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Thermal effect on magnetoexciton energy spectra in monolayer transition metal dichalcogenides
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It is widely comprehended that temperature may cause phonon-exciton scattering, enhancing the energy level’s
linewidth and leading to some spectrum shifts. However, in the present paper, we suggest a different mechanism
that allows the thermal motion of the exciton’s center of mass (c.m.) to affect the magnetoexciton energies in
monolayer dichalcogenides (TMDCs). By the nontrivial but precise separation of the c.m. motion from an exciton
in a monolayer TMDC with a magnetic field, we obtain an equation for the relative motion containing a motional
Stark term proportional to the c.m. pseudomomentum, related to the temperature of the exciton gas but neglected
in the previous studies. Solving the Schrödinger equation without omitting the motional Stark potential at room
temperature shows approximately a few meV thermal-magnetic shifts in the exciton energies, significant enough
for experimental detection. Moreover, this thermal effect causes a change in exciton radius and diamagnetic
coefficient and enhances the exciton lifetime as a consequence. Surprisingly, the thermoinduced motional Stark
potential breaks the system’s SO(2) symmetry, conducting new peaks in the exciton absorption spectra at room
temperature besides those of the s states. This mechanism could be extended for other magnetoquasiparticles
such as trions and biexcitons.

DOI: 10.1103/PhysRevB.107.155410

I. INTRODUCTION

During the last two decades, monolayer transition-metal
dichalcogenides (TMDCs) have become hot spots for study-
ing the formation of excitons because of their unique property
of electron-hole interaction [1–4]. Unlike three-dimensional
excitons in novel semiconductors, neutral excitons in these
monolayer TMDCs are thermally stable at room temperature,
even for the Rydberg states. Their high binding energy pro-
vides beneficial optical properties in both ultraviolet (UV) and
infrared (IR) ranges [5–9]. Especially, exciton energy spectra
under the presence of a constant magnetic field have been of
great interest recently both in experimental observations and
theoretical studies due to their incredible potential in retriev-
ing several physical quantities of monolayer TMDCs, such
as effective masses of electrons and holes, the Landé g fac-
tors, and two-dimensional polarizability [10–22]. Therefore,
it is essential to qualitatively (and quantitatively, if possible)
comprehend the influences of external factors like temperature
on the energy spectra of magnetoexcitons in the monolayer
TMDCs.

The thermal effect on the exciton energies has been
intensively investigated recently and explained by the exciton-
phonon scattering [23,24]. Indeed, the quantization of the
crystal lattice oscillation results in quasiparticles named
phonons which carry the thermal motion. The scattering be-
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tween excitons and phonons affects the relative motion of
the electron-hole pair that, consequently, causes some energy
shifts of the exciton bound states. Recently, experiments for
exciton energies in monolayer TMDCs have been conducted
with a high magnetic field [19–21], raising another question
related to the center of mass (c.m.) separation. It is well known
that the c.m. of a two-body system in a magnetic field can be
separated, but the c.m. pseudomomentum remains in the equa-
tion for relative motion [25–27]. This circumstance leads to a
mechanism that the thermal motion of the c.m. can affect the
exciton energies. We will show in the present paper additional
energy shifts caused by this thermal-magnetic effect.

The exciton-phonon scattering at finite temperatures af-
fects the imaginary part of exciton energy that makes exciton
decay [3,28–34]. However, in our thermal-magnetic mecha-
nism, the motional Stark potential, linearly proportional to
the magnetic intensity, could be more inconspicuous than
the diamagnetic potential depending on the squared magnetic
intensity and may contribute only to the energy shift but not
to the exciton lifetime. Nevertheless, this thermoinduced po-
tential could make the average radius of the electron-hole pair
larger and consequently enhance the radiative lifetime of exci-
tons in monolayer TMDCs [29,33,34]. Besides, the symmetry
breaking of the system due to the additional thermoinduced
term can affect the wave functions. Therefore, we aim to
examine the effect of finite temperature on the exciton energy
spectra, the diamagnetic coefficient, and the exciton radius as
a function of magnetic intensity and their consequence on the
absorption spectra and the exciton radiative lifetime.

