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Charge and heat transport of doped 8-Pmmn borophene with and without relaxation
time approximation
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Charge and heat transport of monolayer borophene are investigated by means of Boltzmann’s transport
equation, which is solved self-consistently and analyzed with the relaxation time approximation (RTA). To
simulate a realistic experimental condition, a borophene monolayer is first considered to be affected by two
types of randomly distributed impurity. Charge transport near the Dirac neutrality point and highly-doped
regime changes according to the orientation of measurement, which reflects the anisotropy of the Dirac cone.
Characteristic of electron at large doping follows the typical free electron gas but then decays onto interacting
like ensemble at low doping signalled by an increase of resistivity around zero doping and a violation of
Wiedemann-Franz’s law. When acoustic phonon is accounted for, charge transport is found to be sensitive to the
magnitude of electron-phonon interaction yielding further enhancement of resistivity at low and large doping.
A resistivity consists of T 4 power law at low temperature, which evolves onto linear T at high temperature. A
similar trend is also observed when borophene is deposited on top of polar substrate, which manifests itself in the
resistivity and mobility. Depending on the dielectric constant of the substrate, remote phonon scattering is shown
to substantially affect transport at room temperature in a way that ultrahigh mobility at the order of 106 cm2/Vs
falls down to the order of 104 cm2/Vs. In contrast to charge transport, heat quantities such as thermopower,
figure of merit do not provide any signature of anisotropy of low-energy dispersion and deviate from the Mott’s
formula. The impact of impurity or perturbation by lattice vibration could, however, be recognized upon varying
temperature and charge density carrier. An interesting signature of electron-phonon interaction is shown by
phonon drag effect, which not only varies with temperature according to T 3 but also depends on the orientation.
It is argued that this unique trait might be a useful tool for the search of phonon drag effect in borophene,
which has been proven to be difficult in other two-dimensional systems. The analysis is further elaborated with
a survey on the electron cooling mechanism involving acoustic and optical phonon. At low temperature, power
loss indicates that energy exchange between hot carrier and its environment depends on the carrier density, tilted
velocity and dielectric constant. The use of polar substrate is shown to provide additional channel for relaxation
of energy and momentum of hot electrons facilitating a faster cooling at high temperature.
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I. INTRODUCTION

One of the most interesting alternatives to graphene syn-
thesized recently is borophene β12 constituting of boron (B)
atoms on the Ag(111) substrate [1–3]. It has a metallic
characteristic that arises from a novel atomic configuration
on two-dimensional plane and it consists of an out-of-plane
buckling sheets [4]. Following an ab initio calculations, two-
dimensional boron polymorph manifests itself in a number
of stable crystal structures classified as α and γ phase with
2-Pmmn and 8-Pmmn sheet space symmetry [5–9]. The emer-
gence of rich allotropes, which is furnished by a distinctive
symmetry has been related to a deficiency of electron in boron
atom. It also offers an advantage in its own right, namely, that
it allows for a complex framework of σ and π bonds. Under
certain conditions, i.e., by control of pressure or temperature,
it is possible to shift covalent bonds onto ionic bonds [10].
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Experimental realization of monolayer borophene beyond
β12 phase has been, however, quite challenging. One main
obstacle has been its low stability even beyond room tem-
perature 450◦–550 ◦C. Another challenge is the realization
of a freestanding layer, which has been suggested to harbor
many intriguing properties. It is currently not clear whether
a freestanding layer could be realized for all alotropes of
borophene, since, theoretically such state is shown to be
rather unlikely due to the presence of imaginary energy in
the phononic dispersion [11,12]. Recently, however, there has
been an experimental report on the possibility of synthesis of a
freestanding borophene, i.e., β12, which is achieved by liquid
phase exfoliation [13].

Being an adjacent element to the carbon atom in the peri-
odic table, one naturally expects that borophene might share a
number of outstanding attributes of graphene. It is, however,
difficult to compare both systems since for β12 to appear, it
requires a support of substrate such as Ag(111). This is in
contrast to graphene in which a freestanding monolayer is
stable and synthesizable, i.e., could be derived directly from a
bulk in a straightforward experimental procedure. We recall
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that a monolayer graphene with an almost flat honeycomb
lattice is known to exhibit an ultrahigh mobility up to 2 ×
105 cm2 V−1 s−1 and inherently large thermal conductivity,
which is in the range of 2600 to 5300 W/mK near 350 K
[14–16].

The outstanding transport properties of graphene, which is
known to exceed that of Si, however, deteriorates once the
substrate is introduced. This step is known to help reduce
charge inhomogeneity and is essential to increase the func-
tionality of graphene, i.e., allowing for an integration with
other systems. From a number of experiments we are aware
that the use of SiO2 leads to the decrease of charge mobility
down to the order of 2000–17000 cm2 V−1 s−1 [17,18]. On
the other hand when graphene is combined with boron nitride
or on top of SiC, characteristic of transport improves in a
way that mobility reaches up to 18100–27000 cm2 V−1 s−1

[19–21].
In retrospect with the borophene monolayer in which a

substrate is somewhat a conditio sine qua non, a thorough
understanding of the role of supporting material on electronic
properties of borophene is thus of great importance. The effort
toward this goal is, however, currently lacking and this is
true not only to those already synthesized system such as β12

but also to a new class of borophene including those with
2-Pmmn or 8-Pmmn symmetry, which remain to be realized
in the future experiment. As in the case of graphene, one
naturally expects that borophene samples growing on different
substrate might exhibit considerable variations of electronic
and thermal properties. A judicious choice of substrate thus
becomes crucial when one aspires for an optimal electronic
properties of borophene. A successful endeavour along this
line will be of service to both our scientific interest and the
foreseeable future plan such as realization of interconversing
heat and electricity, which holds a promise as an efficient
energy source.

In an effort to resolve various issues on the role of substrate
in the borophene monolayer, I present in this paper a study
on transport properties of borophene with 8-Pmmn symmetry
under a weak external field or thermal gradient. This sys-
tem has engendered a wide interest because of their unusual
charge, thermal, and mechanical properties. Theoretical stud-
ies by means of density functional theories have indicated
that pristine 8-Pmmn borophene could resist an uniaxial stress
up to 27.79 N/m along two lattice directions, owing to a
large Young’s modulus 398 GPa nm [11,22]. Under the same
condition, model based calculations have also pointed out
a number of novel phenomena such as anisotropic Friedel
oscillation, undamped plasmon mode at high energies, Weiss
oscillation in the magnetoconductivity, oblique Klein tunnel-
ing, direction-dependent optical conductivity [23–26]. Recent
analysis on the interaction between monolayer borophene and
high-frequency light suggests the possibility of quantized Hall
effect and thermal rectification whereas a study on borophene
based superconducting junction indicated the possibility of
specular Andreev reflection [27–30].

Transport of 8-Pmmn borophene on top of substrate has
also been discussed recently in [31,32]. By means of Boltz-
mann transport, analysis is directed to identify the role of
either impurity or acoustic phonon on charge and heat trans-
port. While these studies have touched upon the role of

substrate, the analysis remains incomplete particularly since
effect of scattering due to phonon or impurity has been con-
sidered partially and it is assumed to be disentangled. In
a realistic system, scattering by impurity or phonon might
coexist and this requires that they should be considered si-
multaneously in a theoretical description. In addition to this, a
scattering on the Fermi surface has been treated differently
using the relaxation time approximation (RTA) and self-
consistent relation. It is not clear to what extent the relaxation
time approximation could be employed in describing transport
on borophene and how much it could agree with the iterative
solution.

In order to provide a complete picture, the present study
will be carried out on the basis of model description, which
is combined with the Boltzmann’s transport equation. It is
aimed at elucidating various aspects that might affect charge
and heat transport of borophene, which is deposited on top of
substrate. This involves scattering by nonmagnetic impurities
with different type of potential or influence of vibration by
acoustic and optical phonon. On top of this I also elaborate
the discussion by analyzing the impact of nonequilibrium
phonon, which is responsible for the phonon-drag and energy
relaxation mechanism. The former is expected to contribute
onto thermopower whereas the latter tells the way hot carrier
swaps energy with its surrounding environment. The results
outlined in this paper will be useful when interpreting trans-
port measurement of the 8-Pmmn borophene, once sample
could be synthesized.

In the next section I shall be outlining the model Hamilto-
nian, which is followed by a derivation of Boltzmann transport
in terms of the mean-free path. I discuss its self-consistent
implementation with and without electron-phonon coupling
and then compare the results with the usual relaxation time ap-
proximation. A short discussion on the advantage or weakness
of each approach in dealing with anisotropic band structure is
also outlined. The discussion is then followed by an analyt-
ical analysis of phonon drag effect and the electron cooling
mechanism. I conclude the paper by highlighting an important
feature of charge and heat transport of the 8-Pmmn borophene.

II. 2D TILTED DIRAC HAMILTONIAN

The single-particle effective model of pristine 8-Pmmn
borophene can be expressed as

H0 = ηh̄(vxkxσx + vykyσy + vt kyσ0), (1)

where η denotes ±1 valleys [23,31]. σ = (σ0, σx, σy) being
the Pauli matrices and k = (kx, ky) are the in-plane wave
vectors in x and y direction. vx and vy are velocities of Dirac
electrons moving along the x and y with a magnitude of
0.86 vF0 and 0.69 vF0, respectively, with vF0 = 106 m/s. vt

corresponds to the tilted velocity of the order of 0.32 vF0,
which is responsible for a tilting of band structure.

The energy dispersion of the Hamiltonian (1) can be writ-
ten as

εk,± = ηh̄
(
vt ky ±

√
v2

x k2
x + v2

y k2
y

)
, (2)

which is shown in Fig. 1. It consists of the Dirac cone for
electrons and holes, which touch each other at k = 0 resem-
bling that of graphene. Owing to the tilted velocity, the Dirac
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FIG. 1. The energy-band structure of two-dimensional
borophene as a function of wave vectors kx and ky. The left
and right panels correspond to valley indices η = 1 and η = −1,
respectively. Here, the wave vectors have been renormalized by a
factor of 107.

cones are distorted to the negative ky axis for η = 1 and to the
positive axis for η = −1.

For the purpose of analytical derivation, it is useful to
rewrite the Hamiltonian of Eq. (1) within the new variables
px and py as follows:

px =
√

vx

vy
kx,

py =
√

vy

vx
ky, (3)

such that the Hamiltonian of Eq. (1) reduces onto

H = ηh̄vF (pxσx + pyσy + vopyσ0), (4)

where vF =
√

vxvy and v0 = vt
vy

. With Eq. (4), the dispersion
energy can be rewritten in the new variables and assumes the
form of

εpλ = ηh̄vF (v0 py + λp), (5)

with p =
√

p2
x + p2

y and λ = ±. The knowledge of the disper-
sion relation Eq. (2) or Eq. (5) allows for the derivation of the
density of states by using

D(ε) = 2
∑
λk

δ(ε − εkλ),

which, after substitution, yields

D(ε) = D0

π h̄2v2
F

|ε|, (6)

where

D0 =
∫

dθ
1

z2(θ )
,

z(θ ) = vt

vF
sin(θ ) + I0(θ ), (7)

and

I0(θ ) =
√

vx

vy
cos2(θ ) + vy

vx
sin2(θ ). (8)

By using the density of states, we can subsequently obtained
the relation between the Fermi energy EF and a given carrier
density n as EF = h̄vF

√
2πn
D0

.

Since the Fermi velocities of borophene is anisotropic, the
corresponding Fermi surface is thus elliptical with eccentricity
e determined by vx and vy in the form of e = 1

vx

√
v2

x − v2
y . As a

repercussion, the Fermi wave vector kF does not depend only
on the energy but also on the relative angle between momen-
tum wave vectors denoted by tan(θ ) = ky/kx. Explicitly, the
Fermi wave vector kF derived from Eq. (2) takes the form of

kF = EF

ηh̄vF z(θ )
. (9)

As will be further discussed below, description of trans-
port with momentum wave vectors that continuously changes
along the Fermi surface demands a special treatment beyond
that is usually employed for graphene.

