the effective velocity can be
solved as (taking E = 0)

ṙ = [vk + (e/h̄)B(vk · �k)]/Dk, (2)

where vk = (1/h̄)∇kεk is the group velocity and Dk is the
correction to the DOS [36,37] with

Dk = 1 + e

h̄
B · �k. (3)

Similarly, the time derivative of the momentum is

k̇ = − e

h̄Dk

[
E + vk × B + e

h̄
(B · E )�k

]
. (4)

We employ the relaxation time approximation and make
the assumption that various scattering processes are inde-
pendent. This enables us to employ the Mattiessen’s rule
1/τ = ∑3

i=1 1/τi [45], in which three main scenarios that
dominate the transport are the scattering due to the impurity,
electron-electron interaction and phonon, characterized by the
relaxation time τ1, τ2, and τ3, respectively. Under the uniform
and steady-state condition, the semiclassical Boltzmann equa-
tion reduces to

k̇ · ∇k f = − f − f0

τ
, (5)

where f is the actual distribution function of electrons under
the action of the external fields and f0 = 1/[e(εk−εF )/kBT + 1]
is the Fermi-Dirac function in equilibrium with a Fermi en-
ergy εF . By combining Eqs. (4) and (5), the distribution
function deviated from the equilibrium to the first-order of E
can be obtained as

f1 = eτ

Dk

[
E + e

h̄
(E · B)�k

]
· vk

∂ f0

∂εk
. (6)

It gives rise to a finite current density with Dk is the correction
to the DOS

J = −e
∫

d3k
(2π )3

f1Dkṙ. (7)

By inserting Eqs. (2) and (6) into the current expression, the
longitudinal conductivity σμμ defined by Jμ = σμμEμ (μ =
x, y, z) can be obtained as

σμμ = − e2τ

(2π )3

∫
d3k
Dk

(
v

μ

k + e

h̄
Bμvk · �k

)2
∂ f0

∂εk
. (8)

III. SYMMETRY ANALYSIS ON THE TLMR

The general condition for the occurrence of the TLMR (as
well as the TLTC to be discussed in Sec. VII) can already be
drawn from Eq. (8) through the symmetry analysis without
going into details about the systems, which reflects the uni-
versality of the present scenario of the TLMR. To see this, we
expand Eq. (8) to the first order in B as

σ (1)
μμ = e3τ

(2π )3h̄

∫
d3kv

μ

k

[
v

μ

k (B · �k) − 2Bμ(vk · �k)
]∂ f0

∂εk
,

(9)
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where the two terms inside the square parenthesis come from
the DOS correction Dk in Eq. (3) and the anomalous velocity
in Eq. (2), respectively. The expression contains the integral
over the Berry curvature �k around the Fermi surface, which
can be regarded as a fictitious magnetic field in the reciprocal
space. The TLMR takes place as σ (1)

μμ possesses a finite value.
The symmetry restriction on the distribution of the Berry

curvature has a strong impact on σ (1)
μμ . Specifically, in the

presence of the time-reversal symmetry, the Berry curvature
satisfies [35]

�k = −�−k, (10)

meaning a centrosymmetric distribution of the vector field in
the momentum space as shown in Fig. 1(a). Note that the
inversion operation reverses both the wave vector k and the
vector field �k. Then the integrals of both two terms in Eq. (8)
vanish given that the velocity also obeys vk = −v−k due to
the time reversal symmetry which stems from εk = ε−k. In
this case, the magnetoconductivity (as well as the MR) to
the lowest-order in B is ∝ B2 meaning the absence of the
TLMR. Such negative quadratic MR has been proposed theo-
retically [7,8] and confirmed experimentally [46,47] in Weyl
semimetals, in which the centrosymmetric distribution of �k

sketched in Fig. 1(a) is satisfied for each Weyl cone although
the whole system may not have the time-reversal symmetry.
This case can be understood as a time-reversal-like antiunitary
symmetry defined locally at each Weyl cone.

From the symmetry analysis above, one can see that the
noncentrosymmetric distribution of the Berry curvature like
that in Fig. 1(b), and the underlying symmetry restriction on
the system are essential for the TLMR. It should be noted that
mathematically, the noncentrosymmetric structures of both
�k and vk do not necessarily ensure the occurrence of the
LMR because the integral in Eq. (9) exhibits a complex depen-
dence on both �k and vk. In reality, however, it is reasonable
to expect a finite σ (1)

μμ in case that the system has no symmetry
restriction on �k and vk.