The rest of this paper is as follows. Section II presents
the theoretical background for our paper, including the sep-
aration of the c.m. motion, the introduction of the motional
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FIG. 1. Excitons in a monolayer TMDC with a magnetic field.
The c.m. pseudomomentum is conserved and related to the thermal
motion.

Stark potential, and the assumption about its temperature
dependence. Then, the results and discussion are given in
Sec. III with the thermal effect on the diamagnetic coeffi-
cients, the thermal-magnetic shift on exciton energies, the
thermoinduced symmetry breaking and enhancement of ex-
citon lifetime, and the new peaks in absorption spectra.
Section IV includes our conclusion.

II. THEORETICAL BACKGROUND

A. Schrödinger equation

To consider the thermal effect, we need to solve the
Schrödinger equation of the electron-hole pair in the frame-
work of the effective mass approximation, where a Wannier
exciton in a monolayer TMDC is described as a two-
dimensional system of one electron and one hole interacting
with each other by the potential V̂h-e(r) in the xy plane,
as shown in Fig. 1. Because of the two-dimensional many-
particle effect, the interaction potential V̂h-e is no longer
Coulombic but screened and described by the Rytova-Keldysh
potential [1,2,35–38]. One required task before solving the
Schrödinger equation is to separate the movement of the
electron-hole c.m with the coordinate R. However, for a
two-body system such as an exciton in a magnetic field
B = Bez, the c.m. dynamics cannot be removed totally from
the equation describing the electron-hole relative motion. The
variable-separation procedure for this system is no longer
trivial because the magnetic field breaks the system’s trans-
lation symmetry, which leads to the nonconservation of the
total momentum P of the electron-hole pair. Fortunately,
there is instead another constant of motion, pseudomomentum
P̂0 = P̂ − 1

2 eB×r, commuting with the system’s Hamilto-
nian, i.e., [P̂0, ĤX ] = 0. Using this conservative quantity, one
can obtain an equation for the relative motion [25–27]. In this
case, the wave function can be written as

�K(R, r) = e
i
h̄ (K+ 1

2 eB×r)·r ψK(r), (1)

where K is an eigenvector of operator P̂0. The wave func-
tion for relative motion ψK(r) is obtained by solving the
Schrödinger equation{

p̂2

2μ
+ 1 − σ

1 + σ

eB

2μ
l̂z + e2B2

8μ
r2 + V̂h-e(r)

− e

M
(B×K) · r − E

}
ψK(r) = 0 (2)

with the total mass M = m∗
e + m∗

h , the exciton reduced mass
μ = m∗

e m∗
h/(m∗

e + m∗
h ), and the ratio of masses σ = m∗

e/m∗
h .

Here, m∗
e and m∗

h are the effective masses of the electron and
hole; e is the elementary charge with the positive value; p̂ and
l̂z are the operators of the momentum and angular momentum
of the relative motion. A detailed derivation of Eq. (2) is given
in Supplemental Material [39].

For the exciton in monolayer TMDCs such as WSe2 as con-
sidered in this paper, the exciton reduced mass μ = 0.20×me,
mass ratio σ = 0.94, total mass M = 0.80×me (me is electron
mass), and the Rytova-Keldysh potential’s parameters (the av-
erage dielectric constant of the surrounding material κ = 4.5,
screening length r0 = 4.21) are taken from Refs. [15,20].

B. Thermoinduced motional Stark potential

In Eq. (2), we consider the specific term VmS =
− e

M (B×K) · r containing the c.m. pseudomomentum K and
will show its relation to the temperature of the neutral ex-
citon gas. First, we note that the density of excitons nX in
monolayer TMDCs is low, i.e., the average distance between
two excitons 1/

√
nX is much larger than the thermal wave-

length λth =
√

2π h̄2

MkBT so that the Maxwell-Boltzmann statistics
is still valid. Indeed, the density nX , i.e., the number of neu-
tral excitons per unit of area, could be modulated around
1011–1012 cm−2 in real experiments for monolayer WSe2

