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Topological Hall effect induced by classical large-spin background: su(2) path-integral approach
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The su(2) coherent-state path-integral technique is employed to study lattice electrons strongly coupled to
a quantum spin background. In the large-spin limit it is replaced by its classical counterpart that breaks the
time-reversal symmetry. The fermions propagating through a classical large-spin texture may then exhibit the
topological Hall effect which arises even for a zero scalar spin chirality of the underlying spin background.
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I. INTRODUCTION

The topological Hall effect (THE) may be viewed as aris-
ing from the electron hopping in a classical spin background
that breaks time-reversal symmetry. This results in the anoma-
lous Hall conductivity in the absence of any externally applied
magnetic field. The THE attracts attention from both physics
and engineering communities due to the novel physics it
contains and due to the potential applications to electronics
and spintronics. The simplest examples come from a mean-
field treatment of the Kondo-lattice interaction (the double
exchange model) of the itinerant electrons and the classical
localized spins that form noncoplanar spin textures [1–4].

Specifically, one starts with the simplest lattice Kondo-type
model of the tight-binding electrons strongly coupled to the
localized spins Ŝi described by the Hamiltonian

H = −
∑
i jσ

(
ti j + 3J

4
δi j

)
c†

iσ c jσ + J
∑

i

Ŝi · (c†
iσ �σσσ ′ciσ ′ ).

(1)
Here, c†

iσ creates an electron with the spin σ on site i. J > 0
stands for the exchange coupling constant. �σ is the vector of
the Pauli spin matrices. The external magnetic moments Ŝi

are the generators of the su(2) algebra in the lowest (s = 1/2)
representation. The hopping term is modified by adding an
extra J-dependent term to guarantee a finite J → +∞ limit
[5]. Within a mean-field treatment the spatial spin structure
is encoded in 〈Ŝi〉 = S · �ni. Here, S is a localized spin magni-
tude, whereas a classical static vector �ni determines a varying
direction of the localized spin.

The underlying topological spin structures can be com-
posed of multiple spin density waves. The scalar spin chirality
in the ground state due to spins of the l , m, and nth site is found
by the triple product 〈�Sl · �Sm × �Sn〉. For nonzero spin chirality,
the time-reversal and parity symmetries are broken. Hence,
when conduction electrons propagate through such a spin
texture, due to the accumulation of the Berry phase, the sys-
tem may show THE [6]. Typical postulated spin textures are
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chiral stripes, spiral spin configurations, and skyrmion spin
structures [7,8]. In particular, the experimentally observed
skyrmion lattice can be viewed as a lattice of topologically
stable knots in the underlying spin structure [9,10].

Away from the mean-field treatment one should consider
operators Ŝi for S > 1/2 as being the generators of the higher
spin-S representation, which poses a technical problem. On
the other hand, the su(2) coherent-state (CS) path integral
incorporates S just as a parameter [11]. The CS integral is en-
tirely determined by the su(2) algebra commutation relations
that do not depend on a chosen representation. It therefore
seems appropriate to alternatively treat the problem in terms
of the CS path-integral representation for the partition func-
tion. In this way one avoids explicit matrix representations of
the high-spin quantum generators, and instead deals with a
compact and simple su(2) path integral for the partition func-
tion. Of course by postulating the underlying spin texture as
a static site-dependent field we arrive again at this stage (after
the limit J → ∞ is taken) in a new mean-field approximation.

In our previous work [12], we proposed such a theory to
treat the THE based on the lowest s = 1/2 representation of
the su(2) algebra. The aim of this present work is twofold.
First, we generalize our approach to study large-spin classical
textures. This is important as that seems to be the case in many
theoretical and experimental studies [6,13,14]. Second, until
recently, most investigations have been focused on magnetic
states with a finite spin chirality. We show that the THE
does not necessarily require a nonzero scalar spin chirality.
Although in the physical community it is widely believed that
THE is absent for zero spin chirality [15], recent experiments
have shown otherwise [16–20].