Furthermore, we show that the conclusion above maintains
even the effect due to the orbital magnetic moment is taken
into account. That is, in the system with time-reversal(-like)
symmetry, neither Berry curvature nor orbit magnetic moment
will induce TLMR. The orbit magnetic moment originates
from the self-rotation of the wave packet [35,48] and takes
the form of

Mk = −i
e

2h̄
〈∇kuk| × [H (k) − ε(k)]|∇kuk〉. (11)

where H (k) = e−ik·rHeik·r is the Bloch Hamiltonian. Its cou-
pling to the external magnetic field B results in a Zeeman-like
term and the energy becomes ε̃k = εk − Mk · B, which mod-
ifies the group velocity of the electron to ṽk = vk − δvk with
δvk = ∇k(Mk · B)/h̄. As a result, the longitudinal conductiv-
ity in Eq. (8) changes into [39,49,50]

σ̃μμ = −
∫

d3k
(2π )3

e2τ

Dk

(
ṽ

μ

k + e

h̄
Bμṽk · �k

)2
∂ f0

∂ε̃k
. (12)

It can be proved that Mk possesses the same symmetry
as that of the Berry curvature if the system possesses the

time-reversal(-like) symmetry, i.e.,

Mk = −M−k, (13)

given that the former is induced by the latter. Thus we have
δvk = δv−k. The effect due to the orbital magnetic moment
contributes additional terms to Eq. (9) as

δσ (1)
μμ =

∫
d3k

(2π )3
e2τ

[
v

μ

k δv
μ

k

∂ f0

∂εk
+ (

v
μ

k

)2
(Mk · B)

∂2 f0

∂ε2
k

]
.

(14)

However, such terms vanish as well due to the symme-
try restriction Mk = −M−k, δvk = δv−k and vk = −v−k.
Therefore the inclusion of the effect due to the orbital mag-
netic moment does not change our conclusion, that is, the
noncentrosymmetric distribution of the Berry curvature is key
to the TLMR.

The aforementioned scenario of the TLMR is quite gen-
eral and is expected to exist in a variety of materials with
nonvanishing Berry curvature distribution, no matter in 2D
or 3D. It does not even require the whole Bloch bands to be
topologically nontrivial, because only the Berry curvature of
the states near the Fermi energy dominates the effect. Here, we
would like to point out that although the noncentrosymmetric
distribution of the Berry curvature provides a general scenario
for the TLMR, it is not a necessary condition for it. From
Eq. (9), the LMR can also occur under the condition �k =
−�−k and vk �= −v−k, of which a typical example is the type
II Weyl semimetal [18,19]. Such a scenario is not the focus of
this work. For clarification, we compare different scenarios of
the MR due to the Berry curvature effect in Table I.

To show the universality of the noncentrosymmetric Berry
curvature induced TLMR, in the following sections, we will
study the TLMR in two specific systems, the 2D MnBi2Te4

flakes and the 3D spin-orbit coupled electron gas. The gener-
alization of our theory to other systems is straightforward.

IV. TLMR IN 2D MnBi2Te4 FLAKES

We first consider the 2D material MnBi2Te4, which is the
first discovered intrinsic magnetic topological insulator that
exhibits quantum anomalous Hall effect and has sparked a
surge of research interest [22,52–54]. One unique feature of
the 2D systems is that the Berry curvature possesses only
the z component so that the MR originates solely from its
coupling to the Bz component of the magnetic field. Because
the electron transport takes place within the 2D plane, the
in-plane velocity and the out-of-plane Berry curvature ensures
vk · �k = 0 in Eq. (2), i.e., the absence of the anomalous
velocity. Therefore the MR stems entirely from the DOS
correction Dk induced by the Berry curvature according to
Eq. (8).

The LMR with B scaling has been observed in the tran-
sition region between the two opposite quantum anomalous
Hall plateaus; see Fig. 2 of Ref. [22]. In this region, the non-
vanishing longitudinal resistance indicates the participation
of the bulk states in the transport. Out side of the transition
region, the Fermi energy should lie in the gap between the
conduction and valence bands. We here employ the effective
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TABLE I. Symmetry conditions and the corresponding B scaling of the MR. The last column shows typical examples.

