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Spectroscopic signatures of tetralayer graphene polytypes
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Tetralayer graphene has recently become a new addition to the family of few-layer graphenes with versatile
electronic properties. This material can be realized in three distinctive stacking configurations for which we de-
termine spectroscopic signatures in angle-resolved photoemission spectroscopy, dynamical optical conductivity,
and Raman spectra of interband excitations. The reported library of spectral features of tetralayer graphenes can
be used for the noninvasive identification of the stacking order realized in a particular film.
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I. INTRODUCTION

Although graphene has already been the subject of nu-
merous experimental and theoretical studies, the family of
few-layer graphene polytypes is still growing, showing vari-
ous stacking-dependent electronic properties. In this respect,
studies of bilayers and trilayers have received most of the
attention, but, recently, the family of graphene polytypes got
a new member: tetralayer graphene [1–11]. For tetralayer
graphene (4LG), there are four possible interlayer stacking
configurations with Bernal (AB or BA) stacking of adja-
cent layers. Two of those are related by inversion, leaving
only three unique structures with their specific electronic
band structures: ABAB (Bernal 4LG), ABCA (rhombohedral
4LG), and an allusive ABCB or ABAC (mixed-stacking 4LG)
[2]. The latter mixed-stacking 4LG is an interesting system
as it appears to be the thinnest few-layer graphene that has
neither inversion nor mirror plane (z → −z) symmetry, which
allows it to possess a spontaneous out-of-plane electric po-
larization. To mention, these four structures can be obtained
from each other by shear displacements of the layers [12],
and they also appear in pairs across moiré patterns in flakes
of small-angle-twisted tetralayers, produced by mechanically
transferring a monolayer on a trilayer [13] or by assembling
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together two aligned bilayer flakes [12,14]. All of this leads
to the necessity to develop a set of nonnvasive characteri-
sation methods to identify local stacking orders in tetralayer
graphenes.

In this paper, we analyze spectroscopic responses of
tetralayer graphene systems from angle-resolved photoelec-
tric spectroscopy (ARPES), optical visibility in the infrared
range and electronic Raman scattering. The below-reported
results are obtained using a hybrid k · p theory-tight-binding
approach, described in Sec. II, based on a fully-parametrized
Slonczewski-Weiss-McClure model of graphite [15–18] with
each of the spectroscopic characteristics discussed separately
in Secs. III–V, respectively.

II. BAND STRUCTURE OF TETRALAYER GRAPHENES

Tetralayer graphene can exist in four types of stacking or-
ders, depending on the relative shifts between adjacent layers.
In the Bernal configuration, the carbons atoms in layers 1 and
3 occupy identical positions, whereas they are laterally shifted
by τ = (0, a/

√
3) with respect to layers 2 and 4, a ≈ 2.46 Å

being the lattice constant of graphene. In the rhombohedral
configuration, each layer is shifted by τ with respect to the top
adjacent layer. Tetralayer graphite allows for another type of
configuration that features sequences of Bernal and rhombo-
hedral arrangement. In this mixed configuration, also known
as ABCB (ABAC), the graphene layer 4 (3) lies directly on top
of layer 2 (1), whereas the first and third (second and fourth)
are shifted by τ and −τ, respectively.

Electronic properties for each of these configurations can
be determined using the hybrid k · p theory-tight-binding
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Hamiltonians [15–17],

HABAB =

⎛
⎜⎜⎜⎝

Hg + �′
2 (12 + σz ) VAB WABA 0
V †

AB Hg + �′(12 − σz ) V †
AB WBAB

W †
ABA VAB Hg + �′(12 + σz ) V
0 W †

BAB V †
AB Hg + �′

2 (12 − σz )

⎞
⎟⎟⎟⎠, (1a)

HABCA =

⎛
⎜⎜⎜⎝

Hg + �′
2 (12 + σz ) VAB WABC 0
V †

AB Hg + �′12 VAB WABC

W †
ABC V †

AB Hg + �′12 V
0 W †

ABC V †
AB Hg + �′

2 (12 − σz )

⎞
⎟⎟⎟⎠, (1b)

HABCB =

⎛
⎜⎜⎜⎝

Hg + �′
2 (12 + σz ) VAB WABC 0
V †

AB Hg + �′12 VAB WABA

W †
ABC V †

AB Hg + �′(12 + σz ) V †
AB

0 W †
ABA VAB Hg + �′

2 (12 + σz )