[40–43], which is much smaller than its limit at room tempera-
ture λ−2

th = 4.3×1012 cm−2. Then, we estimate the root-mean
square of the c.m. pseudomomentum at temperature T by
the equipartition theorem as 1

2M K2 = kBT , where kB is the
Boltzmann constant. Instead of calculating exciton energies
at each pseudomomentum value and then averaging them as
E (K ), we do it another way by calculating the exciton energy
E (K ) at the average pseudomomentum value. The validity
of this approach has been confirmed numerically in Table
S-I in Supplemental Material [39]. This approach allows the
considered potential to relate to the temperature as follows:

VmS (r) = −
√

2kBT

M
eB x. (3)

Here, without losing generality, we consider the case where K
is along the y axis so that vector B×K is along the x axis. A
more microscopic grounding for the thermoinduced term (3)
is given in Secs. S-I and S-II in Supplemental Material [39].

The potential (3) influences the exciton in the same way
as the Stark effect [44,45], so we call it the thermoinduced
motional Stark potential. Recent theoretical studies of magne-
toexcitons in monolayer TMDCs always neglect this potential
[14,18,21] that is reasonable only at zero temperature. How-
ever, the experimental observations were conducted not only
at low temperatures [11,13,15–17,19,20] but also at room tem-
perature [9,10,23,24]. Hence, the motional Stark effect arising
from the thermal fluctuation of the c.m. pseudomomentum
needs to be considered when calculating the energy spectra
of magnetoexcitons in monolayer TMDCs.

We can see that the diamagnetic term Vdiamag.(r) = e2B2

8μ
r2

in the effective potential of Eq. (2) is quadratically pro-
portional to the electron-hole distance and consequently
dominant at the large separation of the electro-hole pair
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TABLE I. Zero-field energies, squared radius, and polarizability.

1s 2s 3s 2p−1 2p+1

E (0)
nm (eV) −0.1686 −0.0386 −0.0166 −0.0498 −0.0498

〈r2〉nm (nm2) 2.63 45.8 241 21.1 21.1
αnm (nm2/eV) 3.91 −112 −6060 259 240

compared to the thermoinduced Stark term, which is linearly
proportional to the variable x. As a result, there is no tunneling
effect, even considering the thermoinduced motional Stark
potential. The exciton is always in its bound states, unlike
the well-known LoSurdo-Stark effect in the two-dimensional
electron gas [46,47] and field-induced dissociation of exci-
tons in a TMDC [48]. Instead of tunneling, we expect the
thermoinduced motional Stark potential could cause the Stark
shift in the energy spectra.

III. RESULTS AND DISCUSSION

A. Thermal effect on diamagnetic coefficient and Landau levels

To see how the thermoinduced motional Stark potential
affects the asymptotic behaviors of exciton energies in the
limits of low and high magnetic intensities, we calculate the
energies analytically by applying the perturbation theory to
the Schrödinger equation (2). For low magnetic intensity,
restricted by the condition that the typical length in the mag-
netic field is much larger than the average exciton radius,
lB = √

h̄/eB � 〈r〉nm, we have the energy of the (n, m) quan-
tum state in the second perturbation order as

E (2)
nm (B, T ) = E (0)

nm + 1 − σ

1 + σ

mh̄

2μ
eB

+ 〈r2〉nm

8μ
e2B2 − αnm

kBT

M
e2B2, (4)

where E (0)
nm , 〈r2〉nm, and αnm are the zero-field energy, squared

radius, and polarizability of the exciton. To calculate these
quantities, we need to solve the Schrödinger equation in the
zeroth order of approximation. However, the solutions cannot
be obtained analytically, so, we do it another way by numer-
ically solving Eq. (2) and then fitting the obtained results to
formula (4). The concrete values are presented in Table I for
1s, 2s, 3s, 2p−1, and 2p+1 states.