�k = −�−k vk = −v−k B scaling of MR Examples

× ×(�) B MnBi2Te4 in Sec. IV, electron gas in Sec. V, magnetic Weyl semimetal [20]
� × B Type-II Weyl [18,19]
� � B2 Type-I Weyl, etc. [51]

Hamiltonian of the MnBi2Te4 flakes [22,55]

HMBT =

⎛
⎜⎜⎝

� + mk ivk− 0 0
−ivk+ −� − mk 0 0

0 0 −� + mk −ivk+
0 0 ivk− � − mk

⎞
⎟⎟⎠,

(15)

where v is the velocity of the surface states, k± = kx ±
iky is defined by the 2D wave vectors, mk = m0 + m1(k2

x +
k2

y ) captures the tunneling effect between the top and bot-
tom surface states with m0, m1 the relevant parameters,
and � is the exchange field along the z-direction due to
the ferromagnetic order. Whether the Dirac mass is in-
verted or not at the 	 point determines the Chern number
C of the valence bands and specifically, C = 0 for |�| <

|m0| and C = sgn(�) for |�| > |m0|, respectively [22].
By diagonalizing the Hamiltonian HMBT, we obtain four
bands with dispersions ε±

u = ±
√

(� + mk)2 + v2k2, ε±
l =

±
√

(� − mk)2 + v2k2, where the subscripts u, l denote the
upper and lower blocks of Eq. (15), respectively.

To involve the bulk contribution to the longitudinal
transport as was observed in the experiment, we consider
the Fermi energy εF intersects the upper valence band in the
transition region as illustrated in Fig. 2(a). In particular,
the upper valence band is referred to ε−

l and ε−
u for

� > 0 and � < 0, with the corresponding eigenstates
|v−

l 〉 = [0, 0,−ivk+,−2
√

(� − mk)2 + v2k2 sin2 θl ]T /Nl

and |v−
u 〉 = [ivk−,−2

√
(� + mk)2 + v2k2 cos2 θu, 0, 0]T /Nu,

respectively, whose normalization factors are
Nl = 2

√
(� − mk)2 + v2k2 sin θl , Nu = 2

√
(� + mk)2+v2k2

cos θu with the angles θu,l ∈ [0, π/2] defined by
tan 2θl = vk/[� − mk], tan 2θu = vk/(� + mk). The Berry
curvature functions for the two bands are

�−
kl = − v2(m0 − m1k2 − �)

2[(� − mk)2 + v2k2]
3
2

ez,

�−
ku = v2(m0 − m1k2 + �)

2[(� + mk)2 + v2k2]
3
2

ez. (16)

We plot the Berry curvature distribution �−
kl for � > 0 in

Fig. 2(b). One can see that �−
k is even under the inversion of k

so that it possesses a noncentrosymmetric distribution. There-
fore the MnBi2Te4 flakes should exhibit the TLMR according
to the previous symmetry analysis.

The longitudinal conductivity is contributed by the elec-
trons near the Fermi surface so that we calculate σxx in Eq. (8)
by inserting the parameters vk and �k with their values in
the relevant band, which is the top valence band here [cf.
Fig. 2(a)]. A magnetic field in the z direction that is perpen-
dicular to the flake is assumed. The resistivity is then obtained

through the relation Rxx = σxx/(σ 2
xx + σ 2

xy) with

σxy = e2

(2π )2h̄

∑
i=u,l,α=±

∫
d2k f0(k)

(
�α

ki · ez
)

(17)

being the Hall conductivity. The numerical results of Rxx as a
function of B are plotted in Fig. 2(c), in which the hysteresis
effect in accordance with the experimental observation has
been taken into account. The up-and-down sweeps of the
magnetic field are marked by the arrowed dashed and solid
lines, respectively. The coercive field is chosen to be Bc = 1 T
in the calculation, close to the value in the experiment [22].
The results in Fig. 3(c) clearly show the TLMR with B scaling,
as expected. Here, both σxx and Rxx exhibit linear dependence
on B, because the change of σxx by the magnetic field is small
compared with its initial value.