⎞
⎟⎟⎟⎠, (1c)

HABAC =

⎛
⎜⎜⎜⎝

Hg + �′
2 (12 + σz ) VAB WABA 0
V †

AB Hg + �′(12 − σz ) VAB W †
ABC

W †
ABA V †

AB Hg + �′12 V †
AB

0 WABC VAB Hg + �′
2 (12 + σz )

⎞
⎟⎟⎟⎠, (1d)

Hg =
(

0 vπ∗
ξ

vπξ 0

)
, VAB =

(−v4πξ γ1

−v3π
∗
ξ −v4πξ

)
, πξ ≈ ξ px + ipy

WABA =
(

γ5

2 0
0 γ2

2

)
, WBAB =

(
γ2

2 0
0 γ5

2

)
, WABC =

(
0 0
γ2

2 0

)
, σz =

(
1 0
0 −1

)
. (1e)

Here 12 is the 2 × 2 identity matrix, and p = (px, py) is
the momentum measured from the corners of the Bril-
louin zone, Kξ = 4π

3a (ξ, 0). In the above equations, we use
the following values [19,20] for the coupling parameters:
(v, v3, v4) = (1, 0.1, 0.022)106 m/s and (γ1, γ2, γ5,�

′) =
(390,−17, 38, 25) meV.

The band structure of all of these systems can be calculated
by diagonalizing the above Hamiltonians. Within the three
polytypes of 4LG, each band structure has defining character-
istics that can be related to the density of states (DoS). Bernal
4LG is unique as it has the lowest-energy appearance of its
3± band edges at p=0, seen as a step at γ1/ϕ + √

2�′ meV
in the DoS, where ϕ is the golden number. It also has a
comparatively large gap between this and its 4± band edge.
Rhombohedral is the only polytype without a Bernal stack in
its configuration, thus, the only structure with just bands 1±
in its low-energy dispersion (see large van Hove singularity
(vHs) at 0 meV). Additionally, rhombohedral contains a Mex-
ican hatlike dispersion at an energy of ±γ1 + �′ where the
minimum of the band edge is off the p=0 line. The mixed
stacking order has features of both Bernal and rhombohedral
graphenes. First, it has two pairs of degenerate bands in its
low-energy dispersion (1±, 2±), such as Bernal and it has its
3± band edge emerging at ±γ1 + �′, such as in rhombohedral
graphene [21]. This commonality in the 1±, 2± bands with
Bernal is mirrored by a small vHs at 0 meV in the DoS. The
position of the 3± band can be seen as a step in the DoS plots
coinciding with the vHs of rhombohedral at the same energy.

III. ARPES SPECTRA OF 4LGS

In ARPES experiments, a sample is irradiated by a
source of high-energy photons (ω ≈ 60–100 eV), which eject

electrons due to the photoelectric effect [22]. Because it
is possible to trace back the energy and momentum of the
scattered electrons, this technique allows us to reconstruct
the dispersion of materials, and due to its surface sensitivity,
it has been widely employed to study two-dimensional
(2D) physics, such as transition-metal-dichalcogenides [23],
surface states in topological insulators [24,25], and graphene
systems [26].

Following previous works [27], we compute ARPES as

An(E , p) =
∣∣∣∣∣

3∑
λ=0

∑
s

Fλ

∫
dr e− i

h̄ (h̄K (0)
ξ +pw )·rψn

λs
(p)

∣∣∣∣∣
2

× f
(
E − εn

p

)
�/π(

εn
p − E

)2 + �2
. (2)

Here, ψn
λs

(p) is multicomponent wave function composed
of the electron wave amplitudes on s = A/B sublattices in
each layer λ of a Bloch state at the point h̄K (0)