In order to identify the amount of energy required to
change a temperature, it may be preferable also to look at the
electronic specific heat at fixed volume ce, which can be calcu-
lated via u = ∫

ε f0(ε)D(ε), for u being an internal energy and
f0(ε) denotes Fermi distribution function. By using Eq. (6),
performing the integral, and taking derivative with respect to
the temperature, i.e., ce = A du

dT one arrives at

ce = 9ζ (3)D0k3
BT 2

π (h̄vF )2
, (10)

where A being the area of the borophene sheet. Regardless of
the prefactors, it is clear that the above expression resembles
that of clean graphene consisting of power law behavior of T 2.

III. TRANSPORT WITH ELASTIC SCATTERING

In the presence of charge impurities background or random
vacancies, the low-energy Hamiltonian Eq. (1) is adjusted
onto

H = H0 + Himp, (11)

where Himp = ∑
i V (r − Ri )σ0 and V (r − Ri ) denotes the po-

tential scattering of ith impurity at coordinate Ri. For the sake
of simplicity, it shall be assumed throughout that impurities
are distributed on the two inequivalent borophene sublattice.

In order to describe the stochastic motion of quasiparticles,
which underlies transport of charge or energy, we shall be
solving Eq. (11) within the Boltzmann’s transport equation.
In this scheme, the flow of quasiparticles through solid is sub-
sumed in the statistical distribution function fλ(k, r, t ) ≡ fk,λ

with k and r being the two-dimensional electron wave and po-
sition vectors, respectively whereas t denotes time. When the
system is subjected onto external static field, the distribution
function follows the steady state Boltzmann equation, which
can be written as

vkλ∇r fk,λ + F
h̄

∇k fk,λ = ∂ fk,λ

∂t

∣∣∣∣
c

(12)

where vk,λ = 1
h̄

∂εk,λ

∂k defines the velocity of electron on the
x − y plane whereas F = −eE being the applied external elec-
tric field. The right-hand side of Eq. (12) is the rate of change
of fk,λ, which takes account of all possible collisions, such
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as scattering events between electron and ionized impurities,
static imperfections or absorption and emission of phonon.
Explicitly, the collision term takes the form of

∂ fk,λ

∂t

∣∣∣∣
c

=
∑
k′λ′

[Wk′λ′kλ fk′,λ′ (1 − fk,λ)

−Wkλk′λ′ fk,λ(1 − fk′,λ′ )], (13)

which under the principle of detailed balance and elastic scat-
tering condition may be simplified onto

∂ fk,λ

∂t

∣∣∣∣
c

=
∑
k′λ′

Wk′kλ′λ[ fk′,λ′ − fk,λ], (14)

with Wk′,k representing scattering probability from k onto k′
state. Assuming an impurity potential V , which only amounts
to inducing weak disturbances, the scattering probability shall
be determined within the Born approximation as

Wk′kλ′λ = 2π

h̄
|〈φk′ |Vk′k|φk〉|2δ(εk,λ − εk′,λ′ ), (15)

where φk and dispersion εk,λ shall be derived from the Hamil-
tonian of borophene, e.g., Eq. (1).

In order to simplify Eq. (12), a usual route is to ap-
proximate the distribution function via an ansatz f = f0 −
eτkλvk,λE ∂ f0

∂εk
with f0 denotes equilibrium distribution. This

allows one to define the relaxation time as

1

τkλ

=
∑
k′,λ′

Wk′kλ′λ

(
1 − vk′,λ′

vk,λ

τ ′
k

τk

)
. (16)

The wave vectors k and k′ are two-dimensional wave-
vector components, i.e., k = k( cos(θ ), sin(θ )) and k′ =
k′( cos(θ ′), sin(θ ′)). When dealing with an isotropic Fermi
surface such as that of graphene, Eq. (16) can be reduced
further onto a more simple expression

1

τkλ

=
∑
k′λ′

Wk′kλ′λ(1 − cos(α)), (17)

where α is the angle between wave vectors k and k′. The
relaxation time becomes a function of energy and depends
only on the relative angle between momentum wave vector.

For anisotropic Fermi surface, Eq. (17) might still be
employed to evaluate the relaxation time and under certain
condition should provide a reasonable description of transport
as will be further shown below. It will nevertheless yield a less
accurate description of scattering events on the Fermi surface.
This follows from the observation that the angle between wave
vectors k and k′ as well as their corresponding length changes
continuously along nonisotropic Fermi surface. Such varia-
tions clearly could not be accommodated by the RTA outlined
in Eq. (17). Hence, to get a better estimate of the collision
rate between quasiparticles, it is necessary to separate scatter-
ing processes on two-dimensional axis by defining relaxation
time for x and y direction as τx and τy, respectively. This
is implemented in [33], which also introduced an ansatz of
distribution function that depends on the electric field and the
sum of velocity of Fermi surface from x and y axes. It is shown
that upon simplification, one arrives at two set of equations of
Fredholm type, which needs to be solved self-consistently.

An alternative route is to define the mean-free path �ki

for each direction i = x, y, which in the RTA amounts to be
�ki = vkiτki. The main difference with that discussed in [33]
is that we do not need to deal with two variables, i.e., time
and velocity but it is sufficient to take care of a single variable
�k, which carries information of collision with accuracies that
goes beyond RTA.

Assuming a homogeneous system, we can formulate the
Boltzmann’s transport in terms of mean-free path. We shall
also be assuming that electric field E sweeps the Fermi
surface as E (cos(φ), sin(φ)), whereas the velocity as vk =
v(θ )(cos[ξ (θ )], sin[ξ (θ )]) for ξ (θ ) being the angle between
velocity and unit vector n̂. The latter definition has been made
with a consideration that direction of v(θ ) is not necessary the
same with that of k. The Boltzmann’s equation can then be
simplified by taking an ansatz

f = f0 − eE

(
−∂ f0

∂ε

)
(�x(θ ) cos(φ) + �y(θ ) sin(φ)). (18)

Substitution of (18) onto (12) and after using Eq. (14) satisfies
two set of equations consisting of

v(θ ) cos(ξ [θ ]) = w̃(θ )�x(θ ) −
∫

dθ ′W (θ, θ ′)�x(θ ′),

v(θ ) sin(ξ [θ ]) = w̃(θ )�y(θ ) −
∫

dθ ′W (θ, θ ′)�y(θ ′), (19)

where short-hand notations w̃(θ ) = ∫
dθ ′W (θ, θ ′), and

W (θ, θ ′) = ∫
dk′k′Wk′,k have been used.

It can be deduced from the above equations that a solution
of Boltzmann’s equation for anisotropic Fermi surface de-
mands for an iterative approaches and its accuracy should be
close to an exact solution of Boltzmann’s transport equations.
Another important feature of the above formulation is that the
mean-free path becomes a function of angle and energy, which
in contrast to the relaxation time approximation depending
only on the energy [see Eq. (17)].

From the knowledge of distribution function or relaxation
time, we shall be investigating charge J and energy Q current,
from which transport coefficients L can be derived. The lat-
ter follows from the relation between response and external
perturbation as(

J
Q

)
=

(
Laa Lab

Lba Lbb

)(
E

−∇T

)
. (20)

In order to express transport coefficients in terms of the mean-
free path, we make use again the ansatz (18). By fixing the
direction of electric field on either i = x or i = y axis, we
arrive at the longitudinal coefficients reads

Laa
ii = e2

∑
kλ

vkλ�k,λi cos(φ − ξ [θ ])

(
− ∂ f0

∂εk,λ

)
,

Lab
ii = e

∑
kλ

(
ε − μ

T

)
vkλ�k,λi cos(φ − ξ [θ ])

(
− ∂ f0

∂εk,λ

)
,

Lbb
ii = e

∑
kλ

(ε − μ)2

T
vkλ�k,λi cos(φ − ξ [θ ])

(
− ∂ f0

∂εk,λ

)
, (21)

where vki,λ being the velocity wave vector and μ denotes
the chemical potential. The above equations tell us that a
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proper treatment of mean-free path is necessary to accurately
derive charge or thermal transport of borophene. In the next
section, we shall be discussing the transport coefficients in the
presence of short and long-range scatterers and also phonon.

1. Short-range potential

In the absence of substrate, scattering by impurity with
short-range potential is expected. The most relevant example
in this respect is the fixed defect centers having a potential
expressed as a constant Vk′k = V0. Since Vk′k is independent
of momenta, the probability amplitude Wk′k does not depend
on the angle of wave vectors k and k′. This, in turns, simplifies
the evaluation of relaxation time in which 1/τ becomes equiv-
alent with a typical expression for isotropic Fermi surface, i.e.,
only a function of the relative angle between wave vectors,
i.e., Eq. (17). This can be directly understood by looking
back onto Eq. (16). Setting Wk′k as constant V0 and using the
relation θ ′ ∼ θ + α, the relaxation time reduces into the form
of Eq. (17).

With this caveat in mind, it is thus possible to derive
an analytical expression of the longitudinal conductivity by
evaluating Eq. (17) together with Eq. (21). Straightforward
calculation yields

σxx = e2

h̄

v3
x

vyV 2
0

s0x,

σyy = e2

h̄

v3
y

vxV 2
0

s0y, (22)

where s0x = h̄2ixx
2πniδa0

, s0y = h̄2iyy

2πniδa0
, with niδ being the concen-

tration of impurity of constant potential. We have also defined

a0 =
∫

dθ
1 − cos(θ )

z2(θ )
,

ixx =
∫

dθ

z2(θ )

cos2(θ )

I2
0 (θ )

,

iyy =
∫

dθ

z2(θ )

[
sin(θ )

I0(θ )
+ vF vt

v2
y

]2

. (23)

where z(θ ) and I0(θ ) are defined in Eq. (7) and Eq. (8),
respectively. It is clear that conductivity of borophene with
short-range impurity is independent of momentum or energy,
meaning that it remains unaffected by variation of charge dop-
ing. A rather similar result has also been shown for graphene
as outlined in [34]. We note that the absence of doping de-
pendence in the above expression stems from the deficiency
of Boltzmann transport, which only includes Born-type cor-
rection. An improvement is usually achieved by going beyond
Boltzmann analysis, e.g., via perturbation expansion of higher
order. The hallmark of the above expression is the discrepancy
of conductivity along the x and the y axes, which is evident
through a dependence of conductivity on the velocities vx and
vy. As we shall further observe in the following sections, such
behavior persists in the presence of long-range impurity with
and without electron-phonon coupling.

FIG. 2. (Left panel) Longitudinal conductivity σxx and σyy of
borophene in unit of σ0 = e2/h at T = 50 K. Dashed lines corre-
spond to the results derived via relaxation time approximation (RTA)
for both x and y directions. (Right panels) Variation of resistivity ρ

in unit of ρ0 = 1/σ0 along the y (top panel) and x direction (bottom
panel).

2. Long-range potential

When defect centers consist of an internal structure such
as an ionized point impurity with charge Ze, the potential of
isolated scatterers is of Coulomb type V (r) = Ze2

4πεrε0r , with Z
being the valence number, εr denotes the average dielectric
constant and ε0 = 8.85 × 10−12 C/Vm being the vacuum per-
mittivity. The bare potential V (r) spans over a large distance
r, starting from the locus of each point charge impurity. This
behavior, however, does not generally hold for semimetallic
system such as borophene since the excess potential is usually
screened by conduction electrons. In the event that a large
number of carrier and impurity are weakly coupled, it is
sufficient to consider a screening effect within the Thomas-
Fermi approximation, which constitutes of improving the bare
potential through a factor of e−δr with 1/δ being the screening
radius. By incorporating screening effect, Fourier transforma-
tion of the potential V (r) yields

V (k, k′) = Ze2

4εr

1

|k − k′| + δq
, (24)

where εr = εrε0 and δq = e2D(ε)/εr being the Thomas-
Fermi screening vector. Electronic and thermal transport with
long-range Coulomb impurity can now be investigated by
combining Eq. (24) together with Eq. (19).