The hysteresis loops in Fig. 2(c) can be understood as
follows. Starting with B < −Bc, and the ferromagnetic mo-
ment is aligned in the same direction with the magnetic field
with � > 0. As B increases, the system exhibits a TLMR
with a positive slope, i.e., �Rxx = Rxx(B) − Rxx(0) ∝ B until
B reaches the coercive field Bc. In this region, �Rxx changes
its sign as B is inverted, showing nonreciprocity. As B exceeds

FIG. 2. (a) Energy spectra of the surface state of MnBi2Te4 (ky =
0). The dashed blue line represents the position of the Fermi energy.
(b) The distribution of the Berry curvature of MnBi2Te4. (c) The
TLMR as a function of the magnetic field at T = 1.2 K. The ar-
rowed dashed line represents the up sweep and the arrowed solid line
represents the down sweep. (d) TLMR at different temperatures. The
relevant parameters are τ = 10−12 s, εF = −45 meV, |�| = 50 meV,
m0 = 10 meV, m1 = 20 meV nm2, and v = 30 meV nm.
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FIG. 3. (a) Energy spectra of the spin-orbit coupled electron
gas (kz = 0, ky = 0). The dashed blue line represents the position
of the Fermi energy. (b) The distribution of the Berry curvature.
(c) The TLMR as a function of the magnetic field at T = 4.7 K.
The arrowed dashed line represents the up sweep and the arrowed
solid line represents the down sweep. (d) TLMR at different tem-
peratures. The relevant parameters are τ = 10−12 s, λ = 40 meV,
εF = 200 meV, and |�| = 10 meV.

Bc, � undergoes an abrupt flipping to lower the energy of the
system, which results in a jump of the MR. Similar discontinu-
ity takes place for the Hall resistance as well, which changes
from the quantized value h/e2 to −h/e2. Both the abrupt
changes of the longitudinal MR and the Hall resistance stem
from the sign reversal of the Berry curvature. The down sweep
[arrowed solid line in Fig. 2(c)] that starts from B > Bc and
� > 0 can be understood in a similar way. The TLMR feature
in Fig. 2(c) obtained by our theory is in good agreement with
the experimental observations [22].

Furthermore, we plot the MR for different temperatures in
Fig. 2(d) (the exchange field exhibits a very weak temperature
dependence below the Néel temperature [22,56]) and has been
chosen to be constant, which exhibit the same features and
temperature dependence as those observed in the experiment
(see Fig. 2(c) in Ref. [22]). As a result, the scenario of the
TLMR proposed here provides a reasonable and promising
explanation for the MR observed in the MnBi2Te4 flakes.

V. TLMR IN 3D SPIN-ORBIT-COUPLED ELECTRON GAS

The general scenario of the TLMR is not limited to the
2D systems. To illustrate its universality, in the second ex-
ample we investigate the TLMR in the 3D systems with
spin-orbit coupling and a ferromagnetic order. Consider first
3D model with the Rashba effect, which can be realized in
BiTeI [57–59]. The corresponding Hamiltonian is

HR = h̄2k2

2m
+ λ(k × σ ) · ez + �σz, (18)

where inversion symmetry is broken along the z axis, m is
the effective mass, the wave vector k = (kx, ky, kz ) consist of
three components, λ is the strength of the Rashba spin-orbit
coupling, � is the Zeeman exchange field due to the ferro-
magnetic order, and σ = (σx, σy, σz ) are the Pauli matrices for
the spin. Without the exchange field the system possesses the
time-reversal symmetry and so cannot exhibit the TLMR.

The energies of the two bands are ε± = h̄2k2/2m ±√
λ2(k2

x + k2
y ) + �2 as shown in Fig. 3(a), whose

corresponding wavefunctions are |u±k〉 = [λ(ikx +
ky),

√
λ2(k2

x + k2
y ) + �2(cos 2θ ∓ 1)]T /N± with the

normalization factors N+ = 2
√

�2 + λ2(k2
x + k2

y ) sin θ, N− =
2
√

�2 + λ2(k2
x + k2

y ) cos θ with the angle θ ∈ [0, π/2]

defined by tan 2θ =
√

λ2(k2
x + k2

y )/�. The Berry curvature

distribution of the two bands are

�R±
k = ∓ �λ2

2
[
�2 + (

k2
x + k2

y

)
λ2

] 3
2

ez. (19)

Similar to those in Eq. (16) for the 2D MnBi2Te4, the Berry
curvature here contains only the z-component and possesses a
noncentrosymmetric distribution as well; see Fig. 3(b) for the
distribution of the Berry curvature in a specific kz plane. The
Berry curvature does not rely on kz so that its noncentrosym-
metric distribution in the 3D reciprocal space can be inferred
from Fig. 3(b).