Recently, the THE in magnets having a trivial magnetic
structure has been attracting broad interest. For example, a
large magnitude of the crystal THE is proposed in a room-
temperature collinear antiferromagnet RuO2. Namely, if the
crystal symmetry is low enough, the THE can emerge even
when the background spin texture is trivial [21]. It is possi-
ble to have the THE in a noncollinear antiferromagnet with
zero net magnetization. In this respect, the topological or-
der indeed survives in the magnetic material Mn3Ir to very
high temperatures [22]. The THE is also shown to emerge in
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noncollinear spiral spin textures in a two-dimensional (2D)
magnetic Rashba model [23,24]. In the present paper, we
show that spin-orbit coupling is not truly a necessary ingredi-
ent for the realization of the THE exhibiting a trivial magnetic
structure. It can instead be driven by time-reversal symmetry
breaking in a system of strongly correlated electrons that
exhibits zero spin chirality.

II. THEORETICAL FRAMEWORK

A low-energy effective theory to describe the electrons
coupled to a spin-S background can be derived under the re-
quirement that the spin background should affect the fermion
hopping in such a way that the SU (2) global symmetry re-
mains intact. The electron hopping is then affected by the
su(2) CS overlap factor. This is analogous to the Peierls factor
arising due to an external magnetic field. It is frequently
referred to as the vector potential generated by a noncollinear
spin texture [15]. Physically, one can view it as a fictitious
magnetic field that produces a flux through an elementary pla-
quette. The precise meaning of that emergent artificial gauge
field is as follows. It is generated by the U (1) local connec-
tion one-form of the spin U (1) complex line bundle. Such
a construction provides a covariant (geometric) quantization
of a spin [25]. In this approach the underlying base space
appears as a classical spin phase space, a two-sphere S2. It can
be thought of as a complex projective space CP1, endowed
with a set of local coordinates (z, z̄). Quantum spin is then
represented as the sections |z〉 of the principle (monopole) line
bundle P(CP1,U (1)). The local connections of this bundle
read a(0) = i〈z|d|z〉, with d standing for an exterior derivative.

This approach proves effective in studying strongly corre-
lated electrons. This can be seen as follows. At infinitely large
Kondo coupling J , Eq. (1) goes over into the U = ∞ Hubbard
model Hamiltonian [5],

HU=∞ = −
∑
i jσ

ti j c̃
†
iσ c̃ jσ . (2)

The constrained electron operator c̃iσ = ciσ (1 − niσ̄ ), where
niσ = c†

iσ ciσ is the number operator, can be dynamically
(in the effective action) factorized into the spinless charged
fermionic fi fields and the spinful bosonic zi fields [12]. Inas-
much as f 2

i ≡ 0, the local no double occupancy constraint
that incorporates the strong electron correlations is rigorously
implemented in this representation.

The high-spin extension of the present theory can be ob-
tained by simply generalizing the CS in the fundamental S =
1/2 representation for a given spin-S,

|z〉 = (1 + |z|2)−SezŜ− |S〉, (3)

where |S〉 represents the spin-S highest weight su(2) state, and
the operator Ŝ− denotes a conventional spin lowering operator.
As a result the S-dependent partition function takes on the
form

Z =
∫

Dμ(z, f ) expA. (4)

Here, the measure Dμ(z, f ) is defined as

Dμ(z, f ) =
∏
i,t

2S

2π i

dz̄i(t )dzi(t )

(1 + |zi|2)2 d f̄i(t )dfi(t ). (5)

In Eq. (5) zi is a complex number that keeps track of the
spin degrees of freedom, while fi is a Grassmann variable that
describes the charge degrees of freedom.

The effective action A in Eq. (4) is defined as

A =
∑

i

∫ β

0

[
ia(0)

i − f̄i
(
∂t + ia(0)

i

)
fi
]
dt −

∫ β

0
Hdt . (6)

It involves the u(1)-valued connection one-form of the mag-
netic monopole bundle that can formally be interpreted as a
spin kinetic term

ia(0) = −〈z|∂t |z〉 = S
˙̄zz − z̄ż

1 + |z|2 , (7)

which can be identified as the Berry connection. The dynami-
cal part of the action can be written as

H = −t
∑

i j

f̄i f je
ia ji + H.c. + μ

∑
i

f̄i fi. (8)

Here,

ai j = −i log〈zi|z j〉, 〈zi|z j〉 = (1 + ziz j )2S

(1 + |z j |2)S (1 + |zi|2)S .