Below, unless otherwise stated, we shall be describing our
results at a constant impurity density ni = 5 × 1012/m2. We
use Z = 1 and εr ∼ 1, which describes impurity on the sus-
pended borophene. This in contrast with that in [32], in which
εr is set at around 2.5 by assuming SiO2 as a substrate. In
the present paper, we shall be including correction to εr when
discussing transport in the presence of polar substrate.

Let us begin our discussion by looking at the conductivity
as a function of doping, which is plotted in Fig. 2. As is
readily seen, the conductivity on both axes grows quadrati-
cally together with chemical potential, which implies for an
enhancement of conductivity when sample consists of a large
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number of carriers. Along with this, the conductivity of the x
direction is almost two-times larger in magnitude than that in
the y direction, which is particularly true for |μ| > 0.1 eV.

The origin of such behavior could be made clear by eval-
uating the conductivity in the relaxation time approximation,
which allows for analytical derivation of scattering lifetime.

Carrying out integrals on Eq. (17), we get 1
τk

= V 2
0 πz0

h̄2vF k
, which

is equivalent for both x and y axes. Using this in Eq. (21) and
setting �k = 
vkτk together with cos(φ − ξ [θ ]) = 1 yields
conductivity near zero temperature as

σxx = e2

h̄

S0x

V 2
0

μ2,

σyy = e2

h̄

S0y

V 2
0

μ2, (25)

where V0 =
√

niZe2

4πεr
, with ni denotes charge density of impuri-

ties and dimensionless parameters: z0 = ∫
dθ 1

z(θ ) ,

S0x = v2
x

v2
y

Ixx

z0
,

S0y = v2
y

v2
x

Iyy

z0
,

Ixx =
∫

dθ

z3(θ )

cos2(θ )

I2
0 (θ )

,

Iyy =
∫

dθ

z3(θ )

[
sin(θ )

I0(θ )
+ vF vt

v2
y

]2

. (26)

The above equations tell us that in the RTA the quadratic
dependence of conductivity on doping arises from the energy-
dependent lifetime. The anisotropy of conductivity on the
other hand is not affected by scattering lifetime, by recalling
that we have employed the same expression on both axes, but
through nonuniform Fermi velocities vx and vy as prefactors
of Ixx and Iyy variables. By using this observation, one could
further deduce that the conductivity remains anisotropic even
in the absence of the tilted velocity. Our calculation also
suggested that in the absence of the latter the conductivity
tends to be smaller than that with finite tilted velocity.

In contrast to the RTA, the anisotropy and quadratic power
law of conductivity in the perspective of the self-consistent
Boltzmann calculation arises directly from the mean-free path
�xx and �yy. This is clear since they record simultaneously
variations on both angle and energy during self consistency
iteration.

The anisotropy of conductivity, interestingly, carries on
when the number of charged impurity doping approaches car-
rier number, which is usually taken as a low-doping regime.
This can be shown from Eq. (25) in which the conductivity at
n ∼ ni could be rewritten as

σxx = 4e2

h

S0x

D0
,

σyy = 4e2

h

S0y

D0
. (27)

FIG. 3. Left panel shows thermopower of borophene for x and y
axes whereas right panels consist of thermal conductivity for x (upper
panel) and y (lower panel), in unit of κ0 = kBeV/h.

The discrepancy of conductivity around zero doping estimated
above via relaxation time approximation is indeed supported
by the solution of self-consistent Boltzmann’s equation. To
see this aspect more clearly we show in the right panels of
Fig. 2 the calculated resistivity for temperature range 50–
300 K. At the charge neutrality point the resistivity appears
to be nonuniform on both axes and this is independent of tem-
perature. In addition, we also observe that resistivity, similar
to that is seen in conductivity, along the y axis (upper-right
panel) is larger almost two times in magnitude than that of
x axis (lower-right panel). It is important to note, however,
that Eqs. (27) might overestimate the conductivity near zero
doping, which could be understood since RTA only accounts
for energy dependence.

When temperature gradient is generated on the sample, we
can measure a thermopower, i.e., Seebeck coefficient, which
arises due to an internal electric field built up by the spatial
variation of charge. Thermopower derived via self-consistent
equations is plotted in the left panel of Fig. 3, which holds
for T = 50 K up to 300 K. It changes according to − 1

μ
,

reaches a maxima near μ → 0, and then gradually decreases
when chemical potential gets larger. The former suggests
that at smaller doping large thermopower arises due to ease
formation of charge imbalance while the latter describes the
opposite case. Negative thermopower corresponds to hole car-
riers moving in the opposite direction of heat flow whereas
positive thermopower describes electron moving along heat
energy.

The asymmetry of the Seebeck’s coefficient with respect to
chemical potential follows the standard Mott’s formula, which
connects the conductivity and thermopower as

Sii = −π2k2
BT

3e

∂

∂μ
lnσii(μ), (28)

where i denotes x and y axes. While the above formula
correctly predicts linear T , it, however, fails to describe the
absence of anisotropy in the thermopower, which should be
easily realized since S depends only on the derivative of σ . As
is readily seen, the thermopower on the x and y axes in Fig. 3
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are, hardly distinguishable and this holds for different carrier
density and various temperature range.

In order to understand the behavior of thermopower
derived from self-consistent equations, we could again im-
plement the RTA to derive the off-diagonal coefficients. By
following the same step as outlined above for the conductivity,
one readily derives

L12
xx = − e

h̄

k2
BT

V 2
0

μS0x,

L12
yy = − e

h̄

k2
BT

V 2
0

μS0y. (29)

They depend on the orientation similar to that of conductivity.
To obtain the thermopower, we can combine the above equa-
tions with those in Eqs. (25) via S = Lab

Laa . They yield ∼− 1
μ

dependence, which is uniform for both directions. Thus, albeit
Laa and Lab depends on x and y axes through velocities and
angle integral, these anisotropic parameters are canceled out
and do not affect thermopower. In addition to this, the linear
temperature dependence explains the shift of S along with
temperature.

In order to complement the above discussion, let us ex-
amine the thermal conductivity, which is shown in the right
panels of Fig. 3 for various temperature. While thermopower
is independent of orientation, the thermal conductivity κ =
Lbb − (Lab)2/Laa shows a rather different behavior namely
that κ in the x direction is generally larger than that in the
y direction, which is similar to that of conductivity. The sim-
ilarity between κ and σ as doping varies apparently follows
from

κ = 1
2 cev�, (30)

which also depends on the mean-free path �. On top of this,
we also observe that thermal conductivity initially decreases
at low doping but subsequently increases along with carrier
density. Nonmonotonous dependence of thermal conductivity
near zero doping, which, as further discussed below, implies
for unusual characteristic of transport.

In order to establish a solid ground for the latter argument,
we complement the above results with the Lorenz ratio L =
κ

T σ
as displayed in the left panel of Fig. 4. To understand the

plots, we first recall that for metallic gas, the ratio between
thermal and charge conductivity obeys the law of Wiedemann-
Franz in which L is proportional to a constant number namely
L0 = π2

3 ( kB
e )2 = 2.44 × 10−8 V2/K2. At large carrier density,

it is noticeable that the Wiedemann-Franz’s law is respected
by the self-consistent calculation suggesting that carrier be-
haves like those in an ideal metallic gas. At smaller doping
|μ| < 0.1 eV on the other hand, the Lorenz ratio increases
beyond L0 and this appears at low up to high temperature.

To fully understand the Lorenz ratio, particularly at the
charge neutrality point, it is instructive to derive L/L0 from
the perspective of the RTA, which also allows for analytical
derivation. This can be achieved by using Eq. (30) together
with the specific heat derived in Eq. (10). Let us rewrite
Eq. (30) as κ = 1

2 cevii�ii, with v denotes the root-mean-
square velocity for each i axis. Using this formula together
with Eq. (10), one readily writes the direction-dependent

FIG. 4. Left panel consists of the Lorenz ratio for both x and y
directions in unit of L0 = 2.44 × 10−8 V2/K2 and for various tem-
perature. In the right panel, figure of merit ZT for x and y axes
are calculated from T = 50 K (bottom panel) up to T = 300 K (top
panel).

thermal conductivity as

κxx = 108ζ (3)ln(2)

π

k2
BT

h̄

√
vx

vy

S0xV0xM0

D0
,

κyy = 108ζ (3)ln(2)

π

k2
BT

h̄

√
vy

vx

S0yV0yM0

D0
, (31)

where M0 = I0(θ )
z(θ ) , V0x = √

V0x,V0y = √
V0y, and

V0x = 1

2π

∫
dθ

cos2(θ )

I2
0 (θ )

,

V0y = 1

2π

∫
dθ

[
sin(θ )

I0(θ )
+ vtvF

v2
y

]2

, (32)

In deriving the above equations, we have made use of the
mean-free path in the form of

�xx = 24 ln(2)
h̄vF

kBT

S0xI0(θ )

D0

√
vy

vx
,

�yy = 24 ln(2)
h̄vF

kBT

S0yI0(θ )

D0

√
vx

vy
, (33)

for x and y axis, respectively. These expressions have been
derived by comparing the conductivity near zero doping, i.e.,
Eq. (27) with the standard expression of conductivity for
electronic gas, i.e., σii = ne2�ii

mv
[35]. This approach, albeit an

approximation, enable us to derive an axis-dependent mean-
free path, which is necessary to detect the influence of the
anisotropy of � on the Lorenz ratio. Evaluation of Lii = κii

T σii

could then be carried out straightforwardly giving

Lxx = 108 ln(2)ζ (3)

π

(
kB

e

)2√
vx

vy

V0xM0

D0
= 4.34L0,

Lyy = 108 ln(2)ζ (3)

π

(
kB

e

)2√
vy

vx

V0yM0

D0
= 5.83L0, (34)

where M0 = ∫
dθM0.
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Let us collect our results outlined above. Eq. (31) demon-
strates that the thermal conductivity of dirty borophene in the
perspective of the RTA is indeed anisotropic and results from
the disparity of mean-free path and Fermi velocities. This is in
a good agreement with that plotted in Fig. 3 derived via self-
consistent calculation. From Eq. (34), we learn further that at
the charge neutrality point, the Lorenz ratio becomes several
times larger than L0 and independent of temperature, which
certainly corroborates with that shown in Fig. 4. The above
analytical results, however, slightly overestimates the numeri-
cal value of L/L0 due to an approximation in the derivation
of the mean-free path, which leads to a small discrepancy
between that of x and y axes. Although RTA correctly predicts
the notion that Lxx/L0 and Lyy/L0 at charge neutrality point
should be close numerically, they remains contradicts with
that obtained via self-consistent calculation, which yields the
same value of L/L0 on both axes.

Going back to L/L0 plotted in the left panel Fig. 4, we find
that a complete violation Wiedemann-Franz’s appears when
borophene is slightly doped, i.e., at the vicinity of charge
neutrality point in which the Lorenz number changes along
with doping and depends on temperature. In addition, we find
that at room temperature 300 K, the amount of charge dopants
required to induce metallic state is larger than that at lower
temperature T < 100 K. This might arise from a parabolic
dependence of thermal conductivity around μ = 0.1, which
does not appear below T = 300 K.