The last term in the exciton energy (4), the motional Stark
correction, is quadratically proportional to the magnetic field
(see also Fig. S-2 in Supplemental Material [39]). That means
the thermal effect contributes to the diamagnetic coefficient
σnm defined by the equation

σnm(T ) = lim
B→0

1

2

∂2Enm(B, T )

∂B2

= e2

8μ
〈r2〉nm − e2

M
αnmkBT . (5)

Table II shows some values for the zero-temperature dia-
magnetic coefficient σ 0

nm = e2

8μ
〈r2〉nm and their thermoinduced

corrections 
σnm = − e2

M αnmkBT for the 1s, 2s, 3s, 2p−1, and
2p+1 states at room temperature. The thermoinduced correc-

TABLE II. Zero-temperature diamagnetic coefficients and their
thermoinduced corrections at room temperature in units of μeV/T2

compared to the experimental data [15].

1s 2s 3s 2p−1 2p+1

σnm[15] 0.31 ± 0.02 4.6 ± 0.2 22 ± 2
σ 0

nm 0.289 5.039 26.53 2.429 2.429

σnm −0.022 0.637 34.42 −1.469 −1.361
|
σnm |

σ 0
nm

8% 13% 130% 60% 56%

tions are about 8% for 1s, 13% for 2s, and extremely high for
higher states: 2p+1, 2p−1, and 3s (56, 60, and 130%). These
are significant enough to impact experimental measurement
that we should pay attention to them when measuring exciton
energies at finite temperatures.

For high magnetic intensity, restricted by condition lB =√
h̄/eB � 〈r〉nm, the harmonic oscillator potential becomes

dominant compared to the Rytova-Keldysk potential. In this
case, the main part of the Hamiltonian is the magnetic
term; therefore, we can obtain the Landau levels for energies
with the thermoinduced Stark corrections by the perturbation
theory as

E (2)
nm (B, T ) = h̄

2μ

(
2n − |m| − 1 + 1 − σ

1 + σ
m

)
eB

− 8μβnm

M
kBT, (6)

where the dimensionless coefficients βnm are independent of
the temperature T (see details in Supplemental Material [39]).
Because of the neglect of Coulomb interaction, the energy
formula (6) is valid only for very high magnetic intensity,
extremely higher than the laboratory limit of about 91 T [20].
Nevertheless, this formula gives the right rule for thermoin-
duced shifts from the Landau levels 
E = − 8μβnm

M kBT , i.e.,
linearly proportional to the temperature and almost indepen-
dent of the magnetic field (see also Fig. S-3 in Supplemental
Material [39]).

B. Thermal-magnetic shift on exciton energies

We now numerically investigate the thermal effect on en-
ergy by the Feranchuk-Komarov operator method [18,49].
The obtained energies are given in Tables S-II–S-VI in Sup-
plemental Material [39] for the 1s, 2s, 3s, 2p−1, and 2p+1

states. For an illustration of the effect, Figs. 2(a) and 2(b) show
exciton energies depending on the magnetic intensity at 0 and
300 K.

We see that the temperature does not influence the 1s state
much. At the same time, the thermal effect is noticeable for
the 2s and higher Rydberg states for the magnetic intensity of
more than 60 T. Particularly for the magnetic intensity of 90 T,
the energy shifts when including the temperature of 300 K are
shown in Table III. These shifts are big enough compared to
the experimental sensitivity of 1 meV and are caused by the
thermal motion of excitons in a magnetic field; thus, we call
them the thermal-magnetic shifts.

We note that the thermal-magnetic shift predicted above
is comparable with the shift caused by the phonon-exciton
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FIG. 2. Exciton energies for the (a) 1s, 2s, and 3s and (b) 2p−1

and 2p+1 states depending on the magnetic intensity B at tempera-
tures 0 and 300 K.

interaction [23,24]. For example, the polaron shift is about
15 meV at room temperature for the 1s-state exciton in the
monolayer TMDC as shown in Ref. [24]. Compared with this,
the thermal-magnetic shift for the 1s state, which is 0.2 meV
as shown in Table III, can be ignored. It means that neglecting
the exciton c.m. motion in Ref. [24] is feasible in this case.
However, for a higher excited state such as 3s, the thermal-
magnetic shift of 3.9 meV should be taken into account if
the polaron shift is calculated within the presence of a high
magnetic field. The two shifts are from different mechanisms
(phonon-exciton scattering versus the thermal motion of the
exciton c.m. in a high magnetic field). They can be calcu-
lated separately, and both deserve consideration in analyzing
experimental data for excited states in a high magnetic field.
Also, for a high magnetic field of about 30 T, as considered
in Ref. [50], the fine structure energy split of excitons in
monolayer TMDCs caused by the spin-magnetic interaction
is up to tens of meV. Compared with this, the thermoinduced
shift in the present paper is relatively noticeable, and it is
important to consider.