ξ + pw in
the Brillouin zone of graphene. Indices nth identify valence
(n−) and conduction (n+) bands in the few-layer graphene
spectrum, and f (E − εn

p) is the Fermi distribution. We also

introduce a factor F = |F |e i
h̄ pzc0 in Eq. (2) above, where

|F | = 0.4 accounts for the attenuating effect of ejecting elec-
trons from layers further away from the top layer (λ = 0),
and the phase factor accounts for the mutual phase shifts
acquired by the partial waves of electrons originating (with
an out-of-plane momentum pz) in different layers (λ > 0) (we
use c0 = 3.35 Å as the interlayer distance in graphitic films).
Equation (2) states that the observable ARPES intensity is
determined by the interference of electron waves originating
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FIG. 1. Band structure and density of states (DoS) of (a) Bernal, (b) rhombohedral, and (c) mixed tetralayer graphene. The insets at the
bottom left of the DoS show the low-energy band structure within an energy window of ±30 meV. The effect of �′ becomes apparent at the
edges of the bands 3± and 4± at p = 0, which induces steps in the DoS. In the labels of panel (a) pc = γ1/v and ϕ ≡ 1+√

5
2 .

from the A and B sublattices of each of the four layers, and
it takes into account inelastic broadening and spectrometer
resolution, � = 60 meV.

In Fig. 2(a), we show three sets of ARPES maps for
Bernal, rhombohedral, and mixed-stacking 4LGs. The set of
four images on the top show momentum cuts through the
K point in the ky direction. These images directly coincide
with the band structures presented in Fig. 1. All other images
are the constant energy maps on the px − py (around the K
point), which reflect the layer and sublattice compositions of
the electronic wave functions. Their appearance in ARPES
depends on the energy ω of the incoming photon as that
determines the out-of-plane momentum of the excited elec-
trons pz =

√
2m(ω − A) + εc − (h̄K )2, where εc is the energy

the ARPES measurement was taken at. We estimate that
ω ≈ 70 eV corresponds to a 4π phase shift for electron
waves originating from two consecutive monolayers and ω ≈
100 eV to a 5π phase shift (see Appendix B for a detailed
calculation of the phase shift). The corresponding ARPES
patterns for these two choices of photon energies are shown
in rows 2–5 of Fig. 2 for constant energy maps at 250 and
500 meV below the Fermi level in the material.

We suggest that one can use the above spectra to identify
each polytype by its unique signatures. We can identify Bernal
graphene by the appearance of its third band as stated in
Sec. II. We can see this in the constant momentum cut and
−250 meV constant energy cut. To identify the rhombohedral
poly type we see that only one band is present at 0 meV
in the constant momentum cut. Finally, we can distinguish
the mixed stacking orders by the intensity of their third and
fourth valence bands in the constant energy cuts in the former
the fourth band is clearly visible, particularly, at a photon
energy of 100 eV. In ABCB, the third valence band has a
far higher intensity than ABAC, particularly, at 100 eV pho-
ton energy. Note that, whereas both forms of mixed-stacking

configuration, ABCB and ABAC, give an identical band
structure, their ARPES spectral features are different [see
Fig. 2(a)]. This is because the the ARPES signal coming from
layers away from the surface is attenuated and captured in
Eq. (2) by the factor Fλ. This breaks the symmetry in the z
direction and making ARPES the only spectroscopy analyzed
in this paper that enables us to distinguish the stacking orien-
tation of this polytype of the tetralayer.

Finally, as in the experimentally fabricated material, the
number of layers may vary across the flake, we also show
(for comparison) the calculated ARPES maps for trilayer
graphenes (ABA and ABC) in Fig. 2(b). We do not compare
the 4LG spectra with the spectra of thicker crystals (penta-
layers) as their appearance in ARPES is strongly affected by
attenuation of electron waves emitted by deeper layers.

IV. OPTICAL CONDUCTIVITY

Optical conductivity characterizes response of a 2D film
to light [28–31]. In particular, its real part describes absorp-
tion processes where energy ω of an incoming photon is
spent in the formation of an electron-hole pair [32], whereas
the imaginary part gives us insights into the phase shift of
the scattered light [33]. Because these processes are very
sensitive to the band structure as well as the energy and po-
larization of the incoming light, optical absorption is widely
used to investigate different aspects of graphene systems
[34], such as identifying the number of layers in graphene
stacks [35] or determining the Slonczewski-Weiss-McClure
parameters [21].