In view of the above results, we recall that violation of
Wiedemann-Franz’s law is usually expected whenever phonon
scattering or electron interaction is taken into account. Since
they are absent in the present calculation, anomaly at low
density hints at a transport mechanism that differs from a typ-
ical metallic gas and its origin should only involve electrons.
Variation of Lorenz ratio L

L0
from 1 to 4 could therefore be

translated as a crossover from metallic gas to an interacting
like electron gas. This interpretation corroborates with the
behavior of resistivity discussed previously, which is pro-
nounced at low doping but subsequently decay at larger carrier
density. There are two possible scenarios that could be used
to explain a deviation from metallic gas at low doping and
to pinpoint the origin of anomaly in both κ and L. The most
simple scenarios is impurity induced scattering, which might
be understood directly by looking at the RTA expressed in
Eq. (27). It states that a small conductivity is true when σ

linearly depends on n and inversely proportional to ni. This
implies that at low n, carrier is effectively scattered by im-
purity, subsequently reduces probability of charge transport,
leading to an increase of resistivity.

Another possible scenario is, perhaps, a Dirac fluid in
which an ensemble of electron resembles viscous liquid and
might exhibit various phenomena known in the classical
hydrodynamics. This has been proposed in the context of
graphene to explain the violation of Wiedemann-Franz’s law
and also the cusp in the thermal conductivity, which do not
fully explicable with the above simple picture. Recent exper-
iments along this line have been discussed in [36,37]. Due to
the similarity of low energy between graphene and borophene,
one might expect that characteristic of electron of borophene
at low doping may resemble a Dirac fluid. However, this

is currently an open question and a quantitative comparison
among possible scenarios is necessary to get the most suitable
picture.

Equipped with the knowledge of transport, we can go
further to assess the performance of monolayer borophene
as a thermoelectric device. A standard approach to do this
is to measure the figure of merit (FOM) as ZT = α2σ/κ ,
which quantifies the competition between electrical and ther-
mal conductivity. In the right panels of Fig. 4, we plot the
figure of merit (FOM), which is calculated from 50 K up to
300 K. As can readily be seen, the FOM consists of zero at
μ = 0, increases up to a maximum value of ≈0.8 but sub-
sequently decreases when doping gets larger. A zero ZT at
μ = 0 emerges from the suppression of conductivity whereas
maxima and rapid decay at high doping follows from that
of thermopower and rapid increase of thermal conductivity
along with chemical potential. By increasing temperature,
we find a broadening of ZT , which reflects that conversion
efficiency of doped borophene at T = 300 K should be better
than that at 50 K. We can thus deduce that dirty borophene
consists of long-range scatterer has a promising potential for
thermoelectric component by considering that it has a value
of ZT close to the order of → 1, which prevails up to a
room temperature. This resembles a typical efficiency of a
well-known thermoelectric material widely used today. It is
important to note, however, that experimental realization of
this finding seems to be difficult. At high temperature another
aspect need to be considered is the influence of phonon, which
might arise intrinsically or via a coupling with an atom of a
substrate.

IV. TRANSPORT WITH INELASTIC SCATTERING

In order to elaborate the foregoing analysis, we move on
to discuss the role of inelastic process, which is essential for
a realistic description of electronic properties of supported
borophene. It is generally expected that transport in the low-
dimensional system is affected by not only impurities but
also vibration modes that is coupled with electron. The most
relevant contribution comes from the in-plane longitudinal
acoustic or optical branch, which correspond to a small dis-
placement of atoms of borophene that is coupled with atoms
of substrate.

From first-principle calculation, we learn that scattering
by the in-plane longitudinal acoustic remains important even
at low temperature. This is attested by the acoustic phonon
energy that spans from ground state up to 41 meV [11].
Optical phonon on the other hand lies above at higher energy,
approximately up to 165 meV, suggesting that its contribution
is minimal and could be neglected when one is interested in
transport at low up to room temperature. Another possible
contribution arises from the remote phonon scattering, which
corresponds to the optical phonon branch of high dielectric
substrate. Its influence is expected to be non-negligible even
at room temperature and has been considered as an important
factor that inhibits charge mobility.

In the standard Boltzmann’s formalism, interaction be-
tween electron and phonon enters via collision rate. It
now constitutes of contributions from point impurities and
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electron-phonon interaction, which can be summed linearly
as

∂ fk,λ

∂t

∣∣∣∣
c,i−ph

= ∂ fk,λ

∂t

∣∣∣∣
imp

+
∑

i

∂ fk,λ

∂t

∣∣∣∣
i,e−ph

. (35)

where i denotes acoustic or polar optical contribution. The im-
purity related collision can be evaluated via Eq. (14) whereas
electron-phonon interaction requires Eq. (13). The latter con-
tains the transition probability Wkk′ , connecting wave vectors
k and k′ reads

Wkλk′λ′ = 2π

h̄
Mkk′[nqδ(εk,λ − εk′,λ′ − εq)

+(nq + 1)δ(εk,λ − εk′,λ′ + εq)], (36)

with matrix elements Mkk′(q) = |〈φk′ |He−ph,k′k|φk〉|2δk′,k+q
for He−ph being the Hamiltonian of electron-phonon inter-
action. The wave vectors k and k′ obeys the conservation
of momentum within the reciprocal lattice, i.e., k′ = k + q
with q being the wave vector of two-dimensional phonon. The
phonon dispersion energy is defined as εq whereas nq being
the phonon distribution function. In the above notation, nq
represents phonon absorption and nq + 1 describes emission.
We have also assumed that lattice vibration induces only a
weak perturbation on electrons.

Implementation of self-consistent solution of Boltzmann’s
equations in the presence of inelastic scattering is more
involved and time consuming, particularly for deriving T de-
pendence observable. In order to deploy Eq. (19), we need first
to simplify the collision term. Starting with Eq. (13), we may
reduce the expression onto a manageable form by neglecting
Pauli term yielding

∂ fk,λ

∂t

∣∣∣∣
c

=
∑
k′λ′

[Wk′λ′kλ fk′,λ′ −Wkλk′λ′ fk,λ]. (37)

When the effect of electron-phonon scattering does not re-
sults in a large deflection of wave vector so much that k ∼
k′, is still satisfied, the above expression might be further
reduced onto the form Eq. (14). This greatly simplifies Boltz-
mann’s transport equation Eq. (12) such that one may derive
equations for the mean-free path in the form of Eq. (19),
with w̃(θ ) now takes account of the electron-phonon matrix,
i.e., Eq. (36).

Having simplified the Boltzmann’s equation, it is neces-
sary to mention two possible ways to evaluate the effective
mean-free path, which records scattering off impurity and
lattice vibration, that will be used to evaluate transport co-
efficients. The first is to solve Eq. (19) for each process and
then proceed to derive the effective mean-free path via inverse
summation of each contribution as �−1 = ∑

i �
−1
i , where i

denotes contribution of impurity and phonon. Alternatively
we might derive the mean-free path directly by incorporating
all contributions in the form of Eq. (35). In this way we shall
be arriving at the same expression equivalent to that Eq. (19),
with w̃(θ ) contains both impurity and electron-phonon con-
tribution. Our calculation shows that both approaches yield
qualitatively the same results although slightly differ quan-
titatively. In the present paper, we shall be applying the first
approach to derive the effective mean-free path in the presence
of impurity, acoustic and polar optical phonon.

A. Acoustic phonon

Let us now examine the interaction between electron and
acoustic phonon mode whose impact is expected to hold even
at low temperature. At long-wavelength limit, the in-plane
coupling between electron and acoustic phonon He−ac might
be determined via deformation potential approximation. A
small displacement of ion amounts to inducing a potential
in the form of �V = ∇u where u =

√
h̄

2ρBAωq
êq(aq + a†

−q)
being the displacement vector and a(a†) being annihilation
(creation) operators of phonon. ρB denotes the density of
monolayer borophene, A is the area of the sample and ωq =
vsq being the long-wavelength dispersion of acoustic phonon
with vs denotes the velocity of sound. The interaction between
electron and lattice vibration mode in the form of H = DA�V
takes an explicit expression as

He−ac = DA

√
h̄

2ρBAωq
êq.q(aq + a†

−q), (38)

where DA is the deformation-potential coupling.
Before discussing the results of the self-consistent relation,

it is instructive to simplify the Boltzmann’s equation onto a
more manageable form, which shall give us a better insight
on the structure of the equation. By recalling the relaxation
time approximation, we shall be using the ansatz in the form
of f = f0 − eτkλvk,λE ∂ f0

∂εk
. The relaxation time τk might then

be derived by way of Eqs. (16) and (36) together with Eq. (38)
giving

1

τkλ

= 2π

h̄

∑
qk′λ′

Mkk′

[
1 − vk′,λ′τk′λ′

vk,λτkλ

](
n0

qδ(εk,λ − εk′,λ′ − εq)

+(
n0

q + 1
)
δ(εk,λ − εk′,λ′ + εq)

)
, (39)

where n0
q = ( exp (h̄ωq/(kBT )) − 1)

−1
being the phonon oc-

cupation number in the equilibrium whereas electron-phonon
matrix takes the form of

Mkk′ = D2
A

4ρBA

h̄q2

ωq
(1 + cos(θk − θk′ )). (40)

Equation (39) could be further simplified by assuming only
the quasi-elastic collision whose analytical solution can be
derived at two different limits, viz., high- and low-temperature
regime, which we shall be looking in more detail below.

From the theory of solids, it is well known that for a system
with electron phonon-coupling, the high- and low-temperature
regimes might be separated by a scale such as Debye TD or
Grüneisen TBG temperature, whichever that is lowest. Cur-
rently, it is not, however, possible to supply an accurate
value of TD due to the absence of experiment on 8-Pmmn
borophene. The Bloch-Grüneisen temperature on the other
hand, can be estimated from the relation TBG ∼ 2h̄vskF /kB

where Fermi kF being a wave vector expressed in Eq. (9).
Since kF of borophene depends on the angle θ we shall be
estimating TBG in our discussion below by using the lowest
to highest possible values. We note in passing that while the
TBG may not be an exact boundary between high- or low-
temperature regime, in which electron-phonon coupling could
behave differently, it nevertheless provides useful estimate of
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the dependence of transport coefficient on temperature and
could be compared with that via self-consistent calculation.

At high temperature, T  TBG, Eq. (39) can be reduced
by noting that bosonic occupation number can be written as
n0

q ≈ kBT/h̄ωq. This, together with the elastic approximation
ε′

k − εk ± εq ≈ ε′
k − εk, gives

1

τkλ

= πD2
AkBT

ρBh̄2v2
s vF

∑
k′λ′

[
1 − vk′,λ′τk′λ′

vk,λτkλ

]
. (41)

When the anisotropy of the Fermi surface is neglected, we can
evaluate the above integral by taking account only the angle
between wave vectors. The conductivity can then be derived
by using the above integral together with Eq. (21) giving

σxx = e2

h̄

v3
x

vy

ρBh̄2v2
s

πD2
AkBT c0

ixx,

σyy = e2

h̄

v3
y

vx

ρBh̄2v2
s

πD2
AkBT c0

iyy, (42)

with c0 = ∫
dθ sin2(θ )

z(θ )2 , resembling that obtained with constant
potential with an exception that the above expressions depend
on the electron-phonon coupling and inversely proportional to
temperature. Note that a rather similar linear dependence at
high temperature is also obtained for graphene [34].