We consider the Fermi energy εF that intersects both bands
as shown in Fig. 3(a). Without loss of generality, the elec-
tric and magnetic fields are both set to the z direction. The
conductivity σzz in Eq. (8) is solved numerically taking into
account the contributions from both bands. The 3D resistivity
ρzz = 1/σzz is plotted in Fig. 3(c), where we have assumed
the existence of a single magnetic domain with a coercive
field BR

c = 0.5 T. The numerical results resemble those for
the 2D MnBi2Te4 flakes, again, consistent with the symmetry
analysis in Sec. III. The temperature dependence of the TLMR
is shown in Fig. 3(d), which is also similar to the case of the
MnBi2Te4 [cf. Fig. 2(d)].

Apart from the Rashba-type spin-orbit coupling, the
Dresselhaus-type spin-orbit coupling may also exist in 3D
systems such as GaAs/AlGaAs quantum wells [60] due to the
breaking of the bulk inversion symmetry [61], which can be
described by

HD = h̄2k2

2m
+ β(kxσx − kyσy) + �σz, (20)

where β is the strength of the Dresselhaus spin-orbit coupling.
The two types of spin-orbit coupling result in the same form of
the energy spectra (with the replacement λ → β) but different
spin textures. Accordingly, the Berry curvature for both bands
takes the form of

�D±
k = ± �β2

2
[
�2 + (

k2
x + k2

y

)
β2

] 3
2

ez, (21)

which is similar to Eq. (19) but with a sign reversal for each
band. Given that the sign of the TLMR is determined by the
direction of the Berry curvature as indicated in Eq. (9), it
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FIG. 4. (a) Schematic diagram of the TLMR in the single domain
regime with the corresponding hysteresis loop of the magnetization
in (c). (b) Schematic diagram of the TLMR in the multidomain
regime with the corresponding hysteresis loop of the magnetization
in (d).

can be expected that the TLMR induced by the Dresselhaus
spin-orbit coupling possesses the opposite slope compared
with that due to the Rashba spin-orbit coupling.

VI. MULTIDOMAIN STRUCTURES
AND DIFFERENCES WITH AMR

In the examples discussed in the previous two sections,
we have assumed that the ferromagnetic material possesses
a single magnetic domain, which results in the TLMR with
the shapes sketched in Figs. 2(c) and 3(c). Due to the mag-
netic structure of a single domain, the hysteresis loops of
the magnetization exhibits an abrupt flipping as shown in
Fig. 4(c), which is responsible for the discontinuity of the
TLMR in Fig. 4(a). For the MnBi2Te4 flakes, it is exactly the
case and has been verified in the experiment. Meanwhile, in
many ferromagnetic materials, multidomain structures usually
arise, which give rise to the conventional hysteresis loop of the
magnetization as sketched in Fig. 4(d). Recall that the TLMR
here is induced by the Berry curvature configurations which is
determined by the (average) magnetization M or equivalently,
the Zeeman field � in previous discussions. Therefore it can
be inferred that a continuous change of M with the magnetic
field H leads to a smooth variation of the Berry curvature as
well. Accordingly, the MR is expected to change from the
configuration in Fig. 4(a) to that in Fig. 4(b), in which the
abrupt jump of the MR disappears. Nevertheless, the linear B
(H) scaling persists for a small magnetic field around zero.