C. Thermoinduced symmetry breaking
and enhancement of exciton lifetime

It is well known that the system of a two-dimensional
exciton in a magnetic field, perpendicular to the monolayer
TMDC plane, has the potential energy dependent on radius
r =

√
x2 + y2 only and consequently possesses the SO(2)

symmetry. However, if included, the thermoreduced motional
Stark potential (3), which depends on the angle ϕ as ∼r cos ϕ,
will break this symmetry. In this case, the angular momentum
lz is not conserved, and the magnetic number m is no longer
a good quantum number. The consequence is that there are no
true s states anymore, but only mixed states with m 
= 0 from

TABLE III. Thermal-magnetic shifts in exciton energy spectra
calculated between the temperatures of 0 and 300 K for the magnetic
field of 90 T.

1s 2s 3s 2p−1 2p+1


E (meV) 0.2 1.5 3.9 4.5 1.9

FIG. 3. Deformation of wave functions due to the thermoinduced
symmetry breaking.

the basis set functions; see Fig. 3 for the thermoinduced defor-
mation of wave functions. More about the symmetry-breaking
effect on the wave function deformation can be found in
Sec. S-IV C in Supplemental Material [39].

The wave function deformation leads to the change of
the exciton radius, essential for the exciton radiative lifetime
τrad, which is related to the average electron-hole distance
〈r〉 by the scaling law τrad ∼ 〈r〉ξ [28,34]. The scaling factor
ξ mainly depends on the dimensionality of the exciton. We
roughly take the value of ξ ≈ 3.5 extracted by studying the
exciton in hBN, diamond, and silicon provided in Ref. [34].

To have an analytical estimation, we get the formula for the
exciton radius of s states by the perturbation theory in the low
magnetic field limit as

〈r〉T = 〈r〉 + ge2B2 kBT

M
, (7)

where the radius 〈r〉T is calculated using the wave functions
with thermal effect. In contrast, the free-field wave functions
are used to calculate 〈r〉. The coefficient g has the following
values: 0.17×10−3, 0.04, and −7.5 nm3/meV2 for 1s, 2s, and
3s states, respectively. Consequently, we can get the following
formula:


τrad

τrad
= ξ


〈r〉
〈r〉 (8)

for the thermal correction 
τrad to the exciton radiative life-
time, where 
〈r〉 = ge2B2 kBT

M for the low magnetic intensity.
The correction 
〈r〉 should be calculated numerically for
the high magnetic field. We estimate the ratio (8) for the
1s, 2s, and 3s states at room temperature and magnetic
field of 90 T and get the following values: 1.4, 4.9, and
2.1%, relatively considerable. The thermoinduced correction
to the radiative lifetime (8) qualitatively agrees with the first-
principle calculations and experimental observations given
in Refs. [30,31,33] for the 1s state, meaning that it always
enhances the lifetime and is linearly proportional to the tem-
perature. The thermal motion also causes the lifetime to be
enhanced for the 2s state but reduced for the 3s state. There-
fore, this effect (enhancement/reduction of the lifetime) needs
further investigation for higher states in our next work.