When measurement of transport is performed at the Bloch-
Grüneisen regime, i.e., h̄ωq ∼ kBT , we shall be dealing with
the possibility of degeneracy, which means that phonon dis-
tribution function should be kept intact so as to preserve the
character of bosonic distribution. By introducing a dimension-
less variable x = h̄ωq/kBT , Eq. (39) can be casted onto

1

τkλ

= D̃A

∑
λ′

∫
dx

x4

2k2

[
1 − vk′,λ′τk′λ′

vk,λτkλ

]
n0

x

(
n0

x + 1
)
, (43)

where D̃A = D2
Aπ

ρBvs
( kBT

h̄vs
)4. As previously shown, under a condi-

tion of circular Fermi surface, i.e., neglecting the anisotropy
of Fermi wave vectors, we can simplify the terms under the
bracket with a summation over an angle between wave vec-
tors. Direct evaluation yields 1/τ = D̃A

h̄vF 4!ζ (4)
E2

F
, which takes

a similar form with that obtained for graphene [38]. The
important caveat of τ is the nonlinear temperature depen-
dence, which also implies that the resistivity due to acoustic
phonon should change according to T 4 at low temperature.
Further comment on this aspect will be outlined below when
discussing the result derived via self-consistent calculation.

In what follows, we shall be discussing the results of trans-
port in the presence of long-range charge impurities together
with the acoustic phonon. In the numerical implementation,
we have made use a number of parameters as follows: the den-
sity of borophene is set constant at the order ρB = 10−8g/cm2,
whereas the longitudinal acoustic velocity is vs = 106 cm/s.
The deformation potential DA on the other hand has been esti-
mated by following the deformation potential theory outlined
in [31], which derives DA = S1 + vt/vyEβ sin(θm) for S1 being
a multiplicative factor of strain εstrain, Eβ denotes deformation
hopping constant and θm is direction of Dirac point upon
shifted by strain. All these parameters could be derived from
first-principles calculations and yields DA within the range

FIG. 5. Variation of resistivity in unit ρ0 = 1/σ0 for x (left panel)
and y (right panel) direction calculated at DA = 2 eV and various
temperature.

of 0.18–2.16 eV. Since this value should be compared with
experimental data, which are currently lacking, we shall be
varying DA from 2 eV up to 16 eV. This choice has been made
to give a clear description of signature of electron-phonon
interaction at various strength of coupling and to accommo-
date possible discrepancy between theoretical estimate and
experimental observation.

Let us examine the result of resistivity as a function of
doping, which is depicted in Fig. 5. At small doping, the
resistivity becomes slightly larger than that is seen in Fig. 2
and it decreases when temperature increases. At larger doping,
on the other hand, the resistivity shifts toward larger values
together with temperature. This is in contrast to that in Fig. 2,
which does not depend on temperature at higher doping. A
shift of both ρxx and ρyy toward larger values as tempera-
ture increases seems to corroborate with the formula derived
within RTA in Eq. (42). The inclusion of lattice vibration
amounts to reducing the mean-free path traveled by carriers,
which results in the increase of resistivity at low to high
doping concentration. That this behavior is enhanced at low
temperature indeed demonstrates the non-negligible impact of
acoustic phonon and should be incorporated in the realistic
description of charge transport of borophene. It is interesting
to mention that the dependence of resistivity on temperature
at high doping resembles that is observed experimentally on
two-dimensional system, such as graphene [39].

The signature of electron-phonon coupling could be further
realized from the temperature-dependent resistivity at a con-
stant number of carrier. This is depicted in Fig. 6. As expected,
the resistivity increases along with temperature and the dis-
crepancy between x and y direction persists for all n and T . At
low temperature, we observe a quartic power law, which goes
along with RTA formulation outlined Eq. (43). At a carrier
density n = 2 × 1012/cm2 the T 4 dependence goes up to T =
40 K, which seems to be in accord with the Grüneisen tem-
perature in the range of 40 < TBG < 54 K. A good agreement
is also shown when charge carrier is set at n = 3 × 1012/cm2

in which the quartic dependence falls within the Grüneisen
temperature 60 < TBG < 81 K. From the perspective of the
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FIG. 6. Temperature-dependent resistivity calculated at DA =
8 eV for different number of charge carrier n. Left and right panels
describe resistivity along the x and y direction, respectively. The inset
in the left panel displays the same lines plotted in the main panel but
with a larger scale of temperature. Dashed line shows the estimate of
resistivity at high temperature via relaxation time approximation. In
the right panel, dashed-circled lines correspond to cT 4 with c being
constant, which is derived from the TBG estimate.

well-known relation ρ(T ) = ρimp + ρac(T ), the emergence
T 4 dependence at low temperature emphasizes the impact
of electron-phonon interaction to resistivity at low tempera-
ture since impurity induced resistivity remains independent of
temperature within RTA as shown in Eq. (25).

Looking again at Fig. 6, we notice that, resistivity at high-
temperature regime, i.e., T  TBG changes linearly with T .
A clear example can be seen at T > 50 K when n = 2 ×
1012/cm2 and also in the inset of the left panel of Fig. 6 at
a larger temperature scale. In order to compare the iterative
solution with the results of RTA, we plot in the inset of the
left panel of Fig. 6, the total resistivity calculated via ρ(T ) =
c(ρimp + ρac(T )) with c being constant. The latter has been
chosen arbitrarily so as to shift the resistive near the result of
self-consistent equations for easy comparison. In addition, we
have neglected temperature contribution from impurity since
it arises in the second order expansion of the Fermi function.
Nevertheless, it is clear that both approaches agree with each
other regarding the linear dependence of resistivity at high
temperature.

Let us now look at Fig. 7, which plots the thermopower
as a function of temperature and carrier density. As is readily
seen, thermopower is generally smaller than that in Fig. 3.
This may be understood by recalling an inverse relation be-
tween DA and Laa outlined in Eqs. (42), which is also true for
Lab. A rather similar could also be derived from the Mott’s
relation since thermopower depends only on the derivative
of σ , which decreases along with DA. As seen in Fig. 3, S
remains uniform for both axes in the presence of electron
phonon coupling, which suggests that anisotropic parame-
ters on Eq. (1) does not appear in the ratio of Laa and Lab.
The results further demonstrate that variation of thermopower
from low to high doping carries signature of electron-phonon
interaction, which implies that thermopower might provide a
way to deduce deformation potential.

FIG. 7. Left panels: Variation of thermopower as a function of
electron carrier density and temperature calculated at DA = 8 eV.
Upper right panel shows Lorenz number at DA = 8 eV for different
temperature whereas the same is plotted in the lower-right panel at
T = 100 K for different electron-phonon coupling DA. Similar to that
of Fig. 4, thermopower and Lorenz number for x overlap with that of
y axis.

To further identify the signature of electron-phonon inter-
action, we shall be now looking at the right panels of Fig. 7,
which depicts the Lorenz ratio for different electron phonon
coupling and temperature. Similar to what is seen in Fig. 4,
the Lorenz ratio at high particle or hole doping generally
submits to the Wiedemann-Franz’s law. This holds from 100
to 300 K and from DA = 4 eV up to 16 eV. A violation to
this behavior near the Dirac neutrality point is evident. An
increase of Lorenz number as doping decreases could then
be understood as a departure from free electron gas at highly
doped regime onto interacting electron at low doping. It is
interesting to realize, however, that the resonance at small
doping tends to diminish or increase when electron-phonon
coupling and temperature varies. This signals that in addition
to electronic mechanism, phonon-involved process also con-
tributes to such anomaly and makes it more difficult to trace
its origin. Nevertheless, the robustness of resonance is a clear
testament to an unusual electronic gas at low doping, which is
further enhanced by phonon.

Having analyzed charge and heat transport in the presence
of phonon, we shall be closing this section with a comment
on the Figure of Merit ZT . In Fig. 8 we plot FOM by vary-
ing deformation potential DA and impurity concentration ni.
Following our previous observation that both σ and α varies
according to the strength of deformation potential, it is natural
to expect that the same also applies for FOM by recalling
ZT = α2σ/κ . This is indeed appear in Fig. 8 in which ZT
becomes minimum when DA = 8 eV. What is interesting is
that an increase of impurity concentration helps to suppress
thermal conductivity, which eventually yield higher FOM. In
the inset of Fig. 8, we observe that a variation of ni from to
5 × 1012/m2 to 50 × 1012/m2 at DA = 2 eV amounts to sup-
pressing thermal conductivity and a similar behavior is also
seen for DA = 8 eV when ni increases from 2 × 1012/m2 to
9 × 1012/m2. From this observation, we can see that reduction
of ZT due to electron-phonon coupling could be compensated
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FIG. 8. Figure of merit as a function of electron-phonon coupling
DA and impurity density ni at T = 50 K for both x and y axes.
Inset shows the corresponding thermal conductivity measured in
κ0 = eV kB/h.

by increasing impurities, which yields a reduction of thermal
conductivity. It is important, however, to realize that ZT does
not always scale up with impurity density and this can be
readily observed above for DA = 2 eV. An increase of ni

from 50 × 1012/m2 to 90 × 1012/m2 does not lead to any sig-
nificant changes since in this regime the conductivity is also
suppressed. Since we are not a priori aware of the magnitude
of electron-phonon coupling, variation of FOM on different
substrate is certainly anticipated. A special treatment to in-
duce impurity or even defects on borophene sample might,
however, be considered as a viable path to improve FOM and
this seems to be necessary when electron-phonon interaction
becomes further enhanced in the presence of substrate.

B. Polar optical phonon

Let us now discuss another possible scenario in which the
borophene monolayer is supported by substrate with large di-
electric constant such as ZrO2 or HfO2. Over the last decades,
dielectric materials have been one of the key element of the
Si-based transistor as it offers thermodynamic or electrical
stability and enables aggressive scaling. In two-dimensional
system, e.g., graphene, high dielectric materials have also
been actively employed as a substrate since it reduces effect of
long-range impurity scattering and thereby improving the mo-
bility. The byproduct generated by remote phonon scattering,
however, remains an important issue to be resolved particu-
larly at room temperature since it may limit mobility via a
reduction of effective velocity or enhancement of scattering
rate. A rather similar problem is also faced by Si-based tran-
sistor, which usually suffers from high leakage current. Recent
experiment using graphene and polar substrate, however, has
suggested that effect of remote phonon scattering could be
limited to a certain extent by sandwiching an additional
buffer [40].

The role of polar optical phonon scattering in the trans-
port properties of borophene remains largely unexplored. This
perhaps has been hampered by experimental realization of
suspended borophene and the difficulty to reach chemical

stability when using different substrate other than Ag(111).
Despite the lack of experimental activities, theoretical descrip-
tion on this issue remains of interest since it might be of use
once synthesis and characterization are possible. In view of
such importance, we shall be devoting this section for the
analysis of impact of the electron-phonon scattering when
high dielectric material takes a role of substrate. We begin our
discussion by expressing the coupling between electron and
optical phonon via a Hamiltonian

He−op =
∑
qν

Cqν (aq + a†
−q), (44)

where a (a†) being the annihilation (creation) operator and ν

is the polar optical mode,

Cqν = e

ε0

√
h̄

ωsoνγ ν

e−qd

√
q

,

with 1
γ ν

= ε0ω
2
soν

2πA [ 1
ε∞+εenv

− 1
ε0+εenv

]. Here h̄ωso being the en-
ergy of the surface optical phonon, ε∞, ε0 refer to
high-frequency and zero-frequency dielectric function, re-
spectively. εenv is the dielectric constant of environment
beyond the polar substrate, which will be taken 1 throughout
discussion below and d is the distance separating monolayer
borophene and substrate.

By keeping the assumption of weak coupling, which is
relevant when boron atom does not strongly coupled with
atoms of substrate, we could then express the electron-phonon
matrix element within the Born approximation. Carrying out
this step with the help of Eq. (44) yields

Mkk′(q) = e2

ε0qγν

(1 + cos(θk − θk′ ))e−2qd , (45)

where

1

γν

= h̄ωsoν

2πA

[
1

ε∞ + εenv
− 1

ε0 + εenv

]
.

This together with Eq. (36) give transition probability Wkk′

between electron states k and k′ in the presence of scattering
by electron and phonon of polar substrate.