The hopping term in Eq. (8) is affected by the su(2)
coherent-state overlap factor in the S representation. The mod-
ulus of this factor

|〈zi|z j〉| =
[

(1 + z̄iz j )(1 + z̄ jzi )

(1 + |zi|2)(1 + |z j |2)

]S

=: ρS
i j . (9)

Here, ρi j ∈ [0, 1]. The hopping probability is reduced by the
presence of a factor ρS

i j which is proportional to the overlap of
the spin-wave functions on neighboring sites. In the limiting
ferromagnetic (FM) case (zi = z j) those wave functions are
identical and ρ = 1 at any spin value S. There is no overlap
in the antiferromagnetic (AFM) case (z j = −1/zi ) at any S,
hence ρ = 0. The hopping creates changes in the spin config-
uration, unless the spin polarization is uniform. The growing
S inhibits the hopping by reducing the spin-wave function
overlap. As a result, away from the FM case as ρi j < 1,
and, eventually, with increasing S → ∞, ρS

i j → 0. This is the
expected physical behavior in such a regime [26].

The passage from Eq. (1) to Eq. (8) implies that we take
the limit J/t → ∞ keeping at the same time the su(2) spin
generators Ŝi fixed. In this limit the quantum local spins are
fully screened and cannot be replaced by fixed classical val-
ues. The spin classical limit implies instead that we replace
from the very beginning Ŝi in Eq. (1) by the c-numbers S〈�ni〉.
This fully ignores quantum Kondo screening [27].

Under a global SU (2) rotation

zi → uzi + v

−v̄zi + ū
, (10)

the phase will be

a(0)
i → a(0)

i − ∂tθi, ai j → ai j + θ j − θi, (11)
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where

θi = iS log

(
vz̄i + u

v̄zi + ū

)
,

(
u v

−v̄ ū

)
∈ SU (2). (12)

One can clearly observe that the effective action A remains in-
variant under SU (2) transformations, provided the fermionic
operators are U (1) transformed as

fi → eiθi fi. (13)

A flux through a plaquette
∑

plaq ai j generated by the SU (2)
transformation remains invariant under Eq. (11).

By definition the phase a ji in Eq. (8) is a complex valued
function. Hence, the real and imaginary parts of ai j are

a ji = φ ji + iχ ji, φ̄ ji = φ ji, χ̄ ji = χ ji. (14)

The φ ji and χ ji are defined as [28]

φ ji = iS log
1 + z̄iz j

1 + z̄ j zi

= iS log

(
S + Sz

i

)(
S + Sz

j

) + S−
i S+

j(
S + Sz

i

)(
S + Sz

j

) + S−
j S+

i

,

χ ji = −S log
(1 + z̄iz j )(1 + z̄ jzi )

(1 + |zi|2)(1 + |z j |2)

= −S log

( �Si · �S j

2S2
+ 1

2

)
. (15)

Using Eq. (15) it can be checked that, under a SU (2) global
rotation, χ ji remains intact, however, φ ji transforms as

φ ji → φ ji + θi − θ j . (16)

This transformation appears as a gauge fixing by choosing a
specific rotational covariant frame. The dynamical fluxes do
not depend on that choice.

The potentials φ
(0)
i := ia(0)

i and φ ji formally remind those
gauge fields that define a compact U (1) lattice gauge theory.
This is due to the fact that both theories are formulated as U (1)
complex line bundles. The gauge potentials (local connections
in these bundles) in both theories transform formally in the
same way under a change in the local trivialization [29]. In
our case, the different trivializing coverings of the spin base
manifold S2 are related to each other through the global SU (2)
rotations [Eq. (10)].

III. TOPOLOGY

Using Eq. (15) the Hamiltonian can be explicitly written as

H = −t
∑
〈i, j〉

f̄i f je
iφ ji

( �Si · �S j

2S2
+ 1

2

)S

+ μ
∑

i

f̄i fi. (17)

Physically, it represents the interaction between an underly-
ing spin texture and the itinerant spinless fermions. When
S = 1/2 this Hamiltonian reduces to that derived in Ref. [12].
Here, we generalize our approach to large values of spin
S 
 1/2. After all, the classical treatment of the underlying

spin structure is more justifiable when S is larger than the
electronic spin.