In this section, we compute the optical conductivity of
graphene stacks with N layers due to interband excitations.
Denoting l = (lx, ly) and lz as the components of the polar-
ization of light parallel and perpendicular to the sample, the
optical conductivity takes the form [36–39]

O‖(ω) = i4

ω

∫
d p

(2π h̄)2

∑
ni,nf

f
(
ε

n−
i

p
) − f

(
ε

n+
f

p
)

ω − (
ε

n+
f

p − ε
n−

i
p

) + iη+

∣∣∣∣〈ψn+
f

p

∣∣ el · ∂H
∂ p

∣∣ψn−
i

p
〉∣∣∣∣

2

, (3a)

O⊥(ω) = i4ω

∫
d p

(2π h̄)2

∑
ni,nf

f
(
ε

n−
i

p
) − f

(
ε

n+
f

p
)

ω − (
ε

n+
f

p − ε
n−

i
p

) + iη+

∣∣ 〈ψn+
f

p

∣∣ σ0 ⊗ τ
∣∣ψn−

i
p

〉 ∣∣2
, (3b)
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FIG. 2. (a) 4LG spectra, (b) 3LG sprectra. Row 1: Constant momentum cuts through the K+ point, ω=70 eV. Row 2(3), constant energy
maps at εc = −250 meV and ω=70(100) eV. Row 4(5), constant energy maps at εc=500 meV and ω=70(100) eV. In all plots, the scale bar is
0.1 Å.

respectively. Above, η+ is a positive infinitesimal, σ0 is the
unit matrix in the sublattice space, τ ≡ diag(1, 2, . . . , N )ed ,
acting on the layer space is the dipole moment operator, and
n−

i (n+
f ) is the band index of the initial (final) states involved

in the electronic transition, respectively.
In Fig. 3(a), we present the real and imaginary parts of the

in-plane optical conductivity of the three different stacking
configurations of tetralayer graphene in units of the optical
absorption of graphene O0

‖ = 1
4πε0

πe2

h̄c . In all configurations,
transitions n− → n+ are strongly suppressed, and for photon
energies ω ∼ 1 eV, the absorption spectra are identical and
equal to the nominal value of four decoupled graphene lay-
ers. In turn, for ω < 2γ1, the three absorption spectra exhibit
strong differences, which stem from the distinctive features of
their corresponding band structure (see Fig. 1). In particular,
Bernal and ABCB tetralayer graphenes feature four peaks,
produced by transitions between the bands close to the Fermi

level and the high-energy bands. As mentioned Sec. II, the
edges of the split bands in both the valence and the conduction
side, are linearly shifted by the parameter �′. This results
in transitions 1− → 3+, 4+ being systematically more ener-
getic than 3−, 4− → 1+, and provides an experimental route
for the determination of �′. Conversely, the spectrum of its
rhombohedral counterpart is characterized by a sharp peak
produced by transitions between the flat bands and the van
Hove singularity in the Mexican-hat bands.

In Fig. 3(b), we present the real part of the optical response
to perpendicularly polarized light. As opposed to in-plane
polarized light, in this case, the main contribution comes
from transitions n− → n+, thus, providing complementary
information about energy distances between edges of mirrored
bands in the valence and the conduction sides. For photon
energies ∼1 eV, all spectra resemble that of three independent
graphene bilayers 3O0

⊥ [38], whereas it is again at midinfrared
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FIG. 3. (a) Real and imaginary parts of the in-plane optical conductivity of tetralayer graphenes in units of the universal optical absorption
of graphene, O0

‖ = 1
4πε0

πe2

h̄c . Transitions from 1− → 3+, 4+ give rise to a peak that lies at higher energies than those from 3−, 4− → 1+, due to
the electron-hole asymmetry and the shift produced by �′ in the band structure. (b) Real part of the out-of-plane optical response of tetralayer

graphenes in units of the high-energy out-of-plane response of bilayer graphene, O0
⊥ = c2

0γ 2
1

2h̄2v2 O0
‖ [38] with an asymptotic value of 3O0

⊥ in all
cases. The dominant contribution comes from transitions n− → n+.

frequencies where the absorption spectra give us information
about distinct features of the dispersion. In particular, the
steplike feature at 0.5 eV of the Bernal absorption spectrum
corresponds to the energy difference between states at the
edges of the third bands, and the peaks at ∼0.6 and 0.8 eV
in the rhombohedral and ABCB counterparts are linked to
transitions that connect the Mexican-hat-shaped bands and
heavy-mass bands in the valence and the conduction sides as
shown in Figs. 1(b) and 1(c), respectively.