In the numerical evaluation of Boltzmann’s equation we
shall be keeping the deformation potential DA at a constant
8 eV. We note that while the choice of DA was not derived
from experimental findings, our calculation suggested that
adjustment upon increasing or decreasing DA only amounts
to affecting a quantitative magnitude of transport. In addition
to this, the choice of polar substrate presented below has been
motivated by the current state of experimental activities on
two-dimensional system, which usually employs HfO2, ZrO2,
and SiO2 as substrates.

Let us now look at Fig. 9, which plots the resistivity of
borophene when deposited on top of HfO2, ZrO2, and SiO2

substrates. Their optical parameters are described in Table I.
At low temperature, T < 100 K, we observe that resistivity
on all substrates almost coincide whereas beyond T > 100 K
resistivity tends to diverge and arises nonlinearly with temper-
ature. The former suggests that at low temperature electronic
or thermal transport suffers from scattering by either im-
purity and acoustic phonon only whereas the latter at high
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FIG. 9. Temperature-dependent resistivity of borophene on top
of three different substrates at constant carrier density n = 1 ×
1012/cm2 and d = 2 nm. Left and right panels describe resistivity
along the x and y axes, respectively.

temperature, T > 100 K, transport is also affected by scatter-
ing due to remote optical phonon, which subsequently yields
a higher resistivity. As expected, the resistivity on x axis
remains smaller than that on y. This suggests that the inclusion
of polar substrate does not affect the crystal symmetry, which
underlies anisotropic Dirac cone.

Variation of resistivity on different substrate tells us further
that ρ depends not only on the energy of optical phonon h̄ωso

but also on the magnitude of dielectric constant ε particularly
that with low frequency. At first glance, it is natural to expect
that the use of substrate with small dielectric constant seems
to give a positive feedback on transport than that with large
dielectric constant. We note that this is indeed true when we
are interested for transport at large temperature, i.e., T � 50 K,
as presented above, but does not necessarily applicable at low
temperature. The latter case has been discussed thoroughly for
graphene in [42], which points out that at low temperature,
high dielectric constants turns out to yield a better conductiv-
ity. Nevertheless, since real implementation of borophene is
expected to be carried out near room temperature, we should
expect that substrate with small dielectric constant such as
SiO2 should provide the most optimal transport. Further com-
ments on this aspect will be outlined below.

Under certain circumstance that the suitable substrates con-
sists of a large dielectric constant, it is then interesting to
find other viable route to suppress the impact of scattering by
polar optical phonon. As pointed out above, another possible
path is to vary the distance between the substrate and the
borophene by introducing the buffer layer. In order to examine

TABLE I. Surface polar phonon energies and dielectric constants
for HfO, SiO2 and ZrO2 [41,42].

ε0 ε∞ h̄ωSO1 (meV) h̄ωSO2 (meV)

HfO2 22 5.03 25.6 54.2
SiO2 3.9 2.5 58.9 156.4
ZrO2 24 4 16.67 70.8

FIG. 10. At carrier density n = 2 × 1012/cm2, the lines corre-
spond to temperature-dependent resistivity of HfO2 as a function of
temperature and for different magnitude of d , distance between polar
substrate and monolayer borophene.

this, we plot in Fig. 10 the temperature dependent-resistivity
for various distance d . As is readily seen, the resistivity indeed
decays proportionally to e−2qd when d increases such that at
large spacing, i.e., d = 2 nm, the resistivity becomes smaller
than that for d = 1 nm. Our results, however, do not suggest
for a meaningful effect on resistivity when d further increases
beyond that is indicated in Fig. 10.

In order to benchmark the impact of internal and exter-
nal perturbation, we plot in the left panel of Fig. 11, the
mobility of borophene in the y direction for various condi-
tions, i.e., intrinsic (with long range impurity only), nonpolar
(with acoustic phonon) and after using polar substrates. As
expected, borophene has very large mobility from low to
high temperature in the absence of phonon but it significantly

FIG. 11. Left panel: Temperature dependence of the mobility μE

on the y axis with polar or nonpolar substrate calculated at carrier
density 2 × 1011/cm2. Except for dotted line, which is calculated at
DA = 2.5 eV, other lines are obtained at DA = 8 eV. Right panels
shows Lorenz number of borophene on top of ZrO2 for different
carrier number from T = 100 K up to T = 300 K. Within the same
parameters, inset shows variation of the thermal conductivity. In the
right panels, L and κ for x overlap with that of y.
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TABLE II. Direction-dependent mobility of borophene on top of
HfO, SiO2 and ZrO2 at T = 340 K.

μxx (104cm2/Vs) μyy(104cm2/Vs)

HfO2 7.37 1.12
SiO2 8.68 3.12
ZrO2 7.62 0.92

decreases, already when nonpolar substrate is used. This can
be realized at T = 340 K in which mobility along the y direc-
tion is suppressed down to 1.6 ×105 cm2/Vs for DA = 2.5 eV
and further to 5 × 104 cm2/Vs for DA = 8 eV. It is interesting
to note that the former resembles the result outlined in [31]
in the order of 7.72 ×105 cm2/Vs, which is derived within
DFT and deformation potential theory. When borophene is
deposited on top of polar substrate, we observe further re-
duction of mobility. At T = 340 K, the mobility decreases
to 9.2 × 103 cm2/Vs for ZrO2 substrate whereas for SiO2 the
mobility improves up to the order of 3 ×104 cm2/Vs. We note
in passing that a similar trend is also true for x direction but
with a larger magnitude of mobility. A quantitative compari-
son of mobility between x and y direction on various substrate
is shown in Table II. It can then be concluded that borophene
on top of SiO2 provides reasonable value of mobility and a
small discrepancy between x and y axes.

Let us move on further to examine the behavior of elec-
tronic gas with the attention paid to the influence of additional
scattering from remote phonon. Figure 11 plots the Lorenz
ratio of borophene on top of ZrO2 as a function of doping
and temperature whereas the inset displays the corresponding
thermal conductivity.

At large doping, we readily observe an overlap of κ , which
implies for L that becomes equivalent with the Lorenz num-
ber L0. This is a clear signature of metallic gas consisting
of ensemble of particles moving freely on a lattice. In con-
trast to previous observation, cf. Fig. 4 and Fig. 7, in which
L = L0 enters at μ = 0.1 eV, L = L0 in the present of po-
lar optical phonon appears at relatively higher doping, i.e.,
μ = 0.2 eV. This is understandable by realizing that the use
of polar material further enhances electron-phonon interaction
and such impact might be suppressed by increasing charge
carrier.

At low density n < 1012 /cm2, the Lorenz ratio consists
of resonance, which can be seen as a counterpart of the
small peak in the thermal conductivity. What distinguishes
the present result with those in Fig. 4 is the dependence of
L on temperature even at the charge neutrality point. While
this might suggest for an enhancement of interaction, it is
important to be aware of that its origin does not exclusively
correspond to electron mechanism. Similar to the previous
case with acoustic phonon, electron scattering at low doping
is also interfered by electron-phonon process. This argument
could be justified by looking back to the right panel of Fig. 7
showing variation of L together with temperature and DA.
In addition, Eqs. (41) and (43) also explain that scattering
lifetime depends on the temperature and its impact is further
enhanced with the presence of optical phonon. From exper-
imental point of view, the above observation suggests that

resonance near charge neutrality point for borophene on top
of polar optical phonon should be treated with caution. This
is necessary since its origin does not directly correspond to
electron mechanism contributing to Dirac point but might
arise via electron-phonon interaction.

We conclude by mentioning that important signatures of
transport of borophene such as anisotropy in resistivity or
interacting electronic gas at low density are generally unaf-
fected by polar substrate. Qualitatively, they are not too much
different from that in the absence of remote phonon scattering.
Quantitatively, however, we find a reduction of mobility, an
increase of resistivity as temperature goes up approaching
a room temperature. We have demonstrated that near room
temperature, the use of substrate with small dielectric constant
and buffer layer amounts to alleviating the impact of remote
phonon scattering.

V. PHONON DRAG

Interaction between electron and substrate acoustic phonon
could induce additional mechanism known as phonon drag
that contributes to a thermopower. In the presence of temper-
ature gradient, a flux of phonon may flow from the hot side
to the other cold side of the sample, carries electron with it
and thereby generating an electric field. The effect of phonon
drag is therefore expected to increase the thermopower. In
light of the possibility of drag effect, interpretation of the
thermopower data is generally complicated and should be
undertaken carefully. There are two mechanisms involved in
generating a thermopower consisting of the usual diffusive
and the other being phonon drag. The ability to distinguish
the impact of one mechanism from the other is necessary to
be able to comprehensively understand how charge or heat is
transported in borophene.

The drag mechanism is different from the phonon contri-
bution discussed in the previous section since for drag effect
to occur, phonon can not be treated by directly assuming the
occupation in thermal equilibrium, i.e., nq = n0

q. This follows
from an argument that phonon as well as electron shall be
deviating from their equilibrium state, which is triggered by
the temperature difference between two sides of a sample.
Indeed, such situation might be expected to arise in the re-
alistic scenario of low field transport. Hence, it is useful to
elucidate the condition under which the phonon drag might
contribute to thermal properties or to find a way to distin-
guish it from the usual equilibrium phonon. It is interesting
to note, however, that from a number of thermopower mea-
surements in graphene at low and high temperature, there
is no strong evidence suggesting a positive effect of phonon
drag on thermopower. Nevertheless, examining the possibility
of drag thermopower in borophene might still be interesting
particularly due to an unusual anisotropy of the band structure.

Our discussion below will therefore be aimed at investi-
gating the role of anisotropy on the drag thermopower and
the analysis shall be based on the level of the relaxation
time approximation. As we have demonstrated in the previous
sections, RTA, albeit its simplistic treatment of scattering on
the Fermi surface, is still, nonetheless, a faithful approach
to derive a transport coefficient particularly a thermopower.
Its main advantage has been that it facilitates an analytical
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simplification of the drag coefficient yielding a better insight
on the role of anisotropic Fermi velocities.

When phonon drag is accounted for, the thermopower
consists of two different mechanisms; the diffusive and the
phonon drag. They are linearly additive such that the total
thermopower ST can be expressed as ST = S + sg where sg

ii =
Lg

ii
Lii

denotes the drag coefficient along the i direction. As in
the case of diffusive transport, the contribution to drag effect
might involve either acoustic or optical branch depending on
the temperature of experiment and the choice of substrate.
In this section, we shall be discussing the impact of acoustic
phonon on drag coefficient.

The formulation of the drag coefficient requires a simulta-
neous solution of Boltzmann’s equation for both electron and
phonon, i.e., Eqs. (12) and (13). The solution of such coupled
equations is demanding but it can, however, be simplified by
assuming that both electron or phonon distributions are close
to equilibrium so much so that they can be linearly expanded
around their local equilibrium distribution [43,44]. In this
way, the contribution to charge current comes not only from
the usual drift process but also from phonon drag, which takes
the form of

Lg
ii = e

kBT 2

∑
kk′q,λλ′

χii,λλ′ (k, k′, q),

χii,λλ′ (k, k′, q) = h̄ωq f0(εk,λ)(1 − f0(εk′,λ′ ))Wkλk′λ′τph

× vph,i.(vkλ,iτkλ − vk′,λ′iτk′λ′ ), (46)

where Wkλk′λ′ is the transition rate of electron from state kλ

onto k′λ′ by absorbing phonon as expressed in Eq. (36). Sub-
script i denotes x or y direction, e is the electron charge, and
τph = �ph/vs for �ph being the mean-free path of phonon,
which shall be assumed throughout to be independent of
q. ωq = vs|q|, vph = vsq/|q| denotes the phonon group ve-
locity with vs being the sound velocity in borophene. τk is
the momentum-dependent relaxation-time of electron, which
shall be considered only on certain values of Ek, near the
Fermi surface.