We take a two-band system having opposite Chern number.
Physically, one can consider a bipartite two-dimensional (2D)
lattice L, consisting of two sublattices A and B; L = A ⊕ B. If
on sublattice A the charge and spin degrees of freedom are fi

and zi, respectively, then for convenience on sublattice B they
are defined as

fi → fie
iθ (0)

i , zi → − 1

z̄i
, i ∈ B. (18)

Here, θ
(0)
i ≡ θi|u=0,v=1 in Eq. (12). Under these transforma-

tions the χ ji remains unchanged while φ ji → φi j + θ
(0)
j −

θ
(0)
i . Also, the CS image of the on-site electron spin oper-

ators changes sign, �Si → −�Si. As φ ji = −φi j , we see that
the phases of the hopping factors corresponding to the A
and B sublattices are opposite in sign. This means that the
dynamical fluxes piercing through elementary plaquettes that
compose a unit cell are opposite in sign. Fixing them as clas-
sical c-numbers breaks time-reversal symmetry. Indeed, they
are analogous to the homogeneous c-valued phase factors in
the next-nearest-neighbor (NNN) hopping, t2 → t2e±iφ , intro-
duced by Haldane [30]. Hence, as in the Haldane model, one
can expect a nonzero Hall effect emerging due to the resulting
time-reversal symmetry breaking. It should be noted that the
time-reversal symmetry in the Haldane model was broken by
inserting nonzero local fluxes, with the summation of those
fluxes over the unit cell being zero. In contrast, in our model
Eq. (8) we simply break time-reversal symmetry by fixing the
spin connection term ai j as a classical static quantity. In fact,
fixing the ai j may result in breaking time reversal even for
zero spin chirality.

A. An example: Conical spin configuration

Below we take a simple spin configuration to illustrate our
approach. Interestingly, this spin structure shows a nontrivial
topological effect, although its scalar spin chirality is zero.
The spin-S field is defined as

�Si = (
Sx

i , Sy
i , Sz

i

) ≡ (ε cos �q · �ri, ε sin �q · �ri,
√

S2 − ε2). (19)

Here, �Si is the spin at the ith site, �q is the spin modula-
tion vector, and �ri is the position vector, with S being some
arbitrary constant spin value, and ε some small parameter
satisfying ε � S. Physically, it represents the precession of
spin S around the z axis with a constant azimuthal angle
π/2 − arctan(

√
S2 − ε2/ε). This formalism is applicable to

a thin film or to a surface of a multiferroic single crystal
assuming a constant |�Si| = S [31]. Keeping the terms only up
to second order in ε, the hopping term contributions of the
Hamiltonian [Eq. (17)] only for sublattice A are

e−χi j ≈ 1 − ε2

S
sin2 �q · �ri j

2
,

eiφ ji ≈ exp

(
i
ε2

2S
sin �q · �ri j

)
. (20)
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Here, we define �ri j = �ri − �r j . At sublattice B the χi j remains the same, but φ ji → −φ ji|i, j∈A + 2S �q · �ri j . Therefore

e−χi j ≈ 1 − ε2

S
sin2 �q · �ri j

2
, eiφ ji ≈ exp

(
−i

ε2

2S
sin �q · �ri j + i2S �q · �ri j

)
. (21)

Similarly, for interlattice hoppings (i ∈ A, j ∈ B),

e−χi j ≈
(

ε

S
sin

�q · �ri j

2

)2S

, eiφ ji ≈ eiS(�q·�ri j−π ). (22)

The total Hamiltonian is found by substituting Eqs. (20)–(22) in Eq. (17):

H = − t2
∑
i, j∈A

f̄i f j

(
1 + i

ε2

S
sin

�q · �ri j

2
ei �q·�ri j/2

)
e−iS �q·�ri j − t2

∑
i, j∈B

f̄i f j

(
1 − i

ε2

S
sin

�q · �ri j

2
e−i �q·�ri j/2

)
eiS �q·�ri j

− t1
( ε

S

)2S ∑
i∈A
j∈B

f̄i f j

∣∣∣∣sin
�q · �ri j

2

∣∣∣∣
2S

+ H.c.
(23)

It should be stressed that the �ri j in the first and in the second terms are different from the �ri j in the third term. In Eq. (23) the third
term on the right-hand side is real and it corresponds to nearest-neighbor (NN) hopping contributions. The first and the second
terms correspond to the NNN hopping processes and they are complex valued; in fact, they are conjugates of each other, which
is a necessary condition for time-reversal symmetry breaking.