Finally, owing to the experimental challenge of fabricating
films with a given thickness [34], we also present the results
for three- and five-layer films in Figs. 4(a) and 4(b), respec-
tively, for all possible stacking arrangements. For three-layer
films, the in-plane absorption spectra of both rhombohedral
and Bernal feature a peak at 0.4 and 0.6 eV, split by ∼2�′ and
∼3�′, respectively. In turn, the most distinctive feature for
the out-of-plane absorption spectra is found in the ABC film,
a strong peak at 2γ1. For five layers, as shown in the middle
panels of Fig. 4(b), there are six possible stacking orders
as both rhombohedral (top) or Bernal (bottom) may appear
with a stacking fault in the outermost layer (second and fifth
panels) or in the middle layer (middle two panels). We note
that films with the largest stacking sequences of rhombohedral
order feature sharper peaks, and they also lie at lower energies
both in the in-plane and the out-of-plane absorption spectrum.
This is because the flatness of bands closer to the Fermi level
increases with the number of rhombohedral-stacked layers,
and the bottoms of the sombrerolike bands also appear at
lower energies. This contrasts with the spectra of films with
larger stacks in the Bernal configuration, which tend to give a
featureless constant absorption amplitude.

V. ELECTRONIC RAMAN SCATTERING

Raman spectroscopy, based on inelastic scattering of pho-
tons, also allows us to get the excitation fingerprint of
two-dimensional materials [40]. In graphene materials, the
strongest Raman signals originate from lattice excitations
[41], i.e., phonons, and they provide a wealth of informa-
tion about the nature of defects [42], the number of layers
[43], or the presence of strain in the sample [44]. However,
during the past decade, experiments have shown evidence for
another type of excitation: the creation of electron-hole pairs
[45]. Although this type of electronic Raman scattering (ERS)
produces weaker signals, they come exclusively from the exci-
tation spectra of electrons, and, therefore, they provide direct
information about the band structure of graphene systems,
such as the position of van Hove singularities [46,47] or the
formation of gaps [48].

In this section, we model the ERS signals of the three
polytypes of tetralayer graphene films presented in Sec. II.
In particular, we study the ERS amplitude coming from
two-step processes, which were shown to be the dominant
contribution in graphene systems [45]. This amplitude is given
by the evaluation of the two Feynman diagrams in the in-
set of Fig. 5, which involve: (i) the absorption (emission)
at time t of a photon with energy ω (ω̃) by an electron

from an occupied state in the band with energy ε
n−

i
p , which

is excited into a virtual state and (ii) emission (absorption)
at time t ′ of a photon with energy ω̃ (ω) and one elec-

tronic transition into the final state with energy ε
n+

f
p . The

amplitude of such a process that results in an electron-hole

pair with energy �ω ≡ ω − ω̃ = ε
n+

f
p − ε

n−
i

p is proportional
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FIG. 4. Real part of the in-plane (left) and out-of-plane (right) optical conductivity for all possible configurations of (a) trilayer graphene
and (b) pentalayer graphene. For clarity, plots for the parallel and perpendicular optical conductivities of pentalayer graphene are shifted by
5O0

‖ and 4O0
⊥, respectively.

to

R(�ω) ∝|(l × l̃
∗
)z|2

∑
nf ,ni

∫
d p

(2π h̄)2
[ f

(
ε

n−
i

p
) − f

(
ε

n+
f

p
)
]

× ∣∣ 〈ψn+
f

p

∣∣14 ⊗ σz

∣∣ψn−
i

p
〉 ∣∣2

δ
(
ε

n+
f

p − ε
n−

i
p − �ω

)
,

(4)

where 14 is the 4 × 4 identity matrix acting on the layer space
and σz is the third Pauli matrix acting on the sublattice space.
To mention, the prefactor in the equation above determines
the selection rules for the polarization of the scattered light,
which needs to be perpendicular to that of the incoming light.
This is the hallmark of ERS in graphene materials [45,49].