In order to evaluate the drag contribution according to
Eq. (46), we shall be working with the modified Hamiltonian
of Eq. (4). Since variables in Eq. (4) have been switched
onto px and py following the definition of Eq. (3), it is also
necessary to adjust the wave vectors qx and qy using new
variables rx and ry as follows:

rx =
√

vx

vy
qx,

ry =
√

vy

vx
qy. (47)

Substitution of Eqs. (3), (5), and (47) onto Eq. (46) yields drag
coefficient along the x direction reads

Lg
xx = −2π

h̄

e�ph

kBT 2

√
vy

vx

∑
q

(h̄ωq)2
∫

d p|Cpq|2

× n0
q√

4p2r2 − (ζ 2 − r2 − 2pζ )2

τpF rx

qr

× f0(εp)(1 − f0(εp + h̄ωq))Hxx(r, p), (48)

where ζ = ηh̄vory, r =
√

r2
x + r2

y , and other variables are de-
fined as follows:

|Cpq|2 = D2
A

2AρBv2
s

(1 + cos(θp − θq)),

Hxx(r, p) = (ζ 2 − r2 − 2pζ )(ζ − 2p) − 2prrx. (49)

Similar steps yields the drag coefficient along the y direc-
tion,

Lg
yy = −2π

h̄

e�ph

kBT 2

√
vx

vy

∑
q

(h̄ωq)2
∫

d p|Cpq|2

× n0
q√

4p2r2 − (ζ 2 − r2 − 2pζ )2

τpF ry

qr

× f0(εp)(1 − f0(εp + h̄ωq))Hyy(r, p), (50)

with

Hyy(r, p) = (ζ − 2p)
√

4p2r2 − (ζ 2 − r2 − 2pζ )2 − 2prry.

To get a better perspective on the above equations, we can
set ζ = 0, which amounts to setting the tilted velocity vt = 0.
Integral over variable p can be worked out by considering a
system at low temperature, which allows one to set f0(εp) −
f0(εp + h̄ωq) ≈ h̄ωq(n0

q + 1)δ(εp − εF ). In this way, the drag
coefficient becomes

Lg
xx = −2π

h̄

e�ph

kBT 2

D2
A

AρBh̄2v3
s vF

√
vy

vx

∑
q

(h̄ωq)4

×n0
q

(
n0

q + 1
)τpF r2

x

qr

√
1 − γ 2

4ε2
F

,

Lg
yy = −2π

h̄

e�ph

kBT 2

D2
A

AρBh̄2v3
s vF

√
vx

vy

∑
q

(h̄ωq)4

×n0
q

(
n0

q + 1
)τpF r2

y

qr

√
1 − γ 2

4ε2
F

, (51)

where γ = h̄vF r. In order to proceed further, we notice that
the above equations depend on q and r, with the latter carries
nonuniform coefficients related to ratio of velocities. At low
temperature, we set q ∼ r by following the observation from
numerical result that the discrepancy induced by velocities
is minimal, i.e., drag coefficient along x or y is almost in-
distinguishable. This approximation amounts to neglecting
integral over the angle between wave vector q, which also
deteriorates numerical accuracy. Further, by taking q → 0 and√

1 − γ 2

4ε2
F

→ 1 the integral over q can then be carried out in
a straightforward manner. To derive the drag thermopower,
we shall be requiring that the conductivity along εp ∼ εF

at low temperature takes the form of σxx = e2

h̄
v2

x
v2

y

εF τpF Ixx

π
,

and σyy = e2

h̄

v2
y

v2
x

εF τpF Iyy

π
, where Ixx = ∫

dθ 1
z2(θ )

cos2(θ )
I2
0 (θ )

, and Iyy =∫
dθ 1

z2(θ )
sin2(θ )
I2
0 (θ )

. By combining the above expression with Lg
xx
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FIG. 12. Drag thermopower of 8-Pmmn borophene for two car-
rier density n = 2 × 1012/cm2 (left panel) and n = 5 × 1012/cm2

(right panel). Dashed-dotted (solid) lines correspond to thermopower
for x (y) axis. The inset in the right panel on the log-scale depicts
drag thermopower with or without vt and also numerical evaluation
of Eq. (52).

and Lg
yy, we find the drag thermopower as

sg
xx =

√
v5

y

v5
x

D2
A�phk4

BT 34!ζ (4)

eρBεF h̄3v4
s vF Ixx

,

sg
yy =

√
v5

x

v5
y

D2
A�phk4

BT 34!ζ (4)

eρBεF h̄3v4
s vF Iyy

. (52)

The drag thermopower depends explicitly on the velocity and
angle integrals Ixx and Iyy, which distinguishes sg

xx from sg
yy.

They also exhibit T 3 power law, much similar to what is seen
in graphene.

In order to get a complete view of the drag effect of
borophene with nonzero vt , we need to evaluate Eqs. (48) and
(50). In the numerical implementation, we employed DA =
8 eV, a constant τpF = 10−12 s and �ph = 10−8 m. The latter
gives constant phonon relaxation time at the order of 10−14 s.
Other parameters follow those outlined in Sec. IV A.

Figure 12 draws the drag thermopower for n = 2 ×
1012/cm2 and n = 5 × 1012/cm2 in the left and right pan-
els, respectively. As is readily realized, at low temperature,
T < 10 K, the drag coefficient is negligible, which implies
that contribution to thermopower is expected to come mainly
from diffusive process. This, however, changes as temperature
goes up beyond T = 10 K in which the drag coefficient sets
in and increases nonlinearly. From the inset in the right panel
of Fig. 12 we learn that for nonzero vt , the drag coefficient
also changes according to T 3 with temperature but becomes
slightly larger than the analytical result of Eq. (52). Such be-
havior appears on both x and y axes. When carrier density gets
larger, one observes a suppression of drag coefficient, which
implies for the reduction of the phonon drift as a consequence
of frequent scattering of phonons by the carrier.

While temperature dependence of the drag coefficient with
and without tilted velocity seems to follow that of graphene,
an important feature of phonon drag of borophene is its de-
pendence on x and y axes. This can be seen already from

Eq. (52), which consists of pre-factors of the ratio of veloc-
ities together with angle integrals Ixx and Iyy. In the case of
nonzero tilted velocity, anisotropy seems to arise not only
from the pre-factors alone but also from parameters rx or ry,
which carry wave vector q. In addition to this, the discrepancy
between drag effect with zero vt and that with finite vt is in
their magnitude, in which the latter is smaller than the former.
The main reason for this has been the reduction of the con-
ductivity for vt = 0 leading to a larger drag coefficient. Thus
by following the above argument, it is natural to anticipate
that drag effect in 8-Pmmn borophene might be identified
more straightforwardly via thermopower measurement. The
absence of anisotropy in the thermopower links to diffusive
process whereas the emergence of anisotropic thermopower
might be considered as a smoking gun of the drag effect.

VI. ENERGY RELAXATION

Another interesting aspect, which has continuously drawn
considerable interest is the mechanism of transfer of energy
between hot carriers and the surrounding environment. Under
the influence of electric field, carrier gains energy, heats up
to a temperature that is higher than their environment be-
fore finally giving off the excess of energy. At relatively low
temperature, hot carriers of borophene on top of substrate
are expected to cool down by releasing energy via acous-
tic phonon emission whereas at high temperature a similar
process should involve an emission of optical phonon. Heat
transport experiments such as p − n junction photocurrent or
noise thermometry have routinely been used as a means to
trace hot electrons in graphene and offer an indirect route to
probe temperature of electron, i.e., via Johnson noise [45,46].
Perhaps, one of the most important quantities that can be
derived from these experiments is the electron-phonon cou-
pling, i.e., deformation potential DA in the case of the acoustic
phonon. A comprehensive understanding of dynamics of hot
carriers under influence of vibrating lattice is thus interesting
not only from fundamental point of view but also for the future
realization of borophene based electronics or sensors, which
demands an efficient exchange of energy.

In order to determine the average rate at which carrier
loses its energy to either acoustic or optical mode, we shall
be looking at the rate of change of the number of phonon dnq

dt
due to emission by carrier. By summing this with the available
phonon, which has the same wave vector q, the power loss
could be expressed as

P = −1

n

∑
q

h̄ωq
dnq

dt
(53)

where n is the number of electrons and

dnq

dt
= 2π

h̄

∑
kλλ′

|Mkk′(q)|2δk′,k+qδ(εk,λ − εk′,λ′ + h̄ωq)

×[(nq + 1) fk′λ′ (1 − fkλ) − nq fkλ(1 − fk′λ′ )]. (54)

A. Acoustic phonon

When electrons interact with longitudinal acoustic phonon,
the phonon dispersion will be taken linear as ωq = vsq
whereas the electron-phonon coupling Mkk′ follows Eq. (40).
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In order to evaluate F (T ), we shall be implementing the same
strategy outlined in the previous section, i.e., working with
variables p defined in (3) and r in Eq. (47). By expressing P
in the form of

P = F (Te) − F (TL ), (55)

and carrying out the above steps yields

F (T ) = 1

nh̄2

∑
q

(h̄ωq)2
∑

p

|Cpq|2

×
√

ζ 2 − 2ζ p + p2√
4p2r2 − (ζ 2 − r2 − 2ζ p)2

×( f0(εp) − f0(εp + h̄ωq))n0
q/vF , (56)

ζ = ηh̄vory, r =
√

r2
x + r2

y , and |Cpq| is defined in Eq. (49).
Following the previous analysis, we can get a better perspec-
tive on the function F (T ) by putting off the tilted velocity
ζ = 0. Direct implementation yields

F (T ) = − D2
A

nρBv2
s h̄4v3

F

∫
dq(h̄ωq)2

∫
dεp

√
ε2

p − γ 2n0
q

×( f0(εp) − f0(εp + h̄ωq)). (57)

The above expression can be further simplified by working at
low temperature, which allows for the use of the previous rela-
tion f0(εp) − f0(εp + h̄ωq) ≈ h̄ωqδ(εp − εF ). By substituting
this relation onto Eq. (57) and setting q → 0 yields a closed
form as

F (T ) � −D2
AεF (kBT )43!ζ (4)

nρBh̄5v3
s v

3
F

, (58)

which corresponds to expression of that of graphene, i.e.,
F (T ) consisting of T 4 dependence [47]. Note that in deriving
the above equations we have made a similar approximation
used in the previous section, namely q ∼ r, which is applica-
ble at low temperature.

Equation (58) suggests that in the absence of tilted-velocity
the direction-dependent Fermi velocity vx and vy does not
play a role in determining the average loss of energy. Con-
sequently, transfer of energy between electron and acoustic
phonon should proceed very much the same as in that of
graphene. It could also be understood by recalling that in the
absence of tilted velocity, the low-energy dispersion becomes
similar with that of graphene but with different gradient. In
order to examine the way energy is passed on to lattice with
nonzero vt , we shall be integrating Eq. (57) numerically. With-
out loss of generality, we shall be assuming in what follows
that the temperature of substrate lattice is far lower than those
of carrier, i.e., TL=0.

Figure 13 plots the average loss of electron energy as a
function of carrier density n and electron temperature, which
is calculated at DA = 8 eV. Other parameters, follows that
outlined in the previous sections. As expected, the power loss
P consists of the T 4 dependence much the same as graphene
with zero vt . The inclusion of tilted velocity amounts to sup-
pressing the power loss, which is easily seen in the inset of
Fig. 13.

Following the analytical formula, we learn that P depends
on charge density as n−1/2, which implies that an increase

FIG. 13. Electron power loss (on a log scale) as a function of
carrier density n and temperature T with constant impurity concen-
tration. The same is also shown in the inset for vt = 0 (dashed lines)
and vt = 0.32vF0 (solid lines) at n = 1 × 1012/cm2.

number of carrier is followed by a decrease of energy transfer.
This relations seems to hold in a full solution of Eq. (59)
from low up to 150 K as shown in Fig. 13. A clear example
can be can be seen at T = 150 K in which a change of n =
1 × 1012/cm2 up to n = 5 × 1012/cm2, leads to a suppression
of P from 1.3 × 106 W/m2 down to 4.5 × 105 W/m2.