In momentum space the Hamiltonian is written as

H =
∑

�k
ψ̄�kH(�k)ψ�k . (24)

Here, �k is the wave vector whose values lie only in the first Brillouin zone. The matrix ψ̄�k = [ f̄�k,A , f̄�k,B] contains the annihilation

operators of the �kth momentum on the A and B sublattices. The kernel H(�k) is [32]

H(�k) =
{

t2
∑

n

cos �k · �bn

[
cos S �q · �bn − ε2

S
sin

�q · �bn

2
sin

(2S − 1)�q · �bn

2

]}
· I +

{
t1

( ε

S

)2S ∑
n

cos �k · �an

∣∣∣∣sin
�q · �an

2

∣∣∣∣
2S

}
· σx

+
{

t1
( ε

S

)2S ∑
n

sin �k · �an

∣∣∣∣sin
�q · �an

2

∣∣∣∣
2S

}
· σy +

{
t2

∑
n

sin �k · �bn

[
sin S �q · �bn + ε2

S
sin

�q · �bn

2
cos

(2S − 1)�q · �bn

2

]}
· σz.

(25)

Here, �bn is the NNN, and �an is the NN hopping lattice vectors;
I is the 2 × 2 unit matrix; σx, σy, and σz are the Pauli matrices.
One can clearly observe that the time-reversal symmetry is
broken in Eq. (25), as terms corresponding to σz are odd in
k (∝ sin �k · �bn). For a bipartite honeycomb lattice the NN and
the NNN lattice vectors are [see Fig. 1(b)]

�a1 =
(√

3d

2
,

d

2

)
, �a2 =

(
−

√
3d

2
,

d

2

)
, �a3 = (0, d ),

�b1 =
(

−
√

3d

2
,

3d

2

)
, �b2 =

(
−

√
3d

2
,−3d

2

)
,

�b3 = (
√

3d, 0).

Here, d is the lattice unit length, and for simplicity we take
d = 1. These vectors can be substituted in Eq. (25) to get
the corresponding Hamiltonian. Two different cases arise for
the resulting Hamiltonian: (i) t2 = 0 and ε �= 0, (ii) t2 �= 0
and ε = 0. For the first case the system is an insulator if
the terms corresponding to σx and σy are nonzero over the
Brillouin zone. However, depending on the spin-wave vector
q, there can exist some special values of k for which the terms

corresponding to σx and to σy are also zero. At these special
points the energy is degenerate. This degeneracy can be lifted
by adding the NNN interactions (t2 �= 0). This emergent gap
is protected by time-reversal symmetry breaking, because now
the term corresponding to σz, which breaks the time-reversal
symmetry, enters into the Hamiltonian. For example, if we
take �q = (2q/

√
3, 0), then the special points occur at �K =

(±π/
√

3, 0). The Chern number in this case is

c1 = sgn(sin Sq), −
√

3π

2
� q �

√
3π

2
. (26)

It is the first Chern character of the corresponding U (1) Bloch
bundle. Interestingly, the Chern number depends on the spin
S and on the modulation vector �q.

Similarly, for the second case, t2 �= 0 and ε = 0, the Hamil-
tonian will be

H(�k) ∼
3∑
n

diag[cos(�k − S �q) · �bn, cos(�k + S �q) · �bn]. (27)

155146-4



TOPOLOGICAL HALL EFFECT INDUCED BY CLASSICAL … PHYSICAL REVIEW B 107, 155146 (2023)

(a) (b)

(c) (d)

FIG. 1. (a) Schematic of the honeycomb bipartite lattice with
two types of atoms A and B. (b) The NN vectors �a1, �a2, and
�a3, and the NNN vectors �b1, �b2, and �b3. (c) The reciprocal space
of the honeycomb bipartite lattice. The reciprocal unit vectors are
�b∗

1 = 2π (− 1√
3
, 1

3 ), �b∗
2 = 2π (− 1√

3
,− 1

3 ). (d) The first Brillouin zone
of the honeycomb bipartite lattice. The special points (triangle),
when terms ∼σx and ∼σy are zero, for �q = (2q/

√
3, 0) lie at �K =

(±π/
√

3, 0).