The ERS spectra for the three configurations of tetralayer
graphene are shown in Fig. 5. It originated from elec-
tronic transitions that connect the n valence band with the
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FIG. 5. Electronic contribution to Raman scattering in Bernal (blue), rhombohedral (red) and mixed-stacking (black) tetralayer graphene.
The inset shows the diagrammatic representation of two-step processes.

n conduction band [49] as opposed to optical absorption
where these transitions are forbidden, a common feature of
graphene-based systems [50]. Accordingly, because electron-
hole asymmetry is weak, ERS spectra have approximately
the same functional form as the DoS, with the same spectral
features, such as peaks and steps but at twice the energy. For
example, in Bernal tetralayer graphene, we observe a linear
trend with a small step at 2γ1/ϕ ≈ 500 meV, which corre-
sponds to the energy gap between the parabolic edges of the
second conduction and valence bands in Fig. 1(a). In contrast,
the ERS spectrum of rhombohedral tetralayer graphene fea-
tures a sharp peak near the origin, due to transitions between
flat bands, and at ∼650 meV, which is the distance between
the edges of the Mexican-hat bands in Fig. 1(b). Finally, we
see in the black curve of Fig. 5 that the low-energy electronic
excitation spectrum of tetralayer films in mixed configuration
generate a peak at ∼15 meV, followed by a linear trend and
a step at ∼2γ1 from which the spectra of the three tetralayer
films become indistinguishable.

For completeness, we also present the ERS spectra of
graphene films composed of three or five layers in Fig. 6. For
the former, we see that in the 3L rhombohedral spectra the
3− → 3+ step is no longer present and a shift of the 2− → 2+
to higher energy. In contrast, the parabolic split bands in
Bernal trilayer graphene, which produce steps in the DoS at
∼3�′/2 ± √

2γ1 (see Fig. 7), should also generate a step at
2
√

2γ1 ≈ 1.1 eV in the ERS spectrum, which lies outside the
energy range shown in our figures. For the latter, we observe
that films with larger stacks in rhombohedral sequences fea-
ture peaks generated by electronic transitions from and to the
Mexican-hat bands, whereas parabolic band edges, a common
characteristic of films featuring Bernal-stacked layers, result
in steps in the ERS intensity.

VI. CONCLUSION

Here we have studied the spectroscopic signatures of
the three stacking polytypes of tetralayer graphene. We
identify the unique features of each polytype for the
different spectroscopic methods investigated. These calcu-
lations offer a reference library for the identification of

tetralayer graphene polytypes, which offer rich physics—
partly due to wide flat intervals in their low-energy bands

FIG. 6. (a) ERS signal for Bernal (blue) and rhombohedral 3LG.
(b) ERS signal for the six distinct polytypes of 5LG. Each plot is
shifted by one unit for clarity.
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FIG. 7. Band structure and density of states of all trilayer and pentalayer graphene polytypes. In the labels of each panel pc = γ1/v.

and partly due to the broken symmetry crystalline struc-
tures of mixed-stacking tetralayers. We also note that
the exfoliation of tetralayer graphene can produce films
where a four-layer system may be adjacent with a thin-
ner or thicker crystal (within the same flake). There-
fore, for reference, we also analyzed the different stack-

ing polytypes of tri- and pentalayer graphene systems,
for these structures to be distinguished from tetralayer
graphene.

All the research data supporting this publication is directly
available within this publication.
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FIG. 8. ARPES spectra phase factor as a function of photon
energy ω.
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APPENDIX A

In this Appendix to complement the trilayer and pentalayer
graphene spectra, we offer the reader the band structures
and density of states plots of each of these systems. All
figures shown below were calculated using analog hybrid k ·
p theory—tight-binding Hamiltonian’s parameterized by the
full Slonczewski-Weiss-McClure parameters to those shown
in Sec. II above.

APPENDIX B

In this Appendix, we describe how to calculate an estimate
of the ARPES spectra phase shift between subsequent layers.
As shown above, the out-of-plane momentum of the excited
electrons is pz =

√
2m(ω − A) + εc − (h̄K )2, where εc is the

energy the ARPES measurement was taken at. The overall
phase shift between subsequent layers is due to the increased
path length traveled by electrons emitted from deeper layers
and is taken as exp(ipzc0/h̄)λ, where c0 is the interlayer dif-
ference of graphene and λ = 0–3, is the layer number. We
know that the dominant term in the out-of-plane momentum
is incident photon energy ω, thus, by varying this, we vary the
phase shift, see Fig. 8 below.
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