It is worth noting that the LMR with B scaling has also
been reported in a variety of materials like Ge(111) [62,63]
and Co/Pd thin film [33], the latter possessing the same
MR configurations as those in Fig. 4(b). In these materi-
als, the LMR was explained by the conventional anisotropic

magnetoresistance (AMR) mechanism [64]. Therefore it is
important to discriminate our scenario of the TLMR in the
multidomain regime from that of the conventional AMR.
Physically, the main difference between the TLMR and the
AMR is that the former is induced by the joint action of the
Berry curvature and the magnetic field while the latter stems
directly from the change of the magnetization rather than the
magnetic field itself, which possess different manifestations.
If the magnetization of the system remains unchanged as the
magnetic field varies, which is just the case in the regime
of the single magnetic domain as shown in Fig. 4(c) or the
saturation magnetization (cf. Fig. 5(b) in Ref. [33] and Fig. 8
in Ref. [65]), the resistivity does not change for the AMR
scenario. In stark contrast, the TLMR shows up even if the
magnetization remains constant in these regions. However, in
the region where the magnetization changes smoothly with
the magnetic field, the MR may look similar for both the
AMR and TLMR scenarios (compare Figs. 4(b) and 4(d) with
Fig. 5(b) in Ref. [33] and Fig. 8 in Ref. [65]). In this case,
further analysis of the results beyond such parametric regions
is required to discriminate the two scenarios.

VII. TOPOLOGICAL LINEAR THERMOCONDUCTIVITY

So far, we have focused on the effect in the charge trans-
port. Given that the resistivity is a specific type of transport
coefficient, the present scenario can be generalized straight-
forwardly to the other transport coefficients such as the
thermoconductivity [66]. Similar to the TLMR, the TLTC
can also arise due to the same scenario. Specifically, the z-
direction thermoconductivity κzz is defined by [66–68]

κzz = L22
zz − L21

zz

(
L11

zz

)−1
L12

zz , (22)

with L11
zz = σzz the longitudinal conductivity in Eq. (8) and the

other transport coefficients calculated by

L21
zz = T L12

zz =
∫

d3k
(2π )3

eτ

Dk

(
vz

k + e

h̄
Bzvk · �k

)2

(εk − εF )
∂ f0

∂εk
,

L22
zz = −

∫
d3k

(2π )3

τ

T Dk

(
vz

k + e

h̄
Bzvk · �k

)2

(εk − εF )2 ∂ f0

∂εk
.

(23)

We here focus on the elastic scattering in the heat transport
which requires a low temperature such that τ � τ1. All these
transport coefficients possess the similar forms of Eq. (8) and
in particular, have the same B dependence. Therefore the sym-
metry analysis concludes that linear terms in B arise for all the
coefficients L11

zz , L12
zz , L21

zz , and L22
zz as long as the distribution

of the Berry curvature is noncentrosymmetric in the reciprocal
space. Furthermore, by noting that the linear terms in B of all
the transport coefficients is much smaller than the constant
terms, the thermoconductivity κzz also exhibits the B scaling
behavior. In Fig. 5, we plot κzz(B)/κzz(0) as a function of
B for MnBi2Te4 flakes below the Néel temperature [22,56],
which exhibits linear dependence of B. Our results show that
as long as the system is in the TLMR regime, other transport
coefficients such as the thermoconductivity also exhibit linear
B dependence.
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FIG. 5. TLTC at different temperatures. The dashed (solid) lines
represent up (down) sweep. The relevant parameters are τ = 10−12 s,
λ = 40 meV, εF = −45 meV, |�| = 50 meV, m0 = 10 meV, m1 =
20 meV nm2, and v = 30 meV nm.

VIII. CONCLUDING REMARKS

In conclusion, we have uncovered a general mecha-
nism for the TLMR and TLTC which is induced by the

noncentrosymmetric distribution of the Berry curvature. Such
effects are predicted to exist in both 2D and 3D systems
with nonvanishing Berry curvature. Our theory provides a
satisfactory explanation to the existing experiment on the 2D
MnBi2Te4 flakes [22]. It is also straightforward to explain
the same phenomena observed in the 3D magnetic Weyl
semimetal Co3Sn2S2 very recently [69]. Actually, Fig. 6 in
Ref. [69] resembles Figs. 2(c) and 3(c).

Finally, it is worthwhile to compare our mechanism with
those in Refs. [18–20]. Firstly, the LMR in Refs. [18,19] orig-
inates from noncentrosymmetric distribution of the velocity
in the reciprocal space while the TLMR here stems from
the noncentrosymmetric Berry curvature. Secondly, different
from Refs. [18–20] that focus on the specific Weyl semimetal,
our theory offers a general perspective that can be applied to
a wide range of physical systems.
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