D. New peaks in absorption spectra
due to the symmetry breaking

Interestingly, the system’s symmetry breaking at room
temperature can lead to new peaks in the magnetoexciton
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FIG. 4. Normalized optical absorption spectra at temperature 0 K
(black and dark blue) and at room temperature (red).

absorption spectra, as shown in Fig. 4. First, we calculate the
imaginary part of the susceptibility by the Elliot formula as

α(ω) = C Im
∑
n,m

ω |ψnm(r = 0)|2
Enm + Eg − h̄ω + ih̄τ−1

(9)

based on the linear response theory of the exciton [51–54]. We
use this quantity to estimate the absorption spectra since they
are proportional. Here, the coefficient C depends on the ma-
terials’ background refractive index and interband transition
dipole matrix elements. We are only interested in the general
picture and thus choose C to normalize the free-field 1s state
peak to 1 and then use it as a constant for all other states.

In Eq. (9), the band-gap energy is taken by Eg = 1890 meV
from the experiment [15]. For calculation at room temper-
ature, we subtract a value of 65 meV from the band gap,
contributed by the Varshni and polaron shifts, based on the
recent work [24]. Besides, we also add the c.m. kinetic energy
K2/2M of 51.8 meV to the relative energy to get the total
exciton energy Enm. Regarding the total lifetime, one usually
considers both radiative and nonradiative dephasing effects as
1/τ = 1/τrad + 1/τnonrad. However, we roughly estimate the
exciton lifetime τ by the scaling law τrad ∼ 〈r〉ξ [28,34] and fit
the coefficient from the experiment data for the 1s state [30],
which suggests the exciton lifetime around 1 ps. The thermal
correction to the lifetime based on the formula (8) of about a
few percent is not noticeable in Fig. 4.

Figure 4 illustrates the normalized linear optical absorp-
tion spectra for the quantum states with principal quantum
numbers n < 4. This qualitative picture shows the appear-
ance of new peaks when considering the thermal effect. The
explanation is based on the deformation of the wave functions,
noting that the degeneracy lifting of the excited states and

shifts of energies by the magnetic field and the thermoinduced
potential also play an important role. Indeed, since the os-
cillation strength related to these peaks is proportional to the
squared modulus of the wave functions at zero electron-hole
separation, only the states associated with |ψnm(r = 0)|2 
= 0
can be determined by the linear optical absorption spectrum.
For the zero-temperature magnetoexciton, only the s-state
wave functions have nonvanished oscillation strength while
they vanish for all the other states such as p and d; hence,
we can only detect the exciton s states from the linear optical
response [see Fig. 4 (black and dark blue lines)]. However,
because of the thermal effect, the p and d states now become
the superposition of other states, including s states. Therefore,
we get the signal of the p- and d-state-exciton peaks on the lin-
ear optical absorption spectra at room temperature, as shown
in Fig. 4 (red line). One can see more details about analytical
examination of non-s-state peak emergence in Sec. S-IV D in
Supplemental Material [39].

IV. CONCLUSION

By separating the center of mass motion from an exciton
in monolayer transition-metal dichalcogenide WSe2 with a
magnetic field, we have pointed out the thermoinduced mo-
tional Stark potential on the Schrödinger equation, which
was previously neglected. Based on this, we have proposed
a mechanism that the thermal motion of the exciton c.m.
in a magnetic field could affect the energy spectra of the
magnetoexciton. As an observation from our calculation, the
thermal-magnetic shifts in the energy spectra are comparable
with the polaron shifts caused by the exciton-phonon inter-
action; thus, they should be considered for magnetoexciton
energies at room temperature and can be observed by the shifts
of resonance peaks on the absorption spectra. The thermoin-
duced potential also affects the diamagnetic coefficient and
breaks the system’s SO(2) symmetry. The symmetry breaking
leads to the orbital deformation of the magnetoexciton that
indirectly changes the exciton radiative lifetime, which can be
observed by examining the width of the resonance peaks on
the absorption spectra. Surprisingly, the system’s symmetry
breaking at room temperature also causes the p-state exci-
ton peaks to emerge on the linear optical absorption spectra,
which cannot happen at zero temperature. These results pro-
vide another aspect of studying the influence of temperature
on magnetoexcitons and could be extended for other mono-
layer TMDCs such as WS2. As an outlook, this mechanism
could be applied to trions, biexcitons in Dirac materials, and
magnetoexcitons originating from the strain-induced pseudo-
magnetic field.
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