On top of this, power loss could also provide an estimate
of the amount of time required by electron to reach equi-
librium after releasing energy. This is achieved by means of
τ = ce(dP/dTe)−1, with ce being the specific heat of elec-
tron. By concentrating at carrier density n = 5 × 1012/cm2,
we learn, by using analytical formula with zero vt that it
will require 0.2 fs to lose heat when electron temperature
at Te = 1 K whereas at Te = 100 K, requires 0.05 fs. This
tells that the cooling time is faster at higher temperature
than at low temperature. We can understand this by realizing
that there are a large amount of phonon to absorb energy
emission of hot carrier at high temperature, which in con-
trast to a smaller number of phonon at low temperature. We
note, however, that the above approximation via RTA usu-
ally overestimates cooling time and this might even more
pronounced in the present case following a simplification of
integral employed above. To conclude this section, it is worth
mentioning that F (T ) changes quadratically with DA signifies
the sensitivity of power loss to the strength of electron-
phonon coupling. It clearly suggests that power loss data are
not only necessary for application but also become a useful
source when the magnitude of deformation potential is in
demand.

B. Polar optical phonon

Having observed energy transfer between carrier and
acoustic phonon, let us now briefly look at the cooling mech-
anism of electron with polar optical phonon. To examine this,
we shall be again evaluating Eqs. (53) and (54). By following
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FIG. 14. Electron power loss of borophene on top of three dif-
ferent polar substrates calculated as a function of temperature but
at constant density n = 2 × 1012/cm2. Inset shows power loss with
acoustic phonon and surface optical phonon for SiO2 calculated at
two different carrier density. In addition, the dotted line corresponds
to the power loss with zero tilted velocity.

the same steps as outlined before, we readily arrive at

F (T ) = 1

nh̄2

∑
qν

∑
p

|Cqν |2
√

ζ 2 − 2ζ p + p2√
4p2r2 − (ζ 2 − r2 − 2ζ p)2

×( f0(εp) − f0(εp + h̄ωSOν
))n0

q, (59)

ζ = ηh̄vory, r =
√

r2
x + r2

y , and

|Cqν |2 = h̄ωSOν

e2

qγν

(1 + cos(θp − θq))e−2qd .

By using different substrates, we plot the numerical result
of Eq. (59) in Fig. 14 as a function of electron temperature
with constant density 2 × 1012/cm2 and d = 1 nm. As is
readily seen, the power loss increases nonlinearly along with
temperature but then decreases as carrier density increases
similar to what is seen previously in Fig. 13. The largest power
loss turns onto maximum for small h̄ωSO, i.e., HfO2 or ZrO2

but becomes minimal for SiO2, which has a large phonon
energy resembling what is seen in bilayer graphene [48]. This
implies that on a substrate with larger dielectric constant and
lower phonon energy, probability of energy exchange is higher
due to large number of available phonon.

Upon comparison with power loss involving only acoustic
phonon (see inset of Fig. 14), we readily realize that the
onset of energy transfer for polar optical is approximately
two times higher than that induced by acoustic phonon. As
previously pointed out, such behavior is expected since polar
optical substrate consists of energetic phonon, which mainly
interacts with electron of higher energy. The emergence of
energy transfer at T = 24 K thus signifies that optical phonon
remains important far below the room temperature. Another
important point is that around T = 25 − 27 K, there is a
crossover from the acoustic to optical phonon dominated pro-
cess that contributes to cooling power. As is shown above,
the temperature at which the optical phonon takes over the
acoustic process is determined by a number of factors such as

carrier density and also tilted velocity. The absence of the lat-
ter is found to yield higher cooling power at high temperature
similar to what is observed previously in Fig. 13. The results
thus hint at the advantage of polar material as a substrate
namely that it provides additional channel for relaxation of
momentum and energy at higher temperature in addition to
that is given by acoustic phonon.

VII. SUMMARY AND CONCLUSIONS

We have discussed charge and heat transport of monolayer
borophene in the presence of impurity and lattice vibration,
i.e., acoustic and optical phonon. With the view of describ-
ing a realistic system consisting of monolayer borophene
deposited on top of substrate, we focus on transport in-
duced by weak external field or thermal gradient in the
presence of impurity or electron-phonon coupling. To derive
transport coefficients, we have employed the Boltzmann’s
transport equations, which is solved self-consistently via
direction-dependent mean-free path so as to capture all pos-
sible scattering arises on the anisotropic Fermi surface. We
complement and analyze the self-consistent results by includ-
ing the analytical formulation derived within the relaxation
time approximation.

Our discussion starts with transport in the absence of
phonon. It is shown that charge transport depends on the
direction of measurement which reflects the anisotropy of
the Fermi surface. This is evident in conductivity, resistiv-
ity, mobility, and thermal conductivity but it is absent in the
thermopower. The conductivity of borophene with long-range
impurity is found to obey quadratic power law on a number
of carriers similar to that of graphene. On the basis of thermal
conductivity and Lorenz ratio, we further establish that varia-
tion of large to small doping amounts to inducing a crossover
from Drude metallic behavior to an interacting like electron
gas.

In order to get a more sensible description of supported
borophene, we move on to incorporate electron-phonon cou-
pling. We consider two additional contributions that might
affect charge and thermal transport namely acoustic and polar
optical phonon while neglecting a high-temperature optical
phonon. With nonpolar substrate, we concentrate on the role
of acoustic phonon whose influence is non-negligible at low
up to a high temperature. By incorporating both impurity and
acoustic phonon, we find that below the TBG, relaxation time
and subsequently resistivity varies according to T 4 whereas
above TBG they change linearly with temperature. Similar to
the case without phonon, charge transport coefficient reflects
anisotropy of Fermi surface through its dependence on the
Fermi velocities on x and y axes.

When monolayer borophene sits on top of polar sub-
strate, we analyze the impact of remote optical phonon on
charge transport particularly at high temperature. By com-
paring transport on three different substrates, we demonstrate
that remote phonon increases scattering rate and this becomes
further noticeable in the resistivity near room temperature. We
find that mobility of the supported borophene decreases al-
most two order of magnitude compare to that in the suspended
borophene. We then examine the possibility of reducing the
impact of remote phonon by changing the distance between
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substrate and borophene. Our results indeed shows that sand-
wiching a buffer layer between polar substrate and borophene
helps to reduce impact of remote phonon scattering, which
is testified by a reduction of resistivity. Our results further
suggest that violation of Wiedemann-Franz’s law at low dop-
ing and crossover to Drude metallic behavior at large doping
resembles that is seen in borophene without polar substrate.
We exercise caution in interpreting the origin of low peak
resonance in the Lorenz ratio since such anomaly arises not
only from electronic mechanism but also via electron-phonon
coupling.

We elaborate the analysis of charge and heat transport
by looking the impact by nonequilibrium phonon, which is
responsible for the phonon drag effect. By concentrating on
the acoustic phonon, we have analyzed drag thermopower at
low temperature, i.e., T < 50 K by employing RTA with the
aim of deriving an analytical solution of the drag coefficient.
At low temperature, without the tilted velocity, we derived
an analytical expression of the drag thermopower showing
a T 3 power law similar to that known for graphene. The
drag thermopower of borophene is, however, different from
that graphene in a way that its magnitude varies accord-
ing to the axes, i.e., thermopower on the x falls lower than
that on the y axis, which tends to become more visible at
higher temperature. We argue that this unique drag property
of borophene might be used as hint for phonon drag effect in
the thermopower since its detection based on the variation of
magnitude remains inconclusive.

Another important aspect of transport discussed in this
paper is the cooling mechanism, a transfer of energy be-
tween borophene with phonon. By means of RTA, we first
demonstrate that in the absence of tilted velocity, a power loss
of borophene with acoustic phonon takes a similar process
to that of graphene. On the other hand for nonzero tilted

velocity, power loss slightly decreases and such behavior is
further evident with the increase of doping. While a simi-
lar is also seen when polar substrate is employed, we also
find that the exchange energy becomes larger than that with
acoustic phonon signifying the possibility of rapid cooling
mechanism.

The question of whether monolayer borophene either sus-
pended or supported could become a promising material for
thermoelectric application, has also been addressed in this
paper. Our discussion without including phonon shows that
borophene achieves a figure of merit (FOM) nearly to one,
which is comparable to that graphene and many thermoelec-
tric materials currently employed as thermoelectric material.
A rather similar result is also seen in the case of supported
borophene by taking effect of both impurity and acoustic
phonon. We discuss the possibility of enhancing figure of
merit by inducing defects, i.e., adding an impurity concen-
tration. Our result shows that such effort indeed slightly
increases FOM and might be a viable choice whenever the
impact of electron-phonon coupling becomes increasingly im-
portant in the supported borophene.

In the present paper, we have also demonstrated that re-
laxation time approximation, which abandons variation of
angle of Fermi wave vectors still captures some essential
ingredients of transport. This is true in the case of borophene
with anisotropic Fermi surface despite having sacrificed con-
tribution of scattering beyond circular Fermi surface, which
eventually results in a loss of accuracy. The iterative solution
of Boltzmann transport yields qualitative and quantitative im-
provement, which is expected to approach an exact solution.
Its additional advantage is the consistency of observables
whenever the anisotropy of the mean-free path or relaxation
time becomes crucial such as shown above in the analysis of
the Lorenz ratio.

[1] X. Wu, J. Dai, Y. Zhao, Z. Zho, J. Yang, and X. C. Zeng,
Two-dimensional boron monolayer sheets, ACS Nano 6, 7443
(2012).

[2] A. J. Mannix, X.-F. Zhou, B. Kiraly, J. D. Wood, D. Alducin,
B. D. Myers, X. Liu, B. L. Fisher, U. Santiago, J. R. Guest et al.,
Synthesis of borophenes: Anisotropic, two-dimensional boron
polymorphs, Science 350, 1513 (2015).

[3] B. Feng, J. Zhang, Q. Zhong, W. Li, S. Li, H. Li, P. Cheng, S.
Meng, L. Chen, and K. Wu, Experimental realization of two-
dimensional boron sheets, Nat. Chem. 8, 563 (2016).

[4] B. Feng, J. Zhang, R.-Y. Liu, T. Iimori, C. Lian, H. Li, L. Chen,
K. Wu, S. Meng, F. Komori, and I. Matsuda, Direct evidence
of metallic bands in a monolayer boron sheet, Phys. Rev. B 94,
041408(R) (2016).

[5] E. D. Sandoval, S. Hajinazar, and A. N. Kolmogorov, Stability
of two-dimensional BN-Si structures, Phys. Rev. B 94, 094105
(2016).

[6] S.-G. Xu, X.-T. Li, Y.-J. Zhao, J.-H. Liao, W.-P. Xu, X.-B. Yang,
and H. Xu, Two-dimensional semiconducting boron monolay-
ers, J. Am. Chem. Soc. 139, 17233 (2017).

[7] W. W. Luo, G. Liu, X. Wang, X. L. Lei, C. Y. Ouyang, and
S. Q. Liu, The adsorption and dissociation of oxygen on Ag

(111) supported χ3 borophene, Phys. B: Condens. Matter 537,
1 (2018).

[8] A. Ahmadia, M. Masoudi, N. Taghizadec, H. Jafaric, and M.
Faghihnasiri, Study of mechanical and electronic properties of
single-layer FeB2, Phys. E 112, 71 (2019).

[9] R. Wu, I. K. Drozdov, S. Eltinge, P. Zahl, S. Ismail-Beigi,
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