By an appropriate change of the variable �k → �k ± S �q on the
A and B sublattices we will get

H(�k) ∼ cos kx cos ky. (28)

This Hamiltonian is time-reversal invariant, and exhibits no
topological properties, as c1 = 0. Physically, ε = 0 corre-
sponds to the ferromagnetic phase with constant spin z
component. Due to the absence of the variation of the underly-
ing spin structure the electrons do not acquire any Berry phase
during hopping. Hence there is no topological effect in this
case. The kth mode energy of the Hamiltonian [Eq. (25)] for
the upper band is

E (�k) = H0(�k) +
√
H2

x (�k) + H2
y (�k) + H2

z (�k). (29)

The total energy of the system is established by integrating
Eq. (29) over the whole Brillouin zone. Of course the resulting
integral will be a function of �q only. In Fig. 2 we plot the
full dependence of the energy of the system on �q. It can be
observed that for �q = (±π/

√
3, 0) the energy is a minimum.

Hence, for the conical spin structures in the ground state
q = ±π/2. In a honeycomb bipartite lattice every site has
three nearest neighbors as shown in Fig. 3(b). Hence, the
scalar spin chirality at the lth site for a honeycomb lattice can
be calculated as

χl =
∑
(m,n)

�Sl · [�Sm × �Sn]. (30)

Here, (m, n) represents the even permutation of the nearest
neighbors of the lth site. The total chirality is determined by
summing χl over the whole lattice. In fact, for a honeycomb
bipartite lattice the total chirality is the summation of the

FIG. 2. Dependence of the total energy of the system on the
spin modulation vector �q for a conical spin configuration. The total
energy is found by numerically integrating Eq. (29) over the Brillouin
zone (inset). The minimum energy—the ground state—occurs at
�q = (±π/

√
3, 0).

chirality of sublattice A and sublattice B:

χ =
∑
l∈A

χA
l +

∑
l∈B

χB
l . (31)

Using Eq. (30) we can calculate the chirality of the conical
spin configuration for two adjacent A and B atoms connected
by the NN vector �a3, which is χA

l = −χB
l . Hence the total

chirality will be χ = 0.
As a result we arrive at the THE in spite of the zero total

chirality. This is in agreement with a number of other recent

(a) (b)

(c) (d)

FIG. 3. (a), (b) Nearest neighbors of atoms A and B in a hon-
eycomb bipartite lattice. Every lattice site contains three nearest
neighbors. Moreover, for atom A the nearest neighbors are atom B,
and vice versa. (c) Spin configuration of the atom A and its nearest
neighbors. �Sl represents the spin of the lth site. The chirality of
the lth site is found by summing the chirality of the spin triangles:
��Sl �Sl−�a2

�Sl−�a3 , ��Sl �Sl−�a3
�Sl−�a1 , and ��Sl �Sl−�a1

�Sl−�a2 . (d) Spin configura-
tion of the atom B and its nearest neighbors.
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independent results which indicate the emergence of THE
even if the scalar spin chirality is identically zero [16–20,33–
36]. In all of these works the THE was ascribed to the spin
fluctuation as a function of the temperature [16,17,34–37]. At
a higher temperature a small varying z-spin component may
become manifest in the conical spin configuration. In such a
case the accumulated Berry phase is nonzero and the THE
emerges out of that [17,37]. However, in our model, we show
that the THE state emerges even if the temperature-induced
fluctuations are not present in the physical system.

IV. CONCLUSION

We show that the topological Hall effect can be placed into
the context of the phenomena associated with strong electron
correlation. The necessary step for that is achieved by replac-
ing the large-spin connection by its classical counterpart to

break the time-reversal symmetry. If the spin ordering opens
a full gap in the charge excitation spectrum, the conditions
are given for the topological Hall effect to be fully manifest.
We show it can arise even in the absence of a nonzero scalar
spin chirality of the underlying spin texture. Our approach
demonstrates explicitly in what way a strong correlation can
directly affect topology.
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